TRANSLATES OF COMPLETELY NORMAL ELEMENTS AND
THE MORGAN-MULLEN CONJECTURE

THEODOULOS GAREFALAKIS AND GIORGOS KAPETANAKIS

ABSTRACT. Denote by Fy the finite field of order ¢ and by Fy» its extension
of degree n. Some a € Fyn is called primitive if it generates the multiplicative
group Fyn and it is called q"™ /g-normal if its Fg-conjugates form an F4-basis of
Fgn if the latter is viewed as an Fg-vector space. Furthermore, some a € Fyn is
called q"/q-completely normal if it is ¢ /q%-normal for all d | n. In this work
we prove a new construction of sets of completely normal elements and we
establish, under conditions, the existence of elements that are simultaneously
primitive and ¢™/g-completely normal, covering some yet unresolved cases of
a 30-year-old conjecture by Morgan and Mullen.

1. INTRODUCTION

Throughout this text ¢ will denote a power of the prime p and n a positive integer.
Further, F, will stand for the finite field of order g and Fy» for its extension of degree
n, while for any d | n, F,a will stand for the corresponding intermediate extension.

Some a € Fyn is called primitive if it generates the multiplicative group Fy..
It is well-known that every finite field contains primitive elements, see |24, Theo-
rem 2.8], while primitive elements of finite fields are important for both theoretical
and practical reasons, with their most notable applications found in areas such as
cryptography and coding theory.

On the other hand, some a € Fyn is called ¢"/g-normal (or normal over F, or
just normal) if its Fy-conjugates, that is the set

{o(a) : 0 € Gal(Fgn /Fy)} = {a,a?,...,a?" '},
forms an F-basis of Fy» when the latter is viewed as an F4-vector space. A basis of
this form is called an ¢"/q-normal basis. The existence of these elements is known.

Theorem 1.1 (Normal Basis Theorem). There exists some a € Fyn that is ¢"/q-
normal.

For a proof of the above, we refer the reader to [24, Theorem 2.35]. Although
primitive elements are more commonly employed for practical purposes than normal
elements, the latter category is important for both theoretical and practical reasons
on its own right, with their most notable applications found in areas where efficient
finite field arithmetic is important, such as coding theory or radar technology.
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A natural question is whether there exist elements of Fy» that combine both
of the above properties. The answer to that question was given by the following
celebrated result.

Theorem 1.2 (Primitive Normal Basis Theorem). There exists some a € Fyn that
is simultaneously primitive and ¢" /q-normal.

The above was initially established in 1987 by Lenstra Jr. and Schoof [23], but
Cohen and Huczynska [9] gave a computer-free proof in 2003. Both of these works
employ the character sum method, which we will also employ in this work. Roughly
speaking, this method is used in existence questions. In its typical application, the
number of elements of interest is expressed as a sum that involves characters. Then,
the sum is split in two terms: the main term and the error term. The main term
corresponds to all the characters being trivial and the error term is the remaining
sum. The existence assertion follows, should the difference of the two terms be
nonzero.

A natural question that arises from Theorem @ is whether some a € Fg» can
be normal over the intermediate extensions of Fgn /F,. In particular, a € Fgn is
called ¢" /q-completely normal (or just completely normal) if it is ¢"/q%-normal for
all d | n and the existence of such elements has also been established.

Theorem 1.3 (Completely Normal Basis Theorem). There exists some a € Fyn
that is q"/q-completely normal.

The above was initially established in 1986 by Blessenohl and Johnsen [6], but
with general Galois extensions in mind. Later on, in 1994, Hachenberger [14] gave
a simplified proof that is specific to finite field extensions.

A simple glimpse to Theorems and [[.3] immediately leads to wondering
about the existence of elements of Fy» that are, at the same time, primitive and
completely normal. Thus, we say that the extension Fyn/F, possesses the MM
property if it contains an element a € Fy» that is primitive and completely normal.
In fact, in 1996 by Morgan and Mullen [27] stated the following.

Conjecture 1.4 (Morgan-Mullen). Every finite field extension possesses the MM
property.

The above, as we will see in some detail in Section [2] has been partially estab-
lished. In particular, we know that certain families possess the MM property and
the conjecture has been directly verified by computational means, for numerous
small finite field extensions, while no counterexample has been found. This evi-
dence strongly suggests the validity of this conjecture, which is, however, not yet
fully resolved.

The aim of this work is to make an additional step towards the proof of Conjec-
ture[I.4] by establishing that new families of finite field possess the MM property, by
adding a new weapon to the arsenal found in the literature, for the researcher will-
ing to attack this problem, and by demonstrating that new algebraic constructions
of completely normal elements can be used to attack Conjecture [L.4]

Towards this end, we introduce the family of partially completely basic finite
fields extensions and establish that, under conditions, these extensions possess the
MM property.

This paper is organized as follows. In Sect.[2]we present the known conditions un-
der which Conjecture[1.4]is known to hold. In Sect. [3] we present some background
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material that we will use along the way. In Sect.[d we establish a novel construction
of sets of completely normal elements, see Proposition [4.8 and Theorem In
Sect. [p| we introduce the family of (ni,ns)-partially completely basic extensions of
finite fields and prove novel conditions that ensures the existence of elements that
are primitive and ¢"/g-completely normal for such extensions, see Theorems
and In Sect. [6] we establish an asymptotic result for (ni,ns)-partially com-
pletely basic extensions to possess the MM property (see Theorem . In Sect.
we explore the computational aspects of our work. In particular, we describe an
algorithm that takes advantage of our theoretical arguments to establish the MM
property for (ni,ng)-partially completely basic extensions, for fixed np, see Sub-
sect. Then, in Subsect. [7.2] we use the algorithm to settle the ny = 2 and
ny, = 3 cases, see Theorem @ and comment on the ny = 4 case. We conclude this
work with a small discussion about future additions or improvements to this line
of research in Sect.

