Tunable quantum metric and band topology in bilayer Dirac models
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The quantum metric, a fundamental component of quantum geometry, has attracted broad interest
in recent years due to its critical role in various quantum phenomena. Meanwhile, band topology,
which serves as an important framework in condensed matter physics, has led to the discovery of
various topological phases. In this work, we introduce a “bilayer” Dirac model that allows precise
tuning of both properties. Our approach combines two Dirac Hamiltonians with distinct energy
scales; one producing relatively dispersive bands and the other yielding relatively flat bands. The
dispersive and flat bands are weakly coupled by hybridization A\. By inducing a band inversion
in the “layer” subspace, we achieve flexible tuning of band topology across all Altland-Zirnbauer
symmetry classes and quantum metric scaling as g 1/)\2 near the band inversion point. Using the
“bilayer” Su-Schrieffer-Heeger model, we investigate the localization properties of gapless boundary
states, which are affected by quantum metric. Our work lays a foundation for exploring the interplay

between band topology and quantum metric.

I. INTRODUCTION

The quantum geometric tensor [1-3], which comprises
the Berry curvature and quantum metric, serves as a fun-
damental framework to characterize the geometric prop-
erties of Bloch states in condensed matter systems. Berry
curvature, the imaginary part of this tensor, governs
topological phenomena such as the quantized anomalous
Hall effect [4]. This effect arises when the integral of
Berry curvature over the Brillouin zone yields a nonzero
Chern number, which protects gapless boundary states
against perturbations [5, 6]. This intrinsic relationship
facilitates the development of topological band theory
[7], a cornerstone of modern condensed matter physics,
and has led to the discovery of various topological phases,
including topological insulators [8-10], topological super-
conductors [11-13], and higher-order topological phases
[14-19]. In contrast, quantum metric, the real part of
the quantum geometric tensor, quantifies the distance
between quantum states in momentum space. It plays a
pivotal role in a wide range of physical phenomena be-
yond the scope of Berry curvature, such as the nonlinear
Hall effect [20-23], optical absorption spectra [24-31], en-
tanglement entropy [32-36], and flat band superconduc-
tivity [37-43]. Recent research has revealed a profound
interplay between band topology and quantum metric
[44-52]. For example, topological invariants such as the
Chern number [44], Euler number [47, 53], Wilson loop
invariant [50], and spin Chern number [52] impose a lower
bound on the quantum metric. This connection sug-
gests that the quantum metric and band topology are not
merely parallel concepts but are intricately intertwined,
collectively shaping the electronic properties of materials.

Systems with nearly flat bands provide an ideal plat-
form for investigating quantum phenomena governed by
the quantum metric [54-59], as the suppression of kinetic
energy enhances its significance. For instance, the quan-
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FIG. 1. (a) The relatively dispersive (green) and flat (red)

bands. (b) The illustration of band inversion between the
dispersive and flat bands at the M point in the “layer” sub-
space. The colorbar encodes the expectation value of the
“layer” pseudospin 7. For the plot, the common model pa-
rameters are taken as €1 = 2, €2 = —0.4, m1; = 0.2, m2 = 0.6
for the “bilayer” SSH model. In (b), A = 0.2 is taken.

tum metric can induce superfluid weight, which is domi-
nant in flat band systems. Moreover, recent studies [60—
63] have demonstrated that the quantum metric provides
an alternative length scale that critically influences the
physical properties of flat band systems. In particular, a
more recent study [64], employing the Lieb-Kitaev model
featuring isolated and topological flat bands, showed that
the quantum metric establishes a new localization length
for topological boundary states in addition to the con-
ventional localization length governed by Fermi velocity.

