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Abstract. We present an efficient and user-friendly method for constructing any cofi-
brantly generated model structure on the category of double categories whose trivial
fibrations are the “canonical” ones: the double functors which are surjective on objects,
full on both horizontal and vertical morphisms, and fully faithful on squares. We show
that all of these model structures are left proper and that they are localizations of the
gregarious model structure introduced by Campbell. As a notable consequence, this
identifies the gregarious weak equivalences as the “canonical” equivalences of double
categories, an elusive notion thus far. Moreover, the nature of our method gives an
explicit description of the fibrant objects in terms of lifting conditions. We use this
to recover several known model structures, as well as construct several new examples
whose homotopy theories encode a range of 2-dimensional structures.
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1. Introduction

Double categories are 2-dimensional structures that allow us to encode situations where
we have a collection of objects and two types of morphisms between them. These types
of morphisms, which we visualize as “horizontal” and “vertical”, might interact with
each other—for instance, between R-modules we have monomorphisms and epimorphisms
which can be composed—or they might be of a different nature—for example, between
rings we have ring homomorphisms and bimodules, or between manifolds we have cobor-
disms and diffeomorphisms. To encode the interplay between these two types of mor-
phisms, double categories have a collection of 2-dimensional morphisms called “squares”.

Since their introduction by Ehresmann [Ehr63], double categories have been the focus
of much work in the category theory community; see for instance [BM99, GP99, DP02a,
DP02b, BI03, GP04b, Fio07, Koc07, Shu08, Shu11, BG16, GP19, Vas19, Ver11], among
several others. Interestingly, in the last decade or so, double categories also started to
feature prominently in other fields, a trend that has much accelerated in the past few
years. This includes, among other things, a study of the different homotopy theories they
can encode [FP10, FPP08, MSV22, MSV23], their connection to (weak) factorization
systems [Bou23, Ště24], their use as models for higher categories [PP13, Rui23, GM24a]
and as new frameworks for algebraic K-theory [CZ22, SS21, CKMZ23, CS24], as a way
to give rise to a notion of homology for sets [SSZ24], and in connection to various settings
like operads [Pis22], categorical databases [LSS24], type theory [vdWRAN23], and logic
[LP24].

Given the usefulness of this framework, one might be surprised to find that there is no
agreed-upon notion of what an equivalence of double categories should be. This is in stark
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contrast to the case of Cat, where we have the equivalences of categories: functors which
are surjective on objects up to isomorphism, and fully faithful on morphisms. There is
also a canonical notion in the category 2Cat of (strict) 2-categories and 2-functors given
by the biequivalences: 2-functors which are surjective on objects up to equivalence, full
on morphisms up to 2-isomorphism, and fully faithful on 2-morphisms.

Searching for a notion of equivalence. The subtlety with the double categorical set-
ting lies in the fact that if we try to emulate the definitions of (2-)categorical equivalences,
we are forced to make a choice as to what type of surjectivity we require on objects, since
now there are two types of morphisms to consider. One can readily imagine several al-
ternatives: should we ask for essential surjectivity with respect to horizontal morphisms,
or vertical? Perhaps we should ask for both; in that case, should we require any special
compatibility between the two types of morphisms? And so on.

Depending on the examples or the perspective we have in mind, we can reach different
plausible answers to these questions. For instance, one can treat double categories as
categories internal to Cat and exploit the categorical equivalences, or as the algebras of
a certain 2-monad over the 2-category Cat(Graph); these perspectives lead to different
notions of equivalences which are explored in [FPP08]. The vast number of meaningful op-
tions for what an equivalence of double categories could be is thrilling from a homotopical
perspective, but a bit disconcerting from a categorical standpoint, where the ethos is that
there should exist a canonical notion of “sameness” which is agnostic to any particular
point of view. The first goal of this paper is to champion one such notion.

In order to tackle this question, we find it useful to work in a homotopical setting,
instead of a purely categorical one. Ever since Quillen’s seminal work on homotopical
algebra [Qui67], and even more so in the last two decades, we have come to expect that
any reasonable notion of equivalence in a category will form the class of weak equivalences
of a model structure. This is indeed the case for the equivalences of categories and the
biequivalences of 2-categories, which are captured as the weak equivalences in correspond-
ing model structures [Rez96, Lac02, Lac04]. Hence, we expect the same to be true of any
good notion of equivalence of double categories.

A benefit of working in this setting is that the ambiguity we find with respect to
horizontal and vertical morphisms goes away when we try to determine the class of trivial
fibrations. In analogy with the trivial fibrations in Cat and 2Cat, these should be double
functors which are surjective on objects, full on both horizontal and vertical morphisms,
and fully faithful on squares; we call these canonical trivial fibrations. Note that there are
no choices to be made here, as surjectivity on objects holds strictly, i.e., up to equality.
We then posit that these should be the trivial fibrations that correspond to a “canonical”
notion of equivalence, and set out to understand all possible model structures on the
category DblCat that share this class of trivial fibrations.

In doing so, we find the minimal class of equivalences that is compatible with the
canonical trivial fibrations: the gregarious double equivalences introduced by Campbell
[Cam]. These are the weak equivalences of a model structure, which we prove to be left
proper in Theorem 5.30. More precisely, we show that any class of weak equivalences on
DblCat that is part of a model structure whose trivial fibrations are the canonical ones,
must contain the gregarious double equivalences. We see this as evidence that this is
the least biased notion of double categorical equivalence one can formulate, and should
therefore be considered the canonical equivalences. Formally, our result is as follows.

