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ABSTRACT. In the paper we unify two extensions of the classical Hutchinson-Barnsley theory - the topological and the fuzzy-
set approaches. We show that a fuzzy iterated function system (fuzzy IFS) on a Tychonoff space X which is contracting
w.r.t. some admissible multimetric, generates a natural fuzzy attractor in the hyperspace Kz (X) of all compact fuzzy sets.
As a consequence, we prove that a fuzzy IFS on a Hausdorff topological space which is topologically contracting admits a
fuzzy attractor in a bit weaker sense. Our discussion involves investigations on topologies on the hyperspace Kz (X) which
are suitable for establishing convergence of sequences of iterations of a fuzzy Hutchinson operator.

1. INTRODUCTION

One of the most popular ways of generating fractal sets and modelling related real-life objects bases on the famous
Hutchinson theorem [2], which allows to obtain such sets as contractive fixed points of Hutchinson operators generated
by iterated function systems (IFSs) comprised of contractive maps. The original, very restrictive setting of Banach
contractions on complete metric spaces has been extended in many ways, which resulted in widening the range of objects
that can be generated and investigated from the perspective of the fractal theory.

One of such extensions has been introduced by Mihail in [12] (but motivated by earlier works, for example [10]), in
which the metric contractivity is replaced by so-called topological contractivity considered in all Hausdorff topological
spaces. Topological contractivity of an IFS means that any compact set can be covered by subinvariant compact set
(compact dominacy) and that all its ,,fibers” (intersections of images of compositions of maps driven by a sequence in
the code space) are singletons. Mihail proved that topologically contracting IFSs generate (necessarily unique) attractors,
that is, invariant sets which are limits of iterations of the Hutchinson operators w.r.t. the Vietoris topology. This setting
was further studied by Banakh et.al. in [1] (see also [14]), in which it was shown that among a wide range of Tychonoff
spaces, topological contractivity can be explained by contractivity w.r.t. some admissible multimetric (that is, a family of
pseudometrics that separates points and which generate the original topology), and that compact dominating IFSs which
are contractive w.r.t. some multimetric, generate attractors. This allowed to explain the Mihail result by contractivity
w.r.t. multimetrics and revealed a deep connection between topological contractivity and (pseudo) metric contractivity.

The second extension of the classical IF'S theory involves the framework of fuzzy sets, which itself have many applications.
In this approach, first presented in [5], classical IFSs endowed with certain families of selfmaps of the unit interval [0, 1],
generate counterparts of Hutchinson operators on the hyperspace of ,,compact” fuzzy sets. Contractive fixed points of
these operators (being certain fuzzy sets) are called fuzzy attractors. It turns out that classical results on the Hutchinson—
Barnsley theory have natural extensions in such a setting. For example, contractive fuzzy IFSs on complete metric spaces
generate fuzzy attractors (see i.e. [5], [15]), that can be approximated with the use of counterparts of classical algorithms
(see [9]), and which can be described with a help of the projection map from the code space (see [13]).

The aim of this paper is to unify these two approaches and study fuzzy IFSs on topological spaces, which are topologically
contracting or contracting w.r.t. admissible multimetrics.

In the main results, we show that such fuzzy IFSs generate fuzzy attractors. The important part of our study is focused
on detecting appropriate topologies on the hyperspace of ,,compact” fuzzy sets. These topologies should be natural, strong
enough, but at the same time they should allow the convergence of iterations of the fuzzy Hutchinson operators to fuzzy
attractors. In the case of Tychonoff spaces, they should be independent of the choice of admissible multimetric.

The paper is organized as follows.

In Section 2 we recall notions and facts from the classical IFS theory (Subsections 2.1, 2.2), from its extensions
to topological and multimetric spaces (Subsections 2.3, 2.4, 2.5), and from the fuzzy-set approach to the IFS theory
(Subsection 2.6). In Subsections 2.4, 2.5 and 2.6 we also prove several auxiliary results that we use later on.

In Section 3 we study fuzzy IFSs on multimetric spaces. In Subsection 3.1 we define the hyperspace of ,,compact” fuzzy
sets Kz(X) on multimetric space (X, D) and introduce the canonical topology 77 on it. This topology is induced by a
family of fuzzy Hausdorff-type pseudometrics, which naturally extends the fuzzy Hausdorff-type metric considered for the
metric case (see [5], [15]), and is independent on the choice of an admissible multimetric. In Subsection 3.2 we define a
fuzzy attractor of a fuzzy IFS on a multimetric space and prove (Theorem 3.2) that compactly dominating fuzzy IFSs that
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are contracting w.r.t. some admissible multimetric generate fuzzy attractors. This result is one of the main results of the
paper. In Subsection 3.3 we slightly reformulate the definition of a fuzzy attractor and adjusts it to IFSs on Tychonoff
spaces. We also reformulate Theorem 3.2 in this spirit (Theorem 3.3) and give its corollary (Theorem 3.4) which states
that topologically contracting fuzzy IFSs on Tychonoff k-spaces generate fuzzy attractors. This result is also one of the
main results of the paper.

In Section 4 we consider the fuzzy IFS theory on Hausdorff topological spaces. In Subsection 4.1 we introduce and
study the topology 7 induced by identifying ,,compact” fuzzy sets with their hypographs as elements of the hyperspace
of nonempty and compact subsets of X x [0,1]. We prove that for Tychonoff spaces, this topology is weaker than
the canonical topology considered previously. However, in Subsection 4.2 we prove (Theorem 4.2) that fuzzy IFSs on
Hausdorff topological spaces that are topologically contracting, admit the invariant ,,compact” fuzzy set, which are limits
of iterations of fuzzy operators w.r.t. the topology 7 (we call such set as weak fuzzy attractors). This result is also one
of the main results of the paper. Then in Subsection 4.3 we give descriptions of a (weak) fuzzy attractor, which involve
its description for a metric case from [13], together with the fact that fuzzy attractors are natural extension of fuzzy
attractors of restricted fuzzy IFSs.

Finally, in Section 5 we consider another topologies on z(X). In Subsection 5.1 we define the topology Ty, by
identifying ,,compact” fuzzy sets with an alternative version of hypographs. We show that 7j, is weaker than 7, which
implies that 7 is better than 7, from the perspective of convergence of iterations to a fuzzy attractor. On the other
hand, we show some benefits when restricting to the topology Tr,. Finally, in Subsection 5.2, we show that the topologies
of uniform convergence (i.e., generated by the ¢,.-metric) or of pointwise convergence, are not appropriate for our needs.

2. PRELIMINARIES AND BASIC RESULTS

If (X,7T) is a topological space, then by K(X) we denote the family of all nonempty and compact subsets of X,
endowed with the Vietoris topology Ty . It is known (cf. [7, 3.12.27(a)]) that (C(X), Tv) is Hausdorff (and compact) iff X
is Hausdorff (and compact). If (X, d) is a metric space, then we also endow the hyperspace K(X) with the Hausdorff (also
called as the Hausdorff-Pompeiu) metric, denoted by dg. It is also known (see [7, 4.5.23]) that it generates the Vietoris
topology and that (X, d) is complete iff (K(X), dr) is complete. We also have the following lemma which seems to be a
folklore, but we state a short proof for clarity.

Lemma 2.1. IfY is a subspace of a topological space X, then the Vietoris topology on K(Y') is exactly the induced topology
on K(Y) from K(X).

Proof. The result follows from the next two equalities holding for all open sets U C X:
{KeK(X):KCcUINKY)={KeKY): KCcUNY} and
{KeK(X):KNUAM}NKY)={KeKY): KNn{UNY) #0}.

