ALMOST SYMMETRIC SUBMANIFOLDS

CLAUDIO GORODSKI AND CARLOS OLMOS

ABSTRACT. We introduce the class of almost symmetric submanifolds of Euclidean space, a
close relative of symmetric submanifolds and (contact) sub-Riemannian symmetric spaces. More
specifically:

e Homogeneous classification: We prove that every full irreducible almost symmetric sub-
manifold of Euclidean space is either: a most singular orbit of an s-representation; or an
almost singular orbit, which can be realized as a holonomy tube over a symmetric subman-
ifold; or a codimension 3 submanifold. We include tables of all examples with Lie-theoretic
data.

e Inhomogeneous structure: We prove that any inhomogeneous almost symmetric subman-
ifold has cohomogeneity one and describe possible structures, including multiply-warped
products.

e Connection with sub-Riemannian geometry: We interpret almost symmetric submanifolds
as embeddings of sub-Riemannian symmetric spaces, highlighting the interplay between
extrinsic and intrinsic symmetry.

e New invariant: We propose the co-index of extrinsic symmetry as a potential tool to study
and hierarchize highly symmetric submanifolds.

1. INTRODUCTION

A submanifold of a Euclidean space is called (extrinsically) symmetric if it is reflectionally
symmetric with respect to any affine normal space. Symmetric submanifolds were introduced
and classified by Ferus [Fer80], who locally characterized them by the condition that the second
fundamental form be parallel (see also [Str79, [ET20]). In particular Ferus showed that symmetric
submanifolds are homogeneous and arise as special orbits of the isotropy representation of a
symmetric space, or s-representation, for short. Symmetric submanifolds split extrinsically, and
the irreducible ones are classified by the work of Kobayashi and Nagano [KN64]. Symmetric
submanifolds enjoy a rich interplay between extrinsic geometry and representation theory, as the
geometry is closely tied to the structure of the isotropy representation.

The goal of this paper is to introduce a related class of Euclidean submanifolds and obtain
similar structure and classification results. An (extrinsic) almost symmetry of a Euclidean sub-
manifold M at a point p in M is an involutive ambient isometry that preserves M, fixes the affine
normal space at p pointwise, and whose fixed point set in the tangent space has dimension one.
A submanifold will be called (extrinsically) almost symmetric if it admits an almost symmetry at
every point. This notion interpolates between fully symmetric submanifolds and certain contact
sub-Riemannian symmetric spaces (see below).

Almost symmetric submanifolds are interesting because, despite relaxing full symmetry, they
retain strong rigidity and homogeneity properties in many cases, and in general have at most
cohomogeneity one. In particular, any homogeneous almost symmetric submanifold can be viewed
as a compatible embedding of a sub-Riemannian symmetric space into Euclidean space, where the
restriction of the almost symmetry gives a sub-symmetry in the sense of Strichartz [Str79]. Sub-
Riemannian symmetric spaces have been classified in low dimensions [Str'79, [FG96, [Alm99] and for
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contact structures [FG95, BFG99]. Our work shows that most homogeneous examples of almost
symmetric submanifolds arise from embeddings of contact sub-Riemannian symmetric spaces.

Recall that a sub-Riemannian manifold is a smooth manifold M carrying a distribution D
(a subbundle of the tangent bundle TM) and a smooth Riemannian metric g defined only on
vectors in D. A sub-Riemannian symmetric space is a Sub-Riemannian manifold that admits
an involutive isometry at each point, called a sub-symmetry, that preserves the D and whose
differential is minus the identity on D [Str79]. When D is contact, homogeneity follows from
the existence of sub-symmetries [FG95]. Homogeneous almost symmetric submanifolds provide
concrete realizations of certain contact sub-Riemannian symmetric spaces inside Euclidean space.

More generally, one can define the co-index of extrinsic symmetry of M at p as the smallest
integer k such that there is an involutive ambient isometry preserving M, fixing the affine normal
space at p pointwise, and whose fixed point set in the tangent space has dimension k. An interesting
problem is to hierarchize submanifolds in terms of this invariant.

The first author wishes to thank Wolfgang Ziller for useful discussions.

2. MAIN RESULTS

Next we state the main results in this paper. We first enunciate structure and classification
theorems in the homogeneous case. Throughout the paper homogeneous submanifold always
stands for extrinsically homogeneous submanifold (see section [3| for unexplained notation and
terminology).

Theorem 2.1. Let M be a full irreducible compact homogeneous submanifold of Euclidean space
of codimension at least two. Assume that M is an almost symmetric submanifold. Then:

(a) If the codimension of M is greater that three, then M is an orbit of an irreducible s-
representation.

(b) If M is an orbit of an s-representation, then M is either a most singular orbit or an almost
most singular orbit.

(¢) If M is an almost most singular orbit of an s-representation, then it is a partial holonomy
tube (M)g of an symmetric submanifold M. Moreover, the normal vector & belongs to a
2-dimensional irreducible factor of the normal holonomy of M. Conversely, any holonomy
tube over a symmetric submanifold through a sufficiently small vector in a two dimensional
factor of the normal holonomy is an almost symmetric submanifold.

(d) If M is not an almost most singular orbit of an s-representation, then there exists a unique
almost symmetry o, at p, for all p € M. In particular o, is invariant under the isotropy
group at p. Further, there are examples where the almost symmetry is not unique.

Theorem 2.2. (a) Ewery full irreducible almost symmetric orbit M = Ka of the s-representation
associated to a symmetric pair (g,¢) is listed in the following table. Fach M is a circle

bundle over M/S*.

Nr. M/S1 g 4 t, Conditions
1 cpat sp(q) u(q) u(g—1) q>2
2 S? x 82 g2 s0(4) 50(2)
3 Sp(3)/U(3) x S* fa sp(3) ® sp(1) su(3) @ u(1)
4 Sp(4)/U(4) [ sp(4) su(4)
5 SU(8)/S(U(4) x U(4)) 7 su(8) su(4) @ su(4)
6 SO(16)/U(8) eg 50(16) s5u(8)
7 Ga(Rat1) su(g+ 1) s0(g+ 1) s0(g— 1) q>2
8 S2 x St 50(5) 50(3) @ s0(2) {0}
9 cprtxcpet sup+q)  sup)dul@) sup-1)dug—1)dul) p>q>2
10 Es/{[Spin(10) x U(1)]/Z4} er e6 B u(l) 50(10) @ u(1)
11 Spin(10)/U(5) ¢6 50(10) u(1) su(5) @ u(l)
12 G2(RP) x G2(RY) so(p+q)  so(p) Dso(qg) so(p—2)Dso(q—2)Dso(2) p>g>2
13 G3(C8) x CP? 6 su(6) @ su(2) s(u(3) @ u(3))
14 SO(12)/U(6) x CP! er spm(12) @ su(2) u(6)
15 E7/{[Ee¢ x U(1)]/Z3} x CP? e e7 @ su(2) e6 @ u(l)

(b) Ewvery full irreducible compact almost symmetric homogeneous submanifold M of Fuclidean
space which is not an orbit of an s-representation is an arbitrary principal orbit of p, where
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p is one of the following three reducible representations of cohomogeneity three:

Nr. M p Conditions
16 Va(R™) (SO(n),R™ & R™) n>3
17 U(2) (U(2),C? @ R3) —

18 T?2x 8% (UQ1)xSU(2) xU(1),C? @ C?) -

We make a few comments about the above tables. Examples Nr. 7 and 12 provide different
embeddings of the Stiefel manifold V5(R™) into Euclidean space as an almost symmetric subman-
ifold.

All examples other than Nr. 8 are intrinsically contact sub-Riemannian symmetric spaces: the
almost symmetry restricts to a sub-symmetry, and it passes to the circle quotient defining a struc-
ture of symmetric space in the quotient; further there is a contact CR structure on M that defines
a Kahler structure on the quotient, which then becomes a compact Hermitian symmetric space.
Example Nr. 8 is intrinsically an odd-contact sub-Riemannian symmetric space of dimension 4
(cf. [FG96]).

Finally, we consider the inhomogeneous case and prove that inhomogeneous almost symmetric
submanifolds must be of cohomogeneity one, already in the intrinsic case (see section |§| for the
definition).

Theorem 2.3. Let M be a complete almost symmetric space, denote by K the closure of the group
of isometries of M generated by the almost symmetries of M, and assume that K is not transitive
on M. Then:

(a) K acts on M with cohomogeneity 1.

(b) In the open and dense subset Q of M consisting of reqular points of the K-action, the
almost symmetry at a point is unique.

(c) For a K°-orbit N of codimension k > 2, there is a connected normal subgroup H of K°
which acts trivially on N and whose isotropy representation at any p € N on T,M =
T,N & v,N is Id x SO(v,N). In particular, the isotropy algebra ¢, contains an ideal
isomorphic to soy.

(d) The connected components of the singular K-orbits are totally geodesic.

(e) The connected components of the K-orbits are (intrinsic) symmetric spaces.

Theorem 2.4. Let M be an inhomogeneous simply-connected complete almost symmetric space.
Then M falls into one of the following classes:

(a) M is a multiply warped product R x y N, where N is a simply-connected symmetric space,
and each component of the warping map f(t), t € R, scales independently each irreducible
factor of N.

(b) M is a Riemannian product R* x N, where N is a simply-connected symmetric space, and
R* carries a SO(k)-invariant metric.

(¢) M is a Riemannian product S* x N, where N is a simply-connected symmetric space, and
Sk carries a SO(r) x SO(k — r)-invariant metric.

It is easy to see that the manifolds in Theorem [2.4] can be embedded as into Euclidean space as
almost symmetric submanifolds if and only if each irreducible factor of N is an extrinsic symmetric
space.

It is also clear that the Riemannian universal covering of an almost symmetric space is as
well almost symmetric, but in principle it could be homogeneous even if the base manifold is
of cohomogeneity one. So the classification of non-simply connected inhomogeneous complete
almost symmetric spaces is a delicate problem in the intrinsic case. On the other hand, in the
extrinsic case, it is not difficult to obtain a complete classification of inhomogeneous complete
almost symmetric submanifolds of Fuclidean space, but we leave this result to a forthcoming
paper so as not to make this one much longer.

3. PRELIMINARIES

Throughout this article, a homogeneous submanifold stands for an extrinsically homogeneous
submanifold.
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3.1. Canonical connections on the normal bundle. Let K be a not necessarily connected
closed subgroup of O(n), and let M = K° - p, where 0 # p € R, and ()° denotes the identity
component. We assume that KM = M. Otherwise, we replace K by the group {k € K :
kM = M} which has the same identity component K°. Assume that M is full and irreducible
as a submanifold of R™; this is always the case if K? acts irreducibly (but there exist full and
irreducible orbits of reducible representations). Further assume that M is not the sphere of radius
lpll. Let us consider an Ad(K,)-invariant positive definite inner product b on £ := Lie(K), and
let m := £, Then m induces a canonical connection on the principal fiber bundle

0K, K—=K/K,=M—0.