Theorem A (Theorem 5.34). Every model structure on DblCat whose trivial fibrations
are the canonical ones is a localization of the gregarious model structure. If it is further
cofibrantly generated, it is in fact a Bousfield localization of the gregarious model structure.

A recipe for constructing model structures. The gregarious model structure of
Campbell is not the only model structure in the literature with this class of trivial fibra-
tions. In [MSV23], the authors construct another such model structure on DblCat, that
is homotopically compatible with the horizontal inclusion H : 2Cat→ DblCat. Its fibrant
objects are the weakly horizontally invariant double categories, which makes it possible
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to define a nerve functor from double categories to double (∞, 1)-categories which is ho-
motopical [Mos20]. In her doctoral thesis [Ver25], the third-named author constructs a
model structure whose fibrant objects are the equipments, which is then used to prove a
result on equivalence invariance of formal category theory.

Each of these model structures is carefully constructed in an independent, ad-hoc man-
ner. In hindsight, Theorem A tells us that these are all instances of Bousfield localizations
of the gregarious model structure, giving us a unifying way to understand them as part of
the same framework. However, the information encoded in such a localization can prove
difficult to describe. Moreover, as is often the case in practice, these homotopy theories
arise from a strong grasp of their fibrant objects instead of a complete class of weak equiv-
alences, which gives another reason to look for a different method to obtain them. The
second main goal in this paper is to provide efficient, detailed, and user-friendly meth-
ods to construct all possible cofibrantly generated model structures on DblCat with the
canonical trivial fibrations, allowing the user to provide a desired class of fibrant objects.

The key to achieve this is to use the tools introduced by Guetta and the authors
in [GMSV23] for constructing model structures. As a first step, we use these methods
to provide an alternative proof of the existence of the gregarious model structure due
to Campbell [Cam] in Section 5.2. With this in hand, the general procedure for con-
structing cofibrantly generated model structures on DblCat (described in further detail
in Section 6.1) goes as follows:
(1) Choose any subset J of canonical cofibrations1 with canonically cofibrant domain

which contains a set of generating trivial cofibrations of the gregarious model struc-
ture (see Notation 5.8 for such a set).
• In practice, how do you choose J ? By keeping in mind that the double functors

in J will be trivial cofibrations, and they will determine the fibrant objects;
that is, a double category A will be fibrant if and only if A → ∗ has the right
lifting property with respect to the double functors in J .

(2) Let (An,NFib) denote the weak factorization system of anodyne extensions and naive
fibrations cofibrantly generated by J , and check that any of the following equivalent
conditions holds:
(i) Every double functor J ∈ An between naive fibrant objects is a gregarious

double equivalence.
(ii) Every gregarious fibration between naive fibrant objects is in NFib.
(iii) For every naive fibrant object A, the double functor P(A)→ A×A from a path

object is in NFib.
Theorem B (Theorem 6.7). For any set J as above, there is a cofibrantly generated
model structure on DblCat whose trivial fibrations are the canonical ones, and whose
fibrant objects are determined by having the right lifting property with respect to the double
functors in J . Moreover, weak equivalences and fibrations between fibrant objects are the
gregarious ones.

In practice, this description makes it significantly easier to understand the fibrant
objects than the one in Theorem A, since they are characterized via lifting conditions
instead of a local condition—especially when J is finite.

Moreover, we prove that this procedure is exhaustive.
Theorem C (Theorem 6.10). Any cofibrantly generated model structure on DblCat with
the canonical trivial fibrations can be constructed using the recipe above.

In Theorem 6.15, we give minimal conditions that ensure the model structures are
monoidal with respect to the Gray tensor product for double categories, introduced by
Böhm [Böh19].

Applications. The rest of the paper is dedicated to the construction of a plethora
of examples using this recipe, whose homotopy theories encode a range of relevant 2-
dimensional structures; those without citations are new to this paper.

1The cofibrations of all of these model structures are determined, since we fixed the trivial fibrations;
descriptions can be found in Definition 4.4.
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• DblCatgreg: the gregarious model structure [Cam]; this is the “canonical” model
structure for double categories, and is initial among model structures with the canon-
ical trivial fibrations, in the sense that every other such model structure is a local-
ization of it.
• DblCatwhi: the model structure for weakly horizontally invariant double categories

[MSV23]; this is compatible with the first-named author’s double (∞, 1)-categorical
nerve construction [Mos23].
• DblCattr: the model structure for transposable double categories; this models the

homotopy theory of 2-categories. This model structure was originally proposed in
[GMSV23], but there is a mistake in the proof, which we circumvent here.
• DblCath,eqp: the model structure for “horizontal equipments” [Ver25]; this provides

a framework for formal category theory.
• DblCattr,ladj (resp. DblCattr,adj), whose homotopy theory models 2-categories whose

morphisms all have left (resp. both left and right) adjoints.
• DblCattr,gpd: the model structure for transposable double groupoids; this models the

homotopy theory of 2-groupoids.2
• DblCat∅/ctr: the model structure for either empty or contractible double categories;

this models homotopy (−1)-types.
• DblCatctr: the model structure for contractible double categories; this models homo-

topy (−2)-types, and is terminal among model structures with the canonical trivial
fibrations, in the sense that it is a localization of every other such model structure.