O

For a subset C of a topological (or metric) space X, by C' we will denote the closure of C. For a function f: X — X
and K C X, by flx we will denote the restriction of f to the set K, and f™ will stand for the n-fold composition of f,
where n € N:={1,2,3,..}. For a set C C X, by x¢ we denote the characteristic function of C, that is

(2) = 1 if z€C
X =V 0 if z¢C

If C' = {c} is a singleton, then x(.} is denoted by x. and is called the Dirac function of the point c.

2.1. Iterated function systems and their attractors. In a standard setting, iterated function systems and their
attractors are considered for metric spaces. We will provide a wider approach - for Hausdorff topological spaces.

Definition 2.1. Any system S = (f;)%_, of finitely many continuous selfmaps of a Hausdorff topological space X is
called an iterated function system (IFS for short).
Any IFS S = (f;)¥_, generates the so-called Hutchinson operator, that is the map S : K(X) — K(X) defined by

S(K) = fiK).

A (necessarily unique) set As € K(X) is called an attractor of an IFS S if the following conditions holds:

(1) As = S(As) = Uiy fi(As);
(2) for every K € K(X), the sequence of iterations (S (K)) converges to As w.r.t. the Vietoris topology.
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2.2. Metric contractivity and the Hutchinson—Barnsley theorem. We will introduce several notions of contrac-
tivity, among them the ones which generalize the standard Banach contractivity.

We say that a map ¢ : [0,00) — [0,00) is a comparison function, if it is nondecreasing and for every ¢ > 0, the sequence
of iterations @™ (¢) — 0.

Definition 2.2. Assume that (X, d) is a metric space and f : X — X. We say that f is

e a Banach contraction, if its Lipschitz constant Lip(f) < 1;
e a Matkowski contraction, if for some comparison function ¢, it holds

(1) Vewex d(f(2), f(y)) < @(d(=,y));

the map ¢ will be called as a witness for Matkowski contractivity of f;
e an FEdelstein contraction, if

vw,yEX,a:#y d(f($>7 d(y)) < d(.’lﬁ, y)

Remark 2.1. Clearly, each Banach contraction is a Matkowski contraction, and, as a comparison function ¢ necessarily
satisfies ¢(t) < t for ¢ > 0, each Matkowski contraction is also an Edelstein contraction. Moreover, none of these implica-
tions can be reversed, yet if X is compact, then the Edelstein contractivity is equivalent to the Matkowski contractivity.
Let us also note that by the Matkowski fixed point theorem, each Matkowski contraction on a complete metric space
satisfies the thesis of the Banach fixed point theorem. This result can be considered as one of the widest generalizations
of the Banach’s theorem, as Matkowski contractivity implies many others, like those due to Rakotch or Browder.
Finally, note that Edelstein contractivity is not sufficient for the existence of a fixed point - simply consider the map
xr—x+e® forxe X :=[0,00).

For a brief exposition of various types of contractivity and their mutual relationships, we refer the reader to the paper [3].

Definition 2.3. Let S = (f;)%_; be an IFS on a metric space (X,d). We say that S is Matkowski [Banach, Edelstein]
contracting, if the maps fi, ..., fr are Matkowski [Banach, Edelstein, respectively] contractions.

The classical Hutchinson theorem from early 1980s states that Banach contracting IFSs on complete metric spaces
admit (necessarily unique) attractors. This result has been extended to weaker types of contractivity, in particular for
Matkowski contracting IFSs (see, e.g., [L1]).

Theorem 2.1. FEach Matkowski contracting IFS on a complete metric space admits an attractor.

Remark 2.2. The proof of Theorem 2.1 can be based on the facts that if p;, i =1, ..., k, are comparison functions, then
p:=max{p; :i=1,...,k} is also a comparison function, and if maps of the underlying IFS S are Matkowski contractions
with a common witness ¢, then the Hutchinson operator S : K(X) — K(X) is a Matkowski contraction with a witness ¢.

2.3. Topological contractivity. Now let us recall the notion of topological contractivity, introduced by Mihail in [12].
For a natural number k € N, denote by ¥, the family of all sequences of numbers from {1, ..., k}, that is, ¥, = {1, ..., k}".

Definition 2.4. Let X be a Hausdorff topological space and S = (f;)¥_; be an IFS on X.

We say that S is compactly dominating , if for every K € K(X), there exists D € (X)) such that K C D and S(D) C D.
We say that S is topologically contracting , if it is compactly dominating and for every D € K(X) with S(D) C D and
every sequence (o,) € X, the set

(2) () for 00 fo, (D)
neN
is a singleton.

Remark 2.3. It is easy to see that each Matkowski contracting IF'S on a complete metric space is topologically contracting.
Compact dominancy follows from the existence of an attractor for such an IFS, as for each K € K(X), the set

D:=KuU|JS™E)uAs=KU ] SM(K)
neN neN
is compact and S(D) C D.
The intersection (2) is singleton as the intersection of decreasing sequence of compact sets with diameters tending to zero.

Remark 2.4. Note that if S = (f;)¥_, is topologically contracting, then the intersection (2) does not depend on the
choice of D. Denoting its unique element by 7(c), where o = (0,,), we define the map = : ¥ — X which is called the
projection map. It is an essential tool in studying the structure of IFS attractors. In this context, the space ¥ is called a
code space or an address space. The details can be found, for example in [11] or in other classical books on the IFS theory.

Mihail [12] proved that topologically contracting IFSs generate attractors, which, as observed in [1], are metrizable.

Theorem 2.2. ([12, Theorem 3.1], [1, p. 1031])
Each topologically contracting IFS S on a Hausdorff space X admits an attractor, which is a metrizable subset of X.
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Due to the previous remark, this result is an extension of Theorem 2.1. However, it turns out that if X is metrizable,
then Theorems 2.1 and 2.2 are in some sense equivalent, as the existence of attractors of topologically contracting IFSs
can be fully explained by Theorem 2.1 according to remetrization techniques presented in [1] and [14]. In Section 2.5 we
will formulate a more general result on these issues.

2.4. Multimetric spaces. In this section we recall the pseudometric approach for the IFS theory, introduced in [1].
Recall that a pseudometric d on a set X is a map that satisfies the conditions of a metric but without the full first one;
that is, for z,y, z € X, we have d(z,z) =0, d(z,y) = d(y,z) and d(z,y) < d(z, z) + d(z,y). Note that each pseudometric
d is nonnegative, which follows from the triangle inequality and symmetry: 0 = d(z,z) < d(z,y) + d(y,z) = 2d(z,y).

Definition 2.5. By a multipseudometric on a set X we mean a family D of pseudometrics on X. It is called a multimetric,
if additionally for every distinct z,y € X, we find d € D so that d(z,y) > 0. Then the pair (X, D) is called a multimetric
space. A multimetric D is said to be directed, if for every nonempty and finite G C D, we find d € D such that d > maxG.

Each multipseudometric D on X generates the canonical topology 7p consisting of all sets U C X so that for every
x € U, there exists € > 0 and a finite family G C D such that

Bg(z,¢) := ﬂ Bi(z,e) ={y € X : Vaeg d(z,y) <e} C U,
deg
where By(z,¢) := {y € X : d(z,y) < €}. By the triangle inequality, each set By(x,¢) is open. Moreover, it is easy to see
that Tp is the coarsest topology in which all pseudometrics from D are continuous.

Remark 2.5. Note that the topology Tp generated by a multimetric is Tychonoff (in particular, Hausdorff), as each
multimetric generates a natural uniformity, and conversely, each Tychonoff topology is generated by some multimetric D
(see [7, Section 8.1]). Thus, discussing topological spaces Tp restricts the framework to Tychonoff spaces. Moreover, each
compact Hausdorff space is Tychonoff, so each compact Hausdorff topology is generated by some multimetric. Finally, it
is clear that if D is an admissible multimetric on a topological space X and () # K C X, then the family of restrictions
Dk = {dlgxx : d € D} is an admissible multimetric on topological subspace K.

