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Abstract. In this article, we present a combinatorial formula for the Wedderburn decomposition of

rational group algebras of nested GVZ p-groups, where p is an odd prime. Using this formula, we derive an

explicit combinatorial expression for the Wedderburn decomposition of rational group algebras of all two-

generator p-groups of class 2. Additionally, we provide explicit combinatorial formulas for the Wedderburn

decomposition of rational group algebras of certain families of nested GVZ p-groups with arbitrarily large

nilpotency class. We also classify all nested GVZ p-groups of order at most p5 and compute the Wedderburn

decomposition of their rational group algebras. Finally, we determine a complete set of primitive central

idempotents for the rational group algebras of nested GVZ p-groups.

1. Introduction

Throughout this paper, all groups are finite. For a group G, we write Irr(G) for the set of irreducible

complex characters of G. Let N ⊴ G and χ ∈ Irr(G). We say that χ is fully ramified over N if χ(g) = 0

for all g ∈ G \ N . A group G is called of central type if there exists χ ∈ Irr(G) such that χ is fully

ramified over Z(G). This class of groups was first introduced by DeMeyer and Janusz [12], who showed

that a group G is of central type if and only if each Sylow p-subgroup Sylp(G) of G is of central type and

Z(Sylp(G)) = Z(G)∩ Sylp(G). It is also known that groups of central type are solvable (see [18]). Central

type groups have been studied extensively in the literature, including [12, 13, 15, 18]. Motivated by this

definition, one says that a character χ ∈ Irr(G) is of central type if χ vanishes on G \ Z(χ), where

Z(χ) = {g ∈ G : |χ(g)| = χ(1)}

is the center (or quasi-kernel) of χ. Equivalently, χ is of central type if and only if χ̄ ∈ Irr(G/ ker(χ)) is

fully ramified over Z(G/ ker(χ)), where χ is the lift of χ̄ to G, i.e., G/ ker(χ) is a group of central type

with faithful character χ̄ (see [25]). Groups in which every irreducible complex character is of central type

are called GVZ-groups. GVZ-groups were first investigated in [26] under the name groups of Ono type.

For a group G, a conjugacy class C is said to be of Ono type if for every χ ∈ Irr(G) and every g ∈ C,
either χ(g) = 0 or |χ(g)| = χ(1). A group G is said to be of Ono type if every conjugacy class of G is

of Ono type. Groups of Ono type were first introduced by Ono [31]. A group G is called nested if for

all characters χ, ψ ∈ Irr(G), we have either Z(χ) ⊆ Z(ψ) or Z(ψ) ⊆ Z(χ). A GVZ-group G is called a

nested GVZ-group if G is nested. Note that a nested GVZ-group G is a GVZ-group satisfying Z(ψ) ⊆ Z(χ)

whenever χ(1) ≤ ψ(1) for χ, ψ ∈ Irr(G) (see [25, Lemma 7.1]). Moreover, such a group G is strictly nested

by degrees, i.e.,

Z(ψ) ⊂ Z(χ) ⇐⇒ χ(1) < ψ(1), for χ, ψ ∈ Irr(G).

A group G has an irreducible character χ with χ(1) = |G/Z(χ)|1/2 if and only if χ(g) = 0 for all g ∈ G\Z(χ)
(see [19, Corollary 2.30]). Thus, the latter definition of a nested GVZ-group is equivalent to the one used

by Nenciu in [27, 29], which was motivated by problems posed by Berkovich [5] (Research Problems 24 and
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30 therein). Moreover, a nested GVZ-group is nilpotent and isomorphic to the direct product of a nested

GVZ p-group and an abelian group, where p is a prime (see [27, Corollary 2.5]). For further background

on such groups, see [6, 7, 8, 9, 25, 27, 29]. In this article, we investigate the Wedderburn decomposition

of rational group algebras of nested GVZ p-groups, where p is an odd prime.

Let G be a finite group, and let F a field. According to the Wedderburn-Artin theorem, the group

algebra FG is semisimple if and only if it decomposes into a direct sum of matrix algebras over division

rings. More precisely, there is an isomorphism

FG ∼=
r⊕

i=1

Mni(Di),

where each Mni(Di) is a full matrix ring of size ni over a division ring Di that is finite-dimensional

over its center. These rings Mni
(Di) are called the simple components of FG. Furthermore, by the

Brauer-Witt theorem (see [37]), each simple component is Brauer equivalent to a cyclotomic algebra.

The Wedderburn decomposition of rational group algebras has garnered significant attention in recent

years due to its importance in understanding various algebraic structures (see [17, 21, 35]). Recent

studies have employed Shoda pair theory to analyze this decomposition, as documented in several works

including [3, 4, 22, 23, 30]. Mathematical software implementations, most notably the Wedderga

package in GAP [39], have been developed based on these methods. However, exact computations often

remain challenging, especially for groups of large order. For finite abelian groups, Perlis and Walker [32]

provided a well-known combinatorial formula for the Wedderburn decomposition of their rational group

algebras.

Theorem 1. [32, Theorem 1] Let G be a finite abelian group of exponent m. Then the Wedderburn

decomposition of QG is given by

QG ∼=
⊕
d|m

adQ(ζd),

where ad is equal to the number of cyclic subgroups of G of order d.

A non-abelian group G is called a VZ-group if every χ ∈ nl(G) is fully ramified over Z(G). It is easy

to see that a VZ-group is a special case of a nested GVZ-group. In [10], we formulate the computation of

the Wedderburn decomposition of rational group algebra of a VZ p-group G (where p is an odd prime),

solely based on computing the number of cyclic subgroups of G/G′, Z(G) and Z(G)/G′, which is similar

to Theorem 1.

Theorem 2. [10, Theorem 1] Let G be a finite VZ p-group, where p is an odd prime. Let m and m′

denote the exponents of Z(G) and Z(G)/G′, respectively. Then the Wedderburn decomposition of QG is

given by

QG ∼= Q(G/G′)
⊕
d|m
d∤m′

adM|G/Z(G)|1/2(Q(ζd))
⊕
d|m
d|m′

(ad − a′d)M|G/Z(G)|1/2(Q(ζd)) ,

where ad and a′d are the number of cyclic subgroups of order d of Z(G) and Z(G)/G′, respectively.

This work extends Theorem 2 by deriving a combinatorial formula for the Wedderburn decomposition

of rational group algebras of nested GVZ p-groups, where p is an odd prime.

Theorem 3. Let G be a finite nested GVZ p-group, where p is an odd prime. Let cd(G) = {pδi : 0 ≤
i ≤ n, 0 = δ0 < δ1 < δ2 < · · · < δn}, and for 0 ≤ i ≤ n define Zδi := Z(χ) for some χ ∈ Irrpδi (G). For

1 ≤ r ≤ n, let mr and m′
r denote the exponents of Zδr/[Zδr , G] and Zδr/[Zδr−1 , G], respectively. Then the

Wedderburn decomposition of QG is given by

QG ∼= Q(G/G′)

n⊕
r=1

⊕
dr|mr

dr∤m′
r

adr Mpδr (Q(ζdr ))

n⊕
r=1

⊕
dr|mr

dr|m′
r

(
adr − a′dr

)
Mpδr (Q(ζdr )) ,

where adr
and a′dr

denote the number of cyclic subgroups of order dr in Zδr/[Zδr , G] and Zδr/[Zδr−1
, G],

respectively.
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Note that a VZ-group has nilpotency class 2 (see [14]). Furthermore, any nilpotent group of class 2 is

a GVZ-group (see [19, Theorem 2.31]). Hence, any nested group of class 2 is necessarily a nested GVZ-

group. In particular, all two-generator p-groups of class 2 are nested GVZ p-groups (see [28]). However, a

two-generator p-group of class 2 need not be a VZ p-group. For example, the groups SmallGroup(729, 24),

SmallGroup(729, 25), and SmallGroup(729, 60) in the GAP library are two-generator 3-groups of class 2

that are nested GVZ but not VZ (see Example 21). In this article, using Theorem 3, we derive explicit

combinatorial formulas for the Wedderburn decomposition of rational group algebras of two-generator p-

groups, where p is an odd prime.

Moreover, there exist nested GVZ p-groups of arbitrarily large nilpotency class. For every n ≥ 1,

Nenciu [29] constructed a family of nested GVZ p-groups of order p2n+1, exponent p, and class n+1, where

p > n+ 1 is prime. Similarly, for every n ≥ 1, Lewis [25] constructed a family of nested GVZ p-groups of

order p2n+1, exponent pn+1, and class n+1, where p is an odd prime. In this article, using Theorem 3, we

also derive explicit combinatorial formulas for the Wedderburn decomposition of rational group algebras of

these families of nested GVZ p-groups, where p is an odd prime.

Further, we prove Theorem 4, which shows that for a group, the property of being a GVZ-group

(respectively, a nested GVZ-group) is preserved under the notion of isoclinism.

Theorem 4. Let G and H be two finite isoclinic groups. If G is a GVZ-group (respectively, a nested

GVZ-group), then H is also a GVZ-group (respectively, a nested GVZ-group).