When appropriate, the model structures we listed also admit a transposed version,
where the role of the horizontal and vertical morphisms are reversed. As expected, many of
these interact with the corresponding model structures on 2-categories (or 2-groupoids) via
Quillen adjunctions. We summarize their interactions in the non-commutative diagrams
below, where red arrows denote right Quillen embeddings, blue arrows are left Quillen
embeddings, green arrows are both left and right Quillen equivalences, and brown arrows
are right Quillen equivalences.

DblCatgreg

DblCatwhi DblCatwvi2Cat

DblCattr

DblCattr,adj

2Catadj

DblCath,eqp DblCatv,eqp

DblCattr,ladj

2Catladj

DblCattr,radj

2Catradj

Sq ≃

Sq

Sq ≃ Sq ≃

Sq ≃

H≃ V≃

H V

id id

id id
id id

id id

id id

id id

DblCattr,gpd

id

2Gpd

{⊤ → ⊥}

{⊤}

DblCat∅/ctr

DblCatctr

Sq
≃

∅ → 1

≃

!
≃

id

id

2A 2-groupoid is a 2-category in which all morphisms are equivalences and all 2-morphisms are
invertible.
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2. Preliminaries: model categories

We recall some of the specialized model categorical background that will be used
throughout the paper; namely, some useful tools to construct model structures: (Bous-
field) localizations in Section 2.1, and transfer along an adjunction in Section 2.2. For a
reader looking for an introduction to model categories, we recommend [Hov99].

2.1. Localization. We start by recalling some definitions regarding localizations of model
structures, a process that allows us to add more maps to the class of weak equivalences
under certain conditions.

Definition 2.1. Let M be a model category. A localization of M is another model
structure Mloc on M with the same trivial fibrations such that the identity adjunction

M Mloc

id

id
⊥

is a Quillen pair whose derived counit is a weak equivalence in Mloc.

Given a set S of morphisms in a model category M, we recall how to define the left
Bousfield localization of M at S.

Definition 2.2. An object X inM is S-local if it is fibrant inM and, for every morphism
s : A→ B in S, the induced map between derived homs

s∗ : RHomM(B,X)→ RHomM(A,X)
is a weak homotopy equivalence.

A morphism f : A → B in M is an S-local equivalence if, for every S-local object X
in M, the induced map between derived homs

f∗ : RHomM(B,X)→ RHomM(A,X)
is a weak homotopy equivalence.

Definition 2.3. If it exists, the left Bousfield localization ofM at S is the model structure
on M such that
• a morphism is a trivial fibration if and only if it is a trivial fibration in M,
• a morphism is a weak equivalence if and only if it is an S-local weak equivalence.

Theorem 2.4. Let M be a left proper, combinatorial model structure and S be a set of
morphisms in M. Then the left Bousfield localization of M at S exists and is such that
• an object X is fibrant if and only if X is S-local,
• a morphism f between S-local objects is a weak equivalence (resp. fibration) if and

only if it is a weak equivalence (resp. fibration) in M.

In the combinatorial case, any localization of a model category M can be obtained as
a left Bousfield localization. A proof for the simplicial case is given in [Lur09, Proposition
A.3.7.4]; we present a non-simplicial version below, which will be required for our purposes.

Definition 2.5. A set J of morphisms in a model category M is a set of generating
anodyne extensions if the following conditions hold:
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• an object X is fibrant inM if and only if it has the right lifting property with respect
to every morphism in J ,
• a morphism f between fibrant objects is a fibration in M if and only if f has the

right lifting property with respect to every morphism in J .

Proposition 2.6. LetM be a left proper, combinatorial model category, and suppose that
Mloc is a localization of M which is cofibrantly generated. Then Mloc coincides with the
left Bousfield localization of M at any set J of generating anodyne extensions of Mloc.

Proof. Since the localizationMloc and the left Bousfield localizationMJ ofM at J have
the same trivial fibrations, namely those ofM, it suffices to show that they have the same
fibrant objects by [Joy08, Proposition E.1.10].

Suppose that X is fibrant in Mloc. Then, in particular, it is fibrant in M. Since
every morphism j : A→ B in J is a weak equivalence inMloc, the induced map between
derived homs

j∗ : RHomMloc(B,X)→ RHomMloc(A,X)
is a weak homotopy equivalence. Now, since the identity adjunction is a Quillen pair
between Mloc and M, this map is weakly homotopy equivalent to the map

j∗ : RHomM(B,X)→ RHomM(A,X),

which is therefore a weak homotopy equivalence as well. This shows that X is J -local.
Now suppose that X is J -local. Since every cofibration in J is a J -local equivalence,

then X has the right lifting property with respect to all generating anodyne extensions
in Mloc. This shows that X is fibrant in Mloc and concludes the proof. □

2.2. Transfer. We now recall some available methods to transfer a model category struc-
ture along an adjunction.

Definition 2.7. Consider an adjunction as below

M N
F

U

⊥

(1) Let M be a model structure. When it exists, the right-transferred model structure
on N is such that a morphism f is a weak equivalence (resp. fibration) if and only if
Uf is a weak equivalence (resp. fibration) in M.

(2) Let N be a model structure. When it exists, the left-transferred model structure on
M is such that a morphism f is a weak equivalence (resp. cofibration) if and only if
Ff is a weak equivalence (resp. cofibration) in N .

