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Abstract

We prove that if a tile in Z? has prime size p, then it must be spectral. The proof
is by contradiction, it is simply shown that the tiling complement of such a tile can
not annihilate all p-subgroups. In addition, with a simple transformation we prove
that any p points in general linear positions in Z¢ must be both tiling and spectral if
d>p-—1.
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1 Introduction

Let G be a finitely generated Abelian group, a set A is tiling (or is a tile) in G if there
exists some B such that {A + b},cp forms a partition of G, and is spectral if there exists
a set of group characters of G that forms an orthogonal basis on L?(A). In such cases
B (resp. S) is said to be a tiling complement (resp. spectrum) of A, while (A, B) (resp.
(A,S)) is called a tiling pair (resp. spectral pair) in G, and we often write G = A @ B.

Fuglede conjectured that being spectral and being tiling are actually equivalent [7],
this has been studied extensively and disproved in general when the dimension is at least
three [6, 11, 12, 18, 22] but remains open for one dimensional and two dimensional cases.
Researches over the Fuglede conjecture in finite Abelian groups as well as in p-adic fields
have been active in the past years, see e.g., [4, 5, 10, 13, 14, 16, 17, 23] (the full list is of
course too long to be enumerated here, this is only an attempt to mention some of the
results in one dimensional or two dimensional cases, see perhaps references therein for more
on the history and development of this problem).

It is well known that a tiling set of prime size in Z? must have at least one periodic
tiling complement [21] (it may be worthing mentioning that being periodic in d dimensions
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means having d linearly independent periods, while having periods in one direction is called
weakly periodic instead, readers may also find the periodic tiling conjecture and its positive
and negative cases in e.g., [1, 8, 9, 15] relevant). The aim of this short note is to establish
the following statements (Theorem 1 and 2 in the last section):

Theorem. Let p be a prime number and A C Z¢ with |A| = p, if A tiles Z¢, then it is also
spectral.

Theorem. Any p points in general linear positions in Z¢ must be both tiling and spectral
ifd>p—1.

Here p points being in general linear positions means that they are not contained in
any hyperplane or affine hyperplane of dimension p — 2, alternatively this means if we fix
any one of these p points, then the p — 1 vectors formed from the fixed point to the other
p — 1 points are linearly independent in Z?. It is also worth mentioning that for d > p the
second theorem is actually already included in [18, Corollary 2.4].

The proof of the first theorem applies several techniques: First we reduce the problem
to Z¢ by using periodicity, then we produce a size p spectrum from p-subgroups of Z%. The
construction involves dissecting the group into equivalence classes formed by generators of
cyclic subgroups, while the existence of such a set being included in the zero set of A
is shown by contradiction. Projecting onto sz (where p* is the largest power of p that
divides n) and invoking the uncertainty principle, we are able to show that if the tiling
complement annihilates all p-subgroups (which will be the case if A annihilates none), then
its size must be divisible by p*¢ (a statement that is similar to the Coven-Meyerowitz T1
property in [2]), thus leading to a contradiction if A does not admit such a spectrum.

The proof of the second theorem then reduces to proving any p points in general linear
positions are tiling, for which we can simply show that they tile the sublattice they generate.
This follows from the fact that the set formed by the origin and (1,0...,0), (0,2,0,...,0),

., (0,...,0,p—1) is tiling (a tiling complement can be found explicitly by computation),
then we can map this set to the p points we are looking at by a linear transform.

2 Preliminaries

Let A be a multiset (i.e., a set that allows repetitive elements) on Z¢ (i.e., each element of
A is a member of Z2), the multiplicity of an element a € A (i.e., the number of copies of
a in A) will be denoted by mul(a), the characteristic function on such a multiset A will be

defined and written as
mul(z) =z € A,
1a(x) = (z)
0 x ¢ A

The Fourier transform of 1 4(z) on Z¢ is

14(6) = Y mul(a) - 2708/,

a€A



where (-,-) is the Euclidean inner product. It is straightforward to verify that
Al =|9],
(A, S) is a spectral pair on Z¢ & 4] =1 ‘/\ (1)
AS C Z(1y),