Dirac models are essential for describing topological
phases [65]. In this work, we introduce a “bilayer” Dirac
model to construct topological flat bands with tunable
quantum metric across the full Altland-Zirnbauer (AZ)
tenfold symmetry classes [7]. Our approach utilizes two
Dirac Hamiltonians with distinct energy scales: one gen-
erates relatively dispersive bands, while the other pro-
duces nearly flat bands. By tuning the model parameters,
we ensure that the dispersive bands intersect the nearly
flat bands near a time-reversal-invariant point. A small
“interlayer” coupling A then induces a band inversion in
the “layer” subspace, as illustrated in Fig. 1. This mech-
anism allows for precise control over the band topology,
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FIG. 2. Three distinct cases for realizing topological flat

bands. The colorbar encodes the expectation value of inver-
sion operator I. The band topology are characterized by the
topological invariant v. The same model parameters are used
for (a)-(c) as those used in Fig. 1. In (d)-(f), we take e; = 2,
€2 = 0.2, m; = —0.2, and my = 0.6 for the plot. In (c)-(g),
we take €1 = —2, €2 = 0.2, m1 = —0.2, and ms = 0.6 for the
plot.

characterized by Fu-Kane parity invariants [66], as shown
in Fig. 2, while simultaneously enabling the quantum
metric to be tuned, scaling as oc 1/A\?, as demonstrated
in Fig. 3. This tunability leads to a significant quan-
tum weight, the momentum-space integral of the quan-
tum metric, particularly for small values of A\. Using the
constructed “bilayer” Su-Schrieffer-Heeger (SSH) model
as an example, we show that the quantum metric can in-
duce long-range decay behavior for the gapless boundary
states.

This paper is organized as follows. In Sec. II, we
present the construction method of “bilayer” Dirac mod-
els. In Sec. ITI, we show the tunable band topology in
“bilayer” Dirac models. In Sec. V, we demonstrate the
tunable quantum metric in “bilayer” Dirac models. In
Sec. IV, we study the localized properties of end states
of the “bilayer” SSH model. In Sec. VI, we present a brief
discussion and summary. Appendix A complements the
main text.

II. CONSTRUCTION METHOD

Before presenting the construction of “bilayer” Dirac
models, we first provide a brief overview of Dirac model
and present its topological characterization by the gen-

eralized Fu-Kane parity invariants [66, 67] .

A. Dirac model

For a d-dimensional (dD) Dirac model, the Hamilto-
nian is expressed as [68]

d
H(k) = Zsin k;a 759) + M(k)’yt(ig-i-)h (1)

i=1

where M(k) = m + Z?:I(l — cosk;a), with m be-
ing a model parameter and a being the lattice con-

The 29 x 29 Gamma matrices fyj(-g)

anti-commutation relation {yj(.g), j(:,q)} = 26;;I9 for

g4 =1,...,d+ 1, where I'9) is a 29 x 29 identity ma-
trix, and d < 2¢g. When present, the time-reversal (T),
particle-hole (P), and chiral (C') symmetries act on H (k)
as:

stant. satisfy the

TH(K)T™' = H(-k),
PH(k)P™' = —H(-k),
CH(k)C™' = —H(k). (2)

The presence or absence of these three local symmetries
categorizes gapped systems into AZ tenfold symmetry
classes [7].

For a given symmetry class and dimension d, H de-
scribes a stronger TT or TSC if two conditions are met:
(i) H lacks a symmetry-preserving extra mass term; (ii)
the node surface of M (k) (where M = 0) wraps an odd
number of time-reversal invariant points. These condi-
tions ensure that the gapped phase cannot be adiabati-
cally connected to a trivial atomic limit phase, where the
mass term reduces to a constant My(k) = M, without
closing the bulk energy gap or breaking certain symme-
try. Consequently, the nontrivial band topology is intrin-
sically related to the gap closing process of H. Moreover,
H (k) only closes its energy gap at time-reversal invariant
points and H respects the inversion symmetry I = v441,
where TH(k)I~' = H(—k). Therefore, the topology of
the occupied bands can be characterized by the general-
ized Fu-Kane invariant [66, 67]:

(=1)" = H&-, 3)

where §; = £1 denotes the inversion eigenvalue at the i-
th time-reversal invariant point, and v distinguishes triv-
ial (v = 0) and nontrivial (v = 1) phases.