Remark 2.8. If the corresponding transferred model structure exists, then the original
adjunction F ⊣ U becomes a Quillen pair.

The following result gives a criterion to recognize transferred model structures.

Proposition 2.9. LetM and N be model categories and U : N →M be a functor which
is both a left and a right Quillen equivalence and admits a retraction R : M→ N . Then
the model structure on N is both left- and right-transferred from that on M along U .

Proof. The proof works as in [MN24, Lemma 4.15], where the functor U is assumed to be
fully faithful rather than have a retraction. Inspecting the proof, it suffices to show that
U reflects fibrations under the current hypotheses. If X → Y is a morphism in N such
that UX → UY is a fibration in M, then UX → UY has the right lifting property with
respect to UA→ UB for every trivial cofibration A→ B in N , as U : N →M preserves
trivial cofibrations. Applying the retraction R : M→N then shows that X → Y has the
right lifting property with respect to every trivial cofibration A→ B in N , and so it is a
fibration. □

Finally, this last result relating left Bousfield localizations and transfer appears as
[GM24b, Proposition 2.13].
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Proposition 2.10. LetM and N be left proper, combinatorial model categories. Suppose
that N is right-transferred from M along an adjunction

M N
F

U

⊥

Let S be a set of morphisms inM between cofibrant objects, and denote byMS and NF (S)
the left Bousfield localizations of M and N at S and F (S), respectively. If F ⊣ U is a
Quillen equivalence between M and N , then NF (S) is right-transferred from MS along
the adjunction F ⊣ U .

3. Preliminaries: 2-dimensional categories

We now recall some key facts about 2-categories and 2-groupoids in Section 3.1 (mostly
in regards to their homotopy theory), describe the many ways to relate 2-categories and
double categories in Section 3.2, the monoidal structures available for double categories
in Section 3.3, and finally, we give a description of pushouts of double categories in
Section 3.4. The reader familiar with 2-dimensional structures is encouraged to skip to
Section 4 and refer back to this material as needed.

3.1. 2-categorical structures and their homotopy theory. As mentioned in the
introduction, the notion of equivalence of categories admits a 2-categorical counterpart,
which form the weak equivalences of a model structure on the category of 2-categories.
In order to define some of these relevant classes of 2-functors, we recall what it means
for a morphism in a 2-category to be an equivalence, using this instance to establish our
preferred notation.

Notation 3.1. We use the following notation.
• We write Cat for the category of categories and functors.
• We write 2Cat for the category of 2-categories and 2-functors. We refer the reader

to [JY21] for a full account on 2-categories.
• We write U : 2Cat → Cat for the functor that sends a 2-category to its underlying

category.

Definition 3.2. A morphism f : A→ B in a 2-category A is an equivalence if there is a
morphism g : B → A in A and two 2-isomorphisms η : idA ∼= gf and ε : fg ∼= idB in A.
We refer to (f, g, η, ε) as an equivalence data. It is called an adjoint equivalence data if
the 2-isomorphisms η and ε further satisfy the triangle identities.

Definition 3.3. A 2-functor F : A → B is a biequivalence if it is
(b1) surjective on objects up to equivalence: for every object B ∈ B, there is an object

A ∈ A and an equivalence FA ≃−→ B in B,
(b2) essentially full on morphisms: for every pair of objects A,C ∈ A and every

morphism g : FA → FC in B, there is a morphism f : A → C in A and a 2-
isomorphism g ∼= Ff in B, and

(b3) fully faithful on 2-morphisms: for every pair of morphisms f, h : A→ C in A and
every 2-cell β : Ff ⇒ Fh in B, there is a unique 2-cell α : f ⇒ h in A such that
Fα = β.

Definition 3.4. A 2-functor F : A → B is an equifibration if
(f1) for every equivalence g : FA ≃−→ B in B, there is an equivalence f : A ≃−→ C in A

such that Ff = g, and
(f2) it is locally an isofibration: for every morphism f : A → C in A and every 2-

isomorphism β : Ff ∼= g in B, there is a 2-isomorphism α : f ∼= h in A such that
Fα = β.

The following result is a combination of [Lac02, Theorem 6.3] and [Lac04, Theorem 4].
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Theorem 3.5. There is a cofibrantly generated, left proper model structure on 2Cat
in which the weak equivalences are the biequivalences and the trivial fibrations are the
2-functors that are surjective on objects, full on morphisms, and fully faithful on 2-
morphisms. Furthermore, the fibrations are the equifibrations.

The model structure above can be restricted to the full subcategory of 2Cat consisting
of all 2-groupoids. Recall that a (1-)category is a groupoid if all morphisms are invert-
ible. The 2-categorical notion is analogous, requiring that both 1- and 2-morphisms are
invertible in the weakest possible sense.
Definition 3.6. A 2-groupoid is a 2-category in which all morphisms are equivalences
and all 2-morphisms are invertible.

We denote by 2Gpd the full subcategory of 2Cat spanned by the 2-groupoids.
The following result can be found as [Lac02, Theorem 3.7], where the notion that we

refer to as 2-groupoids are called “pseudogroupoids”.
Theorem 3.7. There is a cofibrantly generated model structure on 2Gpd in which the
weak equivalences are the biequivalences and the trivial fibrations are the 2-functors that
are surjective on objects, full on morphisms, and fully faithful on 2-morphisms. Further-
more, the fibrations are the equifibrations.