Observe that neither K, nor K are in general connected, but M is so. Consider the slice repre-

sentation p of K}, on the normal space v, M, and the associated metric vector bundle K x v, M
P

with the induced canonical connection V1, which is K-invariant.

We identify vM ~ K x, v,M in the natural way: [g,&] ~ dgp(§), where g € K, § € v, M.
Such a canonical normal connection VL has the property that given a piecewise differentiable
curve ¢ : [0,1] — M, there exists an element of g € K, non-unique if ker p is non-trivial, with
g(c(0)) = ¢(1) and such that dg.() coincides with the V-+-parallel transport 7. along ¢. In fact,
if ¢ is a horizontal lift of ¢ to K°, then

Te

7t o)y M 2= [6(0), vy M] = vy M =~ [¢(1), v, M]
is given by

7o ([6(0), €)) = [e(1), €] = &(1)&(0)~'[2(0), €] = g[é(0), &].

Observe that, in our construction, g = ¢(1)é(0)~! belongs to K°.

Remark 3.1. Assume that K acts on R™ as an irreducible s-representation, and that the orbit
M =K -p, p#0, is not a sphere. Then K = K := {g € SO(n) : gM = M}°. In fact, let R the
Riemannian curvature tensor associated with the s-representation. Since K C K, then [R", R, K]
and [R", R, K | are irreducible and non-transitive holonomy systems. Then, by Simons’ holonomy

theorem [Sim62], K = K.

We denote by V+ the normal connection on vM induced by the connection of the ambient
Euclidean space, by D+ the mixed K-invariant tensor

Dt .=vt_vt
and by DX the K-invariant distribution on M defined by
DY ={2eT,M: D} =0}

for ¢ € M. The distribution DX depends on K and on b. In fact, if we replace K by K,
where K - v = K’ - v, then DX and DX’ are not in general equal. For instance, the isotropy
representation of the oriented Grassmannian SO(2n)/SO(n) x SO(n) has an extrinsic symmetric
orbit M = SO(n) x SO(n)-v = SO(n) x SO(n)/diag(SO(n)). In this case the associated canonical
normal connection coincides with V+, and thus D> S0M) = TN But M = SO(n) - v is also
a principal orbit of SO(n). In this case the canonical normal connection associated to SO(n) is
flat and hence different from V+. Thus, D™ £ T M.

Let V¢ be the canonical tangent connection on M induced by the canonical connection A on the
associate bundle K x, T,,M ~ T'M, where x is the isotropy representation of K,. The connection
Ve @ VL, on the bundle TM & vM , has the property that any K°-invariant mixed tensor, in
particular the second fundamental form a, is V¢ @ V--parallel. Then the main theorem in [0S91],
and Remark [3.1] imply the following result:

Theorem 3.2. Let M = K. p be an irreducible and full homogeneous submanifold of RN, where
K is a compact subgroup of O(N), with KM = M. Assume, keeping the notation of this section,
that DX = TM (equivalently, vi = V1). Then there exists a compact subgroup K c SO(N),
acting as an irreducible s-representation, such that M = KO.p= K -p. Moreover, K° C K and
DK =TM.
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3.2. Rank rigidity and holonomy tubes. The rank of a homogeneous submanifold M of
Euclidean space is the maximal number of linearly independent parallel normal vector fields.
Equivalently, the rank is the dimension of the flat factor of the restricted normal holonomy group.
If M is contained in a sphere, then the position vector provides a umbilical parallel normal vector
field.

The following result can be found in [BCO03|, Corollary 5.1.8]:

Theorem 3.3 ([Olm93l [(OIm94]). Let M™, n > 2, be a homogeneous full irreducible submanifold
of RN with rank(M) > 1. Then M s contained in a sphere. In addition, if rank(M) > 2, then
M is an orbit of an s-representation.

Next recall the following theorem (it holds without the compactness assumption).

Theorem 3.4 ([Olm94], Theorem C). Let M™ = K -p, n > 2, be a full irreducible compact
homogeneous submanifold of RN and let k € K, ¢ € M. Then there exists a piecewise differentiable
curve ¢ : [0,1] = M with ¢(0) = p, ¢(1) = kp and such that dk|,,n = 75-, where 7+ denotes the
V+-parallel transport.

We now turn to the definition of a holonomy tube (see [BCOO03| sec. 3.4.3]). If N is an Euclidean
submanifold, p € N and and 7, € v, M, the holonomy tube (N), at p is defined by

(N)np ={y(1) + T#(ﬂp)}n

where « : [0,1] — N runs through all piecewise differentiable curves with v(0) = p. If |5, || is less
than the focal distance, then (N), is a submanifold and dim(N), = dim N + dim(®(p) - 7).
If the connected component ®*(p) of ®(p), the so-called restricted normal holonomy group, does
not fix n,, then N = ((N),, )5 is a parallel focal manifold of (V) , where 7 is the non-umbilical
parallel normal vector field of (N),, with f(p +n,) = —n,.

Observe that Theorem implies that p(K,) C ®(p), where p is the slice representation and
®(p) is the normal holonomy group of M at p. Therefore:

Corollary 3.5. Let M"™ = K - p, n > 2, be a full irreducible compact homogeneous submanifold
of RN and let , € v,M. Then K - (M), = (M),,.

Corollary 3.6. Let M™ = K -p, n > 2, be a full irreducible compact homogeneous submanifold of
RY and let np € vpM be sufficiently small so that the parallel submanifold (M), is an embedded
submanifold. Assume that K acts transitively on (M), and that n, is not fized by the restricted
normal holonomy group ®*(p). Then M is an orbit of an s-representation.

Proof. By assumption K acts transitively on (M), . This implies that the non-umbilical
parallel normal vector field 7 with 7(p + n,) = —n, yields ((M),,); = M. (M),, is a full
irreducible compact homogeneous Euclidean submanifold of dimension and rank at least 2. Due
to Theore K-(p+mn,) = (M )n,» Where K acts as an s-representation. Finally, owing to

Theorem N is K -invariant, so M = K- p, and this is also an orbit of an s-representation. [

Remark 3.7. From Corollary [3.5] it follows that the assumption of Corollary [3.6] can be replaced
by: (K,)? - n, = ®*(p) -, and this orbit is not a point.

‘We finish this section with a result that will be used later.

Theorem 3.8. Let M" = K -v, n > 2, be a full irreducible compact homogeneous submanifold of
R"TF where k > 4 . Assume that p(K,) is a subgroup of codimension at most one of ®(p). Then
M is an orbit of an s-representation.

Proof. If the codimension is zero, then p((K,)°) = ®*(p). Either we can find a non-trivial orbit
of ®*(p) in v, M and we apply Corollary and Remark , or there are no non-trivial orbits
and we apply Theorem [3.3} in both cases we deduce that M is an orbit of an s-representation.
So let us assume that the codimension is one. The compactness of ®*(p) implies that p((K,)?)
is a normal subgroup. In view of the normal holonomy theorem [BCO03], ®*(p) acts on v, M as
an s-representation, up to a component Vj of fixed vectors. The case dim V) > 2 is again covered
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by Theorem so we may assume that V) = Rp. Consider v, M = Rpa Vi &--- @ V,, &*(p)-
irreducible decomposition, where ®*(p) = &1 x - - - x ®,., and ®; acts irreducibly on V; and trivially
on Vj, for i # j. Denote by p;((K,)°)) C ®; the projection of p((K,)°)) to V; for i = 1,...,r.
Observe that p((K,)?) C p1((Kp)®) % -+ X pr((Kp)°).

Suppose first that 7 > 2. Since the codimension of p((K,)") in ®*(p) is one, there must exist
an index ¢, which we may assume to be 1, such that p;((K,)°) = ®;. Let 1, € V; be a sufficiently
small nonzero vector such that (M), is an embedded submanifold. Then the assumptions of
Corollary are satisfied so that M is an orbit of an s-representation (compare Remark .

It remains to analyse the case in which r = 1. Since k£ > 4, dimV; > 3. Now p;((K,)?)
has codimension 1 in ®;. Consider the case in which ®; acts transitively on the sphere of V;
of radius ||n,||. If p1((K,)°) also acts transitively on this sphere, then K acts transitively on
the holonomy tube (M), , where 0 # 5, € Vi is sufficiently small. Then M is an orbit of an
s-representation by Corollary If p1((K,)?) acts with cohomogeneity 1 on the sphere, then
all orbits must have codimension 1, since p;((K,)?)) is a normal subgroup of ®;. This is a
contradiction because an action of cohomogeneity 1 on a sphere is polar and has thus singular
orbits. Finally we assume that ®; does not act transitively on the sphere. We may choose 7,
such that its holonomy orbit is principal. By Corollary we may assume that p;((K,)°) is not
transitive on the principal orbit ®; - 7,. Then, again by normality of p;((K,)°) in ®;, all orbits
of p1((K,)?) in the irreducible isoparametric submanifold ®; -7, C V; have codimension 1. There
must exist a curvature distribution E of 1 -1, such that E, +T,, (p1((K,)°)-np) =Ty, (P1-1p). If
we pass to a singular orbit ® -7 that focalizes the eigendistribution F, then p1((K,)%)-7 = &1 -7.
Due to Remark [3.7] M is an orbit of an s-representation. This finishes the proof. O

4. INVOLUTIONS OF ORBITS OF S-REPRESENTATIONS

There are certain canonical extrinsic isometries of order 2 of orbits of s-representations, which
were constructed in [BOR2I]. Herein we recall their properties and present an alternative con-
struction.

Proposition 4.1. Let X = G/K be a simply-connected symmetric space of compact type with-
out Euclidean factor, where G is simply-connected and K is connected, write g = € +p for the
decomposition of the Lie algebra of G into the eigenspaces of the involution, and consider the
orbit M = Kag of the isotropy representation of K through a point ay € p. Then there exists a
canonically defined involutive isometry f of X such that:

(a) f fizes the basepoint o of X.

(b) df, preserves all K-orbits in T,X = p, fizes ag and restricts to the identity along the
normal space vq, M.

(¢) In case X is irreducible and of rank bigger than one, M is extrinsically symmetric if and
only if the fixed point set of f is precisely vq, M.