{\A| -|B| = n?,

A, B) is a tiling pair on Z% —~ —~
(4, B) &P " AZ4 C Z(14)U Z(1B),

(2)

where the difference set AS of a usual set (i.e., a set with distinct elements only) S and
the zero set Z(f) of a function f is defined respectively as

AS={s—s:5€S s#s}, Z(f)={z: f(z)=0}.
One may also verify the Poisson summation formula below:
1y = [H|-1p., (3)
where H < Zg is a subgroup and
HY ={xez: (z,h) =0,Yh € H},

is its orthogonal group in Z<. That (3) holds for cyclic subgroups is quite trivial, while
non-cyclic subgroups can be viewed as products of cyclic ones, then its orthogonal set is
simply the intersection over orthogonal sets of its cyclic factors.

Let the support of a function f in ZZ be defined as

supp(f) = Z& \ Z(f),

then the uncertainty principle on finite Abelian groups [3, 20] asserts that

| supp(f)| - | supp(f)| > 7], (4)

holds for any non-zero function f defined on ZZ.

Lemma 1. Let A be a multiset on Z2, if AZE C Z(14), then 14 must be a scalar multiple
of 14, i.e., 14 =mlya for some m € N.

Proof. Assume the contrary that 14 is not a scalar multiple of 174, then let m be the
smallest multiplicity of elements in A, i.e.,

m = min{mul(a) : a € A},

and consider



With this construction we would have f(a) = 0 for all a whose multiplicity in A is m and
f is not identically 0 (since 14 is assumed not to be a scalar multiple of IZ%). Therefore
we get

0 < [supp(f)| < |Z7], (5)
On the other hand, it is straightforward to check that

Z(1zg) = Z3\ {0} = AZ;,
ie., AZI C Z(1z4), thus combined with the assumption that AZL C Z(14) we get
AZ;, € Z(5),

i.e.,

~

supp(f) = {0}
Together with (5) this leads to

| supp(f)| - | supp(f)| = [supp(f)| - 1 = [supp(f)| < |Z],

which contradicts the uncertainty principle in (4). O
For any = = (x1,...,1q) € Z%, set
Tn(x) = (x1 mod n, ..., x4 mod n),

so that 7, is the projection from Z¢ to Z¢ (as a map between sets). Given a set A C Z¢,
7Tn(A) will denote the multiset obtained by applying m, on every element of A. Clearly
7n(A) will only be a usual set if (and only if) the map A — m,(A) is injective.

Lemma 2 ([21]). Let p be a prime number and A C Z¢ with |A| = p, if A® B = Z%, then
there is some n € N and B’ € Z& such that A — 7, (A) is injective and m,(A) ® B' = Z4.

The way that Lemma 2 is stated here is slightly different from its original version in
[21, Theorem 17], but it is clear that if {(¢1,0,...,0),...,(0,...,0,t4)} is a set of periods of
B, then the least common multiple of ¢1,...,t4 can be taken as n, and B’ can be obtained
by removing all duplications from m,(B).

Lemma 3. Let n = pFm with p being a prime number that does not divide m, and set
A= mk(A). Let both f,g be characteristic functions on A’ but with the domain of f being

the entire Z2 while the domain of g being Zﬁk only. If x € Z& is an element of order p for
some 1 <t <k, then we have

~

1a(z) = f(z) = gla'),
where x° € L 1S e elemen at satisjyies r = mx an e as ourier transjorm 1S
h ! ZZ s the el t that satisfi ' and the last Fourier transform § i

performed in ng only (the first two Fourier transforms ﬁ and f take place in 72 ).
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Proof. Every a = (ai,...,aq) € A can be written as
_k
G =D {qa + Ta,

where q,, 74 respectively collect quotients and remainders of ai,...,aq divided by p*. In
particular we have
A'=mp(A) ={rq:a e A}.