2. TOWARDS THE PRIMITIVE COMPLETELY NORMAL BASIS THEOREM

We will split our exhibition of previous results depending on the means that
workers that attacked Conjecture[I.4 have adopted in the past, rather than a strictly
chronological order. The first and most obvious method is direct verification with
the help of computers. This is in fact the method that Morgan and Mullen [27]
used in order to support Conjecture

Theorem 2.1 (Morgan-Mullen). Suppose that ¢ < 97 and ¢" < 10°°. Then Fyn /F,
possesses the MM property.

Later still, with the help of more modern equipment, advanced computational
methods and theoretical arguments, Hachenberger and Hackenberg [21] extended
the original Morgan-Mullen verifications as follows.

Theorem 2.2 (Hachenberger-Hackenberg). Suppose that

(1) n <202 or
(2) g <10* and ¢" < 108°.
Then, Fyn /F, possesses the MM property.

However, most of the advances towards establishing Conjecture [I.4] have been
achieved with theoretical means. A first observation is that all completely normal
elements are, by definition, normal, but the inverse is true only for certain finite
field extensions. So, the following definition is essential.

Definition 2.3. Let Fy»/F, be such that every ¢”/¢-normal element is ¢"/g-
completely normal. Then the extension F,» /F, is called completely basic.

For the case of completely basic extensions, Conjecture is directly implied
by Theorem thus, if Fyn /F, is completely basic, it possesses the MM property.
Clearly, if r is prime, F, /F, is completely basic, but this is not the only family of
completely basic extensions. In fact, we have the following complete characteriza-
tion of this family by Blessenohl and Johnsen [7].

Theorem 2.4 (Blessenohl-Johnsen). The finite field extension Fyn /Fy is completely
basic if and only for every prime divisor r of n, r{d, where d stands for the order
of ¢ modulo the relatively prime to q part of n/r.
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In particular, see |18, Example 5.4.19], this family includes cases such as n = r2
(where 7 is a prime number), n | ¢ — 1 or n = pF, where k is arbitrary and
p = char[F,.

Another family that is of interest for us is the following.

Definition 2.5. If ged(n,d) = 1, where d is the order of ¢ modulo the product
of the prime divisors of n that do not divide ¢, then Fyn/F, is called a regular
extension.

Completely basic extensions are clearly regular extensions. But, see [18, Exam-
ple 5.4.47], this family also include extensions Fyn /F,, where the set D = {r | n:
r prime} satisfies

(1) [D| =1, or,
(2) for every r € D we have that r | ¢ — 1 or r | g, or,
(3) D C {7, 11, 13, 17, 19, 31, 41, 47, 49, 61, 73, 97, 101, 107, 109, 139, 151,
163, 167, 173, 179, 181, 193}.
Also, Fygn /Fg is regular if n is a power of a Carmichael number. It has been
established that regular extensions possess the MM property.

Theorem 2.6 (Hachenberger). Regular extensions possess the MM property.

The above was initially partially established by Hachenberger [16,/17] and, sub-
sequently, fully established by the same author [20]. Furthermore, we note that,
the establishment of Theorem required deep understanding of the underlying
module structure of finite fields and combines algebraic and character sum methods.

Last but not least, some efforts have been made with the adoption of combi-
natorial and character sum methods. Namely, in 2016, Hachenberger [19] used
elementary combinatorial arguments in order to obtain the following.

Theorem 2.7 (Hachenberger). Suppose that

(1) ¢>n""? and n > 17, or,
(2) ¢>n® and n > 37,

then Fyn /IF, possesses the MM property.

It is worth mentioning that the results of [19] depend on an estimate of the
number of ¢" /g-completely normal elements, that derives from combinatorial argu-
ments and does not depend on the prime decomposition of n and its relation with
q.

Inspired by this work, the authors adjusted the character sum method accord-
ingly for this setting. More precisely, in [12,|13], the main term of the authors’
application of the method was manipulated in a way that it equaled the number
of ¢"/g-completely normal elements. This lead to the following improvement of
Theorem [2.7|in [13].

Theorem 2.8 (Garefalakis-Kapetanakis). If the part of n that is relatively prime
to q is smaller than g, then Fyn /I, possesses the MM property. In particular, all
extensions Fon /Fg with n < q possess the MM property.

Soon after, with more attention given to technical details, the above was further
improved in [12] by the same authors.

Theorem 2.9 (Garefalakis-Kapetanakis). If either
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(1) n is odd and n < ¢*/3, or,
(2) n is even, ¢ — 1{n and n < ¢°/4,

then Fyn /IF, possesses the MM property.

Here, we remark that, in this section, emphasis was given to the end results
regarding the existence of primitive and ¢"/g-completely normal elements, which
is also the object of this work. However, in addition to this question, there are
many interesting related questions, such as the distribution of these elements. We
refer the interested reader to the references of this work and in particular to related
textbooks [15,/18,/22] and the references therein.

3. PRELIMINARIES

As we mentioned in Sect. [} in this work we will take advantage of the character
sum method. In this method, characters and their sums play a crucial role in
characterizing elements of finite fields with the desired properties and in estimating
the number of elements that combine all the desired properties.