It turns out (see [, p. 1038]) that each multimetric D on a set X generates the multipseudometric Dy = {dy : d € D}
on the hyperspace K(X) by

(3) dpg(K,D) = max{gﬁ;{cgggd(@y),r&&gﬁg}r{l d(z,y)}.

Theorem 2.3. ([l, p. 1038 and Proposition 3.2])

(1) If D is a multimetric, then D := {maxG : G C D is nonempty and finite} is a directed multimetric and Tp = Tr.
(2) If D is a directed multimetric, then Dy is a multimetric and generates the Vietoris topology on K(X).

Remark 2.6. Let us note that the assumption that D is directed is important. According to [, Example 3.1]), there is a
nondirected multimetric D that generates the Euclidean topology on X = R? such that 7p,, is not the Vietoris topology.

We end this section with two lemmas that will be useful later on.

Lemma 2.2. Assume that D,G are directed multimetrics on the same set X. The following conditions are equivalent:
(i) Tp C Tg.
(ii) Veex Vaep Ves0 Jgeg Is>0 By(x,6) C Ba(w,¢).

Proof. The result follows from a simple fact that if D is a directed multimetric, then for each x € X, the family {By(z,¢) :
d € D,e > 0} is a base at the point x. a

Lemma 2.3. Let D,G be directed multimetrics on the same set X. If Tp = Tg and K C X is compact, then
Vaep Ves0 Jgeg Js>0 Vuex Bg(,6) C Ba(z,e).
Proof. Fix d € D and € > 0. By the previous lemma, for every z € K, there exist g, € G and §, > 0 such that

€
(4) By, (2,82) C Ba(, 5)-
Since the family {B,, (z, %’) : x € K} is an open cover of K and K is compact, we can choose a finite subcover

By, (xz,%) 24 =1,..,k of K. Since G is directed, we can pick g € G with ¢ > max{g,, : i = 1,...,k}. Fix § :=

i min{,, : i =1,...,k}. We will show that for any z € K,
By(z,0) C Ba(z,¢).

da

5" Let

Take any z € K. Then there exists ¢ = 1, ..., k such that z € By, (xi,
y € By(z,6). Then

). In particular, by (4) we have d(z,z;) < §.

6901‘ < (5+ 6911 < 5% 6% _
2 7 2 2

Ga; (y’xi) < Yz; (y7 Z) + 9z, (Zaxl) < g(y7 Z) +
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Hence, y € By, (xi, Oz ) Again by (4), we have

k3

d(z,y) < d(z,x;) + d(z;,y) < %4— < _ e,

2
and consequently y € By(z,¢€). O
2.5. Multimetric contractivity vs topological contractivity. If d is a pseudometric, then we can consider the same

types of contractivity as in Definition 2.2 with respect to d, that is, Banach, Matkowski and Edelstein contractivity (see
[1, Definition 4.1]). The difference is that the Edelstein contractivity should be defined in the following way:

Vm,yeX d(f(l'), f(y)) < d(.’E, y) and Vac,yu’:'X,d(m,y)>0 d(f(x)v f(y)) < d(l’,y)

(above we clarify a bit the formulation given in [1]). The relationships between these notions for pseudometrics are the
same as for metrics indicated in Remark 2.1, that is, Banach contractivity implies Matkowski contractivity and Matkowski
contractivity implies Edelstein contractivity, which is equivalent to Matkowski contractivity if the space X is compact and
pseudometric is continuous, see [1, Proposition 4.2].

If (X, D) is a multimetric space, then we can consider iterated function systems on X as system S = (f;)%_, of selfmaps
of X which are continuous w.r.t. the topology 7p. It is easy to see that if f : X — X is nonexpansive w.r.t. to all
pseudometrics d € D (that is, d(f(x), f(y)) < d(z,y) for each z,y € X), then f is continuous. Hence systems of such
maps are IFSs in the sense of Definition 2.1.

Definition 2.6 ([I, Definition 5.1 and a comment after it]). Let (X,D) be a multimetric space. We say that an IFS
S = (fi)F_, is Matkowski [Banach, Edelstein] contracting, if for every d € D, each f;, i = 1,..., k, is a Matkowski [Banach,
Edelstein, respectively] contraction w.r.t. d.

Lemma 2.4. IfS is Matkowski [Banach, Edelstein] contracting w.r.t. a multimetric D, then it is also Matkowski [Banach,
Edelstein, respectively] contracting w.r.t. the directed multimetric

D :={max§G : G C D, G nonempty and finite}.

Proof. We will just show the thesis for Matkowski and Edelstein contractivity. Assume first that S = (f;)¥_, is Matkowski
contracting, take any ¢ = 1, ...,k and a finite and nonempty G C D, and let pg := max{pq : d € G}, where ¢4 is a witness
for Matkowski contractivity of f; for a pseudometric d. Then for every z,y € X,

max G(fi(x), fi(y)) = max{d(fi(z), fi(y)) : d € G} < max{pa(d(z,y)) : d € G} <
< max{gq(maxG(z,y)) : d € G} = pg(max G(z,y)).

Assume now that S is Edelstein contracting, take any ¢ = 1, ..., k and a finite and nonempty G C D. For z,y € X, we have
max §(fi(z), fi(y)) = max{d(f:(z), fi(y)) : d € G} < max{d(z,y) : d € G} = max§(z,y).
Now if max G(z,y) > 0, then choosing Gy := {d € G : d(z,y) > 0}, we have

max G(fi(x), fi(y)) = max Go(fi(x), fi(y)) < maxGo(z,y) = max§(z,y).
]

The following result gathers some observations from [1] which show certain relationships between topological, Matkowski
and Edelstein contractivity, and which base on remetrization techniques from mentioned papers [1] and [14].

Theorem 2.4. Let X be a Hausdorff topological space and S = (f;)*_, be an IFS on X.

(1) If D is an admissible multimetric on X and S is compactly dominating and Edelstein contracting w.r.t D, then S
1s topologically contracting.

(2) If X is compact and D is an admissible multimetric on X, then S is Edelstein contracting iff S is Matkowski
contracting w.r.t D.

(3) If S is topologically contracting, then for every K € K(X) with S(K) C K, there is an admissible multimetric D
on K so that the restricted IFS S = (fil )X, is Matkowski contracting w.r.t. D.

(4) If S is topologically contracting and As is its attractor, then there is an admissible metric d on As so that the
restricted IFS S = (f; | as)iy is Matkowski contracting w.r.t. d.

Proof. Ttem (1) follows from [I, Theorem 5.8], equivalence (a) < (e). Item (2) follows from [, Theorem 6.8], equivalence
(9) & (h) and the fact that Rakotch contractiveness implies Matkowski contractiveness, and Matkowski contractiveness
implies Edelstein contractiveness ([I, Proposition 4.2]). Item (3) follows from [I, Theorem 6.8], equivalence (a) < (g)
and the fact that the restricted IFS & is also topologically contracting. Finally, item (4) follows from [I, Theorem 6.8],
equivalence (a) < (h) and the fact that As is metrizable (Theorem 2.2) and that mn(X) = 1 for metrizable spaces ([1, p.
1037 and 1038]). O
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2.6. Fuzzy iterated function systems on topological spaces. In this section we will present the framework and basic
results on the fuzzy approach to the Hutchinson-Barnsley theory. We will extend the metric setting (considered earlier;
see [5] or [15]) to a purely topological one.
For a topological space X, by Kz(X) we denote the family of all fuzzy sets u : X — [0, 1] which are:

e normal, meaning that u(zg) =1 for some z( € X;

o upper semicontinuous (usc), which equivalently means that for every a € (0,1], the a-cut [u]® := {z € X : u(x) >

a} is closed;
e compactly supported, meaning that their supports [u]® := {x € X : u(x) > 0} are compact.