The realization of topological insulators and supercon-
ductors by H across the full AZ tenfold symmetry classes
can be exemplified by the following paradigmatic mod-
els. For d =1 and g = 1, H reduces to the two-band
SSH model [69] in the chiral-symmetric AIII class, which
hosts robust end states. For d = 2 and g = 1, H corre-
sponds to the Qi-Wu-Zhang model [70], realizing a Chern
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FIG. 3. (a) The distribution of the quantum metric gus(kz)
for the “bilayer” SSH model. (b) The quantum weight as a
function of A under different settings of €. (c) The distri-
bution of the quantum metric gz (kz,ky) for the “bilayer”
Qi-Wu-Zhang model. (d) The quantum weight of the dis-
persive (flat) bands and their fitting results for the “bilayer”
Qi-Wu-Zhang model as a function of A, with ¢ = 0.0001
and ¢; = 5. The common model parameters are taken as
€2 = —0.4, mg = 0.6, and m; = 0.2. In (a), we take e; = 20
and A = 0.2. In (c), we take e = 20 and A = 0.02. In (d), we
take €1 = 20.

insulator in the A symmetry class. For d = 2 and g = 2,
H represents the Bernevig-Hughes-Zhang model [9], de-
scribing a time-reversal invariant topological insulator in
the AITl symmetry class.

B. “Bilayer” Dirac models

To generally construct topological flat bands with tun-
able quantum metric, we introduce a “bilayer” Dirac
model. The model Hamiltonian is given by

- €1H1 )\I(g)
= ). @)

where H; and H> are standard Dirac Hamiltonians with
the same form as H in Eq. (1). In H; and Ha, identical
representations of the Gamma matrices are chosen and
therefore they have the identical symmetries, including
T, P, and C, if present, and inversion symmetry I. The

Dirac masses of H; and H, are, respectively, chosen as

d
M (k) = Tg—ll + Z(l + cos k;a),
i=1
m d
My(k) = 622 +) (1 + cosk;a). (5)
i=1

Here, €12 and my 2 are model parameters. €; and e
set the energy scales of H; and Hs, respectively. Both
H; and Hs have two nondegenerate (¢ = 1) or degen-
erate (¢ > 1) Dirac bands, and the ratio between the
energy band bandwidths of Hy and Hj is €1 /e3. We set
€1 > €3, such that the two Dirac bands of Hy and Hs
are relatively dispersive and flat, respectively. To ensure
that the dispersive band crosses the flat band near the
point M = (m,...,7), we require |m1| < |mz|. When
a small coupling A\ is introduced between the dispersive
and flat bands, a band inversion is created in the “layer”
subspace, as illustrated in Fig. 1. This band inversion is
crucial for tuning the band topology and quantum metric
of H, as we will demonstrate in the following.

III. TUNABLE BAND TOPOLOGY

In the study of band topology, identifying the symme-
try class of Hamiltonian is crucial, as it determines its
topological classification [7]. To analyze the symmetry
class, we rewrite H as

H = (10 +7.)/2H1 + (10 — 72)/2H2 + 72, (6)

where 79 ., . are the Pauli matrices acting on the “layer”
subspace which are expanded by the eigenbasis of H; and
H,. With this form, it can be readily shown that there
is an exact one-to-one correspondence between the three
local symmetries for H and Hi,

T=78T, P=7.0P, C=7.0C. (7)

Here, T, P, and C denote the time-reversal, particle-hole,
and chiral symmetries of 7. Therefore, the Hamiltonians
‘H and H; > belong to the identical symmetry class. In
addition to the 7', C, P symmetries, there is also a cor-
respondence between the inversion symmetry Z = 1o ® I,
where ZH(k)Z~! = H(—k). Therefore, inversion symme-
tries Z and I have identical eigenvalues at time-reversal
invariant momenta and the band topology of H can still
be characterized by the topological invariant v defined
by Eq. (3).