Definition 3.1. Let & be a finite abelian group. A character of & is a group
homomorphism & — C*. The characters of & form a group under multiplication,
which is isomorphic to &. This group is called the dual of & and denoted by ®.
Furthermore, the character xo : & — C*, where xo(g) = 1 for all g € &, is called
the trivial character of &. Finally, by ¥ we denote the inverse of x and observe
that, for every g € & and y € &, Ix(g9)| = 1.

The finite field Fy» is associated with its multiplicative and its additive group.
From now on, we will call the characters of Fy. multiplicative characters and the
characters of Fyn additive characters. Furthermore, we will denote by xo and g
the trivial multiplicative and additive character respectively and we will extend the
multiplicative characters to zero with the rule

if y € Fr.
e o HxF e
1, if x = xo.

A character sum is a sum that involves characters. In this work we will use the
following incomplete character sum estimate.

Theorem 3.2. Let Fyn /F, be a finite field extension and take x a multiplicative
character of Fyn and v an additive character of Fy, such that not both of them are
trivial. Further, let a € Fyn be such that Fq(a) =Fgn. Then

S xla+ cpule)| < ng'/2.

cel,

The above follows from the main result of [11]. However, an alternative simplified
proof was established recently, see [26)].

The additive and the multiplicative groups of Fy» can also be seen as modules.
In particular F}. (the multiplicative group) can be seen as a Z-module under the
rule roa = a”, where r € Z and a € Fy». The fact that Fy» contains primitive
elements implies that this module is cyclic.
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By using Vinogradov’s formula for generators of cyclic modules over Euclidean
domains, it follows that the characteristic function for a € Fy» being primitive is

w(a) :=0(q") Z ggg Z x(a),

dlq’ XEF;n, ord(x)=d

where ¢/ = ¢" — 1, 6(r) = ¢(r)/r, p is the Mdbius function, ¢ is the Euler function
and the order of a multiplicative character is defined as its multiplicative order in
E’g\n. Also, we stress that Fy.. contains #(q') primitive elements.

Regarding the additive group, for any d | n, F 4 can be seen as an Fy[x]-module
under the rule f oa = f(a), where § stands for the g-associate of f € Fy[z], that is,
for f =Y fiet, then = S fiad'.

Theorem implies that for all d | n, the corresponding module is cyclic. Simi-
larly, the characteristic function for a € Fg« being q%/g-normal is

) (f)
Qa(a) = 0,(F) S > v,
' AN YEF a4, ord(¥)=f

where Fj = 2¢ — 1 € Fy[z], 0,(f) := ¢4(f)/q?°8), p, and ¢, are the Mbius and
Euler functions in F[x], respectively, the first sum extends over the monic divisors
of F} in F,[z] and the second sum runs through the additive characters of F, of
g-order f. The g-order of some 1) € ﬁq:, denoted by ord(w), is defined as the lowest
degree monic polynomial g € F,[z] such that ¢(goa) =1 for all a € F,a. We note
that the g-order of an additive character of F,a divides F; and that F,« contains
¢4 (F)) elements that are ¢¢/g-normal.

Last but not least, it follows immediately from the orthogonality relations that
the characteristic function for some a € I, to be nonzero is

2(a) = 3 S (1= n(a).

nef,

4. A CONSTRUCTION OF COMPLETELY NORMAL ELEMENTS
Before we proceed, we start with the following definition.

Definition 4.1. Take some finite field extension Fy» /F, and some a € Fyn. The
set of translates of a is defined as

To={a+c:ceF,}.

In this section we will modify the following proposition, that plays an important
role in the original proof of Theorem [I.3]

Proposition 4.2 (|14, Claim (3.1.4)]). Assume that n = niny where ni,ng are
relatively prime. If a; € Fyni is ¢ /q-completely normal for i = 1,2, then ajas is
q"™/q-completely normal.

Towards this end, we will need the following auxiliary lemmas and the notion of
the trace function. The ¢"/q-trace is the function

n—1

Trgn /g : Fgn = Fy, a— Zaqi = Z o(a).
=0 o€Gal(Fyn /Fy)
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Lemma 4.3 ([14, Claim (3.1.2)]). Let nyi,no be relatively prime and assume that
some a € Fyny is ¢"'/g-normal. Then a is ¢"™"*/q"*-normal (as an element of
]FanHQ),

Lemma 4.4 (|14, Claim (3.1.3)]). Assume that n = ning where ny, ng are relatively
prime. If a; € Fyn; is Fyni /[Fy-normal for i = 1,2, then ajaq is ¢"/g-normal.

Lemma 4.5 ([25, Lemma 3.1]). Suppose a € Fyn is ¢"/q-normal and d | n. Then
Trgn qa(a) is q¢*/q-normal. In particular, Trgn jqa(a) # 0.

Lemma 4.6. Suppose a € Fyn is ¢"/g-normal. Choose some \; € Fy for i =
0,...,n—1. Then Z;:Ol \al € Fy if and only if all of the \;’s are equal.

Proof. Since a is ¢"/¢-normal, the map
n—1 )
Fp = Fgry Moy A1) 0 > Nl
i=0

is a bijection. Thus, it suffices to prove the inverse claim. For the inverse, observe
that, if \; = A for alli =0,...,n — 1, then

n—1 )
Z /\iaql = /\Tan/q(a) S Fq,
=0
while Lemma [4.5| yields that Trgn /q(a) # 0. O

We prove the following lemma.
Lemma 4.7. Suppose a € Fyn is ¢" /g-normal and take some ¢ € Fq. If p | n, then
a+ cis q"/qg-normal. If p{n, then the following are equivalent:

(1) a+ cis q"/q-normal.