Using Theorem 4, one can check that there are several isoclinic families of nested GVZ p-groups. In

this article, we completely classify all nested GVZ p-groups of order at most p5 (see Corollary 5), and derive

the Wedderburn decomposition of rational group algebras of these groups.

Corollary 5. Let G be a non-abelian group of order p5, where p is an odd prime. Then G is a nested

GVZ-group if and only if G ∈ Φ2 ∪ Φ5 ∪ Φ7 ∪ Φ8.

Moreover, a non-abelian p-group G of order at most p5 is a nested GVZ-group that is not a VZ-group if

and only if |G| = p5 and G belongs to either the isoclinic family Φ7 or the isoclinic family Φ8.

Finally, we present a concise analysis of the primitive central idempotents and their associated simple

components in the Wedderburn decomposition of rational group algebras of GVZ p-groups. In particular,

we prove Theorem 6.

Theorem 6. Let G be a finite nested GVZ p-group, where p is an odd prime. Let χ ∈ nl(G) with

N = ker(χ). Then we have the following.

(1) eQ(χ) = ϵ(Z(χ), N).

(2) QGϵ(Z(χ), N) ∼=M|G/Z(χ)|1/2(Q(ζ|Z(χ)/N |)).

The structure of the article is as follows. In Section 2, we introduce notation, mostly following standard

conventions, together with preliminary results that will be used throughout the paper. Section 3 focuses

on rational group algebras of nested GVZ p-groups, where p is an odd prime, and contains the proof of

Theorem 3. In Section 4, we discuss two-generator p-groups and derive explicit combinatorial formulas for

the Wedderburn decomposition of their rational group algebras. Section 5 is devoted to the Wedderburn

decomposition of rational group algebras corresponding to two families of nested GVZ p-groups of arbitrarily

large nilpotency class. Section 6 contains the proofs of Theorem 4 and Corollary 5. In this section, we

also classify all nested GVZ p-groups of order at most p5 and compute the Wedderburn decomposition of

their rational group algebras. Finally, Section 7 examines the structure of primitive central idempotents in

rational group algebras of nested GVZ p-groups and provides the proof of Theorem 6.

2. Notation and Preliminaries

2.1. Notation. We adopt the following notation, consistent with standard conventions. Unless oth-

erwise specified, p denotes an odd prime. For a finite group G, the notation introduced below will be used

throughout.
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[g, h] g−1h−1gh for g, h ∈ G

[g,G] ⟨[g, x] : x ∈ G⟩ for g ∈ G

[N,G] ⟨[n, g] : n ∈ N, g ∈ G⟩ for N ⊴ G

G′ [G,G], i.e., the commutator subgroup of G

clG(g) the conjugacy class of g ∈ G

c(G) the nilpotency class of G

Sylp(G) the Sylow p-subgroup of G

|S| the cardinality of a set S

|z| the absolute value of z ∈ C
Irr(G) the set of irreducible complex characters of G

lin(G) {χ ∈ Irr(G) : χ(1) = 1}
nl(G) {χ ∈ Irr(G) : χ(1) ̸= 1}

Irrm(G) {χ ∈ Irr(G) : χ(1) = m}
cd(G) {χ(1) : χ ∈ Irr(G)}
F(χ) the field obtained by adjoining the values {χ(g) : g ∈ G} to the field F for some χ ∈ Irr(G)

mQ(χ) the Schur index of χ ∈ Irr(G) over Q
Ω(χ) mQ(χ)

∑
σ∈Gal(Q(χ)/Q) χ

σ for χ ∈ Irr(G)

ker(χ) {g ∈ G : χ(g) = χ(1)} for χ ∈ Irr(G)

Z(χ) {g ∈ G : |χ(g)| = χ(1)} for χ ∈ Irr(G)

Irr(G|N) {χ ∈ Irr(G) : N ⊈ ker(χ)}, where N ⊴ G

χ ↓H the restriction of a character χ of G on H, where H ≤ G

FG the group ring (algebra) of G with coefficients in F
Mn(D) a full matrix ring of order n over the skewfield D

Z(B) the center of an algebraic structure B

ζm an m-th primitive root of unity

Cn the cyclic group of order n

2.2. Preliminaries. Here, we introduce some fundamental concepts and results that will be used

repeatedly throughout this article. For a finite abelian p-group G, Yeh [38] obtained an explicit formula

for the number of subgroups of a prescribed type, where p is any prime. More recently, an alternative

expression was derived in [36], using a method based on certain matrices associated with the invariant

factor decomposition of G. The following lemma provides the precise counting formula for cyclic subgroups.

Lemma 7. [36, Theorem 4.3] Let G be a finite abelian p-group such that G ∼= Cpα1 ×Cpα2 ×· · ·×Cpαk ,

with α1 ≤ α2 ≤ · · · ≤ αk, where p is a prime. For each 1 ≤ α ≤ αk, denote by Gk
p (α) the number of cyclic

subgroups of order pα in G. Then

Gk
p (α) =

p hk−1
p (α)− hk−1

p (α− 1)

p− 1
,

where hk−1
p (α) = p(k−j)α+α1+···+αj−1 whenever αj−1 ≤ α ≤ αj, for j ∈ {1, 2, . . . , k} with the convention

α0 = 0.

We next recall some essential results concerning characters and representations that will be required

later.

Lemma 8. [19, Corollary 10.14] Let G be a p-group, where p is an odd prime. Then

mQ(χ) = 1 for all χ ∈ Irr(G).

Let G be a finite group. Define an equivalence relation on Irr(G) by Galois conjugacy over Q. Two

irreducible characters χ, ψ ∈ Irr(G) are called Galois conjugates over Q if Q(χ) = Q(ψ) and there exists

σ ∈ Gal(Q(χ)/Q) such that χσ = ψ.
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Lemma 9. [19, Lemma 9.17] Let G be a finite group and χ ∈ Irr(G). Denote by E(χ) the Galois

conjugacy class of χ over Q. Then

|E(χ)| = [Q(χ) : Q].

It follows that distinct Galois conjugacy classes correspond to distinct irreducible rational represen-

tations of G. Reiner [34, Theorem 3] further described the structure of the simple components in the

Wedderburn decomposition of the rational group algebra QG associated with these rational representa-

tions. We conclude this section by citing his result.

Lemma 10. [34, Theorem 3] Let K be a field of characteristic zero and let K∗ denote its algebraic

closure. Suppose T is an irreducible K-representation of G, extended linearly to a K-representation of KG.
Set

A = {T (x) : x ∈ KG}.

Then A is a simple algebra over K, and may be written as A = Mn(D), where D is a division ring.

Moreover,

Z(D) ∼= K(χi) and [D : Z(D)] =
(
mK(χi)

)2
(1 ≤ i ≤ k),

where Ui are irreducible K∗-representations of G affording the characters χi,

T = mK(χi)

k⊕
i=1

Ui,

with k = [K(χi) : K], and mK(χi) denoting the Schur index of χi over K.

3. Rational group algebra

In this section, we establish the proof of Theorem 3. Let G be a nested GVZ-group. Then for every

χ ∈ Irr(G), we have χ(1)2 = |G/Z(χ)| (see [19, Corollary 2.30]). Moreover, if χ, ψ ∈ Irr(G) satisfy

χ(1) = ψ(1), then Z(χ) = Z(ψ). Let

cd(G) = {pδi : 0 ≤ i ≤ n, 0 = δ0 < δ1 < · · · < δn},

and define Zδi := Z(χ) for some χ ∈ Irrpδi (G), where Irrpδi (G) = {χ ∈ Irr(G) : χ(1) = pδi}. Note that

for each δr ∈ {δ1, . . . , δn}, the quotient group Zδr/[Zδr , G] is abelian. With this notation, we recall the

following result.

Lemma 11. [27, Theorem 3.8] Let G be a nested GVZ-group with cd(G) = {pδi : 0 ≤ i ≤ n, 0 = δ0 <

δ1 < · · · < δn}. Then for each r ∈ {1, . . . , n}, there is a bijection between the sets

Irr
(
Zδr/[Zδr , G] | [Zδr−1

, G]/[Zδr , G]
)

and Irrpδr (G).

Moreover, for µ̄ ∈ Irr(Zδr/[Zδr , G] | [Zδr−1
, G]/[Zδr , G]), the associated character χµ ∈ Irrpδr (G) is given

by

(1) χµ(g) =

{
pδrµ(g) if g ∈ Zδr ,

0 otherwise,

where µ denotes the lift of µ̄ to Zδr .

Let G be a finite group, and let χ, ψ ∈ Irr(G) be Galois conjugate over Q. Then necessarily ker(χ) =

ker(ψ). The converse is true when χ, ψ ∈ lin(G). However, for general χ, ψ ∈ nl(G) with ker(χ) = ker(ψ),

it need not follow that they are Galois conjugates. In the case of nested GVZ-groups, the converse does

hold for nonlinear irreducible complex characters, as we show below.

Lemma 12. Let G be a nested GVZ-group with cd(G) = {pδi : 0 ≤ i ≤ n, 0 = δ0 < δ1 < · · · < δn}. For

χ, ψ ∈ Irrpδr (G) with some r ∈ {1, . . . , n}, we have the following.