Proof. Let a be a Cartan subspace of p containing ag and consider the restricted root space

decomposition
t=to+ Y ta, P=at > p,.
acAt acAt
Recall that the restricted roots are purely imaginary valued on a since X is of compact type.
Denote by oy, ..., aq the simple restricted roots and note that
(4.1) T.(Ka)= Y 1,
aza(a)#0

and
(4.2) va(Ka)=a+ Y  p,

aza(a)=0

for all @ € a. Therefore, by replacing ag with another element of a whose K-orbit has the same
tangent space, we may assume that for each i, «;(ag) = 0 equals either 0 or v/—1. If we extend a
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to a Cartan subalgebra b of g, it follows that all roots of g relative to b take integer values on

\/%Tao and thus exp 2mag lies in the center Z(G) of G. Hence

(4.3) ™40 = Adexp2may = 1.
For each x € ¢, we denote by & € p,, the vector related to = in the sense that

adyz = —vV—1a(a)z, ads =+/—1la(a)x

for all a € a. Similarly, each y € p, we denote by g € £, the vector related to y in the sense that
aday = vV—-1a(a)y, adey = —v—1a(a)y

for all @ € a. An easy calculation yields that

(4.4) efada g = cos(t|a(a)|)x + sin(t|a(a)])Z

for x € ¢,, and

(4.5) etde .y = cos(t]a(a)|)y — sin(tla(a)])g

for y € p,.
Consider the automorphism

P = e = Adexp rao

of g. It follows from and that ® preserves £ and p. Also, ¢ : p — p is an isometry since
the inner product is Ad-invariant. Since G is simply-connected, there is a unique automorphism ¢
of G such that dp = ®. Define f: X — X to be f(gK) = ¢(g9)K. Then f(0o) = f(1K)=1K =o
and df, = ® is a linear isometry. Since f(hgK) = ¢(h)p(g)K for g, h € G, we now get that f is
a global isometry. It also follows from that ® and f are involutions.

Owing to the fact that a is Abelian and from , we see that ® restricts to the identity
along v4,M. Further,

d ~1
<I>(Adkb)_<I>(dt exp bk )

t=

= 2| ety expre()p(r)

= Ady, ) P(b)

for all k € K, b € a, so ® preserves all K-orbits in p.
Note that on p, C T,, M we have that

(4.6) B, = (—1)l@liq,

where 0 # |a(ag)| € Z.

Finally, M = Kag is extrinsically symmetric if and only if ag can be taken dual to a simple

restricted root a; with coefficient 1 in the highest restricted root [EH95, Remarks, p.523]. This
implies that a(ag) = 1 for every positive restricted root « that does not kill ag. Hence ®|7, n =
—id.
Remark 4.2. Put g = expmag. Then o(g) = g~! = g, so expmap normalizes K. This implies
that the tangent spaces to M at o and expmag - 0 are canonically isomorphic to p. Now we
claim that df, = ® coincides with the parallel transport along v(t) = (exptag) - o from ¢t = 0
to t = 7. Recall X is simply-connected and consider the covering 7 : X — X, where X is the
bottom space. It is enough to show that ® : p = TW(O))_( —p = Tﬁ(o))_( is the parallel transport
along ¥(t) = mwo(t) from t = 0 to t = 7 (note that F(7) = F(0) = 7(0)). In fact, g satisfies
(dLg)o = Adyd(Ry-1), = Ady = @, since R;-1 = id on X, and t — exptag € exp[p] is a
one-parameter group of transvections of X.
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5. THE PROOF OF THEOREM [2.1]

Let M™ = Kp, n > 2, be a full irreducible compact homogeneous almost symmetric submanifold
of Euclidean space V' of codimension k. Let K be the group of ambient isometries that preserve
M. Then K D K.

Lemma 5.1. If there exist two different almost symmetries at p, then M is an orbit of an s-
representation.

Proof. Denote by H the kernel of the slice representation p : f(p — O(vpM). We claim that if
H does not fix any non-zero vector of T, M, then M coincides with an orbit of an s-representation.
In fact, for arbitrary &, n € v, M, the linear functional on T,M given by f(w) = (Dg&,n) is
H-invariant. Our assumption says that the action of H on the dual space (T, M)* does not fix any
non-zero vector. This imples that £ = 0 and proves that D+ = 0. Now we invoke Theorem to
get that M coincides with an orbit of an s-representation. We finish by noting that if o, v are two
different almost symmetries of M at p, then they belong to H and their common fixed point set
in T, M is zero, so H does not fix any non-zero vector of T, M, and the argument is complete. [

5.1. Part (a). Suppose, to the contrary, that M is not an s-orbit. It follows from Lemma
that the almost symmetry at any ¢ € M is uniquely defined, and we shall denote it by o,. Define
L, to be the (+1)-eigenspace of o, for all ¢ € M.

Lemma 5.2. The subspaces L, for ¢ € M define a K -invariant autoparallel distribution £ on
M. Its integral manifold thorugh q € M 1is the component of the fized point set of o4 containing q.
Finally L is invariant under all shape operators of M.

Proof. By uniqueness of the almost symmetry, o, commutes with the isotropy action of f(q,
so £ is K-invariant. A standard argument shows that the integral manifold L(q) of L through ¢
coincides with the component of the fixed point set of o, containing ¢ (cf. [BCO03|, Lemma 9.1.2
and its proof). Thus L(q) is totally geodesic. Since oy is a linear isometry of the ambient Euclidean
space RY for all ¢ € M, the differentials d(oq) at different points have constant eigenvalues (1
with multiplicity N —n + 1, and —1 with multiplicity n — 1). By a continuity argument, we must
have that d(oy)r|y,. v = Id,, p for all » € L(g). This implies that o, = o, for all r € L(g). The last
assertion follows from the fact that d(og)q|v,ar = Idy, ar, s0 d(0g), commutes the shape operators
of M at q. O

Denote by £ be distribution on M whose fiber at ¢ € M is the orthogonal complement of
Ly in Ty M. Recall that V+ denotes the normal connection on #M induced from the Levi-Civit4
connection and V+ denotes the canonical connection on ¥M induced by K.

Lemma 5.3. V+ = V' along £+,

Proof. Of course the almost symmetries commute with D+ = V+ — VL. Now the sign rule im-
plies that DX = {v € TM : D} = 0} contains £* as a subdistribution. Our standing assumption
that M is not an s-orbit precludes the possibility that DX = T'M via Theorem Since £ has
codimension one in M, we deduce that £+ = DX as wished. O

Recall that p : K, = O(v,M) denotes the slice representation of M at p.

Lemma 5.4. There exists a one-parameter subgroup S of SO(v,M) that normalizes p(K,) such
that

p(Kp) C ®(p) C S p(Kp).

Proof. Denote by L, the leaf of £ through q € M. Since £ is K-invariant, the stabilizer K
acts transitively on L,, so we can write L, = K, /K, as a homogeneous space. In particular
dim K7, = dim K, + 1. Owing to the fact that K, is a compact Lie group, for the Lie algebras
this yields that £7, = ¢, ® Ru, direct sum of ideals, for some u € ¢r,,.

Let ¢ : [0,1] = M a smooth loop at p. By Lemma the shape operators of M preserve
the distribution £. Due to the Ricci equation, R+ (£, L) = 0 for the curvature of the normal
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connection. Now [Olm93l Lem., App.] can be applied to yield a factorization of the parallel
transport in vM along c,

(5.7) P TE‘ 0T,

where & is a smooth curve defined on [0, 1], everywhere tangent to £, originating at p and ending
at a point ¢ in L,, and 8 : [0,1] — L, is a smooth curve joining ¢ to p. Since L(v) is one-
dimensional, we may assume that 8(t) = exp(—tAu)-q, where A € R is such that exp(—Au)-q = p.
The fact that ¢ is everywhere tangent to £ implies that 75~ coincides with the parallel transport
73+ with respect to the canonical connection V1, and thus 75~ = dk|y,a for some k € K°, due to
Theorem [B.4] Set k' = exp(—Au)k € K.

The action of u € €1, on £ € v, M given by

d
Ag=2|  dlexptu), ¢
defines a skew-symmetric map on v, M such that
dexp(—Au) o (Tﬁl)_l = ¢ M
(cf. [BCOO3, § 5.2.2]). We substitute into (5.7)) to get

1 _ 2A /
1o =e v odk |y,

This equation shows that we can take S to be the one-parameter subgroup of SO (v, M) generated
by A, € so(v,M). O

Now part (a) of Theorem follows from Theorem

5.2. Part (b). Next we assume that M an orbit of an s-representation, but not a most singular
orbit, and we wish to prove that it must be an almost singular orbit.

Herein we work only at the point p. Fix an almost symmetry o of M at p and denote the
subspace of fixed points of do, in T, M by L(o,). Since do, is the identity on v, M, it commutes
with any shape operator at p and therefore any shape operator at p preserves L(o,). The restricted
normal holonomy ®*(p) coincides with p((K,)°), since M is an s-orbit, and the dimension of the
subspace (M), of fixed points in v, M is the rank r of M. Note that r > 2 as we are assuming
that M is not most singular.

The family of shape operators {A¢ : £ € (voM)} is commutative, due to the Ricci equation, and
hence simultanelously diagonalizable. Then there are g parallel normal vector fields nq,...,7q,
the so-called curvature normals, with corresponding autoparallel distributions Ey, ..., F; and an
eigenbundle decomposition TM = E; @ --- & E,;. Note that the curvature normals span vy M, for
otherwise M would reduce codimension; hence g > r > 2.

We have that L(o,) is contained in E; (p) for some iy, due to its invariance under the shape
operators at p. The isometry ¢ maps parallel manifolds to M to parallel manifolds (including
focal manifolds). Since it is the identity on v, M and this subspace meets all K-orbits, o preserves
all K-orbits. Consider the K-orbit N through g = p + £, where £ is a parallel section of vyM
satisfying (£,7;) = 1 if and only if i = 49. Then N is a focal manifold to M, o(¢) = ¢ and
dcrq\TqN is the restriction of do, to T, M N Ef[;, and hence is —Id. This forces do, to be the
identity on the first normal space Z/;N . Now v!' N is V+-parallel, since parallel translation is given
by the group, and hence I/;N = v, N, due to the fullness of N (since K acts irreducibly). This
shows that N is extrinsically symmetric. Moreover L(o,) = E;,(p) because do, does not have
(—1)-cigenvalues on vy N. Therefore dim N = dim M — 1. Finally, it is known that extrinsically
symmetric submanifolds are most singular orbits of s-representations, hence M is almost singular.
This completes the proof of part (b).

5.3. Part (c). For an almost most singular orbit M of an s-representation which is almost sym-
metric, let N be the focal manifold constructed in part (b). Thanks to [BCO16, Theorem 4.5.4],
M is a holonomy tube over N, that is, M = (N)g for £ = = € vyN (notation as in part (b)).
Since dim M = dim N + 1, £ must lie in an irreducible 2-dimensional component of the normal
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holonomy representation of N at q. Conversely, suppose now N is an extrinsic symmetric sub-
manifold with symmetry at ¢ € IV given by o. Take a sufficiently short non-zero { € vy N and
consider the holonomy tube M = (N)¢. Then o preserves M, fixes p = ¢ + &, coincides with the
identity along v, M, and its set of fixed vectors in T, M is precisely T¢(®(q) - ). We deduce that
if £ lies in a 2-dimensional irreducible component of ®*(¢) then M is almost symmetric.