(2) Trgn q(a+c) # 0.
(8) ¢ # —Trgn q(a) -n~t, where n is seen as an element of Fy.

Proof. Take
n—1
Z Ai(a+ )7 =0,
i=0

for some \; € Fy, for i = 0,...,n—1. Recall that a+c is ¢" /g-normal if and only if
the above holds only for A; =0 for all: =0,...,n—1. Now, the latter is equivalent

to
n—1 ) n—1
Z )\iaql = —C Z )\i-
i=0 i=0
Further, Lemma [4.6] entails that \; = A for every i = 0,...,n — 1, for some X € F,.
Finally, the last equation becomes
A (Trynq(a) + en) =0,
which implies the desired result, with Lemma in mind. (|

Proposition 4.8. Assume that n = niny where nq and no are relatively prime. If
a; € Fgni is ¢™ /q-completely normal for i = 1,2. If p | n, then aras + ¢ is ¢"/q-
completely normal for every c € F,. If ptn, then, for every c € Fy, the following
are equivalent:

(1) ajas + ¢ is q" /q-completely normal.
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(2) Trqn/q(alag + C) 7é 0.
(8) ¢ # —Tryng(araz) -n~", where n is seen as an element of Fy.

Proof. Recall that ajas is ¢™/g-completely normal by Proposition Next, fix
some ¢ € [Fy. Clearly, if ¢ = —n Trgn /4 (a1az) (in the case p { n), then, by Lemma
apaz+c cannot be ¢ /g-completely normal. So, from now on, we assume that either
p|n, or Trgnjg(araz +c) #0if pfn.

Now, take some d | n. If p | (n/d), Lemma yields that ajas + c is ¢"/q%-
normal. So, we may focus on the case p 1 (n/d).

In this case, Lemma implies that ajas + ¢ is ¢"/q¢%-normal if Tryn jqa(araz +
¢) # 0. However, if this is not the case, then

Trqn/q(alag +c¢)= TI'qd/q (Tl"qn/qd (aras + C)) = Trqd/q(O) =0,
a contradiction. O

Remark 4.9. The proof of Proposition [£.8 uses essentially the same arguments with
that of Proposition 1.2} only with Lemma [4.7]in mind, instead of Lemma [£.4]

Remark 4.10. For the purposes of this work, we are interested in finding ¢"/g-
completely normal elements, that have multiplicative order g™ — 1. However, the
element ajas that is obtained from Lemma [4.4] has order at most (¢"* — 1)(¢"2 —
1)/(¢ — 1). In other words the construction of completely normal elements in the
original proof of Theorem never yields primitive elements. In our opinion this
is a key factor for the persistence of Conjecture [1.4

As a corollary of Proposition [4.8] we obtain the main result of this section.

Theorem 4.11. Let Fyn /Fy be a finite field extension and let n = pi* ---p* be
the prime decomposition of n, with k > 2. Further, take some qp?i /q-completely
normal a;, for everyi=1,....k and set a = ay -+ - ay.
(1) If p | n, the set of translates T, is comprised of q"/q-completely normal
elements.
(2) If p t n, then the set Ty \ {a — Tryn/q(a) - n~'} (where n is seen as an
element of Fy), is comprised of q" /q-completely normal elements

n N1
Proof. Proposition used inductively, ensures that a; ---ax_1 is qpll"'pk—1 /q-
completely normal. Now, apply Proposition [£.8] O

Remark 4.12. Another way to attack Conjecture emerges from Theorem 4.11
Namely, Theorem links the MM property with the translate property (and its
strong version). The corresponding definitions and the details of this interesting
connection are explained briefly in Appendix [A] However, as explained in more
detail in Appendix [A] this connection is of small practical interest for the purposes
of this work.

5. MAIN CONDITION

Before we proceed further, we introduce the following family of finite field ex-
tensions that will be of interest for us.
Definition 5.1. Let Fyn /F, be an extension of finite fields, such that
(1) n = nyng, where ny,ng > 1 with ged(ny,n2) = 1 and
(2) Fgn2 /Fy is completely basic.
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Then we call the extension (n1,ns)-partially completely basic.

Remark 5.2. With the discussion on completely basic extensions in mind, see
Sect. 2] we observe that the family of partially completely basic extensions is rather
large. In particular, if n = r{"* ---r;* is the prime factorization of n, if the exten-
sion Fyn /F, is not completely basic, it is partially completely basic if n; = 1 or 2
for some ¢, if r; = p for some 4, or, if " | ¢" — 1 for some ¢, while it is clear a
fixed extension may be (n1,nq)-partially completely basic for multiple parameters

ny1 and ns.
We will also need the following technical definition.

Definition 5.3. Let X be a positive integer or a polynomial in Fy[z]. Then W(X)
denotes the number of squarefree divisors or the number of squarefree monic divisors
of X, respectively.

We are now in position to prove the main results of this section.

Theorem 5.4. Let Fyn /F, be an (n1, no)-partially completely basic extension, such
that ptn and
4-=
qg—1
Then Fyn /F, possesses the MM property.

q"*% = 2 W (¢ )W (F,,).

Proof. Theoremensures the existence of some a € Fyn, that is ¢"* /g-completely
normal. The fact that Fyn, /F, is completely basic and Proposition imply that,
if we identify some b € Fyn. and ¢ € Fj such that

(1) bis ¢"2/g-normal,

(2) ab + c is primitive, and

(3) Trgn/q(ab+c) #0,
then ab+c is primitive and ¢" /g-completely normal. In particular, Fy» /F, possesses
the MM property.