The support set of f, g coincide, but they are defined on different subgroups, thus we
have
f(g) — Z 2milra)/n - G(g) = 2 o2mi(ra,€)/p*
acA acA

in which Fourier transforms in Z¢ and in sz are applied respectively.
Then direct computation shows that

i;(x) _ Z p2mifax)/n _ Z o2mi(p* qatrama’)/n _ Z 627ri<ra,rmc’>/n7

a€A acA a€A
_ Z o2i(ra,z) /n (: f(x)) :
acA
=Dt (= ().
acA
which is the desired result. O

Given a finite Abelian group G, let ~ be the equivalence relation on G so that g ~ ¢’
if g and ¢’ generate the same cyclic subgroup in G. If E is an equivalence class under ~,
then we define the order of E, denoted by ord(FE), to be the order of any element (as a
member of the group G) in E (by definition all elements in the same class will have the
same order).

Lemma 4. Let E be an equivalence class under ~ in Z& and A C Z%. If A annihilates
one element of E, then it annihilates entire E.

Proof. Set m = ord(E) and r = n/m. Let x be an arbitrary element of F, then x = rz’
for some 7’ € Zﬁl, consequently

ﬁ(l’) _ Z 627ri<a7x>/n _ Z eZﬂi(a,x')/m_
acA a€A
We shall view the above expression as the polynomial

P(z) = Z z<a”xl),

acA



evaluated at the m-th root of unity w = e2mi/m e
1a(x) = P(w).

If x € Z(14), then P() = 0, which means P(z) is divisible by the m-th cyclotomic
polynomial ®,,,(z). On the other hand, if y is another element of E, then by the definition
of £ we must have y = Az for some A that is coprime to m, thus

ﬁ(y) — Z eQﬂi(a,Az)/n _ Z eZwiA(a,x)/n _ Z eQWM(%IIWW _ P(w)‘) _o,

acA a€A a€A

where the last equality holds since X is coprime to m, and so that w” is also a root of
®,,,(2). This finishes the proof since x,y are chosen arbitrarily from E. O

A set E' will be called a derived set of E if
E'C FU{0}, AFE CE.

Lemma 5. Let E be an equivalence class under ~ in some finite Abelian group. If p is
the smallest prime divisor of ord(E), then E admits a derived set of size p.

Proof. Let h be an arbitrary element of E, then we claim that
E'=1{0,h,2h,...,(p—1)h},

is a desired derived set. Indeed, that |E’| = p is obvious, to see AE’ C E, set n = ord(F)
and simply consider the group isomorphism from the cyclic group generated by h to Z,
given by ¢ : h — 1. Let I’ be the equivalence class formed by taking all generators of Z,,
then F' consists of all numbers that are coprime to n in Z,, and by this construction we have
o(E) = F. Now set F/ ={0,1,...,p— 1}, then AF' = {+1,...,+(p — 1)}, clearly every
member of AF’ is coprime to n since p is the smallest divisor of n. Therefore AF' C F,
apply ¢! at both sides we get AE' C E. m

In particular, Lemma 5 holds for ord(FE) being a power of p, which is how it will be
applied later in this article.

3 Main results

Theorem 1. Let p be a prime number and A C Z* with |A| = p, if A tiles Z¢, then it is
also spectral.

Proof. Let n and B’ be as asserted in Lemma 2, and set A’ = m,(A), so that we have
A’ @ B' = 7. Tt suffices to show that A’ is spectral in Z%.



A’ being a tile in Z¢ implies that p divides n. Since p is prime this also implies that
p divides n. Let m be the number so that n = p*m and ged(p, m) = 1.

Consider all equivalence classes in Zg whose orders are powers of p, by Lemma 4, each
equivalence class must be either completely inside Z (ﬂ) or completely disjoint with Z (ﬁ)

By Lemma 5, each of these equivalence classes has a derived set of size p, thus if any
of these classes is in Z (T;), then the corresponding derived set would be a spectrum of A’
and we are done.

To see this must be the case, assume the contrary that all equivalence classes whose
orders are powers of p are disjoint with Z(1 /), then by (2) they must be annihilated by
T;. By Lemma 3 this further implies

ALY C Z(L, ,(51)- (6)

Indeed, every element 2’ € Azzk can be lifted to an element of the same order in Z<
through the map 2’ — ma’, and Lemma 3 asserts that

— —

Le (@) = 1 (ma'). (7)

The order of 2/ in sz is obviously a power of p, thus the order of mz’ in Zfl is also a power
of p (since it equals the order of 2’ in sz), which means by assumption the right-hand side
of (7) must vanish. Repeating the argument on every member of AZZ’“ leads to (6).