5.4. Part (d). For the non-uniqueness statement of part (d), see subsection

If M is not an orbit of an s-representation, then the uniqueness result is contained in Lemma/5.1
In view of part (b) we may thus assume that M is a most singular orbit of an s-representation.
For each ¢ € N, denote by F, the family of almost symmetries at g. Suppose, to the contrary,
that F, contains at least two elements.

For each o € F,, denote by L(c) the one-dimensional subspace of T,M of fixed points of
dog. Let also V(q) denote the linear span in T,M of L(c) for ¢ € F,. We obtain an invariant
distribution V on M, which is moreover invariant under the group K of extrinsic isometries of M.

Lemma 5.5. V(q) is a proper subspace of TyM for all g € M.

Proof. Since L(o) is invariant under the shape operator A¢ for all £ € v, M, all shape operators
at ¢ diagonalize simultaneously on V' (¢). However, as a most singular orbit of an s-representation,
M nas non-flat normal bundle, so V(g) cannot coincide with T, M. g

For g € M, let H(q) denote the closure of the group generated by even products of elements of
Fq. By or assumption, H(g) is non-trivial. Let also W(g) denote the subspace of fixed points of
H(q) in T,M.

Lemma 5.6. W(q) =V(q)*.

Proof. If v € V(g)* then v € L(o)* and thus do,(v) = —v for all o € F,. In particular v is
fixed by H(q), which checks the inclusion V(¢)* C W(q). Let us prove the reverse inclusion. By
our assumption, there exist two different elements o, ¢’ in F,. The composition oo’ is a rotation
in L(o)® L(co’) C V(q), whose fixed point set (L(c)® L(c"))* contains W (q). Since these 2-planes
generate V (q) for such pairs o, o/, this proves that V(g)* D W(q), as desired. O

Lemma 5.7. The subspaces V(q) for g € M define a smooth distribution V) on M. Further, V is
contained in the relative nullity distribution N of M as a submanifold of the sphere of radius ||p||.

Proof. 1t is obvious that kF,k~! = F, for all k € f(q. It follows that H(q) is a normal subgroup
of K’q for all ¢ € M. Therefore the subspaces W (q) give rise to a K-invariant autoparallel
distribution W of M. The first statement now follows from V = W+ (Lemma .

Recall that the shape operators of M are simultaneously diagonalized along V. This means there
exist K-invariant normal vector fields 71, . . . ,Ng on M and a a common eigenbundle decomposition
V = E & --®E, such that A¢|g, = (£,7;)idg,. Since KO acts as an s-representation, K -invariant
normal vector fields must be parallel. This implies that the 7; are parallel. However M is a most
singular orbit, so g = 1 and 7, is the position vector. Now A¢|y = 0 for ¢ tangent to the sphere
that contains M, that is, V C N. O

Now we can finish the proof of part (d). By Lemma the nullity A of the second funda-
mental form of M as a submanifold of the sphere is non-trivial. Since M is homogeneous, N has
constant rank. By a remarkable result of F. Vittone [Vit12, Theorem 1], the distribution N
is completely non-integrable, that is, any two points in M can be joined by a piecewise smooth
curve tangent to A", On the other hand, the distribution N'* is contained in the integrable
(autoparallel) distribution W = V- C TM. This contradiction shows that there can be only one
almost symmetry at any point of M. O

6. REDUCTION TO AUTOMORPHISMS

We now initiate the proof of Theorem namely the classification of almost symmetric ho-
mogeneous submanifolds of Euclidean space. In this section we treat the case of orbits of s-
representations that are almost symmetric and relate the almost symmetry to an automorphism
of the group of isometries.
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Lemma 6.1. Suppose X = G/K is a simply-connected symmetric space of compact type and rank
bigger than one, where G is the transvection group. Write g = €+ p as usual and the denote the
basepoint by o. If ® : p — p is an isometry that preserves the orbit M = Kag for some ag € p,
then ® = df, for a unique isometry f of X with f(o) = o.

Proof. We know K is connected. ® maps holonomy tubes of M onto holonomy tubes of M, and
these are the K-orbits in p. It follows that K and ® K®~! have the same orbits in p. We deduce
from this and from [BCOI16, Remark 8.3.5] (or [BCO03|, Proposition 4.3.9]) that ® normalizes K.
We deduce from [BCOTI6, Lemma 8.3.2] that ®(R) and R are multiples, but they have the same
scalar curvature (since the curvature operators are conjugate, and the scalar curvature is twice the
trace of the curvature operator). It follows that ® preserves R. By the Cartan-Ambrose theorem,
® is induced by a global isometry of X. Uniqueness is clear since f is determined by df,. O

Lemma 6.2. Suppose X is as in Lemma . If ® : p — p is an isometry (resp. an involutive
isometry) that preserves M = Kag for some ay € p, then & = 7|, for a unique (resp. involutive)
automorphism of T of g that commutes with o, that is, T € Aut(g)?.

Proof. Due to Lemma we can find an isometry f of X such that ® = df,. In view of [Loo69,
Proposition 4.1(a), §4, Ch. 7], we can write df, = 7|, for a unique 7 € Aut(g)’. O

Fix a Cartan subspace (that is, a maximal Abelian subspace) a of p. Then we have the
(restricted) root space decomposition of g with respect to a:

9=00+ ) Ba:
acA
where g, = € + a, € is the centralizer Z¢(a) of a in £, and A denotes the root system.

Extend a to a o-invariant Cartan subalgebra hh = t+ a, where t is a CSA of £,. We consider the
root system of the complexification g¢ with respect to h°; these roots are real-valued on /—1t+ a.
Then the elements of A can be seen as restrictions along a of roots of g¢ with respect to h°. If we
introduce an ordering of the roots that takes a before \/—1t, as we now do, the restriction map
h¢ — a maps positive roots to positive roots, and simple roots to simple roots. Write as usual

E=t+ > bt and p=a+ Y p,
aeAt acAt
with
Ea+pa =0o T8 o
for a € AT,

Recall that the Satake diagram of the symmetric space associated to a symmetric pair (G, K) is
obtained from the Dynkin diagram of g by painting black the nodes associated to simple roots of
(g%, b°) that vanish along a; and by joining by a curved arrow two white nodes which are associated
to simpie roots of (g°, h°) that have the same restriction along a. The Satake diagram compfetely
determines the symmetric space, up to duality.

Also recall that the group of outer automorphisms of a compact semisimple Lie algebra g is
canonically isomorphic to the group of automorphisms of its Dynkin diagram. In fact, every
automorphism of g can be assumed to fix a given CSA and a given Weyl chamber, up to inner
automorphism, and then it permutes the simple roots.

Lemma 6.3. Let 7 € Aut(g)? of order 2 be such that 7|, = id. Then 7 induces an automorphism
of order 2 of the Satake diagram that maps each white node either to itself or to another white
node joined to itself by a curved arrow.

Proof. Since 7|, = id, we have 7(8y) = €. Now 7(t) is a CSA of &, so by the conjugacy of
CSA there is an inner automorphism of ¢y mapping 7(t) to t, say t = Adg7(t) for some k € Ky,
where K| is the centralizer of a in K. Further, by conjugacy of Weyl chambers, we may assume
that 7 := Ady7 fixes the chosen Weyl chamber of t.

Now 7 € Aut(g)?, 7 preserves the CSA b and its Weyl chamber, so it maps simple roots to
simple roots. Also, 7|, = id, so if « is a restricted root, then 7o = @ o 7 and « have the same
restriction along a. The desired result follows. O
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We shall use Lemma [6.3| as follows. Many Satake diagrams do not admit a non-trivial auto-
morphim that fixes every white node or maps it to another white node joined to the first by a
curved arrow. For the corresponding symmetric space, this means that ® must be given as the
inner automorphism induced by an element of G.

7. THE CLASSIFICATION OF ALMOST SYMMETRIC S-ORBITS

In this section we run through the cases of simply-connected irreducible symmetric spaces of
compact type and use the results of section [6] to determine the orbits of s-representations that are
almost symmetric.

Denote the simple restricted roots by a1, ..., o, where ¢ is the rank of the symmetric space,
and by § the highest restricted root. The fundamental restricted weights Ai,...,\; as usual are
defined by 2(\;, a;)/||e;||*> = &;; for all 4, j (Kronecker delta).

7.1. Spaces of maximal rank. These are characterized by anyone of the following equivalent
conditions: tk M = rk Gj; or £y = 0; or uniform multiplicity 1. In the table, ¢ denotes the rank of
M.

AT SU(q+1)/SO(q +1)
BI SO(2g+1)/S(0O(g+ 1) x O(q))
CI Sp(q)/U(q)
DI 50(2q)/5(0(q) x O(q))
G G2/SO(4)
FI Fy/Sp(3)Sp(1)
EI E¢/[Sp(4)/Zs]
EV E7/[SU(8)/Zs]
EVIII Eg/Spin(16)

All nodes of the Satake diagram are white and there are no curved arrows, so the Satake diagram
coincides with the Dynkin diagram. Therefore 7 is of inner type, 7 = Ad, for some g € Ng(K).
Going through the detailed description of bottom spaces for the spaces of maximal rank in [Wol64]
p. 314-5] and noting that g € Zg(a), we deduce that g € Ky. Here Ky = Z3, so g is completely
determined by its sign on p,, =R fori=1,...,q.

For each v € AT, write o = Y_7_, n;(a)a;, where the n;(a) are non-negative integers.

7.1.1. M is a most singular orbit. Without loss of generality, we may pass to another s-orbit with
the same tangent space T,,M and assume that a;, (ag) = v/—1 for some i1, and «;(ag) = 0 for
i # i1. Now p, C To, M holds for some o € AT if and only if n;, (o) > 0. In particular p,,, C ve,M
for i # i1, so @[y, =1id for i # i1, and, since ® is assumed non-trivial, ‘I)|pai1 = —id. It follows

that ®|,, = (—1)"1(®) for all « € AT,

There is exactly one 3 € A% such that n;, (f) is nonzero and even (as this implies that ps C

TooM and @[,, = 1), and it must be that n;, (3) = 2 (for n;, (8) > 4 would entail the existence of
roots o with n;, () = 2). We come to two cases.
e 3 =106. Then § — o; € A for i # 41 (because n;, (6 — ;) = 2), so (4, ;) = 0 for all ¢ # 41 (since
the a;-chain through f consists of S only), and this implies that ¢ is a multiple of the fundamental
weight A;,. By inspection of the highest root in each case (see e.g. [Wol84l p. 273]), we see that
that this happens in all cases in the table, but A,.
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A, [8=M+ N
B, | 6=\
C,| s=2x
D, | 6=X
Go| 6=X
Fy| 6=\
Eg 6:/\2
Er| 6=\
BEs| 6=

For such orbits, we have seen in Sectionthat 7 = e™a0 induces an almost symmetry of M = Kag
(cf. eqn. (4.6)). This gives exactly 8 examples.

e 3 # 4. Here n;, (§) = 3. By inspection, the highest root having a coefficient equal to 3 implies
that g is of exceptional type (cf. [Wol84l p. 270]). In the sequel, we use Bourbaki’s convention for
the numbering of the simple roots (cf. [Bou81l pp. 251-275]).