From the characteristic functions of the corresponding properties, as presented in

Sect. [3] it follows that the number of b € Fjn, that combine the desired properties

as above is
N = Z Z (ab + ¢) 2, (b)z (Tryn sq(ab + ) .

beF qn2 CEF

So, for our purposes, it suffices to show that A" # 0. We replace w and 2, with
their expressions from Sect. [l and obtain:

Z uld Z Z Z (ab+ ¢)$2,,(b)z (Trqn/q(ab + c))

XEFe, bEFgny cEF;

ord(x) d
(1) = S1 + Sq,
where S is the part that corresponds to d = 1 and S the one that corresponds to
d#1.

First we focus on S;. We have that

(2) S1= Z 2, (b) Z z (Trq"/q(ab+ C)) =(q— 2)¢q(F1;2)'

bEF 4y c€eF;;
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Then, we turn our attention to Sg We have that

tES S LG T T S S

fIF,, IF* YEF ny nel, ¢€Fg
d7$ ord(x) dord(w) f

where
Coxv.me) =Y x(ab+c)ib(b) (1 —n(Trgnjqlab+c))) .
bEFqnz
It follows that

IC(x,¥,n,0)| <

x(@)]-| Y x(a e+ b)e®)| + [x(a)n (Trgnjq(e)| - | D x(a'e+b)p(d)|,
bEF o bEF yny

where p(b) = ¥(b)n(Trgn /(ab)) is an additive character of Fyn,. Further, observe
that, since a is ¢"'/¢g-normal, Lemma entails that it is also ¢"/¢"2-normal,
thus Fyns (a) = Fyn, ie., Fgna (a7 c) = Fyn. It follows from Theorem (applied
on the extension Fyn /F,ns) that, since x is not trivial, |C(x, %, n,c)| < 2n1¢"*/2.
Furthermore, recall that there are exactly ¢(d) (resp. ¢,4(f)) multiplicative (resp.
additive) characters of order d (resp. g-order f). It follows that

52 < 2 ) = WL ata - D2ma?
(3) < ¢Z§g) W (g \W(F),)(qg —1)2n;
We combine Egs. , and and obtain that N # 0 if
(0= 200n(FL) > AW (@ WE 0 - Dom,
from where the result follows. O

For the case p | n we have the following improved version of Theorem

Theorem 5.5. Let Fyn /F, be an (n1, no)-partially completely basic extension, such
that p | n. Then, if

¢ = W(d\W(F,,),
Fqn /Ry possesses the MM property.

Proof. If p | n, the requirement Tryn» /4 (ab + ) 7& 0 is satisfied for all ¢ € F7. This
means that the term ¢ — 2 that appears in Eq. (2|) can be replaced by ¢ —1 and that
the function z can be skipped altogether. All the other arguments remain identical
as the ones in the proof of Theorem O

Remark 5.6. Note that Theorem is ineffective in the case ¢ = 2 as its condition
can never hold. In fact, our method fails in the case ¢ = 2 and n odd. The
underlying reason is that, under the assumptions of Theorem the set where
we are looking for primitive completely normal elements is the singleton {ab}, but
ab, as already mentioned in Remark [£.10] is never primitive. The case ¢ = 2 and n
even can be, however, treated by Theorem
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Remark 5.7. In the literature one can find several powerful strategies to weaken
the conditions of Theorems and such as the prime sieve [9], the modified
prime sieve [5] or the hybrid bound [4]. However, in this work, we choose to not
use any of these in an attempt to keep the text as simple as possible focus on the
novel aspects of this work.

6. AN ASYMPTOTIC RESULT

In this section, we will use Theorems[5.4)and[5.5] in order to obtain an asymptotic
condition for an (n1,ng)-partially completely basic extension to possess the MM
property. We will need the following classic result.

Lemma 6.1 ([2, p. 296]). For every § > 0, W(n) = o(n?), where o signifies the
little-o motation.

We will also need the following lemmas.

Lemma 6.2 ([23| Lemma 2.9]). Let g be a prime power and n a positive integer.
Then, we have W (F!) < 2z(ntecd(na=0) Iy particular, W(F!) < 27, while the
equality holds if and only if n | ¢ — 1. Furthermore, if ntq— 1, W(E!) < 23%/4,

For small values of ¢, we will use the following.

Lemma 6.3 (|1, Lemma 3.7]). Let g be a prime power and n a positive integer.
Then, W(F!) < 27" for some a,b € Z. In particular, for ¢ > 29, we have
(a,b) =(0,1); for 7 < q <27, we have (a,b) = (¢ —1,2) and for ¢ <5 we have the
following values for a,b:

qg a b ‘ q a b

2 14 513 20 4

4 12 3|5 18 3

We are now in position to prove the main result of this section.

Theorem 6.4. Let Fyn /F, be an (n1,nq)-partially completely basic extension,
where ngy is large compared to ny, then Fyn /F, possesses the MM property, unless
n is odd and q = 2.

Proof. First we assume ¢ > 2. Fix some n; > 2. Theorem along with Lem-
mas and implies that an (nq, ng)-partially completely basic extension pos-
sesses the MM property, given that

(?)n > 4ny - o(g™/).

This implies the result for ¢ > 4. For ¢ = 3 and 4, Lemma yields W(F},) <
9"%5 and the above condition is replaced by

V" 26/3 na/4
(\3/5 >2/n1-0(q2/)7
which settles the cases ¢ = 3 and 4. Finally, for ¢ = 2, we are confined to n even,

no+14

thus we may use Theorem instead. Now, Lemma entails W(F),) <275
and the above condition is replaced by

23n2/10 > 214/5n1 . 0(21'7,2/5)7

which completes our proof. ([
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7. COMPUTATIONAL ASPECTS

In this section we explore the computational aspects of Theorem [5.4 First,
with the condition of Theorem in mind, we see that a concrete expression of
Lemma [6.1] is needed.