We will call a fuzzy set u € Kx(X) as a compact fuzzy set.
In [15] (see also [5]), it was shown that if (X, d) is a metric space, then the space Kx(X) can be metrized by the metric

() MMW40:S$H®AM?WP% u,v € Kr(X),
ael0,1
which turns out to be complete provided that d is complete (see [15, Theorem 2.2]).
The fuzzy IFS setting involves the image of a fuzzy set, introduced by Zadeh [17] and the notion of grey level maps.

For a function f: X — Y, where Y is another set, and a fuzzy set v : X — [0, 1], we define the fuzzy set flu] : Y — [0, 1]
in the following way:

©) ) i= { PR e S T 2

Remark 2.7. [see [9, Lemma 3] for the metric case] If f: X — X is continuous and v : X — [0, 1] is usc and compactly
supported, then

f max{u(z):z € fl(y)} if fl(y)#£0
flalty) = { ; AT S

To get this description, one has to use the fact that usc maps on compact sets attain their maxima (see [4, Theorem 3, p.
361]), and restrict the supremum in (6) to f~1(y) N [u°].
A system o = (0;)¥_, of selfmaps g; : [0,1] — [0,1] is an admissible system of grey level maps, if
(i) for every i = 1,..., k, the map p; is right continuous and nondecreasing (equivalently, usc and nondecreasing), and
satisfies p;(0) = 0;
(ii) there exists j = 1,..., k, such that g;(1) = 1.
We are ready to define fuzzy IFSs and their corresponding fuzzy Hutchinson operators.
Note that in the theory of fuzzy sets, the maximum of fuzzy sets is a counterpart of the standard union of sets.

Definition 2.7. Let S = (f;)*_, be an IFS on a Hausdorff topological space X and ¢ = (¢;)*_; be an admissible system
of grey level maps. Then the pair Sr = (S, ) will called a fuzzy iterated function system (fuzzy IFS for short).
The operator Sx : Kx(X) = Kx(X) defined by

Vuekr(x) SF(u) :=max{o; o (fi[u]) : i =1,...,k}
will be called as the fuzzy Hutchinson operator adjusted to Sx.

In [15] (see also [5]) it is proved that the fuzzy Hutchinson operator is well defined if X is a metric space (see [15,
Proposition 2.12]). The proof of this fact for topological setting is similar. Below we formulate a technical lemma which
justifies it and which gives a description of a-cuts of a fuzzy Hutchinson operator. Its proof will be short as we will refer
to the metric setting if particular reasoning is the same.

Lemma 2.5. Let X be a Hausdorff topological space.
(I) Let f: X — X be continuous, u € Kz(X) and ¢ : [0,1] — [0, 1] be right continuous, nondecreasing and p(0) = 0.

. ) f inf{t:o(t) > a} if 0<a<p(l)
(i) Setting () := { nf{t i’(t) >0} if o= OQ , we have
0 if a > p(1)
[pou]* = [u]ﬁ(a) if (0<a<p(1) and B(a) > 0) or (a =0 and p(B(0)) > 0)

Upssol? if @ =0 and p(B(0)) = 0.

(ii) pow is usc and compactly supported.
(iii) For every a € [0,1],

(7) [oo (flu)]® = f(lpou]®).
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(1) If S = ((f)k_1, (01)k ) is a fuzzy IFS and u € Kx(X), then for every a € [0,1],

k
(®) [Sr(w)* = fillei o u]”).
i=1

In particular, Sr(u) € Kr(X).
Proof. Ttem (i) follows the same lines as its metric version - see [15, Proposition 2.6, items (b) and (c) (here we use the
notation 3(0) = r4)].
Ttem (ii) follows directly from (i) (cf. [15, Proposition 2.7]).

The proof of item (iii) follows from similar lines as its metric version ([15, Lemma 2.13], [5, Lemma 2.4.1]). We give
here just a sketch of the proof. If a € (0, 1], then by Remark 2.7, we have

oo (flu])]” ={z € X :po (flul)(2) > o} = {z € X : p(max{u(y) 1y € [ (2)}) > a} =

={z e X max{(pou)(y) :y € f'(x)} = a} = f([poul”),
so we get (7) for @ € (0,1]. If @ = 0, then we proceed similarly. Note that the reasoning handles also the case when both

sets are empty.
Finally we deal with (II). Condition (8) follows from (iii), as we have

k
[Sr(w)* = {z € X :max{p; o (filu])(2) : i =1,...k} > o} = [ J{w € X : ps o (filul)(2) = a} = (Jlpi © (filu]))*

i=1 i=1

Finally, item (i) and condition (8) justify that Sr(u) € Kx(X) (for normality, recall that g;(1) = 1 for some j =
1., k). O

The following result can be viewed as a fuzzy version of the Hutchinson theorem.

Theorem 2.5. ([15, Theorem 3.14 for m = 1])
Assume that Sy = (S, 0) is a fuzzy IFS on a complete metric space (X,d) such that S is a Matkowski contracting. Then
there exists a unique us € Kx(X) such that

(1) us = Sr(us);
(2) for any u € Kx(X), the sequence of iterations (Sgl)(u)) converges to us w.r.t. the metric dyp.

Definition 2.8. In the above frame, a (necessarily unique) fuzzy set us satisfying (1) and (2) from the above theorem is
called as a fuzzy attractor of Sr.

Recently in [13] there has been obtained a description of fuzzy attractors which involves the projection map 7. We will
formulate it in a short way, for a brief explanation we refer the reader to [13]. Note that the key result [13, Theorem 3.4]
is given for Banach contracting fuzzy IFSs, but it also works for Matkowski’s ones. Below we use the Zadeh’s definition
of the image (6).

Theorem 2.6. ([13, Theorems 3.2 and 3.4])
Let ug be a fuzzy attractor of a fuzzy IFS Sy = (S,0) on a complete metric space, where S is Matkowski contracting.
Then

us = mlual,

where T : B, — X is the projection map and the fuzzy set up : X — [0, 1] is given by

(9) up (o) = ILm 0y ©--0 00, (1), foro=(o,) € Lk.

3. Fuzzy IFSS AND THEIR ATTRACTORS ON MULTIMETRIC SPACES AND ON TYCHONOFF SPACES

3.1. The canonical topology on Kr(X) generated by a multimetric. Let (X, D) be a multimetric space, and let
Kx(X) be the family of compact fuzzy subsets of X, when considering the topology 7p on X. For a pseudometric d € D,
define dypr by

vu,vG]—'(X) dHF(ua U) = Sl[lp | dH([u]a ) [U]a)v
aecl0,1

where dp is defined as in (3). Finally, let
Dyr = {dHF :d € D}

Proposition 3.1. In the above frame, the family Dur is multipseudometric on Kz(X), which is multimetric on Kz (X)
provided that D is directed.
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Proof. Clearly, each dyp is a pseudometric. Assume additionally that D is directed and take any distinct u,v € Kz(X).
Then there exists ag € [0, 1] such that [u]*® # [v]*°. Since [u]*, [v]** € K(X) and Dy is a multimetric (see Theorem 2.3,
item (2)), there exists d € D such that dg([u]™, [v]*°) > 0. Hence

dpr(u,v) = sup dy ([u]®,[v]") = dg ([u]™, [v]*°) > 0.
a€(0,1]

]
Remark 3.1. In the case when D = {d} for some metric d, i.e., when (X,d) is a metric space, then Dyr = {dyr},

where dgp is defined as in (5), and the topology Tp,,, is generated by the metric dgp. This shows that our approach
extends the metric case to a multimetric one.

Similarly as in the case of the hyperspace K(X), (see Theorem 2.3, item (2)), the topology Tp,, does not depend on
the choice of a directed multimetric D.