The band topology of Hy and Hs is determined by
the model parameters m; and ms, respectively, and
characterized by the invariant v. For example, when
—2d < m;/e; < —2d+2 with i = 1,2, H; exhibits a band
inversion at the I' = (0,...,0) point, resulting in topo-
logical bands characterized by v = 1. The band topology
can be further tuned by the band inversion (A # 0) be-
tween the dispersive and flat bands. Generally, there are



three distinct ways to realize topological flat bands for #:
(i) Input topological flat bands from Ha, and the band
inversion between the dispersive and flat bands does not
change the band topology, as illustrated in Figs. 2(a)
and 2(b); (ii) Hy and Hs is topologically nontrivial and
trivial, and the band inversion at the M point change
the band topology, enabling the realization of topologi-
cal flat bands and trivial dispersive bands, respectively,
as illustrated in Figs. 2(d) and 2(e); (iii) Both H; and Ho
are topologically trivial, and the band inversion at the M
point enables the realization of topological dispersive and
flat bands, respectively, as illustrated in Figs. 2(g) and
2(h). Case (i) can be realized by setting mq/e; > 0,
—2d < mg/ea < —2d 4 2, and mimy > 0. Case (ii)
can be realized by setting —2 < my/e; < 0, ma/eq > 0,
and mymg < 0. Case (iii) can be realized by setting
mi2/€1,2 > 0 and myme < 0. For these three cases, it
can be shown that the obtained flat bands under small A
are topologically nontrivial and characterized by v = 1.
Therefore, H can realize topological flat bands across the
full AZ symmetry classes by following the construction
procedure and choosing different dimensions and symme-
try classes for H. Here, we assume that A is small com-
pared to the energy gap of Hy at the M point, namely
my. When A > my, the band topology for case (i) could
be further changed by closing the energy gap at the M
point, as shown in Fig. 2(c). While for cases (ii) and (iii),
we find that the band topology is relatively robust against
the variation of A, as shown in Figs. 2(f) and 2(i). No-
tably, although the band inversion between the dispersive
and flat bands is not necessary to realize nontrivial band
topology, it is essential for tuning the quantum metric,
as we will show in the following.

IV. TUNABLE QUANTUM METRIC

Within the framework of Dirac models across arbi-
trary dimensions, it has been demonstrated that nontriv-
ial band topology inherently establishes a lower bound for
the quantum metric [71]. However, this lower bound, de-
termined by topological invariants, is typically small. To
effectively investigate the quantum metric effect and its
interplay with band topology, it is essential to construct
topological flat bands with both tunable and significantly
enhanced quantum metric values. We now demonstrate
the tunable quantum metric in H.

When g > 1, the energy bands of H exhibit degeneracy,
necessitating the inclusion of the non-Abelian quantum
geometric tensor. This tensor is defined as [1, 72]

12,(6) = (B, (0)[ (1 = P(R)

O, (6)) . (8)

where u, v = x,y, z, ... represent the spatial coordinates,
and 0, = % denotes the derivative with respect to the
momentum components. The indices 7 and j label the
possible degeneracy of the n-th band. The projection
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FIG. 4. (a) The plot of In|¢)(z)| for end states in the two-

band SSH model. (b) The plot of In|i(z)| for end states in
the “bilayer” SSH model. (¢) The quantum weight Gy, as
a function of €; for the “bilayer” SSH model. (d) The plot
of In|y(x)| for end states in the “bilayer” SSH model under
different setting of ¢;. The common model parameters are
taken as mo = 0.6, 2 = —0.4, A = m1 = 0.2. In (b), we take
€1 = 15.

operator P(k) is given by

2(g—1)

P(k) = Z [tn; (K)) (un, (K)] (9)

where {‘unl n<g71>(k)>} denote the degenerate eigen-
PRRREXLD)

states of the n-th band of H. The real part of @, is
the non-Abelian quantum metric, and its trace yields the
standard quantum metric:

(1) = 5 T (@ + Quil (10)

where the trace Tr is taken over the degenerate band
indices. The quantum metric g,, (k) is invariant under
gauge transformations for complex wave functions of de-
generate bands. For numerical convenience, we use the
equivalent expression [1]

Z (En - Em)2 .