Lemma 7.1 (|9, Lemma 3.7]). For any a € N and a positive real number v,
W(a) < Cl(,a) -V where C,Ea) = Hle 2/(p§/") and p1,pa,...,ps are the primes
less than or equal to 2¥ that divide .

Let p1,...,ps be all the primes less or equal to 2¥. We note that, in this section,
in addition to the number Cl(,a) defined above we will use the following two numbers:

(1) ¢, :=TT:_, 2/(p)""). Clearly, ¢\ < C, for all a € Z.
(2) For any 1 < j < s, el = Cl,p;/'//Q. Clearly, e < el for all a € Z
with p; { a.

Furthermore, the number Cl(,a) in the statement of Lemma can be freely replaced
I

by either C,, or, if the prime r < 2" does not divide a, by Cy".
7.1. An algorithm for the MM property. Now, we present an algorithm, that
takes nq as its input and aims to establish that all (nq,ns)-partially completely
basic extensions possess the MM property is given. The algorithm is comprised by
the following steps:

Step 1 Set nyi, as the minimum value of ns that is not covered by Theorem
for the given ny.

Step 2 For no = nyin, find ¢max, the minimum prime power g that satisfies the con-
dition of Theorem here the numbers W (F},,) and W (q') are estimated
by Lemmas and respectively. We note that, with the notation of
Lemma , we take v = 4n; and we bound the constant Cif:m*l) by the
generic bound Cyyp,. At this point we are left with a finite number of prime
powers ¢ that are not covered.

Step 3 For each prime power 3 < ¢ < ¢max, find the maximum value of no, n&‘f&x,
not satisfying the condition of the previous step. Note that in this step,
every ¢ is treated as fixed, the sharper estimate CEZ]I (where p stands for
the unique prime divisor of ¢) is employed over the generic C4y,, and ng is
treated as a variable. Upon completion, for each prime power 3 < ¢ < ¢max,
we are left with a range nyin < ng < n](g(fgx of yet unsettled cases

Step 4 For each prime power 3 < g < gmax and integers npyin < ng < nEg;X, we
explicitly identify which values of ny are such that

o Fyno /F, is completely basic,

e gcd(ng,ne) =1, and

° qn1n2 > 1080_
The first two conditions ensure that the extension Fynin.F, is (11, na)-
partially completely basic and the third one that the extension is not al-
ready covered by Theorem [2:2] At this point, we are left with a finite list
of pairs (g,ns2) that correspond to the (ni,ns)-partially completely basic
extensions not already covered.

1Here, observe that since the sharper C4[1€11 is favored over the generic C4y, of the previous

step, it is possible that ngf;x < Mmin; this means that the corresponding prime power ¢ is settled.
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Step 5 For each of these pairs we check the condition of Theorem [5.4] where
W(F},) is explicitly computed and W (q’) is estimated by Lemma

where, under the notation Lemma v = 4n; and the constant nglnz_l)

is explicitly computed. Remove from the list of possible exceptions the
pairs that pass this test.

Step 6 For the remaining pairs we check the condition of Theorem [5.4] where
W(F,,) and W(q') are both explicitly computed. Remove from the list of
possible exceptions the pairs that pass this test.

Step 7 If the list of possible exceptions remain nonempty at this point, return
FAIL.

Step 8 Now, we move on to the case ¢ = 2. We repeat Steps with the differ-
ence that Theorem [5.5 is used over Theorem [5.4] and that, in Step [ we
additionally demand ns to be even.

Step 9 If the list of possible exceptions remain nonempty at this point, return
FAIL. Otherwise, return SUCCESS.

The rest of this section is dedicated into applying this algorithm in an attempt
to establish the MM property for (ng,ns)-partially completely basic extensions for
small values of nj.

7.2. Concrete results. We successfully applied the algorithm of Subsect. for
n1 = 2 and n; = 3, while we obtained partial results for ny = 4. Namely, we
establish the following theorem.

Theorem 7.2. Let Fyn /F, be an (ni,nq)-partially completely basic extension.
Then Fyn /F, possesses the MM property in the following cases:
(1) ny =2 or3.
(2) n1 =4 and either
o ¢ >199211272511189639 (~ 2 - 107),
e ny > nit =256 and q > 22271, or,
o Ny > n? = 4096.

For our calculations we used the SAGEMATH system, running on a modern lap-
top. In the following subsections we present the most important details of our
calculations.

7.2.1. The cases n1 = 2 and n; = 3. The most essential information of our imple-
mentation for the cases n; = 2 and n; = 3 is summarized in Table

# of pairs after Step
n1 ‘ Mmin C4n1 Jmax ‘EI EI @ El-EI EI-EI |§|‘l§| ‘ time
2 | 102 4514.6265 11 15 0 0 0 0 0 ~1 sec.
3 |67 1.057 -10%* 487 | 3011 0 0 11 0 0 ~30 sec.
TABLE 1. Summary of the implementation of the algorithm of
Subsect. [7.1] for ny = 2 and n; = 3.

We note that the zeros appearing in the columns under Steps [0 and show
that the application was successful. The zeros in the columns under Steps [5] and
8lf5 show that we never had to resort to computing W(q'), which is an expensive
computation, as the computer should first factor ¢"*™2 —1 into primes. Furthermore,
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the zero in the entry that corresponds to ny = 2 and Step [BJ] is the result of the
fact that, in this case, we expect na to be both odd (as it has to be relatively prime
to n; = 2) and even (as it has to be divided by p = 2).