In the case of G, we have 6 = 3a; +2aq, s0 41 = 1 and 8 = 2a3 + a9 (aq is the short root). The
other roots are 3a1 + o, a1 + g, as, a;y and all have ny(a) # 2, so aj(ag) = v—1, as(ag) = 0
yields an example.

In the case of Fy, we have i, = 2, and § — a; — a and 0 — a1 — as — a3 are two roots with
ng = 2, so there are no examples.

In the case of Fg, we have i1 = 4, and § — g — a4 and § — g — a3 — a4 are two roots with
n4 = 2, so there are no examples.

In the case of E7, we can take i1 = 3 or 5. In the first case § — a3 —ag and 6 — a1 — a3 — ay
are two roots with n3 = 2, so we do not get an example. In the second case, § — a1 —ag —ay — as
and 6 — a3 — ag — ag — a5 — ag are two roots with ns = 2, so we do not get an example either.

In the case of Eg, we can take i1 = 7 or 2. In the first case § —ag— a7 and § —ag — a7 —ag are two
roots with ny = 2, so we do not get an example. In the second case, § —ag — a7 —ag — a5 —ay — Qs
and § — ag — a7 — ag — a5 — (g — g — (3 are two roots with no = 2, so we do not get an example
either.

7.1.2. M is an almost singular orbit. Without loss of generality, we may assume that there are iy,
i9 such that a;(ag) = +/—1 for i =41 or iz and «;(ag) = 0 otherwise. In particular Pa;, BPa,, C
2
To, M. Here @[, =1id for i # iy, iz, and there are two subcases.
o &, =1id, ®|,, = —id. Note that a;, cannot be adjacent to a; for ¢ # iy in the Dynkin
1 2

diagram. In fact, otherwise a;; +a; € AT for some i # 5 with Pai, +a; € TagM and @|o,, 4o, =id,
yielding coindex at least 2, which is a contradiction to almost symmetry of M. This implies that
o, is an extremal node of the Dynkin diagram and «;, is adjacent to a;,. Again by almost
symmetry of M, we must have n;,(a) odd for all @« € AT\ {a;, }. In particular, n;,(§) = 1.
Glancing at the coefficients of ¢ (recall that «;, is adjacent to an extremal node), we obtain only
the following two possibilities.

— Ag.41 =1, i3 = 2 and M is a principal orbit and a circle bundle over one of the extrinsic
symmetric focal orbits Go(R41); the almost symmetry of M coincides with the extrinsic symmetry

of the focal orbit. Since there are two focal orbits, we obtain two different almost symmetries for
M.
— By.i1 =1, i =2 and M is a principal orbit [SO(3) x SO(2)]/Zs,.
Since we can freely choose the signs of the action of k£ on each p,, ., this yields exactly two
examples.
e |, =-id, ?|,, = —id. Since P fixes a unique tangent direction, there is a unique g € A*
i1 ig

such that n;, (8) + n,(B) is positive and even, thus, it is equal to 2. We consider two possibilities.
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— B =9. Then § — a; & A if i # iy, io. This implies that (J, ;) = 0 for all ¢ # i1, i2, hence § is a
linear combination of two fundamental weights A;,, As,. The only posibility is A, and

-1

The (uniform) multiplicity must be one. This example has already appeared above, a circle bundle
over Go(RITH).

— B #94. Since f+ a; € A for i # iy, iz, § and «; are strongly orthogonal for all i # i1, i2, so 8
lies in the linear span of \;;, A;,. Also, n;, (§) +n,,(d) is odd, hence equals 3. We run through the
cases.

For A,, G2, Fy and Eg, there are no distinct indices 1, 42 such that n;, (6) + ng, (§) = 3.

For Eg, we can have (i1,i2) = (1,2) or (1,3), up to symmetry of the Dynkin diagram, but then
o1+ az + oz + a4 and a1 + ag + oz + a4 + o are two roots with n;, +n,, = 2.

For E;, we can have (i1,i2) = (1,7) or (2,7), but oy + a3+ ag + a5 + ag + a7, a1 +as + asz +
ay + as + ag + ar, as + az + 2a4 + as + ag + a7 are roots; the first two have ny + ny = 2, and
the last two have no + ny; = 2.

For By, i1 =1 and i3 > 1. Now 0, always has n;, +n,, = 2, 01 + 0, has n;, +n,, =2 if ip < ¢,
and 041 + 64 has n;, +ny, =2if iy = g.

For Cy, i1 < q and i3 = q. Now 61 + 0, always has n;, + n;, = 2, 6 + 6, has n;, +n;, = 2 if
i1 >1,and 6; + 60,1 hasn;, +n;, =21if i3 = 1.

For Dy, i1 =1and i <g—1or 1 <i; and ia = ¢— 1, up to symmetry of the Dynkin diagram.
Now 01 + 041 always has n;, +n;, =2, 6 — 031 has ny, +n, =2if 4y =1 and i < g —1, and
0y + 04—1 has n;, +ny, =2if 4 > 1 and i =g — 1.

Hence no new examples appear here.

7.2. The group manifold case. These are the symmetric spaces of the form X = L x L/Ap,
where L is a compact connected simple Lie group. They can be equivalently characterized as
having uniform multiplicity 2.

The s-orbital foliation of p is identified with the adjoint foliation of I. Consider an orbit M = Lay
and assume ® : [ — [is an almost symmetry for M. In particular ® restricts to the identity along
the Cartan subalgebra of I, so it is of inner type, & = Ad, for some g € L (in fact, g lies in the
maximal torus of L). Since L is connected, det Ady = 1. On the other hand, the (—1)-eigenspace
of ® on T,,M has codimension 1 in T,, M and M is even dimensional, which forces det & = —1,
a contradiction. So there are no examples in the group case.

We can push this idea further. Recall that an irreducible symmetric space G/K is called
of splitting rank if tkG = rk K + rk M. They can be equivalently characterized as having all
multiplicities even.

Proposition 7.1. Suppose X = G/K is a simply-connected irreducible symmetric space of com-
pact type, rank bigger than one, and splitting rank. Then no K-orbit in p is almost symmetric
with respect to an inner automorphism of G defined by an element of K.

Proof. Consider an orbit M = Kag. Then T, M = ZaeA+:a(ao)¢0 p, is even dimensional
(since all multiplicities are even). If ® : p — p is an almost symmetry for M, then det® =
(—=)dmM-1 — 1 If & = Ady is an almost symmetry of M, where k € K, then det Ad; = 1
(since K is connected), a contradiction. O

7.3. The A,-case. There are four irreducible symmetric spaces of compact type and Dynkin
diagram of type A,, each with uniform multiplicity m, where m = 1, 2, 4, 8, respectively, and
q = 2 if m = 8. The case m = 1 is the space of maximal rank AI, and the case m = 2 is the group
case of type A, which have both been dealt with already. There remains two spaces.
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7.3.1. AIIL The space is SU(2q +2)/Sp(q + 1) and m = 4. The effective space is
[SU(2q +2)/Z5]/[Sp(g + 1)/ Z2]-

From the Satake diagram of AlIl, we invoke Lemmata and to see that ® = Adg|, for some
g € G. Now the conjugation Inng|x is an automorphism of K, which must be inner because K
has no outer automorphisms, that is, we can find & € K such that gk~! € Zg(K). But in this case

the latter group coincides with the center Z(G) (since he bottom space of X is [SU(gfja?{)Z/z]Z/z Lot

where Zg41 is the center of SU(2q + 2)/Z,, cf. [Wol64, p. 315]), so ® = Adi|p,. In view of
Proposition [7.I] no orbit is almost symmetric.

7.3.2. EIV. The space is Fg/Fy; and m = 8. This is an effective presentation and the bottom
space is
Es/Zs  E¢  Eg¢/Zs
Fy73/75  FyZs F,
$0 Zg,(F1) = Z(Eg) = Z3. The same argument involving Lemmatal[6.2]and [6.3|and Proposition|[7.1]
as in case AII implies that no orbit is almost symmetric.

7.4. Hermitian symmetric spaces.

7.4.1. AIIl. The space is SU(p + q)/S(U(p) x U(q)). Suppose M = Kag is almost symmetric,
with almost symmetry ®. Then ®|, = id. In view of Lemma and the Satake diagram, there
are two cases to be considered.

e & is inner. Here ® = Ad, for some g in the normalizer Ng(K) of K in G. Consider first the
case g = k € K, so that k € Ky = S(U(1)? x U(p — q)). Then & commutes with the complex
structure J on p, therefore ®|;, = id, that is, <I>|p29i =id for ¢ =1,...,q. Since we are assuming
that the rank ¢ > 2, by the almost-symmetry assumption, at most one index i has 26;(ag) # 0, in
fact, exactly one, say, 6;(ag) = v/—1 and 6;(ag) = 0 for i > 1 (since the orthogonal complement
of Ja in T,y M is a complex subspace). Now aj(ag) = v/—1 and as(ag) = -+ = a4(ag) = 0. The
tangent space

q q
TaoM = pg, +Pog, + ZP@IWJ- + Zpelfej-
j=2 j=2
We need ¢ = Ady, to be —id on all summands of T,, M, but the second one, and to be id on a and
the other restricted root spaces. Suppose

ez{( . ) : Aeu(q),Beu(p),tr(A+B):O}

and
Z
) A, 7)) zenao).
Take
q
a=> R(Eigti — Egis)-
i=1
Then
Il,qfl
(79) k= Il’qfl € Ky
Ip_q
does the job, where
-1
1
Il,qfl =

1

has size ¢, and I,_, denotes the identity matrix of size p — q.
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Next we observe that Ng(K) # K occurs only if p = ¢, in which case Ng(K)/K = Z9 generated
by the class of the map 8 : z — 2 that takes a ¢g-plane to its orthogonal complement in 2¢-space.
We can represent 8 by right-multiplication by the matrix

(7.10) g():(_I I).