χ and ψ are Galois conjugates over Q ⇐⇒ ker(χ) = ker(ψ).
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Proof. If χ and ψ are Galois conjugates over Q, then ker(χ) = ker(ψ) is immediate. Conversely,

suppose χ, ψ ∈ Irrpδr (G) with ker(χ) = ker(ψ). By definition, Zδi := Z(ϕ) for some ϕ ∈ Irrpδi (G). From

(1), there exist µ, ν ∈ Irr(Zδr ) such that

χ↓Zδr
= pδrµ, ψ↓Zδr

= pδrν,

where µ and ν are the lifts of some µ̄ ∈ Irr(Zδr/[Zδr , G] | [Zδr−1 , G]/[Zδr , G]) to Zδr and ν̄ ∈ Irr(Zδr/[Zδr , G] |
[Zδr−1

, G]/[Zδr , G]) to Zδr , respectively. Since ker(χ) = ker(µ) and ker(ψ) = ker(ν), we deduce that µ and

ν are Galois conjugates. Hence, Q(µ) = Q(ν). Therefore, there exists σ ∈ Gal(Q(µ)/Q) with µσ = ν. As

Q(χ) = Q(µ) and Q(ψ) = Q(ν), it follows that χσ = ψ. Thus, χ and ψ are Galois conjugates over Q. This

completes the proof of Lemma 12. □

Now, for χ, ψ ∈ Irr(G), we say that χ and ψ are equivalent if ker(χ) = ker(ψ).

Lemma 13. [2, Lemma 1] Let G be a finite abelian group of exponent m, and let d | m. If ad denotes the

number of cyclic subgroups of G of order d, then the number of inequivalent characters χ with Q(χ) = Q(ζd)

is ad.

Analogous to Lemma 13, and under the above hypotheses, we now determine the number of inequivalent

irreducible characters of a nested GVZ-group corresponding to a given cyclotomic field.

Lemma 14. Let G be a nested GVZ-group with cd(G) = {pδi : 0 ≤ i ≤ n, 0 = δ0 < δ1 < · · · < δn}.
Define Zδi := Z(χ) for some χ ∈ Irrpδi (G). For each r ∈ {1, . . . , n}, let dr be a divisor of exp(Zδr/[Zδr , G]).

Let adr
and a′dr

denote the number of cyclic subgroups of order dr in Zδr/[Zδr , G] and Zδr/[Zδr−1
, G],

respectively. Finally, let mdr
be the number of inequivalent characters χ ∈ Irrpδr (G) with Q(χ) = Q(ζdr

).

Then we have the following.

(1) If dr | exp(Zδr/[Zδr , G]) but dr ∤ exp(Zδr/[Zδr−1 , G]), then mdr = adr .

(2) If dr divides both exp(Zδr/[Zδr , G]) and exp(Zδr/[Zδr−1
, G]), then mdr

= adr
− a′dr

.

Proof. Let χ ∈ Irrpδr (G). Then χ = χµ for some µ ∈ Irr(Zδr ), as in (1), where µ is the lift of

µ̄ ∈ Irr(Zδr/[Zδr , G] | [Zδr−1
, G]/[Zδr , G]) to Zδr . We observe that ker(χµ) = ker(µ) and Q(χµ) = Q(µ).

By Lemma 11, there is a bijection between the sets Irr(Zδr/[Zδr , G] | [Zδr−1 , G]/[Zδr , G]) and Irrpδr (G).

Consequently, by applying Lemma 13, the results follow. This completes the proof of Lemma 14. □

We are now ready to prove Theorem 3.

Proof of Theorem 3. Let G be a finite nested GVZ p-group, where p is an odd prime, and let

χ ∈ Irr(G). Suppose ρ is an irreducible Q-representation of G affording the character Ω(χ). Denote

by AQ(χ) the simple component in the Wedderburn decomposition of QG corresponding to ρ, so that

AQ(χ) ∼= Mq(D) for some q ∈ N and a division algebra D. By Lemma 8, we have mQ(χ) = 1. Moreover,

Lemma 10 shows that [D : Z(D)] = mQ(χ)
2 and Z(D) = Q(χ). Hence, D = Z(D) = Q(χ). Next, consider

ρ ∼=
l⊕

i=1

ρi,

where l = [Q(χ) : Q] and each ρi is an irreducible complex representation of G affording the character χσi

for some σi ∈ Gal(Q(χ)/Q). Since mQ(χ) = 1, it follows from [24, Theorem 3.3.1] that q = χ(1).

Note that lin(G) ∼= G/G′. Therefore, the simple components in the Wedderburn decomposition of

QG corresponding to all inequivalent irreducible Q-representations of G affording the character Ω(χ) with

χ ∈ lin(G) are precisely isomorphic to Q(G/G′).

Furthermore, we have

cd(G) = {pδi : 0 ≤ i ≤ n, 0 = δ0 < δ1 < · · · < δn},

and for each i, let Zδi := Z(χ) for some χ ∈ Irrpδi (G). Note that Zδi/[Zδi , G] is abelian for every

i ∈ {0, 1, . . . , n}.
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Fix r ∈ {1, 2, . . . , n}, and let ρ be an irreducible Q-representation of G affording the character Ω(χµ),

where χµ ∈ Irrpδr (G) (given in (1)). Here, χµ(1) = pδr and Q(χµ) = Q(µ). Therefore, by the above

discussion, we have

AQ(χµ) ∼=Mpδr (Q(µ)).

Moreover, Q(χµ) = Q(µ) = Q(ζdr
) for some dr dividing exp(Zδr/[Zδr , G]).

We now distinguish two cases.

Case 1. If dr | exp(Zδr/[Zδr , G]) but dr ∤ exp(Zδr/[Zδr−1
, G]), then by Lemmas 12 and 14(1), the number

of inequivalent irreducible Q-representations of G affording the character Ω(χµ) for some character χµ ∈
Irrpδr (G) with Q(χµ) = Q(ζdr

) equals adr
, where adr

is the number of cyclic subgroups of order dr in

Zδr/[Zδr , G].

Case 2. If dr | exp(Zδr/[Zδr , G]) and dr | exp(Zδr/[Zδr−1 , G]), then by Lemmas 12 and 14(2), the

number of inequivalent irreducible Q-representations of G affording the character Ω(χµ) for some character

χµ ∈ Irrpδr (G) with Q(χµ) = Q(ζdr
) equals adr

− a′dr
, where adr

and a′dr
denote the numbers of cyclic

subgroups of order dr in Zδr/[Zδr , G] and Zδr/[Zδr−1 , G], respectively.

Now, let mr and m′
r be the exponents of Zδr/[Zδr , G] and Zδr/[Zδr−1

, G], respectively. By combining

the two cases, the simple components of QG corresponding to all inequivalent irreducible Q-representations

of G affording the character Ω(χµ), where χµ ∈ Irrpδr (G), contribute⊕
dr|mr

dr∤m′
r

adr
Mpδr (Q(ζdr

))
⊕
dr|mr

dr|m′
r

(
adr

− a′dr

)
Mpδr (Q(ζdr

))

to the Wedderburn decomposition of QG.
Finally, by collecting the simple components corresponding to all inequivalent irreducibleQ-representations

of G affording the character Ω(χ) with χ ∈ Irrpδi (G) for all i ∈ {0, 1, . . . , n}, the result follows. This com-

pletes the proof of Theorem 3. □

4. Two-generator p-groups of nilpotency class 2

The classification of two-generator p-groups of class 2 is given in [1]. In this section, we begin by

introducing some notation and terminology that will allow us to restate the main result of [1]. Let p be a

prime. For a given integer n > 2, define a set of 5-tuples

τn = {(α, β, γ; ρ, σ) : α ≥ β ≥ γ ≥ 1, α+ β + γ = n, 0 ≤ ρ ≤ γ, 0 ≤ σ ≤ γ}.

For each (α, β, γ; ρ, σ) ∈ τn, consider the group

(2) G = G(α,β,γ;ρ,σ) = ⟨a, b : [a, b]p
γ

= [a, b, a] = [a, b, b] = 1, ap
α

= [a, b]p
ρ

, bp
β

= [a, b]p
σ

⟩.

It is clear from the presentation that G = G(α,β,γ;ρ,σ) is a two-generator p-group of class 2 with order pn.

Moreover, the derived subgroup is

G′ = ⟨[a, b]⟩ ∼= Cpγ .

and the center is

Z(G) = ⟨ap
γ

, bp
γ

, [a, b]⟩.

When ρ ≤ σ, the subgroup ⟨apγ ⟩ ∼= Cpα−ρ forms a cyclic direct factor Z(G), and

Z(G)/⟨ap
γ

⟩ =
〈
bp

γ

⟨ap
γ

⟩, [a, b]⟨ap
γ

⟩
〉 ∼= Cpβ−γ × Cpρ .

Similarly, if σ < ρ, then ⟨bpγ ⟩ ∼= Cpβ−σ is a cyclic direct factor of Z(G), and

Z(G)/⟨bp
γ

⟩ =
〈
ap

γ

⟨bp
γ

⟩, [a, b]⟨bp
γ

⟩
〉 ∼= Cpα−γ × Cpσ .