Next, in Table [2, we present the numbers appearing in Step [3| for n; = 2 and, in
Table [3] we present the numbers appearing in Step [3| for n; = 3. We note that in
Table [2] the case ¢ = 2 is missing, as, we already explained, this case is irrelevant
and, in Table [3] the entries that correspond to ¢ = 2 derive from Step |3

(9) Q[lp] ‘q (9) Cﬁ[f] ‘q (9) C[p]

qd Mmax Nmax Nmax 4n,

3 133 2589.5959 |4 108  2461.6176 | 5 81 2760.3433
7T 84 2878.9167 | 8 68 2461.6176 | 9 60 2589.5959

TABLE 2. Prime powers 3 < ¢ < @max, the corresponding n,(g;x

(]
4n

and the corresponding value of Cj,,, for ny; = 2.

(9) C[p] (q) C[p] (a) C[zﬂ

Tmax 4nq q Tmax 4ng q Tmax 4ng

1666 5.6008 - 1073 | 3 599  5.7933-10% | 4 517  5.6008 - 1073
357  6.0453-10%3 |7 421  6.2172-10% | 8 341  5.6008 - 1023
9 294  5.7933-10%3 | 11 238  6.4558-10%3 | 13 207  6.5463 - 10?3
16 179  5.6008-10%3 | 17 173  6.6943-10%3 | 19 162  6.7566 - 10?3
23 148  6.8651-10%% |25 142  6.0453-10% | 27 138  5.7933-10%
29 382  6.9990-10% |31 344 7.0380-10% |32 327  5.6008-10%
37 271 7.1425-10%% | 41 242  7.2039-10%% | 43 230 7.2325-10%3
47 211  7.2863-10%% |49 203 6.2172-10%3 |53 190  7.3597-10%3
59 175  7.4257-10%% |61 170 7.4464-10% | 64 163  5.6008 - 10%3
67 159  7.5048-10%% |71 153  7.5412-10% | 73 150  7.5587-10%
79 143  7.6086-10%% | 81 140  5.7933-10%3 | 83 139  7.6400-10%3
89 133 7.6845-10% |97 127 7.7399-10% | 101 124  7.7660-10%
103 123 7.7787-10%3 | 107 120  7.8034-10%3 | 109 119  7.8155-10%3
113 117 7.8390-10%% | 121 112  6.4558-10%3 | 125 111  6.0453-10%3
127 110  7.9156-10%3 | 128 109  5.6008 -10%3 | 131 109  7.9361-10%3
137 106  7.9658-10%3 | 139 106  7.9754-10%3 | 149 102  8.0217-10%3
151 102  8.0306-10%3 | 157 100  8.0568 - 1023 | 163 98 8.0820 - 10%3
167 97 8.0983-10%3 | 169 97 6.5463 - 1023 | 173 96 8.1222 - 10%3
179 95 8.1453-10%3 | 181 94 8.1528 -10%% | 191 92 8.1894 - 1023
193 92 8.1966 - 1023 | 197 91 8.2106 - 10%% | 199 91 8.2175 - 10%3
211 89 8.2577-10%3 | 223 87 8.2958 - 1023 | 227 86 8.3081 - 10?8
229 86 8.3142-10%3 | 233 85 8.3262-10%3 | 239 85 8.3439 - 10%3
241 84 8.3497-10%3 | 243 84 5.7933-10%% | 251 83 8.3780 - 10%3
256 82 5.6008 - 1023 | 257 82 8.3945 - 1023 | 263 82 8.4107 - 10%3
269 81 8.4265-10%3 | 271 81 8.4317-10%% | 277 80 8.4471 - 10%3
281 80 8.4572-10% | 283 80 8.4622-10%3 | 289 79 6.6943 - 1023
293 79 8.4867-10%3 | 307 78 8.5198 -10%3 | 311 77 8.5290 - 10%3
313 77 8.5336-10%3 | 317 77 8.5426-10%3 | 331 76 8.5734 - 10%
337 75 8.5863 - 1023 | 343 74 6.2172-10%3 | 347 74 8.6072 - 1023

TN

Continued on next page.
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Continued from previous page.

q n{%s Cff:l] q ni% Cﬂ q n{%s Cé[ffﬂ1

349 74 8.6113-10%% | 353 74 8.6195-10%3 | 359 74 8.6316 - 10%3
361 73 6.7566 - 1023 | 367 73 8.6475-10% | 373 73 8.6592 - 1023
379 72 8.6707-10%3 | 383 72 8.6783 1023 | 389 72 8.6896 - 1023
397 71 8.7043 -10%3 | 401 71 8.7116 - 10?3 | 409 71 8.7259 - 10?3
419 70 8.7435-10% | 421 170 8.7470-10% | 431 70 8.7641 - 1023
433 70 8.7675-10%3 | 439 69 8.7776 - 1023 | 443 69 8.7842 - 102
449 69 8.7941-10%3 | 457 68 8.8070-10%3 | 461 68 8.8134 - 1023

463 68 8.8166 - 10?3 | 467 68 8.8229-10%3 | 479 67 8.8416 - 1023

TABLE 3. Prime powers 2 < ¢ < @max, the corresponding nﬁggx

and the corresponding value of CEZ“ for n; = 3.