Finally, we observe the following relation between the model structures on 2Gpd
and 2Cat.
Proposition 3.8. The inclusion functor ι : 2Gpd → 2Cat is fully faithful and admits
both a left and a right adjoint.

2Gpd 2Cat

loc

ι

core

⊥

⊥

Moreover, both adjunctions are Quillen pairs, and the derived counit of loc ⊣ ι and the
derived unit of ι ⊣ core are biequivalences in 2Gpd.
Proof. The first claim regarding the adjunctions and fully faithfulness of ι is a standard
verification. Furthermore, it is straightforward to see that the inclusion ι : 2Gpd→ 2Cat
preserves cofibrations, fibrations, and weak equivalences. The derived unit of ι ⊣ core
coincides with the unit, as all objects in 2Cat are fibrant, and so it is an isomorphism
since ι is fully faithful. The statement for the derived counit of loc ⊣ ι then follows, as ι
is homotopically fully faithful. □

3.2. Connections between 2-categories and double categories. The model struc-
tures we aim to construct on double categories bear a close connection to the homotopy
theory of the 2-categorical structures introduced in the previous section. With this in
mind, we now recall several adjunctions that will later allow us to make this precise.
Notation 3.9. We denote by DblCat the category of double categories and double func-
tors. We refer the reader to [Gra19] for a full account on double categories.
Notation 3.10. We will use the same notation as in [MSV22, §2] to describe the data
of a double category. If α, β are squares in a double category, we denote by α|β their
horizontal composition, and by α

β their vertical composition, provided these are defined.
Notation 3.11. We say that a square α in a double category A is horizontal globular
if its source and target vertical morphisms are identities, as depicted below left. We say
that it is vertical globular if its source and target horizontal morphisms are identities, as
depicted below right.

A

A

B

B

• •

f

g

α

A

A′

A

A′

•u •vα
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There are different adjunctions relating 2Cat and DblCat, arising from the different
ways of including 2-categories into double categories.
Definition 3.12. The horizontal embedding H : 2Cat→ DblCat sends a 2-category A to
the double category HA having the same objects as A, the morphisms of A as horizontal
morphisms, only identities as vertical morphisms, and squares given by the 2-morphisms
in A.

Similarly, the vertical embedding V : 2Cat → DblCat is obtained by reversing the role
of the horizontal and vertical morphisms in the above description.
Proposition 3.13. The horizontal and vertical embeddings are fully faithful and admit
both a left and a right adjoint.

2Cat DblCat

LH

H

H

⊥

⊥
2Cat DblCat

LV

V

V

⊥

⊥

Proof. The adjoint pair H ⊣ H is established for instance in [FPP08, Proposition 2.5].
Furthermore, the fact that H admits a left adjoint is ensured by the Adjoint Functor
Theorem, since H preserves all limits and colimits, and the categories involved are locally
presentable. The statements for V are analogous. □

Remark 3.14. The right adjoint functor H : DblCat → 2Cat takes a double category A
to its underlying horizontal 2-category HA, whose objects are the objects of A, whose
morphisms are the horizontal morphisms of A, and whose 2-morphisms are given by the
horizontal globular squares in A.

The right adjoint functor V : DblCat → 2Cat can be described similarly, sending a
double category to its underlying vertical 2-category.

A variation of this construction can be obtained by allowing equivalences rather than
just identities in the relevant direction.
Definition 3.15. The homotopical horizontal embedding H≃ : 2Cat → DblCat sends a
2-category A to the double category H≃A whose objects are the objects of A, whose
horizontal morphisms are the morphisms of A, whose vertical morphisms are the adjoint
equivalence data in A, and whose squares

A

A′

B

B′

•(u, v, η, ε)

f

f ′

•(u′, v′, η′, ε′)α

are the 2-morphisms α : u′f ⇒ f ′u in A.
Similarly, the homotopical vertical embedding V≃ : 2Cat → DblCat is obtained by re-

versing the role of the horizontal and vertical morphisms.
While these functors are not left adjoints (see [MSV23, Remark 2.17]), they are right

adjoints by [MSV23, Proposition 2.15].
Proposition 3.16. The homotopical horizontal and vertical embeddings admit left ad-
joints.

2Cat DblCat
L≃
H

H≃

⊥ 2Cat DblCat
L≃
V

V≃

⊥

Finally, the last inclusion we will study allows all morphisms of the 2-category to
populate both directions of morphisms in the double category.
Definition 3.17. The square functor Sq : 2Cat → DblCat sends a 2-category A to the
double category SqA whose objects are the objects of A, whose horizontal and vertical
morphisms are the morphisms of A, and whose squares
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A

A′

B

B′

•u

f

f ′

•vα

are the 2-morphisms α : vf ⇒ f ′u in A.
The following result combines [GP04a, Theorem 1.7(a)] and [EE79, Proposition 8].

Proposition 3.18. The square functor admits both a left and a right adjoint.

2Cat DblCat

LSq

Sq

R

⊥

⊥

In later sections we will use a description of the right adjoint of the square functor. This
requires the following notion, which will also be of central importance in the examples of
Sections 7 and 8.
Definition 3.19. A companion pair in a double category A is the data of a functor
Sq2 → A, where 2 denotes the walking morphism. It consists of a tuple (f, u, φ, ψ) of a
horizontal morphism f : A→ B, a vertical morphism u : A B, and two squares φ and
ψ in A of the form

A

B

B

B

•u

f

•φ

A

A

A

B

•u

f

• ψ

such that ψ|φ = ef and ψ
φ = idu.