Theorem 3.1. Let D and G be directed multimetrics on the same set X. If Tp = Tg, then also Tp,, = Topp-
Proof. By symmetry of the problem and Lemma 2.2, it suffices to show that

VvoeICF(X) VdeD ve>0 ngg 36>O BgHF (UOa 6) C BdHF (UO’E)'
Fix vo € K£(X), d € D and € > 0. Using Lemma 2.3 for K = [Uo]o and §, there exists g € G and § > 0, such that for any
z € [vo]°, we have
(10) By(z,0) C Ba(z,%).
We will show that

BQHF (U(lv 5) - BdHF (U(lv 5)‘

Let v € By, . (v0,9), L.e.,

(11) S gn ([vo]™, [v]%) <0

and fix any o € [0,1]. For any z € [v]”, by (11) there exists y € [v]” such that g(z,y) <, so y € By(z,d). By (10),

€

y € Bq(z, 5). Therefore rn[u]l d(x,y) < § and hence
yE[v]«

max min d(z,y) <
zE€[vg]* yev]*

N ™

Now let = € [v]*. By (11), there exists y € [vo]” such that g(x,y) < 8, hence x € By(y,5). Now using (10) we have that

x € Bq(y, 5). Therefore miria d(z,y) < 5 and

y€lvo
, 5
max min d(z,y) < =.
z€[v]* y€[vo]* 2
We conclude that dg ([ve]”, [v]*) < § and, by arbitrariness of «, we obtain dgr(vo,v) < § <&, 50 v € By, (vo,€). O

3.2. Fuzzy attractors of contractive fuzzy IFSs on multimetric spaces. Similarly as in the case of IFSs, we can
consider fuzzy IFSs on multimetric spaces (X, D) as pairs Sr = (S, g), where S is an IFS on (X, D).
Theorems 2.3 and 3.1 allow to consider the canonical topology on Kz (X) for multimetric space (X, D).

Definition 3.1. Let (X, D) be a multimetric space. By a canonical topology on Kx(X) induced by D we will mean the
topology Tpy, ., where D' is any directed multimetric on X with Tp = Tp/; we will denote this topology by 73 .

Remark 3.2. Let (X, D) be a multimetric space.

e By Theorem 3.1, the canonical topology Tg is well defined, as it does not depend on the choice of directed
multimetric D’.

e By Remark 2.5 and Proposition 3.1, the topology 755 is Tychonoff (in particular, Hausdorff).

e The topology T3 is stronger than the original topology Tp,, (i.e., Tp,, C T3 ) generated by the multipseudo-
metric Dy, since we can take, as a directed multimetric D’, the directed multimetric D from Theorem 2.3.

e If (X,d) is a metric space, then T{ﬁ} is exactly the topology induced by the metric dyr defined by (5).

Definition 3.2. Let (X, D) be a multimetric space and Sz be a fuzzy IFS. A (necessarily unique) compact fuzzy set us
is a fuzzy attractor of a fuzzy IFS Sx, if
(i) us = Sr(us);
(ii) for every u € Kx(X), the sequence of iterations (S}n)(u)) of the fuzzy Hutchinson operator converges to us w.r.t.
the canonical topology T3 .
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Our main result of this section is the following version of the Hutchinson-Barnsley theorem, which is a direct extension
of Theorem 2.5. Recall that the Matkowski contractivity implies the Edelstein contractivity.

Theorem 3.2. Let (X, D) be a multimetric space, and let Sx = (S, 0) be a fuzzy IFS such that the IFS S is compactly
dominating and Edelstein contracting. Then Sy generates a unique fuzzy attractor.

We precede the proof with three lemmas. The first one can be found in [1] (cf. [1, Proposition 5.4 and Corollary 5.5]
(in fact, we formulate here a particular version that will used later), and we skip its simple proof. The second one was
formulated in [15] only for metric spaces, and we give its short proof. The last one focuses on natural extensions of fuzzy
sets on subspaces and we skip its simple proof.

Lemma 3.1. Let X be a continuous pseudometric on a topological space X and f: X — X. Assume that K, D € K(X)
and there is a comparison function ¢ such that for every x,y € K U D, we have d(f(x), f(y)) < ¢(d(z,y)). Then

dH(f(K)7 f(D)) < (p(dH(K7 D))

Lemma 3.2. Let X be a continuous pseudometric on a topological space X, and let p : [0,1] — [0,1] be non decreasing
and right continuous with and p(0) = 0. Then for every u,v € Kx(X) and o € [0, 1], we have

du([poul® [pov]®) < dur(u,v),
where we additionally assume that dg(0,0) = 0.

Proof. Similarly as in the metric case, we can prove that for every family A;, B;, i € I of compact subsets of X, with
Uier Ais Ui Bi compact, we have

(12) du ({J Ai, | Bi) < supdu(4;, By).
il el iel
Hence the assertion follows from Lemma 2.5, item (i). O

Now if X is a set, Y C X its nonempty subset, u: Y — [0, 1] a fuzzy set on Y, then let e(u) : X — [0, 1] be defined by

(13) e(u)(z) == { u(ox) i i; §

Lemma 3.3. In the above frame, we have
(i) If f : X — X is such that fly :Y =Y and u:Y — [0,1], then fle(u)] = e(fIy[u]).
(ii) If p: [0,1] — [0,1] is such that p(0) =0 and u : Y — [0,1], then poe(u) =e(pou).
(iil) If uy,...,ug : Y — [0,1], then max{e(uq), ..., e(ur)} = e(max{uy, ..., ug}).

Proof. (of Theorem 3.2).

By Theorem 2.3 and Lemma 2.4, S is Edelstein contracting w.r.t. the admissible directed multimetric D. Thus we can
assume that D is directed and then the topology 73 = Tp,, -

Observe first that for every nonempty compact set K C X such that S(K) C K and every u € Kz(K), the natural
extension e(u) € Kx(X), and

(14) Sr(e(w)) = e(Sr(u)),
where Sy = (S, 0) and S = (f; I )k, is the restricted IFS. Indeed, by Lemma 3.3, we have
Sr(e(u)) = max{p; o (file(w)]) :i=1,..,k} =max{p;oe(filgxu]) :i=1,..,k} =

=max{e(p; o (filx[u])) i =1,.. .k} = e(max{p; o (filx[u]) : i =1,....,k}) = e(Sx(u)).
We are ready to prove the result. By Theorem 2.4 item (1), the IFS S is topologically contracting. Hence, by Theorem
2.4, item (4), we infer that its attractor As is a compact metrizable subset of X, and there is an admissible metric d on
As making all maps f; Matkowski contractions.
In particular, by Theorem 2.5, the restricted fuzzy IFS S = (S’7 0), where S = (fila S)le, generates a unique fuzzy
attractor ug.
Let u, be the natural extension of ug to the whole X, that is,

B v

By (14), we have
Sr(uy) = Sr(e(ug)) = e(Sr(ug)) = e(ug) = us.
Hence it remains to show that for any u € Kx(X), the sequence of iterations (S-(;)(u)) converges to u, w.r.t. the topology

TDHF'
Take any u € Kx(X). As S is topologically contracting, we can find a compact set K such that [u]° C K and S(K) C K.
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Then automatically As C K by uniqueness of an attractor of a topologically contracting IFS. Let Sy = (5 ,0) for the
restricted IFS S = (f;[ )% ;. By (14) and the fact that e(u[ ) = u, we have e(Sz(ul)) = S#(u). Then, by an inductive
argument, we see that for any n € N,

(15) eS8 (ulg)) = 8 (u).

In particular, [ng) (u)]° C K for every n € N.

Now fix any d € D. By Theorem 2.4 item (2) and the last part or Remark 2.5, we have that the restricted IFS
S = (filk)k, is Matkowski contracting w.r.t. dgxx (alternatively, we can use [I, Proposition 5.3], item (e)). More
precisely, there is a comparison function ¢4 such that for every i =1, ...,k and z,y € K, we have

d(fi(x), fi(y)) < eald(z,y)).