If ® involves go, this means that ® = Adg,x for some k € Ko = S(U(1)9). We have Ady,(2) = Z*
in regard to . The Dynkin diagram is Cy, where 0; & 0; has multiplicity 2 and 26; has
multiplicity 1. The group Ky is connected, so it acts trivially on pyy.. Now <I>|p29’_ = —id, so
Pog, C Ty, M for all i. Also (I)|Pe,¢iej = :FAdk|p9ii9j, but dimpy, 19, = 2, so it is impossible to have
an almost symmetric M = Kay.

e ® is not inner. Suppose ® = ogAd; for some k € Ky, where 0pX = X for X € g. Then ®
anticommutes with the complex structure J on p, therefore ®|;, = —id, so that <I)|p207, = —id for
i=1,...,q. The restricted root spaces '

Po,+9, and py,

are complex and ®-invariant, with multiplicities 2 and 2(p — ¢). In particular ® has 1 and —1 as
eigenvalues on py, 1y, , each with multiplicity 1 (recall that ¢ > 2). This implies that both py o,
must be in T,,M, but then the codimension of the fixed point set of ® in T,,M is at least 2, a
contradiction. Hence there are no examples in this case.

The other case is p = ¢ and ® = 59Adg.k, go as in (7.10), for some k € Ko. Then ® commutes
with the complex structure on p and this forces ag to be given by 6;(ag) = v/—1 and 6;(ag) = 0
for ¢ > 1, up to renaming the indices, by the same argument as in the case ® is inner. But we saw
above that this s-orbit is almost symmetric with respect to ® of the form Ad, where k is given

by .

7.4.2. EVII. The space is X = E;/{[Es x U(1)]/Zs}. Suppose M = Kay is almost symmetric,
with almost symmetry ®. Then ®|, = id. According to [Wol64, p. 314], the bottom space is
the quotient by a Zs-group which is not contained in E7. Therefore Ng(K) = K. In view of
Lemma and the Satake diagram, ® = Ady, for some k € Ky = Spin(8).

Now ® commutes with the complex structure J on p. The Dynkin diagram is C3 and J(a) is
spanned by py. for i = 1, 2, 3 (each one of dimension 1). Therefore p, C T,,M for at most one
index, say, 1. Thus we can write

TaoM = P91+02 + p01792 +p01+93 +p91*93 + p6'1’

where ® = —id on each summand, but the last one where it is id.

It is known that Ko acts on pg, 9. and pg, _g, by the same one of the 8-dimensional irreducible
representations of Spin(8), and in fact, it acts on the triple (pg, 14,, Po, 105> Po,1+0,) Dy three
inequivalent 8-dimensional irreducible representations of Spin(8), say (ps, Ad, Ag). Let k be the
nontrivial element in ker Aj = Zy. Then pg(k) = Ag (k) = —id acts on p as wished. This produces

the example of almost symmetric submanifold M = Kag = Eg/Spin(10). It is also a homogeneous
CR-manifold.

7.4.3. EIII. Thespaceis X = Eg/{[Spin(10)xU(1)]/Z4} and this is also the bottom space [Wol64]
p. 314]. In particular Ng(K) = K. Suppose M = Kay is almost symmetric, with almost symmetry
®. Then ®|, = id. In view of Lemma and the Satake diagram, there are two cases, namely,
® = Ady or ® = TAdy, for some k € Ky & U(4), where 7 is the outer involution of Fg with
fixed point set Fy. It follows from [Kol09, Example 3.5] that 7 has eigenvalues £1 on p with
multiplicities 16 and 16. In particular, 7 preserves the orientation of X. Since K is connected, in
any case ® is orientation-preserving. It follows that the dimension of M must be odd. But X is a
rank 2 symmetric space, and the s-orbits have dimensions 30, 24 and 21, respectively. Therefore
M must be the 21-dimensional singular orbit Spin(10)/SU(5) (cf. [Kon03l p. 77]).

We next show that there is k € Ky such that & = Adj induces an almost symmetry on
that singular orbit. The Dynkin diagram of X is BCy, and M = Kag, where we may assume
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91((10) = \/71, 02((10) = 0. Now
TaoM = pg, 19, +Po,—0, + Do, + P2y,

where the summands have dimensions 6, 6, 8 and 1, respectively, and ® = —id on each summand,
but the last one where ® = id. It is known that Ko = U(4) acts as (SU(4),C*) on pg,, as
(SO(6),R%) on py, 14, and trivially on pyy, . Let k = (v/—=1I4,v/—114) € U(1) x SU(4). Since
V=114 maps to I under the double covering SU(4) — SO(6), k acts as —1 on py, 15, = R® and
on Py, = C*, as wished.

7.4.4. BDI. The space is X = SO(p + 2)/SO(2) x SO(p) and the bottom space is SO(p +
2)/S(0(2) x O(p)) [Wol64, p. 314], that is Ng(K) = S(O(2) x O(p)), where BI (resp. DI) corre-
sponds to p odd (resp. even). Suppose M = Kag is almost symmetric, with almost symmetry ®.
Then ®|, = id.

e p is odd. In view of Lemma and the Satake diagram, ® = Ad, for some g € Zn,x)(a) =
Z3 x SO(p — 2). Suppose first that g = k € Ko = Zg(a) & Zy x SO(p — 2). Then ® commutes
with the complex structure on p, so @/, 0,0, = id. It follows that exactly one of 61 &6 in nonzero

on ag, say 01(ag) = 2(ap) = v—1. Now
TaoM = pg, + g, + Do, 40,

where ® = —id on the first two summands, and ® = id on the last summand.

Suppose
- {( . ) : A65o(2)7B€50(p),}.

Take
2
a= Z R(Ei24i — Eotiyi)-
i=1
Then
—I4
(711) k= I4’p,2 = I € Ky
p—2

does the job and yields an example of almost symmetric submanifold (this element generates the
Zso-factor of Ky). In fact

p—2

po, = Y R(Biarj — Eayji),

j=1
and
Po,+0, = R(E14 F Eo3) — (Ey F Es32).

Next we consider the case in which g € Ng(K) \ K; we may assume g = gok, where

w=((7" ) (7 L)) eso@ xow)

and k € Ko. In this case ® anticommutes with the complex structure on p, so @[, ., = —id.
It follows that py 19, C Ty, M. If one of py , py, is contained in vy, M, say, py, C Ve, M, then
®|p, = id. Since Jpy, = py,, this implies that ®|,, = —id and py, C Ty, M. This gives
® = —id on Ty, M, a contradiction. We deduce that M is a principal orbit. But we saw above
that ®|, ,, = —id, and ® has opposite signs on py, and py, (both of dimension p —2). The only
possibility is p = 3, which gives a space of maximal rank, already studied in subsection [7.1]
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o p is even. Here & = Ad, or & = 7Ad, for some g € Ng(K), where 7 is the outer automorphism
of g given by conjugation by the matrix go = I1 p+1. Since p is even, Ky = Zy x SO(p — 2) acts
on p preserving the orientation, and det(r : p — p) = det(Ady, : p = p) = (—1)? = 1. Therefore
® is orientation preserving. It follows that dim M is odd. Since X has dimension 2p and rank
2, with multiplicities 1 and p — 2, we deduce that again M must the singular orbit Kag with
01(ag) — 2(ap) = a1(ag) = 0. And in fact & = Ady with the same k € Ky given as in
defines an almost symmetry for this M.

We deduce that, for all p > 3, the singular orbit (Stiefel manifold) SO(p)/SO(p — 2) = V5(RP)
is an almost symmetric submanifold.

7.4.5. DIII. The space is X = SO(2n)/U(n), where n = 2q or 2q + 1. Suppose M = Kay is
almost symmetric, with almost symmetry ®.

The Dynkin diagram is Cy or BC, according to whether n is even or odd, and the Satake
diagram also differs. According to Lemma and the Satake diagram, if n is even then ® = Ad,
for some g € Ng(K). Here Ng(K) generated by go = I, and Ko = SU(2)9. On the other hand, if
nis odd then Ng(K) = K, but there is an admissible symmetry of the Satake diagram, so ® = Ady,
or ® = 7Ady, for some k € Ko = SU(2)?-U(1), where 7 = Ady, , is an outer automorphism of
$0(2n). Thus in either case ® = Ady or ® = 7Ady, where k € Ky and 7 = Ad;, ,. Note that 7
preserves the restricted root spaces.

e & = Ady. Then ® commutes with the complex structure J on p, so ® = id on J(a) = Y7 | poy. .
Therefore for exactly one index i we have pyy. C To, M (the multiplicity of all 26; is 1). Recall
that 00 e

ay =607 —0,,... , Qg1 = 9q_1 — 9q, Qg = { Qq,q, 1f g 12 gzlednv
Without loss of generality, we may assume that 61(ag) = v/—1 and 63(ag) = --- = 0,(ag) = 0,
that is, a1(ag) =1 and az(ap) = -+ = a(ag) = 0. Now

q q
TogM = Pag, + 3 Poyvo, T Po, o,

j=2 =2

if n is even, and

q q
TaoM = Pog, + 96, + D g, 00, T D Do,

j=2 j=2

if n is odd, where in each case ® = id on the first summand, and ® = —id on the other summands.
Now we take k = (—1,1,...,1) € Ko = Sp(1)? (resp. k = (—1,1,...,1;1) € Sp(1)? - U(1))
and note that Ady acts on p as wished, since (k1,...,kq) € Ko = Sp( )2 (resp. (kl,...,kq,t) €
Ko = Sp(1)?-U(1)) acts on pyy, = R trivially and on @ € py,49 = H as kjzk; ! (quaternionic

multiplication) in both cases; and on y € p, = >~ C? as k;yt~! in case n is odd. Therefore M =
U(2q)/SU((2)xU(2q—2) (resp. U(2¢+1)/SU(2) xU(2g—1)) is an almost symmetric submanifold.

e & = 7Ady. Recall that
{( > A€ so(n BtB},
B
—A

{4 5)amcm).

The complex structure on p is given by

(5 5)-(4 8)

It follows that 7 anti-commutes with J, and so does ®. Therefore ®|,,, = —id, so St g, +
E pg, C Ty, M. This implies that for each pair 4, j at least one of Po,+o, is contained in T, M.
The description above of Po,+p, aS the Ky-representation of real type

(SO(4) = Sp(1)(:)Sp(1)(j), R* = Hon HY)

and
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shows that J must map pg, g, t0 Py, g, (this can also be checked directly from the formulae
in [Loo69, p. 116]).

Fix 4,7 and note that py, g, + Pg,_p, is a P-invariant complex subspace of real dimension 8.
Therefore ® has 4 eigenvalues +1 and 4 eigenvalues —1 there. Thus it must be that one of py, .,
is contained in v,,M and the other one in 7,,M. Recall that ® anticommutes with J, so if n is
even this means that ® = —id on T, M which is a contradition. If n is odd, this means that ®
can still have a (41)-eigenvalue on p,; (C T,,M) for some ig. But p, is a ®-invariant complex
subspace of real dimension 4, therefore ® has 2 eigenvalues +1 and 2 eigenvalues —1 there, which
is also a contradiction. Hence we get no other examples in this case.