Example 3.20. Given a 2-category A, the double category SqA is such that every hor-
izontal and vertical morphism is part of a companion pair. Indeed, every horizontal or
vertical morphism in SqA is represented by a morphism f inA and the tuple (f, f, idf , idf )
is a companion pair.
Remark 3.21. The right adjoint functor R : DblCat → 2Cat sends a double category A
to the 2-category RA whose objects are the objects of A, whose morphisms are the
companion pairs in A, and whose 2-morphisms α : (f, u, φ, ψ) ⇒ (f ′, u′, φ′, ψ′) are the
horizontal globular squares in A of the form

A

A

B

B

• •

f

f ′

α

We conclude this subsection with a useful technical result about lifting adjoint equiv-
alences. In order to do so, we first recall the following definitions.
Definition 3.22. A horizontal (adjoint) equivalence in a double category A is an (adjoint)
equivalence in the underlying horizontal 2-category HA. Analogously, we define (adjoint)
vertical equivalences using the underlying vertical 2-category VA.
Remark 3.23. Note that specifying an adjoint horizontal equivalence data in a double
category A amounts to specifying a double functor HEadj → A, where Eadj denotes the
2-category freely generated by an adjoint equivalence.
Proposition 3.24. Let A be a double category and let (f, g, η, ϵ) be a horizontal adjoint
equivalence data in A. If f and g have companions, then there is a lift in the following
diagram.
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HEadj

SqEadj

A
(f, g, η, ϵ)

Proof. Suppose that (f, g, η, ϵ) is a horizontal adjoint equivalence between objects A and B
in A, and let (f, u, φ, ψ) and (g, v, χ, ω) be companion pairs in A. We claim that the
vertical morphisms u and v form a vertical adjoint equivalence, by constructing a unit
and a counit which are compatible with the rest of the data.

To do this, note that the vertical identity eA is a companion of the horizontal iden-
tity idA, and the vertical composite vu is a companion of the horizontal composite gf .
Then, since η : idA ∼= gf , by the universal property of companions from [Gra19, §4.1.1]
we have that the composite vu is also a companion of idA and so there is a unique 2-
isomorphism α : eA ∼= vu in VA compatible with the companion data (φ,ψ) and (χ, ω).
Similarly, we get a 2-isomorphism β : uv ∼= eB compatible with the companion data. As
(η, ϵ) satisfy the triangle identities, by construction so do (α, β). This determines a double
functor SqEadj → A as the above defined data generates it. □

3.3. Monoidal structures on double categories. Similarly to the case of 2-categories,
DblCat admits two symmetric monoidal structures which we now briefly recall: the carte-
sian product, and the Gray tensor product. The following is due to [EE78].

Proposition 3.25. The category DblCat is cartesian closed: for every double category A,
there is an adjunction

DblCat DblCat
A× (−)

JA,−K

⊥

Remark 3.26. The right adjoint functor JA,−K : DblCat → DblCat sends a double cate-
gory B to the internal hom double category JA,BK of double functors A → B, horizontal
and vertical natural transformations between them, and modifications. See [Gra19, §3.2.7]
for a detailed description.

The monoidal structure we will be most interested in is given by Böhm’s Gray tensor
product, whose construction can be found in [Böh19]. This monoidal structure is an
enhancement of the (pseudo) Gray tensor product of 2-categories to the double categorical
setting.

Proposition 3.27. There is a symmetric monoidal structure

⊗ : DblCat×DblCat→ DblCat,

called the Gray tensor product. Moreover, it is closed: for every double category A, there
is an adjunction

DblCat DblCat
A⊗ (−)

JA,−Kps

⊥

Remark 3.28. The right adjoint functor JA,−Kps : DblCat→ DblCat sends a double cat-
egory B to the internal pseudo-hom double category JA,BKps of double functors A → B,
horizontal and vertical pseudo-natural transformations between them, and modifications.
A full description can be found in [Gra19, §3.8] or [Böh19, §2.2].

3.4. Pushouts of double categories. In this section we recall some definitions and
results from [FPP08, §3 and §4]. The end goal is to have notions of free and quotient
double categories that allow for an explicit description of colimits in DblCat.

All graphs here are assumed to be directed.
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Definition 3.29. A double graph is an internal graph in the category of graphs. It
consists of sets of objects, horizontal edges, vertical edges, and squares, each equipped
with source and target maps.

A morphism of double graphs is an assignment on each of these sets which preserves
sources and targets.

Remark 3.30. A double graph has both an underlying horizontal graph given by the objects
and horizontal edges, and an underlying vertical graph given by the objects and vertical
edges.

Definition 3.31. A double graph with 1-identities is a double graph in which the under-
lying horizontal and vertical graphs are reflexive.

A morphism of double graphs with 1-identities is a morphism of double graphs which
preserves identity edges.

There is an intermediate notion between double graphs with 1-identities and double
categories, which is analogous to Street’s derivation schemes of [Str96].

Definition 3.32. A double derivation scheme is a double graph with 1-identities whose
underlying horizontal and vertical reflexive graphs are categories.