7.2.2. The case n; = 4. Finally, we comment on our attempt in implementing the
algorithm of Subsect. on the n; = 4 case. The main information of our attempt
on the ny = 4 case is summarized in Table @

First, we attempted to run algorithm of Subsect. as it is. So, we computed

Nmin = 50, Capn, = 1.9356 - 1020 and gua, = 199211272511189639 ~ 2 - 10'7.

However, the vast size of gmax makes it clear that even storing the numbers nfggx

for each 3 < ¢ < guax is not straightforward and, in fact, our computer crashed
during the computation of these numbers.

Then, we confined ourselves (arbitrarily) to nmim = n]* = 256. In this case, we
computed ¢max = 22271. This made the completion of Step |3| feasible with a total
number of 82148 possible exceptional pairs. However, due to the large size of these
numbers, our computer failed to complete Step |4| after having examined about 2200
pairs, with no exceptional pair found until this point.

Our attempt on the ny, = n} = 1024 case faced similar difficulties, although,
in this case, we got a significantly smaller gn.x = 27 and after Step [3| we had
5936 possible exceptional pairs. This time, only around 1650 of them were in fact
checked during Step [4 before our computer’s crash, without any exceptions up to
this point.

Finally, we successfully run the algorithm with the twist that we chose nyin =
n$ = 4096, where we obtained gmax = 4. Also, we note that in this case, we got
nimx = 13385, C{2) = 1.0106 - 102, n{) = 4605, and C{¥ = 1.0366 - 102%°,
respectively. This completes the proof of Theorem [7.2}

8. DISCUSSION

We conclude this work with a short discussion about possible future research
directions regarding Conjecture [1.4

The first one is hinted in Remark In particular, we believe that, with consid-
erably additional computational efforts and resources, Theorem can potentially
be extended to n; = 4. However, increasing n; further should be feasible only after
implementing the methods described in Remark [5.7] Our impression is that these
methods should be able to increase n; even to two-digit numbers.
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# of pairs after Step

mmin Gmae |A P B BA BF B | time

50 ~2-1017 |- - N -

256 22271 82148 - - - - - -
1024 27 5936 - - - - - -
4096 4 188 0 0 3317 0 0 ~8 min.

TABLE 4. Summary of the implementation of the algorithm of
Subsect. for ny = 4, with various choices of npin.

Also, we stress that in the literature, for example see [3], one can find additional
constructions of completely normal elements. Possibly, these constructions can be
exploited into establishing the MM property for additional finite fields extensions,
or even into completely resolving Conjecture [1.4
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APPENDIX A. THE TRANSLATE PROPERTIES AND THEIR CONNECTION WITH THE
MM PROPERTY

In this appendix, we dive deeper in the perspective raised in Remark We
start with defining the properties that are of interest for us.

Definition A.1. Let F,» /F, be a finite field extension such that, for every a € Fyn
such that Fy(a) = F4n, some primitive element lies within the set of translates 7.
Then the extension possesses the translate property. If, every such set of translates
T. contains two distinct primitive elements, then the extension possesses the strong
translate property.

Furthermore, it is known that, for fixed n, if ¢ is large enough, then the extension
F,n /F, possesses the translate property.

Theorem A.2 (The Translate Property). Let n be a positive integer. There exists
some TP(n) such that for every prime power ¢ > TP(n), the extension Fyn /F,
possesses the translate property.

The above was initially established by Davenport [10] for prime ¢ and extended
to its stated form by Carlitz [8]. In a similar fashion, in this work, we prove the
strong version as follows.

Theorem A.3 (The Strong Translate Property). Let n be a positive integer. There
exists some STP(n) > TP(n) such that for every prime power ¢ > STP(n), the
extension Fon /By possesses the strong translate property.

Proof. We assume that ¢ > TP(n) and fix some b € Fyn, such that F,(b) = F,n. We
will show that, if ¢ is large enough, 7, contains two primitive elements. Theorem[A-2]
implies that, for some ¢ € F,, the element a = b + c is primitive, while clearly
Ty = Ta, that is, if the set 7, \ {a} contains a primitive element, our proof is
complete.
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The number of primitive elements within the set 7, \ {a} is

Nstp = Z w(a+ c)

CEF;

o N H(d)
—Q(Q)%M GEF/; CEZF:*X(G‘FC)
Or)fi(x()lld '
(4) =0(q")(S1 + S2),

where ¢’ = ¢™ — 1, S is the part of the sum that corresponds to d = 1 and Ss is
the remaining sum.

Clearly, S; = ¢—1. Further, the fact that, for d | ¢, there are ¢(d) multiplicative
characters of order d and Theoremyield |S2| < W(q')(ng'/? +1), hence, |Sa| <
2nW(q')/q.

Now, Lemma yields that, for ¢ large enough, S; = ¢ — 1 > |S3|, which,
combined with E implies Ngtp # 0. The result follows. O

Now, observe that Theorem yields that, if p | n, the translate property
implies the MM property, while, in any case, the strong translate property implies
the MM property. In other words, we have the following.

Theorem A.4. Let Fyn /F, be a finite field extension, such that, either
(1) p|n and ¢ > TP(n), or,
(2) ¢ > STP(n),

then this extension possesses the MM property.

Remark A.5. Despite the fact that Theorem might appear like a meaningful
way to attack Conjecture this is, unfortunately, not the case. This is due
to the fact that, although little is known about the numbers TP(n) and only a
handful of them are known, these numbers suggest that, in principle, they tend to
be significantly larger than n. In particular, see [5] and the references therein, we
know that TP(2) = 1, TP(3) = 37, and 43 < TP(4) < 102829. In other words,
Theorems and probably already cover the extensions that are known
to possess the (strong) translate property.
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