7.5. Real Grassmannians (BDI). The space is the Grassmannian of oriented planes X =
SO(p+q)/SO(p) x SO(q), and the bottom space is the Grassmannian of unoriented planes SO (p+
q)/S(O(p) x O(q)). The transvection group is SO(p + q) if p or ¢ is odd, and SO(p + q)/Zs if p
and g are even. We may assume p > ¢ > 3 (¢ = 2 yields a Hermitian symmetric space), and p # q,
g+ 1 (for otherwise X is a space of maximal rank). Then the Dynkin diagram is B,. We suppose

e:{( A B) : Aeso(g),Beao(p),},

and take
q

a="> R(Eigi— Egrii)-
i=1
Assume M = Kayg is almost symmetric, with almost symmetry ®. Then ®|, = id.
e ® is inner. In view of Lemma and the Satake diagram, this must be the case if n = p+ ¢ is
odd. So ® = Ad, for some g € Zy,k)(a) = Z3 x SO(p — q). By relabeling the entries, we may
assume that

where A € SO(p — q) (A has order 2, so it can be further assumed to have only diagonal entries
+1, up to conjugation). It follows that <I>|p9iiej =idifl<i<j<rorr+4+1<i<j<yg,
and <I>|peii9j = —id otherwise. In particular, at most one of py, 4 or py, g, for some i < j <r
or r+1 <4 < jis contained in T, M. It is clear that at least one of them must be contained
in T,,M (otherwise all 6;(ag) = 0). By relabeling the indices, we may assume 6, + 62(ag) # 0,
01 — 02(ap) = 0 and 6; £ 0;(ap) = 01if ¢ < j < r and (i,j) # (1,2), or r+1 < i < j. And
0; £6,(ap) # 0if i <r < j. The only solution, up to scaling, is

T = 2, 91(0,0) = 02(0,0) = \/TL 93(&0) = - ‘aq(ao) = O

Now
q q q q
TooM =pg, 10, + Do, + g, + ZP01+9_,- + Zpalfaj + ZP02+9_,- + Zpagfaj’
j=3 j=3 j=3 j=3
where ® = id on the first summand, and ® = —id on the other summands.
Note that
Ip.q-2
(7.12) g= Iy 42
Ip—q

indeed does the job, so we get an almost symmetric submanifold M = S(O(p) x O(q))/S(0O(2) x
O(p—2) x 0(g - 2)).

e & is not inner. This can happen if n is even. The only difference from above is that A € O(p—q),
but this does not affect the above argument.
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7.6. Quaternion-Kéahler symmetric spaces. We prove the next proposition just in the degree
of generality needed for the sequel.

Proposition 7.2. Let X' be a reflective submanifold of mazimal rank of a symmetric space X of
exceptional type, with o € X'. If M is an almost symmetric s-orbit in T, X, then M' = M NT,X’
is either an almost symmetric or a symmetric s-orbit in T,X'.

Proof. Let g = € + p be the involutive decomposition under o of the Lie algebra g of the
transvection group of X. The reflective property of X’ implies that there is an involutive auto-
morphism 7 of g that commutes with o such that the fixed point set p” = T, X’, and g” = €7 +p”
is the involutive Lie algebra associated to the symmetric space X’. Since X’ has maximal rank,
we can take a common Cartan subspace a C p” C p. Write as usual

E=t+ > to,p=at > P,
aeAt aEAT
Consider the s-orbit M of X through a given point a € a, and a non-zero tangent vector v =
[z,a] € p, at a, where x € ¢,. In particular, a(a) # 0. Assume that v € T,X’. Then v = v, so
Tz —x lies in the isotropy algebra £,. Since 7|, = id, we have 7(8,) = 4, so in fact 72—z € (£,)q-
Owing to a(a) # 0, the latter isotropy algebra is zero, which yields 72 = x. Hence z € ¢ and v
is tangent to the the s-orbit of X’ through a. This shows that M’ is the s-orbit of X’ through a.
Recall that
TM= > povaM=a+ > p,
aza(a)#0 aza(a)=0
Since 7|, = id, we have 7(p,) = p,, for all o. In particular
ToM =T,M" T M7, vuM =v,M™ v, M.
—T M

Let ® be an almost symmetry for M. Then ® = v|, for some involutive automorphism v of g.
Since X is of exceptional type, we may conjugate v and assume that v and 7 commute [Con69].
It follows that the +1-eigenspaces of v on p decompose with respect to p = p™ + p~ 7. Note that

v=id on y,M™ = vy, M’ C p”. Next there are two cases: either v = —id on T,M’ or v has an
eigenvalue 1 of multiplicity 1 in T,M’; these two cases corresponding accordingly to M’ being
symmetric or almost symmetric. This completes the proof of the proposition. O

7.6.1. Ezceptional spaces. There is one irreducible gK symmetric space for each simple Lie group.
We first consider the spaces of exceptional type. Note that G2/SO(4) and F,/[Sp(3)Sp(1)] are
spaces of maximal rank and thus they have already been dealt with; in particular, Fy/[Sp(3) -
Sp(1)] gives rise to exactly one almost symmetric submanifold. Next, there is a chain of reflective
submanifolds:

Fy/[Sp(3) - Sp(1)] € Ee/[SU(6) - SU(2)] C E7/[Spin(12) - SU(2)] C Es/[E7 - SU(2)],

or FI C EII C EVI C EIX. All spaces have rank 4 and indeed Dynkin diagram Fy. The almost
symmetric s-orbit of F'I is the s-orbit through ag € a defined by
a1(ag) = V-1, as(ag) = as(ag) = as(ag) = 0.

And there are no symmetric s-orbits in F'I (cf. [ET20]). It follows from Proposition that, in
the other three cases, it is only the s-orbit through the same point ag € a that has a chance of
being almost symmetric. That orbit is indeed almost symmetric in those three cases, because the
almost symmetry for F is given by ® = e™dao |p, and this clearly extends to an almost symmetry
in the other three spaces (as in all cases ®|,, = (—1)"(*) the root system is Fj, and the only
a € AT for which nj(a) is even and nonzero is the highest root §, which has multiplicity one).

7.6.2. Quaternionic Grassmannians. We consider the case CT1, that is, X = Sp(p + q)/[Sp(p) %
Sp(q)], where p > g > 2. This is also the bottom space, except in the case p = ¢ in which the
bottom space is the Zo-quotient by the map § : x — x that takes a g-plane to its orthogonal
complement in 2¢g-space. There are no symmetries of the Satake diagram, so we need to consider
the following two cases only.
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e O does not involve . Here ® = Ady, for some k € Ky 2 Sp(1)? x Sp(p — q) of order 2. It follows
that & = (£1,...,%1, 4) for some A € Sp(p — ¢). In particular @|p ~=id foralli=1,...,q.

Now for at least one index i we must have pyy, C Ty, M, and pyy. has dimension 3, so there cannot

exist an almost symmetric M = Kag.
e & involves 3. Here p = g and ® = Ad,, for some k € K and go as in (7.10). We suppose

e:{( A B) : Aesp(q»Besp(q),}?

v={(_z 7)) zeuemn.],

q
0= R(Eigpi — Egyii)

=1

where Z* = Z*, and take

We have Ady, (Z) = Z*.

The Dynkin diagram is Cy, where 6; & 0; has multiplicity 4 and 26; has multiplicity 3. Now
Plp,, = —id, 50 pyg, C Ty M for all i. Also (I)|Peiiej = :|:Adk|p9ii9j, but dimpg, 4o, = 4, so it is
impoésible to have an almost symmetric M = Kay.

This completes the case-by-case analysis of irreducible symmetric spaces of compact type and
the proof of part (a) of Theorem

8. CLASSIFICATION IN THE CASE OF NON-S-ORBITS

Herein we deal with almost symmetric homogeneous submanifolds of Euclidean space that are
not orbits of s-representations.

Let M be a full irreducible compact almost symmetric homogeneous submanifold of an Eu-
clidean space V' which is not an s-orbit. Owing to Theorem (a), M has codimension 3. Denote
by G the maximal connected subgroup of SO(V') that preserves M. Since representations of co-
homogeneity at most two are always polar, and polar representations have the same orbits as an
s-representation [Dad85], the cohomogeneity of (G, V) must be 3. Now M is a principal orbit of
(G,V) and G is the maximal connected group in its orbit-equivalence class.

Fix p € M and let o denote the (unique) almost symmetry at p. Write G for the identity
component of the group generated by G and . By construction of G, we have G = G, so o
normalizes G. Now conjugation by o defines an involutive automorphism of G and hence specifies
a possibly non-effective symmetric pair (G,G%). By uniqueness of o we have that kok™! = o
for all k € G, so the fixed point group G? contains the isotropy group Gy, and indeed with
codimension one, as the (+1)-eigenspace of ¢ on T, M is 1-dimensional.

We run through the list of representations of cohomogeneity 3; the maximal connected Lie
groups in their equivalence class are listed in [Str94, Table II]. All such representations have
copolarity one (see [GOT04] for the irreducible case and [PP18] for the reducible case), namely,
there is a 4-dimensional subspace X of the representation space meeting all orbits and containing
the normal spaces to the principal orbits it meets. The reflection on ¥ is a candidate for the
almost symmetry of a principal orbit, but it preserves the G-orbits precisely in the three cases
listed in the theorem, as we now explain.

8.1. (SO(n),R*®R"™), n > 3. A principal isotropy group is the lower block SO(n — 2)-subgroup,
and its fixed point set is the upper R? @ R? and can be taken as ¥.. The reflection on ¥ is given
by diag(1,1,—1,...,—1) and normalizes the group, hence it preserves the orbits (since it is the
identity along ¥ and ¥ meets all orbits). It follows that every principal orbit is almost symmetric.
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8.2. (U(2),V = C?>@R?). It is convenient to replace U(2) by G = U(1) x Sp(1) and describe this
action in terms of quaternions as
(eiea q) : (%y) = (qxe—wa qu_l)a

where z € H, y € SH, q € Sp(1), # € R. We identify C? = H by mapping (a, 3) to a + j3 so that
complex conjugation corresponds to conjugation by j.

The slice representation at (x,y) = (1,0) is the circle group {(e?,e??)} C G acting on SH as
rotation on the jk-plane, so it is clear that every G-orbit has a representative of the form (z,y)
with x € R and y € Ri @ Rk.