Thus, we obtain

Z(G) ∼=

{
Cpα−ρ × Cpβ−γ × Cpρ if ρ ≤ σ,

Cpα−γ × Cpβ−σ × Cpσ if σ < ρ.
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Next, we introduce the following subsets of τn:

τn1
= {(α, β, γ; ρ, γ) ∈ τn : α > β ≥ γ ≥ ρ ≥ 0},

τn2 = {(α, β, γ; γ, σ) ∈ τn : α > β ≥ γ > σ ≥ 0},

τn3
= {(α, β, γ; ρ, σ) ∈ τn : α > β ≥ γ and min(γ, σ + α− β) > ρ > σ ≥ 0},

τn4 = {(α, α, γ; ρ, γ) ∈ τn : α > γ ≥ ρ ≥ 0},

τn5
= {(γ, γ, γ; ρ, γ) ∈ τn : 0 ≤ ρ ≤ γ}.

For an odd prime p, a 5-tuple (α, β, γ; ρ, σ) ∈ τn is called p-good 5-tuple if it belongs to τn1
∪ τn2

∪ τn3
∪

τn4 ∪ τn5 .

Lemma 15. [1, Theorem 1.1] Let G be a two-generator p-group of class 2 and order pn, with p an

odd prime. Then there exists a unique p-good 5-tuple (α, β, γ; ρ, σ) ∈ τn1 ∪ τn2 ∪ τn3 ∪ τn4 ∪ τn5 such that

G ∼= G(α,β,γ;ρ,σ).

Nenciu [28] showed that every two-generator p-group of class 2 is a nested GVZ p-group. The next

lemma describes some additional properties of such groups, which is a summary of [28, Theorems 3.1, 3.3

and 4.1].

Lemma 16. Let G = G(α,β,γ;ρ,σ) as defined in (2) be a two-generator p-group of class 2 and order pn,

where p is an odd prime. Then we have the following.

(1) cd(G) = {1, p, · · · , pγ}.
(2) If χ ∈ Irr(G) with χ(1) = pδ for some δ ∈ {0, 1, . . . , γ}, then Z(χ) = ⟨apδ

, bp
δ

, [a, b]⟩ and

[Z(χ), G] = ⟨[a, b]p
δ

⟩.

We are now ready to prove Theorem 17, which provides a combinatorial description of the Wedderburn

decomposition of rational group algebras for the family of groups defined in (2).

Theorem 17. Let G = G(α,β,γ;ρ,σ) (defined in (2)) be a two-generator p-group of class 2 and order pn,

where p is an odd prime. Then

QG ∼= Q
β⊕

λ=1

(pλ + pλ−1)Q(ζpλ)

α⊕
λ=β+1

pβQ(ζpλ)

γ⊕
δ=1

mδ⊕
λ=1

(apλ − a′pλ)Mpδ(Q(ζpλ)),

where apλ and a′pλ are the number of cyclic subgroups of order pλ of
〈
ap

δ

, bp
δ

, [a, b]
〉/〈

[a, b]
pδ〉

and〈
ap

δ

, bp
δ

, [a, b]
〉/〈

[a, b]
pδ−1〉

, respectively, and pmδ denotes the exponent of
〈
ap

δ

, bp
δ

, [a, b]
〉/〈

[a, b]
pδ〉

.

Proof. As (α, β, γ; ρ, γ) ∈ τn, we have α ≥ β ≥ γ ≥ 1. From (2), we have

G = G(α,β,γ;ρ,σ) = ⟨a, b : [a, b]p
γ

= [a, b, a] = [a, b, b] = 1, ap
α

= [a, b]p
ρ

, bp
β

= [a, b]p
σ

⟩.

Note that G′ =
〈
[a, b]

〉 ∼= Cpγ and the quotient G/G′ =
〈
aG′, bG′〉 ∼= Cpα × Cpβ . For each 1 ≤ λ ≤ α, let

G/G′
p(λ) denote the number of cyclic subgroups of order pλ in G/G′. By Lemma 7, for λ with 1 ≤ λ ≤ β,

we have k = 2 and

G/G′
p(λ) =

ph1p(λ)− h1p(λ− 1)

p− 1
,

where, h1p(λ) = pλ and h1p(λ− 1) = pλ−1. Hence, we get

G/G′
p(λ) =

pλ+1 − pλ−1

p− 1
= pλ + pλ−1.

Similarly, for λ with β + 1 ≤ λ ≤ α, we have k = 2 and

G/G′
p(λ) =

ph1p(λ)− h1p(λ− 1)

p− 1
=
pβ+1 − pβ

p− 1
= pβ
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as h1p(λ) = h1p(λ− 1) = pβ (see Lemma 7). Hence, from Theorem 1, we get

Q(G/G′) ∼= Q
β⊕

λ=1

(pλ + pλ−1)Q(ζpλ)

α⊕
λ=β+1

pβQ(ζpλ).

For each δ ∈ {0, 1, . . . , γ}, let Zδ = Z(χ) for χ ∈ Irr(G) with χ(1) = pδ. Then by Lemma 16, we get

Zδ = ⟨ap
δ

, bp
δ

, [a, b]⟩ and [Zδ, G] = ⟨[a, b]p
δ

⟩.

Moreover, cd(G) = {1, p, . . . , pγ}. Suppose pmδ is the exponent of Zδ/[Zδ, G] for each δ ∈ {1, 2, · · · , γ}.
We have

Zδ/[Zδ−1, G] = (Zδ/[Zδ, G])
/
([Zδ−1]/[Zδ, G]).

This implies that exp(Zδ/[Zδ−1, G]) divides pmδ . Therefore, by applying Theorem 3, the result follows.

This completes the proof of Theorem 17. □

4.1. An explicit formula for QG(α,β,γ;ρ,σ) with (α, β, γ; ρ, σ) ∈ τn5 . In this subsection, we de-

rive an explicit combinatorial expression for the Wedderburn decomposition of rational group algebras

corresponding to a particular subclass of two-generator p-groups of class 2. This serves as a concrete illus-

tration of Theorem 17. Here, we restrict our attention to groups that are isomorphic to G(α,β,γ;ρ,σ) with

(α, β, γ; ρ, σ) ∈ τn5
. We begin with the following lemma.

Lemma 18. Let G = G(α,β,γ;ρ,σ) as defined in (2) be a two generator p-group of class two and of order

pn for an odd prime p, such that (α, β, γ; ρ, σ) ∈ τn5
. Suppose 1 ≤ δ ≤ γ. Then we have the following.

(1)
〈
ap

δ

, bp
δ

, [a, b]
〉/〈

[a, b]
pδ〉 ∼=

{
Cpγ−ρ × Cpγ−δ × Cpρ if ρ < δ < γ − ρ,

Cpγ−δ × Cpγ−δ × Cpδ otherwise.

(2)
〈
ap

δ

, bp
δ

, [a, b]
〉/〈

[a, b]
pδ−1〉 ∼=

{
Cpγ−ρ−1 × Cpγ−δ × Cpρ if ρ < δ < γ − ρ,

Cpγ−δ × Cpγ−δ × Cpδ−1 otherwise.

Proof. Since (α, β, γ; ρ, σ) ∈ τn5 , we have α = β = σ = γ and 0 ≤ ρ ≤ γ. Thus, from (2), we have

G = G(γ,γ,γ;ρ,γ) = ⟨a, b : [a, b]p
γ

= [a, b, a] = [a, b, b] = 1, ap
γ

= [a, b]p
ρ

, bp
γ

= 1⟩.

For 1 ≤ δ ≤ γ, we have

Zδ =
〈
ap

δ

, bp
δ

, [a, b]
〉
; [Zδ, G] =

〈
[a, b]

pδ〉
and [Zδ−1, G] =

〈
[a, b]

pδ−1〉
,

where Zδ = Z(χ) for some χ ∈ Irrpδ(G) and Zδ−1 = Z(ψ) for some ψ ∈ Irrpδ−1(G) (see Lemma 16).

(1) First note that
〈
bp

δ

[Zδ, G]
〉 ∼= Cpγ−δ is a cyclic factor of Zδ/[Zδ, G]. Further analysis proceeds in

two cases.

Case 1 (1 ≤ δ ≤ ρ). In this case, observe that
〈
ap

δ

[Zδ, G]
〉 ∼= Cpγ−δ and

〈
[a, b][Zδ, G]

〉 ∼= Cpδ are

also cyclic factors of Zδ/[Zδ, G], yielding

Zδ/[Zδ, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ .

Case 2 (ρ < δ ≤ γ). In this case,

(ap
δ

)
pγ−ρ

= (ap
γ

)
pδ−ρ

= ([a, b]
pρ

)
pδ−ρ

= [a, b]
pδ

.

Sub-case 2(a) (ρ < δ < γ − ρ). In this sub-case, we have the following observations.

• Order(ap
δ

[Zδ, G]) = pγ−ρ > Order([a, b][Zδ, G]) = pδ in Zδ/[Zδ, G].