Take any v € Kx(X) with [v]° € K. Then also [Sgl)(v)]o C K for every n € N. By Lemmas 2.5, 3.1 and 3.2, using
condition (12) and again the convention that dg(0,0) = 0, we have

k k
dur(Sr(u),Sr(v) = Sl[lp | du (| filei o ul®), | fi([oiov]*) <
a€el0,1 i—1 i—1
< sup  max dy(fi([oiou]®), fi([eiov]®)) < sup  max @q(dy([oi o u]®, [0i0v]*)) <
a€l0,1] =1k agl0,1] =1,k
< sup max god(dHF(u,v)) zgod(dHF(uw)).
agl0,1] i=Lk

Using inductive argument, inclusions [S$ (u)]%, [S$"” (v)]° C K, and setting v = u., we have

dpp (S8 (1), w.) = dpp (S8 (1), ST () < 05 (dprr (u,us)) — 0.
As d € D was taken arbitrarily, this implies that S](,_TL) (u) = uy in Tpy,,. = T3 - O
3.3. Fuzzy attractors of IFSs on Tychonoff spaces. In this section we will reformulate the multimetric setting to
the framework of Tychonoff spaces.

Assume that X is a Tychonoff space. By Remark 2.5, its topology 7 is generated by some multimetric D, so we can
consider the canonical topology 72 on Kz(X). This topology does not depend on the choice of admissible multimetric D.
Indeed, if G is another multimetric with 7p = 7g and we find directed multimetrics D', G’ with Tp = Tp and Tg = Tg-,
then Tpr = Tgr, so T4 = Toy,,. =Tgy,,. = T . Denote this topology on Kx(X) by Ty (to underline that it comes from
multimetrics).

Definition 3.3. If X is a Tychonoff space, then the topology Tas on Kx(X), the canonical topology generated by any
admissible directed multimetric D on X, will be called as the M-topology on Kx(X).
Remark 3.3. In fact, the M-topology is generated by the natural uniformity on Kz(X) which is induced by the universal
uniformity on X, i.e., the maximal uniformity generating the topology of X. This universal uniformity on X is generated
by the family of all continuous pseudometrics on X. Thus we can also call the M-topology also as strong uniform topology
on Kx(X). We plan to study this approach to topologization of Kx(X) in a forthcoming paper.
Definition 3.4. Let X be a Tychonoff space and Sz be a fuzzy IFS on X. A (necessarily unique) compact fuzzy set us
is a fuzzy attractor of a fuzzy IFS Sx, if

(i) us = Sr(us);

(i) for every u € K#(X), the sequence of iterations (Sgl)(u)) of the fuzzy Hutchinson operator converges to us w.r.t.

the M-topology Tas.

Remark 3.4. Directly by definition, we see that a fuzzy set ug is a fuzzy attractor of a fuzzy IFS Sz on a Tychonoff
space X if and only if it is a fuzzy attractor w.r.t. some (equivalently, any) admissible multimetric D on X.

Now, Theorem 3.2 can be reformulated in the following way:

Theorem 3.3. Let X be a Tychonoff space and S = (S,0) be a fuzzy IFS on X. If S is Edelstein contracting and
compactly dominating w.r.t. some admissible multimetric D on X, then S admits a fuzzy attractor.

It turns out that for so-called k-spaces (see [7, Section 3.3] or [1, p. 1035]), we can strengthen the above theorem.
Recall that a Hausdorff topological space X is called a k-space, if its topology is determined by compact sets, in the sense
that a subset U C X is open if and only if K NU is open in K for every compact subset K C X (see [7, 3.3.19]). All
locally compact spaces and all first countable spaces are k-spaces (see [7, p. 152 and 3.3.20]).

Theorem 3.4. Let X be a Tychonoff k-space and Sx = (S, 0) be a fuzzy IFS on X. If S is topologically contracting, then
Sr admits a fuzzy attractor.

Proof. By [1, Theorem 6.3], equivalence (b) < (d), the IFS § is Edelstein contracting w.r.t. some admissible multimetric
D on X. Hence the result follows from Theorem 3.3. g
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4. Fuzzy IFSS AND THEIR ATTRACTORS ON HAUSDORFF SPACES

In the previous discussion, we restricted our framework to Tychonoff spaces X and to M-topologies on Kz (X) generated
by directed admissible multimetrics on D. In this section, we will extend the setting to fuzzy IFSs on Hausdorff topological
spaces.

4.1. Topology induced by hypographs. Let X be a Hausdorff topological space. We can define the topology on
Kx(X) by identifying fuzzy sets u € K(X) with their hypographs
(16) hypo(u) := {(z,a) : x € [u]®, 0 < a < u(z)}
as compact subsets of X x [0,1]. Thus, we can consider the topology T, on Kx(X) that consists of sets of the form
{u € Kz(X) : hypo(u) € U},

where U runs through all open subsets of (X x [0, 1]); we will call this topology as h-topology.
Similar approach is discussed for example in [3] or [1(] for a bit different way of defining a hypograph, namely, by

hypoy(u) :={(z,a) :z € X, 0 < a < u(z)}

(we will discuss this approach later, in Section 5). Let us just remark that the h-topology T is well defined as for
any u € Kr(X), the set hypo(u) is a compact as intersection of a closed set hypoy(u) (see [6, Proposition 8.3] and
switch from lsc to usc maps) with a compact set [u]® x [0,1]. Moreover, T, is Hausdorff since the Vietoris topology on
K(X x [0,1]) is Hausdorff. Finally, observe that the topology 7 is metrizable if X is metrizable, by a metric dj,(u,v) :=
d g (hypo(u), hypo(v)), where d is any admissible metric on X x [0, 1].

Below we show that for Tychonoff spaces, the M-topology Tys is always stronger than the h-topology 7p.

Theorem 4.1. If X is a Tychonoff topological space, then Tn, C Tyy.

Proof. Fix an admissible directed multimetric D on X. Then Ty = Tp,, .. Fix any fuzzy set ug € Kz(X) and its subbasic
neighbourhood of one of the forms

(Yt ={u e Kz(X) : hypo(u) CU} or (U)” ={u € Kx(X) : hypo(u) NU # 0}

for some non-empty open set U in X x [0,1]. We will show that in each case, there is a pseudometric d € D and € > 0 so
that By, . (ug,€) is contained in this neighborhood.

First we deal with the case (U)~
Since ug € (U)~, there exists (yo, ) € U so that yo € [u]Y and 0 < ag < ug(ay), and thus yo € [ug]*®. As U is open, by
the fact that D is directed, there exists ¢ > 0, d € D and a < b, such that

(Y0, 0) € Balyo,e) x ((a,b) N[0,1]) C U.
We will show that
By (uo,e) C(U)™
Take any u € Bg,, ,(ug,€). As dur(u,ug) < &, we have dg([u]*, [ug]*) < e. As yo € [ug]*®, we find y € [u]* with
d(y,yo) < . Since ag < u(y) and y € [u]°, it follows (y, ) € hypo(u) NU and hence u € (U)~.

Now consider the case (U)*.
Since ug € (U)" and U is open, for every (z, ) € hypo(up), there exists dy.o € D, €44 > 0 and az o < by so that
(17) (z,&) € Ba, . (2,€5,0) X ((az,a:bz,0) N[0,1]) C U.
Set Iyo = (3.0, bz.q) N[0,1] for (z,a) € hypo(ug). The family
{Ba, . (=, 63”2’0‘) X Ipq i (z,a) € hypo(ug) }

is an open cover of a compact set hypo(ug). Hence, we can find its finite subcover

Exy 00 _
Bdmi.a,., (xi, 7) X Iy 1=1,..,k.