(11)

uv =
m#n,i,j

This formulation provides an efficient approach for nu-
merically calculating the quantum metric.

In H, the quantum metric g,,, can be flexibly tuned by
the coupling parameter A\. Near the band touch point be-
tween the dispersive and flat bands [Fig. 1(a)], denoted



by kg, there is a stronger mixing of eigenstates in the
“layer” subspace. Therefore, eigenstates have a larger
sensitivity to momentum variations near kgy, which re-
sults in an increased quantum metric. In particular, when
A K €2 K €1, the energy gap between the dispersive and
flat bands near kg is proportional to A. Consequently, the
quantum metric exhibits a dependence of 1/\? according
to Eq. (11). For a small value of A, quantum metric dis-
plays a sharp peak around kg, significantly contributing
to its integral, defined as the quantum weight [73, 74],

d
Guw = QW/%gW(k), (12)

which has dimension a?~¢. Thus, we expect G to scale
approximately as 1/A? under condition A < ey < €.

We utilize the topological flat bands realized in case (i)
[Fig. 2(b)] to investigate the tunable quantum metric in
‘H. In Fig. 3(a), we plot the distribution of the quantum
metric g, (k) in momentum space, using the two-band
SSH model for Hy . The quantum metric g, (ky) ex-
hibits a sharp peak near kg, with a maximum value scal-
ing as 1/A%. In Fig. 3(b), we further plot the quantum
weight G, as a function of A under different settings of
€1, while keeping my, ms, and €5 fixed. As the bandwidth
of the dispersive band (€;1) increases, G, increases. This
behavior can be directly related to the larger variation
of 9,,H with the increasing of €; according to Eq. (11).
In Fig. 3(c), we present the distribution of the quan-
tum metric g,, in momentum space, adopting the Qi-
Wu-Zhang model [70] for Hy . In Fig. 3(d), we plot the
quantum weight G, for the dispersive and flat bands,
observing that their values are nearly equal. Moreover,
Gz scales approximately to 1/)\2, consistent with our
expectations.

V. QUANTUM METRIC EFFECT ON
BOUNDARY STATES

Topological bands guarantee the existence of gapless
boundary states, known as the bulk-boundary corre-
spondence [5, 6]. In the nontrivial parameter region,
H, hosts gapless states located at (d — 1)-dimensional
boundary, which are described by the wavefunction
Y(ky,r) = Ae*"/fc(k\\)|¢(k”)>. Here, kj denotes the
parallel momentum along the periodic boundary direc-
tions and r represents the real-space coordinate along
the open boundary direction. & (k) is the momentum-
dependent localization length determined by the model
parameters. |¢(kj)) encodes the spinor structure of the
boundary states and A is the normalization constant.
At the boundary Dirac point (k; = 0), H» reduces to
an extended SSH model [19], namely (¢ — 1) copies of
the two-band SSH model, and it can be shown that
a/é = In(|ea/t]), where t = mg + 2ea(d — 1) [75]. In
Fig. 4 (a), the exponential decay of the edge-state ampli-
tudes across lattice sites for the two-band SSH model is
plotted.