•
〈
ap

δ

[Zδ, G]
〉 ∼= Cpγ−ρ is also a cyclic factor of Zδ/[Zδ, G].

• (ap
δ

)
pγ−δ

= ap
γ

= [a, b]
pρ

.

Therefore, in this sub-case,

Zδ/[Zδ, G] ∼= Cpγ−ρ × Cpγ−δ × Cpρ .

Sub-case 2(b) (γ − ρ ≤ δ ≤ γ). In this sub-case, we have the following observations.

• Order(ap
δ

[Zδ, G]) = pγ−ρ ≤ Order([a, b][Zδ, G]) = pδ in Zδ/[Zδ, G].

•
〈
[a, b][Zδ, G]

〉 ∼= Cpδ is a cyclic factor of Zδ/[Zδ, G].
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• (ap
δ

)
pγ−δ

= ap
γ

= [a, b]
pρ

.

Therefore, in this sub-case, we have

Zδ/[Zδ, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ .

(2) The proof proceeds in the same way by replacing [Zδ, G] with [Zδ−1, G]. Note that
〈
bp

δ

[Zδ−1, G]
〉 ∼=

Cpγ−δ is a cyclic factor of Zδ/[Zδ−1, G]. Further analysis again proceeds in two cases.

Case 1 (1 ≤ δ ≤ ρ). In this case, observe that
〈
ap

δ

[Zδ−1, G]
〉 ∼= Cpγ−δ and

〈
[a, b][Zδ−1, G]

〉 ∼=
Cpδ−1 are also cyclic factors of Zδ/[Zδ−1, G]. Therefore, we have

Zδ/[Zδ−1, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ−1 .

Case 2 (ρ < δ ≤ γ). In this case, we have

(ap
δ

)
pγ−ρ−1

= (ap
γ

)
pδ−ρ−1

= ([a, b]
pρ

)
pδ−ρ−1

= [a, b]
pδ−1

.

Sub-case 2(a) (ρ < δ < γ − ρ). In this sub-case, we have the following observations.

• Order(ap
δ

[Zδ−1, G]) = pγ−ρ−1 > Order([a, b][Zδ−1, G]) = pδ−1 in Zδ/[Zδ−1, G].

•
〈
ap

δ

[Zδ−1, G]
〉 ∼= Cpγ−ρ is a cyclic factor of Zδ/[Zδ−1, G].

• (ap
δ

)
pγ−δ

= ap
γ

= [a, b]
pρ

.

Hence, in this sub-case, we get

Zδ/[Zδ−1, G] ∼= Cpγ−ρ−1 × Cpγ−δ × Cpρ .

Sub-case 2(b) (γ − ρ ≤ δ ≤ γ). In this sub-case, we have the following observations.

• Order(ap
δ

[Zδ−1, G]) = pγ−ρ−1 ≤ Order([a, b][Zδ−1, G]) = pδ−1 in Zδ/[Zδ−1, G].

•
〈
[a, b][Zδ−1, G]

〉 ∼= Cpδ is a cyclic factor of Zδ/[Zδ−1, G].

• (ap
δ

)
pγ−δ

= ap
γ

= [a, b]
pρ

.

Hence, in this sub-case, we get

Zδ/[Zδ−1, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ−1 .

This completes the proof of Lemma 18. □

We are now in a position to prove Theorem 19, which establishes an explicit combinatorial formula

for the Wedderburn decomposition of rational group algebras associated with two-generator p-groups

G(α,β,γ;ρ,σ) satisfying (α, β, γ; ρ, σ) ∈ τn5 .

Theorem 19. Let G = G(α,β,γ;ρ,σ) as defined in (2) be a two-generator p-group of class two and of

order pn for an odd prime p, such that (α, β, γ; ρ, σ) ∈ τn5 . Then we have the following.

(1) Case (γ ≤ 2ρ+ 1). In this case, the Wedderburn decomposition of QG is given by

QG ∼=Q
γ⊕

m=1

(pm + pm−1)Q(ζpm)

⌊ γ
2 ⌋⊕

δ=1

(p2δ + p2δ−1)Mpδ(Q(ζpδ))

⌊ γ
2 ⌋⊕

δ=1

γ−δ⊕
m=δ+1

(pm+δ − pm+δ−2)Mpδ(Q(ζpm))

γ⊕
δ=⌊ γ

2 ⌋+1

p2(γ−δ)Mpδ(Q(ζpδ)).

(2) Case (γ > 2ρ+ 1). In this case, the Wedderburn decomposition of QG is given by

QG ∼=Q
γ⊕

m=1

(pm + pm−1)Q(ζpm)

ρ⊕
δ=1

(p2δ + p2δ−1)Mpδ(Q(ζpδ))

ρ⊕
δ=1

γ−δ⊕
m=δ+1

(pm+δ − pm+δ−2)Mpδ(Q(ζpm))

γ−ρ−1⊕
δ=ρ+1

pγ+ρ−δMpδ(Q(ζpγ−ρ))

γ⊕
δ=γ−ρ

p2(γ−δ)Mpδ(Q(ζpδ)).
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Proof. Since (α, β, γ; ρ, σ) ∈ τn5 , we have α = β = σ = γ and 0 ≤ ρ ≤ γ. Thus, from (2), we have

G = G(γ,γ,γ;ρ,γ) = ⟨a, b : [a, b]p
γ

= [a, b, a] = [a, b, b] = 1, ap
γ

= [a, b]p
ρ

, bp
γ

= 1⟩.

For 1 ≤ δ ≤ γ, we have

Zδ =
〈
ap

δ

, bp
δ

, [a, b]
〉
; [Zδ, G] =

〈
[a, b]

pδ〉
and [Zδ−1, G] =

〈
[a, b]

pδ−1〉
,

where Zδ = Z(χ) for some χ ∈ Irrpδ(G) and Zδ−1 = Z(ψ) for some ψ ∈ Irrpδ−1(G) (see Lemma 16).

Furthermore, for 1 ≤ δ ≤ γ, let apm and a′pm denote the number of cyclic subgroups of order pm of

Zδ/[Zδ, G] and Zδ/[Zδ−1, G], respectively. In view of Lemma 18, such groups are divided into two categories

according to the values of γ and ρ, and the proof is therefore considered in the following two cases.

(1) Case (γ ≤ 2ρ+1). In this case, observe that there does not exist any δ such that ρ < δ < γ − ρ.

Therefore, from Lemma 18), for each δ ∈ {1, 2, . . . , γ}, we have

Zδ/[Zδ, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ and Zδ/[Zδ−1, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ−1 .

We complete the rest of the proof in the following two sub-cases.

Sub-case (γ − δ ≥ δ). Note that

γ − δ ≥ δ ⇐⇒ δ ≤
⌊
γ
2

⌋
,

where ⌊·⌋ denotes the greatest integer function.

In this sub-case, we have 1 ≤ δ ≤ ⌊γ
2 ⌋. By Lemma 7, one can check that apm = a′pm for

1 ≤ m ≤ δ − 1. Again from Lemma 7, we have k = 3 and

apδ =
ph2p(δ)− h2p(δ − 1)

p− 1
,

where h2p(δ) = p2δ and h2p(δ − 1) = p2(δ−1). Hence,

apδ =
p2δ+1 − p2δ−2

p− 1
.

Similarly,

a′pδ =
ph2p(δ)− h2p(δ − 1)

p− 1
=
p2δ−1 − p2δ−2

p− 1
.

as h2p(δ) = p2δ−1 and h2p(δ − 1) = p2(δ−1) (see Lemma 7). Therefore,

apδ − a′pδ =
p2δ+1 − p2δ−1

p− 1
= p2δ + p2δ−1.

Now, for δ + 1 ≤ m ≤ γ − δ, Lemma 7 gives

apm =
pm+δ+1 − pm+δ−1

p− 1
and a′pm =

pm+δ − pm+δ−2

p− 1
.

Hence,

apm − a′pm = pm+δ − pm+δ−2.

Sub-case (γ − δ < δ). Note that

γ − δ < δ ⇐⇒ δ >
⌊
γ
2

⌋
.

For each ⌊γ
2 ⌋ + 1 ≤ δ ≤ γ, Lemma 7 shows that apm = a′pm for all 1 ≤ m ≤ δ − 1. Furthermore,

k = 3 and

apδ =
ph2p(δ)− h2p(δ − 1)

p− 1
=
p2(γ−δ)+1 − p2(γ−δ)

p− 1
= p2(γ−δ),

as h2p(δ) = h2p(δ − 1) = p2(γ−δ) (see Lemma 7). Also, observe that a′pδ = 0. Thus, the result

follows from Theorem 17.
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(2) Case (γ > 2ρ + 1). In this case, there exists some δ such that ρ < δ < γ − ρ. We proceed the

proof in the following three sub-cases.

Sub-case (1 ≤ δ ≤ ρ). In this sub-case, from Lemma 18, we have

Zδ/[Zδ, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ and Zδ/[Zδ−1, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ−1 .