Define
1

T(z,y) = (o= —jyi ™) = (=jj, jy3)-
Then 7 is an involutive isometry of V' that normalizes G and whose fixed point set
Vi ={(z,y) eV |[r e R®& Ry, y € Ri ®REk}.

It follows that 7 preserves the orbits. Now we can take X = V7 and every principal orbit is almost
symmetric.

83. (G=U(1)xSU(n)xU(1),V=C"®C"), n>2. . We describe the action as
(A A, p) - (2,y) = (VAz, pAy),
where A\, p € U(1), A € SU(n), x, y € C". We have the isotropy group
Gleroy =N (P g)p) [ BeEUMm—1),A"" =det B, € U(1)},
so that the iterated isotropy group
(Gero)erren = {05 (Ta ) AT CeUm=2),A72 = detC},
Zo x Un — 2)

1%

is a principal isotropy group for n > 3, but the principal isotropy group is trivial for n = 2.

Any symmetric subalgebra of g = u(1) @ su(n) ® u(1) has to split into symmetric subalgebras
of the factors. For n > 3, it is clear that R @ g, ¢, 4e,) T RO u(n — 2) cannot be a symmetric
subalgebra of g.

On the other hand, for n = 2 we consider the complex conjugation of C2 & C2 over R? & R2,
denoted by o. It is clear that ¢ normalizes G. Since ¥ = R? @ R? meets every G-orbit, o preserves
the G-orbits and hence every principal orbit is almost symmetric.

8.4. The other cases. These are ruled out case-by-case by checking that there is no symmetric
subalgebra of the form g, ® R of g.

9. INHOMOGENEOUS ALMOST SYMMETRIC SUBMANIFOLDS

In this section we discuss some results about the inhomogeneous case. In particular we show
that a inhomogeneous almost symmetric submanifold is of cohomogeneity one, and we construct
examples of compact full irreducible almost symmetric submanifolds of FEuclidean space with
cohomogeneity one. A fuller investigation will be the subject of future work.

The simplest example of compact full irreducible almost symmetric submanifold of Euclidean
space of cohomogeneity one is as follows.

Ezample 9.1. Let M be an ellipsoid of SO(n)-revolution in R™ x R = R"*! which is not a sphere.
Then M is foliated by n — l-spheres, each such n — l-sphere ¥ spans an affine subspace (%)
parallel to R™ x {0}, and the almost symmetry at a point in X, different from the two vertices,
is the reflection on the affine 2-plane (X)+. Note that M contains singular orbits of the isometry
group SO(n), namely, the vertices. Of course, at the vertices almost symmetries exist and are
not unique. If we delete the vertices from M, we get an example of incomplete almost symmetric
submanifold.

A more general construction is given by the following family of examples.



ALMOST SYMMETRIC SUBMANIFOLDS 23

Example 9.2. Contemplate an irreducible s-representation of a compact connected Lie group K
on R™, and suppose that K - w is a symmetric orbit. Consider also an action of G = SO(k;) X
SO(ky) x K on R* @ R*¥2 §R™ in the standard way, and fix v = e; + e3 +w, where where ¢; € R¥:
is of unit length for ¢ = 1, 2. Finally, define the curve v(¢) = a cos(t)e; +bsin(t)es + (cos(2t) +2)w,
with arbitrary a, b > 0. Then the image of (t) is invariant under the reflection on e;- for i = 1, 2
(in the space Re; @ Res @ Rw), and it is easy to see that G -y(R) is an extrinsic almost symmetric
submanifold diffeomorphic to S*1+*2=1 x K ..

Finally, we discuss why the cohomogeneity one property of the above examples is not unex-
pected. Indeed below we shall consider a more general situation of an intrisically almost symmetric
space M, namely, for each p € M there exists an (intrinsic) isometry of M of order 2 fixing p and
having a fixed point set of dimension 1 in 7, M.

We start with a complete Riemannian manifold M, and let K be a (possibly disconnected)
closed subgroup of its isometry group. Then K acts properly on M, and the K-orbits in M
are properly embedded submanifolds. Assume that K does not act transitively on M, and fix
a connected component N of a K-orbit, so that N = K% for some p € M. Let 7 be an open
tubular neighborhood of N in M. We can and will assume that 7 has radius € > 0 smaller than
half of the distance from N to any other connected component of Kp. Denote by 7 : T — N the
map that assigns a point in T to its closest point in N.

Lemma 9.3. The isotropy groups K, C K.y for all 2 € T.

Proof. For z € T, there is a unique shortest geodesic segment v from z to w(z). Let k € K.
Then k o v is a geodesic segment of the same length from z to Kp = K - N. By our choice of ¢,
we must have k- N = N. Due to the uniqueness above, k oy = v. In particular, k7 (z) = n(z), as
wished.

Remark 9.4. If M as above is in addition almost symmetric, and we take K to contain the almost
symmetries at all points, then we see that the almost symmetry o, at z € T \ N is unique. In
fact it must fix the geodesic v through z = (0) and ¢ = w(z) = (1). It also follows that
do.(7'(1)) =4'(1), and that o, is an almost symmetry at g. This construction indeed shows that
for all ¢ € N and all £ € v, N, there exists an almost symmetry of M at ¢ fixing £. It follows that
almost symmetries along points of N are not unique if the codimension of N in M is bigger than
one.

We have come to the proof of of the next main result of the paper.

Proof of Theorem [2.3 Let p € Q. Then Kp is a principal orbit. It follows that the slice
representation at p is trivial. If o is an almost symmetry at p, then o € K, so do,, is the identity
on vp(Kp) C T,M. But the fixed point set of do, in T,,M is one-dimensional, therefore we must
have dim v, (Kp) = 1. Since Kp is a principal orbit, this proves (a). Also the fix point set of do,
must be v,(Kp), so this completly determines o and proves (b).

Let N be a K°-orbit of the codimension & > 2. Owing to Remark forallp € Nand & € v, N,
there exists a unique almost symmetry o¢ at p such that d(o¢),(§) = &; then we necessarily have
d(o¢)plT,n = —Id7,N. If §, n € N are linearly independent, then o¢ o 0, € K, and d(o¢ 0 o),
is a rotation in the 2 -plane IT spanned by &, 1, and the identity on the orthogonal complement IT+
in T, M. If we take £ and 7 forming an angle incommensurate with m, the cyclic group generated
by o¢ o 0, acting on II is dense in SO(IT) = SO(2). Let H denote the closure of the subgroup of
K, generated by products o¢ o 0, where {, € v, N are linearly independent. It is clear that H
is a connected subgroup of K. Since II can be any 2-plane in v, N, the above discussion shows H
acts on T,M = T,N @ v, N as Id x SO(v,N). Since the isotropy representation is faithful, the Lie
algebra of H is isomorphic to so;. Note that H is a normal subgroup of K° (and more generally
of the K-stabilizer of V), since it precisely consists of those elements that act trivially on N. This
proves (c) and (d), because N is the connected component through p of the fixed point set of H.
Finally, part (e) is immediate from the existence of the almost symmetry o¢ of M fixing any given
¢ € v4(K¢) and restricting to minus identity along T,(K¢q), where ¢ € M is arbitrary. O

We will use the following lemmata in the proof of Theorem [2.4] the proof of the first one being
strightforward.
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Lemma 9.5. Let G, H, K be Lie groups such that K is a compact subgroup of G and H is
compact, and let p : K x H — O(V) be a representation such that p(K) is trivial. Then the map

O: (Gx HgxgV — G/K xV, ®[(g,h),v] = (9K, hv)
between homogeneous vector bundles over G/K defines a G-equivariant diffeomorphism.

Lemma 9.6. ([AA93] [GWZ08],[Bre72, Ch. IV, Thms. 8.1 and 8.2]) A cohomogeneity 1 Riemann-
ian manifold is determined by its isotropy groups.

Proof of Theorem[2.4 Let M be a simply-connected complete almost symmetric space. Denote
by K its group of isometries. Suppose that M is inhomogeneous. Due to Theorem [2.3] K acts on
M with cohomogeneity 1 and has principal orbits that are symmetric spaces. It follows that the
principal orbit K/H is the product of certain irreducible symmetric spaces, and the regular set
M4 is a multiply warped product (0,1) x ; K/H where the metric on N is scaled independently
on each factor.

We also know that there are no exceptional orbits, and that K and K° have the same or-
bits [GWZ08, pp. 41-42]. For the sake of simplicity, in the sequel we work with K° and drop the
superscript from the notation.

According to [Mos57], the orbit space M/K is one of the following:

(a) (0,1);
(b) S*;

(C) [Ov 1)?
(d) [0,1].

In case (a) there are no singular orbits and M = (0,1) xy K/H. Case (b) cannot occur due to
the assumption that M is simply-connected.

The following remark will be useful. Suppose ¢ € M is a singular point, and denote by k > 2 the
codimension of the singular orbit N = Kq in M. Then N is a symmetric space and K = L x Kj,
where K1 = SO(k). Also, the isotropy group K, = L, x K1, and a tubular neighborhood of N in
M is diffeomorphic to

K xg,RF = L/L, x RF = N x RF,
namely, a product, by Lemma [0.5]

In case (c) there is only one singular orbit, so we deduce that M is a Riemannian product
L/H x R*, where L/H is a simply-connected symmetric space and R* carries a rotationally
invariant metric.

In case (d) there are two singular orbits, and there are two subcases. In the first one, K =
K x Ky x L, where K; 2 SO(k;), k; > 2 and ¢ = 1, 2. The principal orbits are symmetric spaces
Ki/H; x K3/Hy x L/H, and the singular orbits are Ky/H; x L/H and Ky/Hy x L/H, where
Hi = SO(]Q - ].) for i = ]., 2.

The action of K; x Ky = SO(k;1) x SO(kg) on Skitk2—1 < RF1 x R*2 has cohomogeneity 1
with singular isotropy groups H; x Ko and K7 x Hs, and principal isotropy group Hi x Hy. Let
now (K1 x Ky) x L act on S¥1%2=1 x [/ H componentwise. This is an action of cohomogeneity 1
with isotropy groups as above and hence M is diffeomorphic to S*¥1+*2=1 x L/H by Lemma
The principal orbits are S x S* x L/H. The admissible metrics scale the two spheres and
each irreducible factor of L/H independently as a function of ¢, the arc-length parameter along a
normal geodesic.

The second subcase is K = K; x L, where K7 = SO(ky) for k1 > 2. The principal orbits are
symmetric spaces K1/Hy x L/H, and the two singular orbits are Ky/Hy x L/H, where H =
SO(k; —1). Here M is diffeomorphic to S*t x L/H. The principal orbits are S¥1=1 x L/H, and
the admissible metrics scale the sphere and each irreducible factor of L/H independently as a
function of ¢, the arc-length parameter along the normal geodesic.

Hence in either subcase M is as stated in the theorem. O
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