Since D is directed, we can find d € D with d > max{dy, o, : © = 1,...,k}. Then set ¢ := %min{swhai ci=1,..,k}. We
will show that

Bay, - (Uo, E) C <U>Jr
Take any u € By, (ug,¢) and choose (y, @) € hypo(u). Then y € [u]*. As dgr(u,ug) < &, we have dg ([u]*, [uo]*) < e.
In particular, there exists = € [up]* with d(z,y) < e.
Since (z,a) € hypo(ug), we find ¢ =1, ...,k so that

Ex: s
(I7O‘) € B(iwi‘ai (zi’ 1127&1) X Iac,,oq
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Then o € I, o, and
Crioi o Cxias + Cay,0i

dl’i,ai (y71.1) S dibi,ai (y7x) + dm’i,ai (xvxl) é d(va) + da:i,ai (xymz) < € + 2 f— 2 2 = El’i,ai'

Hence, y € By, ., (i, €a,,0;) and thus by (17)
(y,a) € Ba,, ... (Tir€2;.0,) X Ly 0, CU.
All in all, hypo(u) C U, meaning that u € (U)*. O
The inclusion in Theorem 4.1 cannot be strengthened to equality as the following example shows.

Example 4.1. Let X = [0, 1] be endowed with the Euclidean metric d. Then the dy r induces the M-topology on Kz (X).
Now consider the following fuzzy sets

for n € N, and wg(x) :=1.

Then u, — ug in the h-topology, as obviously hypo(u,) — hypo(ug) in the Vietoris topology on the square [0, 1]
(equivalently, dp (hypo(uy,), hypo(ug)) — 0). On the other hand, u,-»ug in the M-topology as

[un]" = {0} and [uo]' = [0,1],
and hence dgp(un,ug) =1 - 0.

4.2. Fuzzy attractors of fuzzy IFSs on Hausdorff topological spaces. Let X be a Tychonoff space and Sx = (S, g)
be a fuzzy IFS on X. If ugs is its fuzzy attractor, then by Theorem 4.1, for any v € Kz(X), the sequence S(Fn) (u) converges
to us w.r.t. the h-topology 7;. Hence and by Example 4.1, the M-topology Ty is better than the h-topology 7; from the
perspective of properties of fuzzy invariant sets. However, we can use topology T, to consider fuzzy attractors of IFSs on
Hausdorff spaces.

Definition 4.1. Let X be a Hausdorff topological space and Sz be a fuzzy IFS on X. A (necessarily unique) compact
fuzzy set us is a weak fuzzy attractor of a fuzzy IFS S, if

(i) us = Sr(us);

(i) for every u € Kx(X), the sequence of iterations (Sgl) (u)) converges to us w.r.t. the h-topology Tp.

Clearly, if X is Tychonoff space, then each fuzzy attractor is also a weak fuzzy attractor, as T, C Tas-

Theorem 4.2. Assume that Sy = (S,0) is a fuzzy IFS on a Hausdorff topological space X so that S is topologically
contracting. Then Sr admits a weak fuzzy attractor.

Proof. Let Sy = (5’, 0) be the restricted fuzzy IFS, where S = (fi FAs)le and As is an attractor of S, and let ug be a
fuzzy attractor of Sr. In the same way as in the proof of Theorem 3.2 we can show that

S]:("U,*) = Ux,
where u, is the canonical extension u, = e(ug) (see condition (13). Indeed, it is easy to see that condition (14) and further
reasoning hold true in a current setting.

Take any u € Kz(X). By compact dominancy, there exists K € (X) such that [u]® C K and S(K) C K. Again, we
automatically have that As C K. By Theorem 3.4 and a fact that compact spaces are k-spaces, the restricted fuzzy IFS
Sr = (S, 0), where S = (fil )%, admits a fuzzy attractor which necessarily is the canonical extension of ug to the set
K, or, equivalently, is the restriction u.[. Indeed, we can follow the same lines as in the beginning of the proof, but
starting with the fuzzy IFS Sz instead of Sz, and get that the canonical extension of ug to the set K is S invariant (it
is also worth to note that Ag is also the attractor of S, so all constructions are the same).

In particular, the sequence of iterations ‘S:J(Tn) (u]x) converges to .|k w.r.t. M-topology on Kx(K) and, by Theorem
4.1, w.r.t. the h-topology T;* on Kz(K) (we added upper index K to clarify that we deal with the space Kz (K)).

Take any W € Tj, on Kz(X) that contains u,.. Then for some open (in the Vietoris topology) set W’ € K(X x [0,1]), we
have

W = {v € Kx(X) : hypo(v) € W'}
and also hypo(u,) € W’. Then V' := W/ NK(K x [0,1]) is open in (K x [0,1]) w.r.t. the Vietoris topology (see Lemma
2.1) and since hypo(u.) = hypo(u.[x) (as [u.]® C As C K), we have

x € {ve Kx(K) : hypo(v) € V'}.
Hence there exists ng € N such that for all n > ng, we have

hypo (S5 (ul ) € V.
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Following the same lines as in the proof of Theorem 3.2 (involving condition (14)) we can show that condition (15) also
holds in this setting, that is, for any n € N,

e(8S (ul)) = 8% (u).

Hence, by compactness of K, we have [e(Sg_ZL) (ul )] = [S_(;) (1)]? and in consequence

hypo(SY” (ul 1)) = hypo(SE (u)).
Hence
hypo(Sg_fl)(u)) evcw,

which means that Sgl)(u) € W for n > ng. All in all, the sequence (S;ZZ) (u)) converges to u, w.r.t. the topology 7; and
uy 18 a weak fuzzy attractor of Sr. O

4.3. A description of a (weak) fuzzy attractor. In this part we give a description of a (weak) fuzzy attractor. We
have already observed (in the proofs of Theorems 3.2 and 4.2) that a (weak) fuzzy attractor is the canonical extension of
a fuzzy attractor of a certain restricted fuzzy IFS, and (in the proof of Theorem 4.2), that its restrictions to subinvariant
compact sets are fuzzy attractors of restricted fuzzy IFSs. Let us formulate these facts as separate observation.

Proposition 4.1. Let Sr = (S,0) is a fuzzy IFS so that S = (fi)%_, is topologically contracting and let us be its weak
fuzzy attractor.

(i) A fuzzy attractor us is the canonical extension
us = e(ug),

where ug is a fuzzy attractor of the fuzzy IFS Sr = (S, 0), where S = (fi [As)le and Ag is an attractor of S.
(i) If K € K(X) is such that S(K) C K and Sy = (S,0) for S = (filx)F_,, then the restriction us| is a fuzzy

attractor of Sr.

In particular, these facts hold true for a fuzzy attractor of a fuzzy IFS on a multimetric space (X, D) which is compact
dominating and Edelstein contracting.

Finally we show that for a weak fuzzy attractor of a fuzzy IFS S = (S, 0) with topologically contracting IFS S, we
have the same description as the one presented in Theorem 2.6. Note that the existence of a canonical projection 7 for
topologically contracting IFSs is justified in Remark 2.4.

Theorem 4.3. If Sy = (S, 0) is a fuzzy IFS so that S is topologically contracting, then its weak fuzzy attractor us is of
the form

us = W[UA],

where up is given by (9) and w: ¥ — X is the canonical projection.
In particular, this description holds true for a fuzzy attractor of a fuzzy IFS on a multimetric space (X, D) which is
compact dominating and Edelstein contracting.