Note that in this sub-case, γ− δ ≥ δ. Hence, for each 1 ≤ δ ≤ ρ, by Lemma 7, we have apm = a′pm

whenever 1 ≤ m ≤ δ − 1. Moreover, analogous to the previous case, we have

apδ =
p2δ+1 − p2δ−2

p− 1
and a′pδ =

p2δ−1 − p2δ−2

p− 1
.

Therefore, we get

apδ − a′pδ =
p2δ+1 − p2δ−1

p− 1
= p2δ + p2δ−1.

Further, for δ + 1 ≤ m ≤ γ − δ, analogous to the previous case, Lemma 7 yields

apm =
pm+δ+1 − pm+δ−1

p− 1
and a′pm =

pm+δ − pm+δ−2

p− 1
.

Hence,

apm − a′pm = pm+δ − pm+δ−2.

Sub-case (ρ+ 1 ≤ δ ≤ γ − ρ− 1). In this sub-case, from Lemma 18, we have

Zδ/[Zδ, G] ∼= Cpγ−ρ × Cpγ−δ × Cpρ and Zδ/[Zδ−1, G] ∼= Cpγ−ρ−1 × Cpγ−δ × Cpρ .

Since γ−ρ > ρ+1 and δ ∈ {ρ+1, . . . , γ−ρ−1}, one can see that ρ+1 ≤ γ−δ ≤ γ−ρ−1. Hence,

in this sub-case, ρ < γ − δ < γ − ρ. By Lemma 7, we have apm = a′pm for 1 ≤ m ≤ γ − ρ − 1.

Again from Lemma 7, we have k = 3 and

apγ−ρ =
ph2p(γ − ρ)− h2p(γ − ρ− 1)

p− 1
=
pγ−δ+ρ+1 − pγ−δ+ρ

p− 1
= pγ+ρ−δ,

as h2p(γ − ρ) = h2p(γ − ρ− 1) = pγ−δ+ρ. Further, note that a′pγ−ρ = 0.

Sub-case (γ − ρ ≤ δ ≤ γ). In this sub-case, we have

Zδ/[Zδ, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ and Zδ/[Zδ−1, G] ∼= Cpγ−δ × Cpγ−δ × Cpδ−1

(see Lemma 18). In this range of δ, we have γ − δ ≤ δ. Now, by Lemma 7, we again obtain

apm = a′pm for 1 ≤ m ≤ δ − 1. Furthermore, we have k = 3 and

apδ =
ph2p(δ)− h2p(δ − 1)

p− 1
=
p2(γ−δ)+1 − p2(γ−δ)

p− 1
= p2(γ−δ),

as h2p(δ) = h2p(δ− 1) = p2(γ−δ) (see Lemma 7). Again, note that a′pδ = 0. Thus, the result follows

from Theorem 17.

This completes the proof of Theorem 19. □

Next, we have Corollary 20.

Corollary 20. Let G1 = G(γ,γ,γ;ρ1,γ) and G2 = G(γ,γ,γ;ρ2,γ) be p-groups of class two, each generated

by two elements and of order pn, for an odd prime p, as defined in (2). Suppose that γ−1
2 ≤ min{ρ1, ρ2}.

Then QG1
∼= QG2.

Proof. It follows directly from the first case of Theorem 19. □

We conclude this section with the following example. This example shows that two non-isomorphic,

two-generator p-groups of class 2 can have isomorphic rational group algebras if they satisfy the hypothesis

of Corollary 20. However, this need not hold if the hypothesis of Corollary 20 is relaxed.
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Example 21. Let

G1 = ⟨a, b : [a, b]9 = [a, b, a] = [a, b, b] = 1, a9 = 1, b9 = 1⟩

and

G2 = ⟨a, b : [a, b]9 = [a, b, a] = [a, b, b] = 1, a9 = [a, b]
3
, b9 = 1⟩

be two groups. Note that both G1 and G2 are two-generator 3-groups of nilpotency class 2 and of order

729, with G1 = G(2,2,2;2,2) and G2 = G(2,2,2;1,2) (see (2)). Hence, by the first case of Theorem 19, we obtain

QG1
∼= QG2

∼= Q⊕ 4Q(ζ3)⊕ 12Q(ζ9)⊕ 9M3(Q(ζ3))⊕M9(Q(ζ9)).

Next, let

G3 = ⟨a, b : [a, b]9 = [a, b, a] = [a, b, b] = 1, a9 = [a, b], b9 = 1⟩
be a group. Note that G3 is a two-generator 3-groups of nilpotency class 2 and of order 729, with G3 =

G(2,2,2;0,2) (see (2)). Hence, by the second case of Theorem 19, we obtain

QG3
∼= Q⊕ 4Q(ζ3)⊕ 12Q(ζ9)⊕ 3M3(Q(ζ9))⊕M9(Q(ζ9)).

Furthermore, G1, G2 andG3 correspond to SmallGroup(729, 24), SmallGroup(729, 25) and SmallGroup(729, 60),

respectively, in the GAP SmallGroups library. The above Wedderburn decomposition can also be verified

using the Wedderga package in GAP.

5. Nested GVZ p-groups of arbitrarily large nilpotency class

It is known that GVZ p-groups exist with arbitrarily large nilpotency class. In this section, we compute

the Wedderburn decomposition of rational group algebras corresponding to two distinct families of nested

GVZ p-groups with arbitrarily large nilpotency class. In Subsection 5.1, we determine the Wedderburn

decomposition of rational group algebras of a family of nested GVZ p-groups of arbitrarily large nilpotency

class and exponent p. In Subsection 5.2, we deal with the Wedderburn decomposition of rational group

algebras for a family of nested GVZ p-groups of arbitrarily large nilpotency class and arbitrarily large

exponent.

5.1. Nested GVZ p-groups of arbitrary large nilpotency class and exponent p. We begin

with a family of nested GVZ p-groups introduced by Nenciu [29]. The members of this family are p-groups

of exponent p. For every n ≥ 1, we construct a group Gn, which is a nested GVZ-group of order p2n+1,

exponent p, and nilpotency class n+ 1, where p > n+ 1 is a prime.

Let G1 be the extra-special p-group of order p3 and exponent p. We may describe G1 as

G1 = (⟨b0⟩ × ⟨a1⟩)⋊ ⟨b1⟩,

with the relation [b1, a1] = b0. Assume that Gn−1 is defined. Now, we construct Gn by setting

Gn = (Gn−1 × ⟨an⟩)⋊ ⟨bn⟩,

where apn = bpn, [bn, a1] = bn−1, [a2, bn] = bn−2, . . . , [an−1, bn] = b1, [an, bn] = b0, and all remaining

commutators are trivial.

In terms of generators and relations, we obtain

(3) Gn = ⟨a1, a2, . . . , an, b0, b1, . . . , bn⟩,

where each generator has order p, [ai, aj ] = [bi, bj ] = 1 for all 0 ≤ i < j ≤ n, and

[ai, bj ] =


1 if i > j,

bj−1 if 1 < i ≤ j,

bp−1
j−1 if 1 = i ≤ j.

We now recall the following result from [29].

Lemma 22. [29, Theorem 5.1] For every n ≥ 1, the group Gn defined in (3) is a nested GVZ-group

with the following properties.
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(1) cd(Gn) = {1, p, . . . , pn}.
(2) If χ ∈ Irr(Gn) with χ(1) = pr for some r ∈ {0, 1, . . . , n}, then

(a) Z(χ) = ⟨ar+1, . . . , an, b0, b1, . . . , bn−r⟩,
(b) ⟨b0, b1, . . . , bn−r−1⟩ ⊆ ker(χ).

We are now ready to prove the following theorem, which gives a combinatorial formula for the Wed-

derburn decomposition of rational group algebras of the family of nested GVZ p-groups described in (3).

Theorem 23. Let G = Gn be as defined in (3), a nested GVZ p-group of order p2n+1, exponent p, and

class n+ 1, where p > n+ 1 is an odd prime. Then the Wedderburn decomposition of QG is given by

QG ∼= Q
⊕

(1 + p+ p2 + · · ·+ pn)Q(ζp)

n⊕
r=1

pn−rMpr (Q(ζp)).

Proof. Let G = Gn be defined as above. Note that G′ = ⟨b0, b1, . . . , bn−1⟩. Hence,

G/G′ = ⟨a1G′, a2G
′, . . . , anG

′, bnG
′⟩ ∼= Cp × · · · × Cp︸ ︷︷ ︸

n+1 factors

.

By Theorem 1 and Lemma 7, it follows that

Q(G/G′) ∼= Q
⊕

(1 + p+ p2 + · · ·+ pn)Q(ζp).

Moreover, cd(G) = {1, p, . . . , pn}. For χ ∈ nl(G) with χ(1) = pr (1 ≤ r ≤ n), set Zr = Z(χ). From

Lemma 22, we obtain

Zr = ⟨ar+1, . . . , an, b0, b1, . . . , bn−r⟩,
and

[Zr, G] = ⟨b0, b1, . . . , bn−r−1⟩.
Hence, we have the quotient group

Zr/[Zr, G] =
〈
ar+1[Zr, G], . . . , an[Zr, G], bn−r[Zr, G]

〉 ∼= Cp × · · · × Cp︸ ︷︷ ︸
n−r+1 factors

.