For isolated topological bands which are separated
from dispersive bulk states, recent work of Refs. 63 and
64 revealed that the quantum metric can introduce a ge-
ometry localization length &, for gapless boundary states.
Since H can realize topological flat bands with tunable
quantum metric across all AZ symmetry classes, the
constructed models provide a testbed for demonstrating
quantum metric effect on boundary states. Generally, H
hosts the boundary states described by

’(/J(kH,T‘) = AC6—7'/€c(k|\) + Age—r/{g(ku)’ (13)

where A. and A, represent the amplitudes of the two
distinct components of the wave function. &. is the con-
ventional localization length determined by the Fermi-
velocity vr and the energy gap A between the topolog-
ical conduction and valence bands. In nearly flat bands
(e1 > €32), & approaches zero, the long-range decay be-
havior of gapless boundary states is mainly determined
by &;. At the boundary Dirac point (kj = 0), H reduces
to a “bilayer” extended SSH model, which determines
the decayed behavior of the gapless boundary states of
‘H across all the symmetry classes and dimensions.

We now investigate the localization properties of the
end states in the “bilayer” SSH model described by H. In
contrast to the edge states of Hy shown in Fig. 4(a), the
end states of H exhibit long-range decay behavior char-
acterized by a large value of §;, as depicted in Fig. 4(b).
Fig. 4(c) plots the quantum weight G, as a function
of €1, which increases linearly with ¢;. Correspondingly,
the geometry localized length &, also increases with €y,
as shown in Fig. 4(d). Our numerical results are qualita-
tively aligned with the conclusions of the works [63, 64],
which demonstrate that a large quantum metric can in-
duce long-range decay for topological edge states. Addi-
tionally, other model parameters, such as m; and A, can
also tune the quantum metric, thereby influencing the
localization properties of the end states (see Appendix
A).

VI. DISCUSSION AND CONCLUSION

Our method utilizes the band inversion between the
dispersive and flat bands to modulate the quantum met-
ric. This scenario can be realized in solid state materials,
such as electric field-induced band inversion between the
first and second Moiré bands in MoTes/WSes hetero-
bilayers [76, 77], as well as the band inversion between
heavy and light electrons in the topological Kondo insu-
lator SmBg [78, 79]. In these materials, we anticipate the
realization of enhanced quantum metric, which provides
a potential platform for investigating quantum metric ef-
fects. Furthermore, given the experimental simulation
of topological phases in various metamaterials, including
acoustic [80], photonic [81], and electrical circuit systems
[82], we believe that these metamaterials also have signif-
icant potential for simulating our theoretically proposed
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FIG. 5. Quantum weight and edge states plot for the “Bi-
layer” SSH model. (a) The plot of quantum weight G, as
a function of m;. (b) The plot of Injy)(x)| for the end states
under different setting of mi. (c¢) The plot of quantum weight
Go as a function of A. (d) The plot of In|i(z)| for the end
states under different setting of A. In (a) and (b), mz = 0.6,
€1 =20, A = 0.2, and 2 = —0.4. In (c) and (d), m2 = 0.6,
€1 =15, e2 = —0.4, and m; = 0.2.

models, thus broadening the scope of quantum metric

studies in engineered systems.

In summary, we propose a unified framework for engi-
neering topological bands with tunable quantum metric
based on coupled “bilayer” Dirac models. The localiza-
tion properties of gapless boundary states are explicitly
explored using a “Bilayer” SSH model. Our work estab-
lishes a foundation for further studies on the interplay
between band topology and quantum metric.
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Appendix A: “Bilayer” SSH model

The model Hamiltonian of “bilayer” SSH model can

be written as
H = 61HéIS)H A
- (2) |>
)\ EQHSSH

HSS)H = M;(ky)oq + sinkzaoy, (A1)

where M;(k,) = m;/e; + (1 + coskga) for ¢ = 1,2. The
quantum weight G,, of H can be tuned by model pa-
rameters m; and A, as depicted in Figs. 5(a) and 5(c),
respectively. As m or A increases, G, decreases. Cor-
respondingly, the end states of H become more localized,
as shown in Figs. 5(b) and 5(d).
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