Now as mpk (B') is a multiset on Z;lk, Lemma 1 indicates that 17Tpk( p) 1s just a scalar
multiple of 174 , which means |Z§k| divides |« (B’)[. Since |m i (B’)| = [B'[, this further

p
indicates that p*@ divides |B’|, consequently we would have p*¥md = |Z¢| = |A| - |B| is
divisible by p*¥*+!, which is a contradiction. O

Lemma 6. Let e; be the i-th standard Fuclidean basis, then the set
A={0,e1,2e2,...,(p—1)ep—1},

s both tiling and spectral in Zg_l.

Proof. Let = (1,...,1), and set w = €*™/P_ then it is easy to verify that
Ta(z)=14w+...+wP =0

Therefore the cyclic group generated by z (denoted by (z)) is a spectrum of A. To see that
A is tiling, we will construct a set B so that |A| - |B| = [Z5'| and

2(1p) = 2"\ (), (8)

then it will follow from (2) that (A, B) forms a tiling pair.



Since p is a prime number, each of 1,...,p—1is a (p — 1)-st root of unity in the finite
field IF,, hence all entries of the (p — 1) x (p — 1) Fourier matrix (i.e., the Vandermonde
matrix generated by these roots of unity 1,...,p— 1) are in Zj,, and the set of its columns,
denoted by wi,...,up—1, is a basis (the Fourier basis) on Zg_l (understood as a vector
space over Fp). In particular, since x is a column of it we may without loss of generality
order the columns in the way so that u; = .

Let B be the span (over Fp) of ug,...,up_1, then |B| = pP~2 is of the correct size,
and we simply notice that B and (z) are orthogonal groups of each other, thus (8) follows
immediately from the Poisson summation formula (3). O

Corollary 1. The set
A= {O, Clyeeny Cpfl},

is both tiling and spectral in 7P~ 1.

Proof. Tt suffices to show that A is tiling in Z4™" since if (4, B) is a tiling pair in Z5 ',
then (A, B ® (pZ)P~!) becomes a tiling pair in ZP~1.
Let
S ={0,e1,2¢2,...,(p—1)ep_1},

be the set defined in Lemma 6, and set D = diag(1,2,...,p—1). Then D is a group
automorphism on Zg_l, its inverse is simply D=1 = diag(1,271,...,(p — 1)~!) where for
each k € {1,...,p — 1}, k~! is the multiplicative inverse of k in 2, each k~1 exists since
p is a prime number.

By Lemma 6, S is tiling in Zgil, therefore A = D™1S is also tiling in D_lngl, but
D757 equals ZB™!, thus A is indeed tiling in Z5~'. Its spectrality then follows from
Theorem 1. O

Theorem 2. Any p points in general linear positions in Z% must be both tiling and spectral
ifd>p—1.

Proof. In light of Theorem 1, it suffices to show that these points are tiling in Z¢.
Without loss of generality we may assume that one of these points is the origin, and

we denote the other p — 1 points by v1,...,v,—1. Let V be an arbitrary linear transform
that maps e; to v; for i <= p — 1, such V exists since 0,v1,...,vp—1 are in general linear
positions (which means that v1,...,v,—1 are linearly independent). Further set

A:{O,’Ul,...,’upfl}, E:{O,el,...,ep,l}.

By Corollary 1, E is tiling in ZP~!, thus A = V E is also tiling in the space obtained
by applying V to span(E), which is a sublattice since span(E) = ZP~!. This implies that
A is also tiling in Z¢. Its tiling complement can be produced explicitly: If E' is a tiling
complement of E in ZP~!, and F is the set formed by taking one representative from each
coset of VZP~! (viewed as an additive subgroup) in Z¢, then B = (VE') @ F is a tiling
complement of A. O



Theorem 2 produces some interesting consequences, for example we can assert that any
3 points must be tiling as long as they are not on a line. On the other hand, this also
shows that the condition that p points have to be in general linear positions is tight, since
3 colinear points indeed need not be tiling, e.g., {0,3,4} does not tile Z (corresponds to
p=3,and d =1<2=3-—1, see also [19] for a characterization of prime power size tiles
in Z).
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