Also, since [Zr−1, G] = ⟨b0, b1, . . . , bn−r⟩, we obtain the quotient group

Zr/[Zr−1, G] ∼= Cp × · · · × Cp︸ ︷︷ ︸
n−r factors

.

Thus, by applying Theorem 3 together with Lemma 7, the claimed decomposition follows. This com-

pletes the proof of Theorem 23. □

5.2. Nested GVZ p-groups of arbitrary large nilpotency class and arbitrary large expo-

nent. In the previous subsection, we considered a family of nested GVZ p-groups of exponent p. We

now turn to another important family, introduced by Lewis [25], which provides nested GVZ p-groups of

arbitrarily large nilpotency class and simultaneously arbitrarily large exponent. Let p be an odd prime

and n a positive integer. Denote by Cpn+1 the cyclic group of order pn+1. It is well known that the Sylow

p-subgroup of Aut(Cpn+1) is cyclic of order pn. Define

Gn = Cpn+1 ⋊ Sylp(Aut(Cpn+1)).

Then |Gn| = p2n+1. Let Cpn+1 = ⟨x⟩ and Sylp(Aut(Cpn+1)) = ⟨y⟩. With these generators, a presentation

of Gn is

(4) Gn = ⟨x, y : xp
n+1

= yp
n

= 1, y−1xy = x1+p⟩.

Here, G′
n = ⟨xp⟩ ∼= Cpn and Z(Gn) = ⟨xpn⟩ ∼= Cp. Moreover, cd(G) = {1, p, p2, . . . , pn}. Next, we have

Lemma 24, which summaries some properties of Gn.

Lemma 24. [25, Example 3] For every n ≥ 1, the group G = Gn defined in (4) is a nested GVZ p-group

of order p2n+1 with the following properties:

(1) G has nilpotency class n+ 1 and exponent pn+1.
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(2) cd(G) = {1, p, . . . , pn}.
(3) If χ ∈ Irr(G) with χ(1) = pr for some r ∈ {0, 1, . . . , n}, then

Z(χ) = ⟨xp
r

, yp
r

⟩ and [Z(χ), G] = ⟨xp
r+1

⟩.

We now establish the Wedderburn decomposition of rational group algebras for this family.

Theorem 25. Let G = Gn = ⟨x, y : xp
n+1

= yp
n

= 1, y−1xy = x1+p⟩ be a nested GVZ p-group of

order p2n+1, exponent pn+1, and nilpotency class n + 1, where p is an odd prime. Then the Wedderburn

decomposition of QG is given by

QG ∼= Q
⊕

(p+ 1)Q(ζp)

n⊕
r=2

pQ(ζpr )

n−1⊕
r=1

pMpr (Q(ζp))

n−2⊕
r=1

n−r⊕
m=2

(p− 1)Mpr (Q(ζpm))
⊕

Mpn(Q(ζp)).

Proof. Consider G = Gn as defined in (4). Then G′ = ⟨xp⟩ ∼= Cpn , and hence

G/G′ = ⟨xG′, yG′⟩ ∼= Cp × Cpn .

Therefore, by Theorem 1 and Lemma 7, we obtain

Q(G/G′) ∼= Q
⊕

(p+ 1)Q(ζp)

n⊕
r=2

pQ(ζpr ).

Next, note that cd(G) = {1, p, . . . , pn}. For χ ∈ nl(G) with χ(1) = pr (1 ≤ r ≤ n), define Zr = Z(χ).

Then by Lemma 24, we have

Zr = ⟨xp
r

, yp
r

⟩ and [Zpr , G] = ⟨xp
r+1

⟩.

Thus, for 1 ≤ r ≤ n, we have the quotient group

Zr/[Zr, G] =
〈
xp

r

[Zr, G], y
pr

[Zr, G]
〉 ∼= Cp × Cpn−r .

Similarly, we have [Zr−1, G] = ⟨xpr ⟩ (see Lemma 24). Thus, the quotient group

Zr/[Zr−1, G] =
〈
yp

r

[Zr, G]
〉 ∼= Cpn−r .

Let aps and a′ps denote the number of cyclic subgroups of order ps in Zr/[Zr, G] and Zr/[Zr−1, G],

respectively. For 1 ≤ r ≤ n− 1 and 1 ≤ s ≤ n− r, by Lemma 7, we have

aps =

{
p+ 1 if s = 1,

p if 2 ≤ s ≤ n− r
and a′ps = 1.

Furthermore, for r = n, we have ap = 1. Therefore, by applying Theorem 3, we obtain the claimed

Wedderburn decomposition of QG. This completes the proof of Theorem 25. □

Remark 26. The family of groups described in (4) are split metacyclic p-groups. The decomposition

formula for the Wedderburn decomposition of rational group algebras of this family of groups given in

Theorem 25 can alternatively be deduced from [11, Theorem 1].

6. Isoclinic nested GVZ p-groups

In this section, we first establish that the property of being a GVZ-group (respectively, a nested GVZ-

group) is preserved under isoclinism. Furthermore, we classify all nested GVZ p-groups of order at most

p5. We then explicitly compute the Wedderburn decomposition of the rational group algebras of all nested

GVZ p-groups of order ≤ p5, where p is an odd prime. These computations, carried out using our main

theorem, provide one more concrete illustration of Theorem 3. We begin with the following definition.

Definition 27. Two finite groups G and H are said to be isoclinic if there exist two isomorphisms

θ : G/Z(G) −→ H/Z(H) and ϕ : G′ −→ H ′ such that for all g1, g2 ∈ G, if h1 ∈ θ(g1Z(G)) and h2 ∈
θ(g2Z(G)), then

ϕ([g1, g2]) = [h1, h2].
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The pair (θ, ϕ) is referred to as an isoclinism from G onto H. The concept was originally introduced by

Hall [16] in the context of classifying p-groups and may be viewed as a generalization of group isomorphism.

It is a standard fact that two isoclinic nilpotent groups share the same nilpotency class.

We now proceed to the proof of Theorem 4.

Proof of Theorem 4. Let G and H be two finite isoclinic groups. Suppose that G is a GVZ-group.

Since G and H are isoclinic, there exist two isomorphisms θ : G/Z(G) −→ H/Z(H) and ϕ : G′ −→ H ′ such

that

ϕ([g1, g2]) = [h1, h2]

whenever θ(g1Z(G)) = h1Z(H) and θ(g2Z(G)) = h2Z(H) for g1, g2 ∈ G and h1, h2 ∈ H.

Let h ∈ H. Choose g ∈ G such that θ(gZ(G)) = hZ(H). Since θ is surjective, we obtain

ϕ({[g, x] : x ∈ G}) = {ϕ([g, x]) : x ∈ G} = {[h, y] : y ∈ H}.

Recall that G is a GVZ-group if and only if clG(g) = g[g,G] for every g ∈ G (see [9]). In particular,

[g,G] = {[g, x] : x ∈ G}.

Hence,

ϕ([g,G]) = {[h, y] : y ∈ H}.

This shows that {[h, y] : y ∈ H} is a subgroup of H ′, i.e., [h,H] = {[h, y] : y ∈ H}. Consequently,

clH(h) = h[h,H], and therefore H is also a GVZ-group.

Next, let G is a nested GVZ-group. Let h1, h2 ∈ H, and choose g1, g2 ∈ G such that θ(g1Z(G)) =

h1Z(H) and θ(g2Z(G)) = h2Z(H). Since G is a nested GVZ-group, it follows that either [g1, G] ≤ [g2, G]

or [g2, G] ≤ [g1, G] (see [6]). Without loss of generality, suppose [g1, G] ≤ [g2, G]. Then we have

[g1, G] ≤ [g2, G] =⇒ ϕ([g1, G]) ≤ ϕ([g2, G]) =⇒ [h1, H] ≤ [h2, H].

Thus, H is also a nested GVZ-group (see [6, Theorem 2]). This completes the proof of Theorem 4. □

It is well known that a non-abelian p-group G of order at most p4 is a nested GVZ-group if and only

if the nilpotency class of G is 2. The groups of order p5 for an odd prime p were classified by James [20]

based on isoclinism, and we adopt the notations and presentations of these groups as given in [20]. This

classification yields 10 isoclinism families, denoted by Φi for 1 ≤ i ≤ 10. We now establish the proof of

Corollary 5, which provides a classification of all nested GVZ p-groups of order p5. Before proceeding, we

recall a fundamental result concerning GVZ-groups.

Lemma 28. [9, Theorem B] If G is a GVZ-group, then c(G) ≤ |cd(G)|.

Proof of Corollary 5. Let G be a non-abelian group of order p5, where p is an odd prime. Then

|cd(G)| = 2 except when G ∈ Φ7 ∪Φ8 ∪Φ10 (see [20, Subsection 4.1]). Note that a nested GVZ p-group G

with |cd(G)| = 2 is, in fact, a VZ p-group. It is well known that a non-abelian p-group G of order p5 is a

VZ-group if and only if G ∈ Φ2 ∪ Φ5.