A morphism of double derivation schemes is a morphism of double graphs with 1-
identities which is a functor on underlying horizontal and vertical categories.

We denote by DblDerSch the category of double derivation schemes and their mor-
phisms.

Notation 3.33. We denote the underlying horizontal and vertical categories of a double
derivation scheme S by UHS and UVS, respectively.

The forgetful functor from double categories to double derivation schemes admits a left
adjoint, giving the free double category on a double derivation scheme. This appears as
[FPP08, Proposition 3.8].

Proposition 3.34. The forgetful functor admits a left adjoint.

DblDerSch DblCat
Fdbl

U

⊥

Definition 3.35. A congruence on a double category consists of an equivalence relation
on each set of squares with a fixed boundary such that if α ∼ α′, β ∼ β′, and γ ∼ γ′ then

α|β ∼ α′|β′ and α

γ
∼ α′

γ′

whenever the composites are defined.

These congruence relations can be used to define quotient double categories.

Definition 3.36. Let D be a double category and ∼ be a congruence on D. The quotient
double category D/∼ has the same objects, horizontal and vertical morphisms as D. For
a square boundary (u f

g v), the set of squares is given by

(D/∼)(u f
g v) =

(
D(u f

g v)
)
/∼,

with horizontal and vertical compositions of squares induced by those in D. It comes
together with a canonical quotient double functor D→ D/∼.

The following is a consequence of [FPP08, Lemma 4.4 and Theorem 4.5].

Proposition 3.37. Let F : I → DblDerSch be a functor. Then the colimit of F is
the double derivation scheme whose underlying horizontal and vertical categories are the
colimits of UHF : I → Cat and UVF : I → Cat, respectively, and whose set of squares is
given by the colimit of the sets of squares.

One can then leverage this result to obtain a formula for colimits in double categories;
this appears as [FPP08, Theorem 4.6].
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Theorem 3.38. Let F : I → DblCat be a functor and denote by S the colimit of UF : I →
DblDerSch. Then the colimit of F is the quotient

Fdbl(S)/∼

where ∼ is the smallest congruence relation such that the morphisms
qFi : Fi→ Fdbl(S)/∼

are double functors. Here, the morphisms qFi are induced by the morphisms of double
derivation schemes UFi → S → UFdbl(S) and the canonical quotient double functor
Fdbl(S)→ Fdbl(S)/∼.

Remark 3.39. Note that S, Fdbl(S), and Fdbl(S)/∼ have the same underlying horizontal and
vertical categories. In particular, the underlying horizontal and vertical categories of the
colimit Fdbl(S)/∼ are the colimits of UHF : I → Cat and UVF : I → Cat, respectively.

We will be interested in the description that this formula gives for the case of pushouts
of double categories. For convenience, we interpret the theorem in this particular case.

Corollary 3.40. Consider a diagram of double categories
B← A→ C

and denote by S the pushout of the corresponding diagram of underlying double derivation
schemes. Then the pushout of B← A→ C is the quotient

Fdbl(S)/∼,

where ∼ is the smallest congruence on the double category Fdbl(S) such that the induced
morphisms qB : B→ Fdbl(S)/∼ and qC : C→ Fdbl(S)/∼ are double functors.

4. Left properness

The goal of this section is to prove that any model structure on DblCat whose triv-
ial fibrations are the canonical ones must be left proper. To do so, we first describe in
Section 4.1 a set of generating canonical cofibrations that identifies the canonical triv-
ial fibrations as the right class in a weak factorization system; these are then used in
Section 4.2 to establish our desired left properness result.

4.1. Canonical cofibrations and trivial fibrations. Let us first formally define the
class of canonical trivial fibrations, which will be a common feature of all the model
structures we consider in this work.

Definition 4.1. A double functor is a canonical trivial fibration if it is surjective on
objects, full on both horizontal and vertical morphisms, and fully faithful on squares.

We recall the following terminology.

Notation 4.2. Let I be a set of morphisms in a cocomplete category C. A morphism
in C is

(i) I-injective if it has the right lifting property with respect to every morphism in I;
the class of all such morphisms is denoted inj(I),

(ii) an I-cofibration if it has the left lifting property with respect to every I-injective
morphism; the class of all such morphisms is denoted cof(I).

Remark 4.3. In a locally presentable category C, the pair (cof(I), inj(I)) forms a weak
factorization system for any set I of morphisms in C.

Next, we define a set of generating canonical cofibrations in the category DblCat.

Definition 4.4. Let I be the set consisting of the following double functors:
(i) the unique morphism ∅ → 1,
(ii) the inclusion 1 ⊔ 1→ H2,
(iii) the inclusion 1 ⊔ 1→ V2,
(iv) the inclusion ∂(H2× V2)→ H2× V2 of the boundary of the square,
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· ·

· ·

• •

·

−→

·

· ·

• •

⇒

(v) the double functor H2 × V2 ⊔∂(H2×V2) H2 × V2 → H2 × V2 sending the two
parallel squares to the non-trivial square.

· ·

· ·

• •

⇒ ⇒

·

−→

·

· ·

• •

⇒
Inspecting the right lifting conditions with respect to the double functors in I, we can

identify the I-injective morphisms with the canonical trivial fibrations.
Proposition 4.5. A double functor has the right lifting property with respect to the maps
in I if and only if it is a canonical trivial fibration.
Definition 4.6. A double functor is a canonical cofibration if it is an I-cofibration.