Proof. Let Sx = (S, 0), ug and Ags be as in Proposition 4.1, item (i). By Theorem 2.6, we have that
ug = Tlua),
where 7 is the canonical projection associated to S. Clearly, 7 = 7 as maps. Hence and by Proposition 4.1, we have that
us = e(ug) = e(T[up]) = mlua).
In the last equality we used the fact that 7(X;) = As. O

As a corollary of Proposition 4.1 we can get a description of a fuzzy (weak) attractor for trivial admissible systems of
grey level maps. Recall that for a set C C X, by x¢ we denote the characteristic function of C.

Proposition 4.2. Let Sy = (S, 0) is a fuzzy IFS so that S = (f;)F_, is topologically contracting and o = (0;)%_, is such
that 0;(1) =1 for any i =1,....,k. Then a weak fuzzy attractor us equals
Us = XAs-

Proof. By [15, Corollary 4.6 and Remark 4.7, for m = 1], if g;(1) = 1 for all ¢ = 1, ..., k, then a fuzzy attractor of the
restricted fuzzy IFS Sy = (S,0) for S = (fil44)i1, equals xas on As. Thus Proposition 4.1, item (i), implies the
assertion. ]
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5. OTHER TOPOLOGIES ON THE SPACE Kr(X)

5.1. An alternative version of a topology generated by hypographs. Let X be a Hausdorff topological space.
We can consider another topology on Kx(X) by identifying fuzzy sets u € Kxz(X) with their hypographs defined by
hypog (u), mentioned in Subsection 4.1:

hypog(u) :={(z,a) :z € X, 0 < a < u(x)} = hypo(u) U (X x {0})

as closed (not necessarily compact) subsets of X x [0,1]. More precisely, let the topology T, called as the ho-topology,
consists of sets of the form

{u € K#(X) : hypoy(u) € U},

for open sets U C C(X x [0, 1]), where we endow the space C(X x [0,1]) of all closed and nonempty subsets of X x [0, 1]
with the Vietoris topology (see [7, 2.7.20]). Clearly, if X is additionally compact, then C(X x [0, 1]) = K(X x [0,1]).
It turns out that the ho-topology T, is weaker than the topology 7j,.

Proposition 5.1. In the above frame, Tp, C T,

Proof. Take a subbasic open set in 73, of one of the forms
(Yt ={u € Kr(X) : hypoy(u) CU} or (U)~ ={u € Kr(X) : hypoy(u) NU # 0}

for some non-empty open set U in X x [0, 1].

First deal with the case (U)" and choose any its element wuq.
Then hypog(ug) C U and in particular X x {0} C U. Hence W := {u € Kx(X) : hypo(u) CU} € T, and ug € W C (U)*.

Now consider (U)~ and choose any its element wug.
If hypo(up) N U = 0, then (z,0) € U for some z € X and hence (U)~ = Kx(X) € Tp. If hypo(ug) N U # 0, then
W :={u e Kx(X): hypo(u)NU #£ 0} € T, and ug € W C (U)". O

The example below show that the inclusion is usually strict. Recall that for a point ¢ € X, the Dirac function x. of ¢
is the characteristic function of {c}.

Example 5.1. Assume that X is a Hausdorff topological space with at least two elements a, b, and consider the function
Xa + % Xb- It is easy to see that the sequence (x, + % Xb)22; convergence to the Dirac function x, in the ho-topology, but
not in the h-topology. Consequently, Tn, < 7.

The above shows that the h-topology 7T is better than the hg-topology 7Tp, from the perspective of behaviour of
invariant fuzzy sets, as convergence w.r.t. 7Tj implies the convergence w.r.t. 7p,. On the other hand, the good property
of the ho-topology 7, is that it preserves compactness, which need not be the case for the topology 7.

Proposition 5.2. Let X be a Hausdor(f topological space. Then X is compact iff (Kz(X), Th,) is compact.

Proof. Assume first that X is compact. By definition of the topology 7s,, it is enough to prove that the set
K, :={K € K(X x [0,1]) : K = hypog(u) for some u € Kz (X)}

is closed in (X x [0,1]) endowed with the Vietoris topology (which is compact as X x [0, 1] is compact).
Observe that a compact set ) # K C X x [0, 1] does not belong to Kp, iff one of the following conditions hold:
(i) (x,0) ¢ K for some z € X,

(#7) there exists z € X and 0 < ¢ < «a such that (z,a) € K and (x,t) ¢ K, or

(#i) (x,1) ¢ K for all x € X.
Take any K ¢ Kp,. If (i) holds, then the set {C € K(X x [0,1]) : (z,0) ¢ C} is an open neighborhood of K, disjoint from
K- If (i) holds, then choose an open neighborhood U, of z in X such that (U, x {t}) N K = ) (we can take such a set
U, as X is regular, being compact Hausdorff) and observe that

{Ce (X x[0,1]): (U, x {tH)NC=0+# Uy x (t,1]) N C}

is an open neighborhood of K, disjoint from /Cp,. Finally, if (¢i¢) holds, then the set {C € (X x [0,1]): C C X x [0,1)}
is an open neighborhood of K, disjoint from KCp,. All in all, K}, is closed, hence compact.

Now assume that (Kz(X),7h,) is compact. Identifying the space X with the closed subspace {x; : © € X} of
(Kx(X), Th,), we conclude that the space X is compact. O

Example 5.2. Example 5.1 shows that if X has at least two points, then the topological space (Kz(X),Tp) is not
compact. Indeed, the sequence (x, + %Xb)fle has no accumulation points in the space (Kx(X), Tr), witnessing that this
space is not (countably) compact (see [7, 3.10.3]).
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5.2. The pointwise and the uniform topologies on Kz(X). Let X be a Hausdorff topological space. Looking at the
set Kx(X) as a subset of the family [0, 1]% of all functions from X to [0, 1], we can consider topologies on Kz(X) induced
by natural topologies from [0, 1]%. We will consider two ,,extremal” ones - the uniform convergence topology T, induced
by the £, -metric
doo (u, v) := sup{|u(z) —v(z)| : 2 € X}, u,v € Kr(X),
and the pointwise convergence topology T,, whose subbasis consists of sets of the form
{u € K£(X) : |u(zo) — uo(zo)| < £},

where ug € Kx(X), zp € X and € > 0. Clearly, T, C 7j,. The following examples show that these topologies are not good
for our purposes. In the first one we observe that the topologies 7,, 7, and the M-topology 7Tas may be incomparabe.

Example 5.3. Let X be any Tychonoff space.

Assume that X has two distinct points a,b in X. Then the sequence (x, + %Xb)%ozl converges to the Dirac function
Xa in the £o-metric on Kz(X), but does not converge to x, in the topology Tas (or Tp). Therefore, Tar € 7o, and hence
T & T

Now assume that X has a point a which is not isolated in X. Then the set {u € Kx(X) : u(a) > %} is a neighborhood
of x, in the topology 7, C 7y, but this set is not a neighborhood of @ in the topology 7 (because of the continuity of
the function X — Kz (X), © — x4, in the M-topology on Kz (X)).

In the next example we observe that in a simple case of Banach contractive fuzzy IFSs on metric spaces, we cannot
guarantee the convergence of sequences of iterations of a fuzzy Hutchinson operator to a fuzzy attractor w.r.t. the topology
7, (in particular, w.r.t. the topology 7, or the metric do).

Example 5.4. Let again X = [0, 1] be endowed with the Euclidean metric d, and consider the fuzzy IFS S» = ({f}, {p}),
where f(z) := 1z and p(z) := x for z € [0,1]. Then for any u € Kz(X), we have

(18 S0 = plflel) = Sl = { MO P EITO) SEvela _feo et

According to Theorem 2.5, the fuzzy IFS Sz generates a fuzzy attractor us, and by (18), it is easy to see that it is the
characteristic function of {0} is its fuzzy attractor, us = xo-.

Now let u = x1. Using (18) and an inductive argument, we see that for every n € N, Sgl) (u) = X, - Hence (ng) (u))
does not converge to us w.r.t. the 7, topology.
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