Next, suppose G ∈ Φ10. In this case, we have cd(G) = {1, p, p2} and the nilpotency class of G, denoted

by c(G), is 4. Thus, |cd(G)| < c(G). Therefore, by Lemma 28, G is not a GVZ-group.

Finally, suppose G ∈ Φ7 ∪ Φ8. Then we have cd(G) = {1, p, p2}, Z(G) ∼= Cp, and

G/Z(G) ∼=

{
Φ2(1

4) if G ∈ Φ7,

Φ2(22) if G ∈ Φ8

(see [20, Subsection 4.1]). Note that there is a bijection between the sets Irrp(G) and nl(G/Z(G)). Let

χ ∈ Irrp(G) be the lift of χ̄ ∈ nl(G/Z(G)). Observe that G/Z(G) is a VZ-group, and hence χ̄ ∈ nl(G/Z(G))

is of central type. This implies that χ ∈ Irrp(G) is of central type.
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Furthermore, the pair (G,Z(G)) is a Camina pair (see [33, Lemmas 5.5 and 5.6]). Therefore, there is

a bijection between the sets Irrp2(G) and Irr(Z(G)) \ {1Z(G)}, where 1Z(G) denotes the trivial character of

Z(G). Moreover, for 1Z(G) ̸= µ ∈ Irr(Z(G)), the corresponding χµ ∈ Irrp2(G) is given by

χµ(g) =

{
p2µ(g) if g ∈ Z(G),

0 otherwise.

Thus, Z(χµ) = Z(G). This implies that

|G/Z(χµ)|
1
2 = p2 = χµ(1).

Therefore, χµ ∈ Irrp2(G) is of central type. Moreover, notice that G is strictly nested by degrees. Hence,

G ∈ Φ7 ∪ Φ8 is a nested GVZ-group. This completes the proof of Corollary 5. □

Recall that a nilpotent group of class 2 is a GVZ-group (see [19, Theorem 2.31]). The groups of order

p5 in the isoclinic family Φ4 have nilpotency class 2 (see [20, Subsection 4.1]). Hence, these groups are

GVZ-groups that are not nested GVZ-groups. We now prove Theorem 29, which gives the Wedderburn

decomposition of rational group algebras for all nested GVZ p-groups of order at most p5.

Theorem 29. Let G be a non-abelian nested GVZ p-group of order ≤ p5, where p is an odd prime.

Then c(G) ∈ {2, 3}. Moreover, we have the following.

(1) Case (c(G) = 2). In this case, let pm and pn denote the exponents of G/G′ and Z(G), respectively.

Then the Wedderburn decomposition of QG is given by

QG ∼=
m⊕

λ=0

apλQ(ζpλ)

n⊕
λ=1

(bpλ − cpλ)M|G/Z(G)|1/2
(
Q(ζpλ)

)
,

where apλ , bpλ and cpλ are the number of cyclic subgroups of order pλ of G/G′, Z(G) and Z(G)/G′,

respectively.

(2) Case (c(G) = 3). In this case, let pm denote the exponent of G/G′. Then the Wedderburn

decomposition of QG is given by

QG ∼=
m⊕

λ=0

apλQ(ζpλ)
⊕

pMp(Q(ζp))
⊕

Mp2(Q(ζp)),

where apλ is the number of cyclic subgroups of order pλ of G/G′.

Proof. Let G be a non-abelian nested GVZ p-group of order at most p5, where p is an odd prime.

Then cd(G) ⊆ {1, p, p2}. Hence, by Lemma 28, we obtain that c(G) ∈ {2, 3}.
(1) First, observe that every non-abelian nested GVZ p-group of order at most p5 with nilpotency

class 2 is a VZ-group. Therefore, by Theorems 1 and 2, the result follows in this case.

(2) Now suppose that G is a nested GVZ-group of nilpotency class 3. Then necessarily |G| = p5 and

G ∈ Φ7 ∪Φ8 (see the proof of Corollary 5). For i ∈ {0, 1, 2}, let Zi = Z(χ) for some χ ∈ Irrpi(G).

In addition, let N be a normal subgroup of G such that

{e} < Z(G) < N < G

is part of the upper central series, where e denotes the identity element of G. Since G/N =

Z(G/N), the quotient G/N is abelian, which implies G′ ⊆ N . Moreover, we have N/Z(G) =

Z(G/Z(G)). By [20, Subsection 4.1],

G/Z(G) ∼=

{
Φ2(1

4) if G ∈ Φ7,

Φ2(22) if G ∈ Φ8.

There is a natural bijection between Irrp(G) and nl(G/Z(G)). Since G/Z(G) is a VZ-group, it

follows that Z1 = N . Next, Z2 = Z(G) as cd(G) = {1, p, p2}. Finally, Z0 = G.

From Z(G/Z(G)) = N/Z(G), we deduce that [N,G] = Z(G). Therefore,

[Z0, G] = G′, [Z1, G] = Z(G), [Z3, G] = {e}.
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Next, note that

Z1/[Z1, G] = N/Z(G) = Z(G/Z(G)) ∼= Cp × Cp

(see [20, Subsections 4.1 and 4.5]). Furthermore, |N | = p3 and |G′| = p2. Hence, we get

Z1/[Z0, G] = N/G′ ∼= Cp.

Thus, by Theorems 1 and 3, the result follows.

This completes the proof of Theorem 29. □

7. Primitive central idempotents

In this section, we begin by recalling some basic notions concerning primitive central idempotents in

rational group algebras, and then proceed to the proof of Theorem 6.

Let G be a finite group. An element e ∈ QG is called an idempotent if e2 = e. A primitive central

idempotent in QG is an idempotent that lies in the center of QG and cannot be decomposed into a sum of

two nonzero orthogonal idempotents, i.e., there do not exist e′, e′′ ∈ QG such that e = e′+e′′ and e′e′′ = 0.

It is a standard fact that the collection of primitive central idempotents of QG determines the Wedder-

burn decomposition of QG into simple components. More precisely, if e is a primitive central idempotent

of QG, then QGe is a simple algebra. For χ ∈ Irr(G), the element

e(χ) :=
χ(1)

|G|
∑
g∈G

χ(g)g−1

is a primitive central idempotent of CG, and the set {e(χ) : χ ∈ Irr(G)} forms a complete set of primitive

central idempotents of CG. Moreover, for χ ∈ Irr(G) one defines

eQ(χ) :=
∑

σ∈Gal(Q(χ)/Q)

e(χσ),

which gives a primitive central idempotent of QG.
For a subset X ⊆ G, we write

X̂ :=
1

|X|
∑
x∈X

x ∈ QG.

If N ⊴ G, define

ϵ(G,N) :=

Ĝ if N = G,∏
D/N∈M(G/N)(N̂ − D̂) otherwise,

where M(G/N) denotes the set of minimal nontrivial normal subgroups D/N of G/N , with D a subgroup

of G containing N .

In what follows, we determine a full set of primitive central idempotents of the rational group algebra

of a nested GVZ p-group, where p is an odd prime. We begin with a general lemma.

Lemma 30. [24, Lemma 3.3.2] Let G be a finite group and χ ∈ lin(G) with kernel N = ker(χ). Then

(1) eQ(χ) = ϵ(G,N);

(2) QGϵ(G,N) ∼= Q(ζ|G/N |).

We are now ready to establish Theorem 6.

Proof of Theorem 6. Let G be a finite nested GVZ p-group, with p an odd prime. Suppose cd(G) =

{pδi : 0 ≤ i ≤ n, 0 = δ0 < δ1 < · · · < δn}, and define Zδi := Z(χ) for some χ ∈ Irrpδi (G).

Take χ ∈ nl(G) with χ(1) = pδr for some r ∈ {1, 2, . . . , n}. By Lemma 11, there exists µ ∈ lin(Zδr )

such that

χ = χµ(g) =

p
δrµ(g) if g ∈ Z(χ);

0 otherwise,

where µ is the lift of µ̄ ∈ Irr(Zδr/[Zδr , G] | [Zδr−1
, G]/[Zδr , G]) to Zδr .
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Let N = ker(χ). Then N = ker(χµ) = ker(µ). Since e(χ) = e(χµ) = e(µ), we compute

eQ(χ) = eQ(χµ)

=
∑

σ∈Gal(Q(χµ)/Q)

e(χσ
µ)

=
∑

σ∈Gal(Q(µ)/Q)

e(χµσ )

=
∑

σ∈Gal(Q(µ)/Q)

e(µσ)

= eQ(µ)

= ϵ(Z(χ), N),

using Lemma 30.

It is known that G admits an irreducible character χ with χ(1) = |G/Z(χ)|1/2 if and only if χ(g) = 0

for all g ∈ G \ Z(χ) (see [19, Corollary 2.30]). Thus, χ(1) = χµ(1) = pδr = |G/Z(χ)|1/2. By Theorem 3,

the simple component of QG corresponding to eQ(χ) is

QGeQ(χ) = QGϵ(Z(χ), N) ∼= M|G/Z(χ)|1/2
(
Q(ζ|Z(χ)/N |)

)
.

This completes the proof of Theorem 6. □
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