The following description is a combination of [MSV23, Theorem 3.11, Remark 3.12,
and Corollary 3.13].
Proposition 4.7. A double functor F : A→ B is a canonical cofibration if and only if

(i) it is injective on objects and faithful on both horizontal and vertical morphisms,
(ii) there is a double category C and double functors B I−→ C R−→ B with RI = idB such

that the underlying categories UHC and UVC are obtained from the image of
UH(IF ) and UV(IF ) by freely adding objects and then freely adding morphisms
between specified objects.

In particular, a double category A is canonically cofibrant if and only if its underlying
horizontal and vertical categories UHA and UVA are free.
4.2. Left properness. The left properness of the relevant model structures is a conse-
quence of the following lemma, whose proof will be the main content of this section.
Lemma 4.8. Given a diagram of pushouts in DblCat

A C E

B D F

I J K

P

Q

⌜ ⌜

where I : A → B is a double functor in I and P is a canonical trivial fibration, we have
that Q is a canonical trivial fibration.

Before we focus on the proof of this lemma, we explain how one can use it to conclude
our desired left properness result. First, using the same model categorical arguments as
in the proof of [Lac02, Theorem 6.3] we deduce the following.
Proposition 4.9. Canonical trivial fibrations are stable under pushouts along canonical
cofibrations.

With this in hand, we can prove the desired left properness result.
Theorem 4.10. Any model structure on DblCat whose trivial fibrations are the canonical
ones is left proper.
Proof. Consider a pushout square in DblCat

A C

B D

I

W

V

⌜
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where I is a canonical cofibration and W is a weak equivalence. We need to show that V
is also a weak equivalence. Factoring W = PJ as a trivial cofibration J : A→ X followed
by a canonical trivial fibration P : X → C, we can then consider the following diagram
in DblCat

A X C

B Y D

I I ′

J P

K Q

W

V

⌜ ⌜

where the left-hand square is a pushout and the double functor Q is induced by the uni-
versal property of Y. Note that the right-hand square is also a pushout by the cancellation
property of pushouts.

We have that K is a trivial cofibration as a pushout of the trivial cofibration J , and I ′

is a canonical cofibration as a pushout of the canonical cofibration I. Hence, by Propo-
sition 4.9, it follows that Q is a canonical trivial fibration as a pushout of the canonical
trivial fibration P along I ′. We then conclude that V = QK is a weak equivalence as a
composite of the weak equivalences K and Q. □

Finally, we conclude this section with a proof of the lemma.

Proof of Lemma 4.8. We prove the result for each of the generating canonical cofibrations
of the set I in Definition 4.4.

The double functor ∅ → 1: In this case, we have D ∼= C ⊔ 1 and F ∼= E ⊔ 1. Thus
the double functor Q : D → F is isomorphic to P ⊔ 1 : C ⊔ 1 → E ⊔ 1 and hence it is a
canonical trivial fibration, as P is so.

The double functors 1 ⊔ 1 → H2 and 1 ⊔ 1 → V2: We deal with the case of
1 ⊔ 1→ H2, as the result for 1 ⊔ 1→ V2 follows by reversing the role of the horizontal
and vertical morphisms. We begin by describing the double functor Q : D→ F.

The double category D is obtained from C by freely adjoining a horizontal morphism
f : A → B between objects A,B in C. Therefore D has the same objects and vertical
morphisms as C, and its horizontal morphisms are composites

cn ◦ f ◦ cn−1 ◦ f ◦ · · · ◦ f ◦ c1,

where n ≥ 0 and ci is a horizontal morphism in C, for all 0 ≤ i ≤ n. Similarly, squares
in D are horizontal composites of squares

γ1|ef |γ2|ef | · · · |ef |γn
where n ≥ 0, each γi is a square in C for all 0 ≤ i ≤ n, and ef denotes the vertical identity
square at the horizontal morphism f . Similarly, the double category F is obtained from
E by freely adjoining a horizontal morphism g : PA → PB between the objects PA,PB
in E and thus F admits a description as above.

We now use these descriptions to unpack the action of the double functor Q : D → F.
It acts as P on objects and vertical morphisms. For horizontal morphisms, we have

Q(cn ◦ f ◦ · · · ◦ f ◦ c1) = Pcn ◦ g ◦ · · · ◦ g ◦ Pc1

and for squares, we have

Q(γ1|ef |γ2|ef | · · · |ef |γn) = Pγ1|eg|Pγ2|eg| · · · |eg|Pγn.

Hence, it is straightforward to check that Q is a canonical trivial fibration, as P is so.
The double functor H2× V2 ⊔∂(H2×V2) H2× V2→ H2× V2: We begin by giving

a different description of the double functor Q, that facilitates access to the information
required to prove that Q is a canonical trivial fibration. To describe the domain D, let α
and α′ be the squares with the same boundary in C that are identified in D.
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Consider the free double category Fdbl(SD), where SD is the double derivation scheme
whose objects, horizontal morphisms, and vertical morphisms are those of C, and whose
set of squares is given by the quotient sqC/α ∼ α′ of the set of squares of C resulting by
identifying α and α′. Now, denote by ∼C the smallest congruence on Fdbl(SD) such that

qC : C −→ Fdbl(SD)/∼C

is a double functor; by Corollary 3.40 we have that D ∼= Fdbl(SD)/∼C .
Similarly, let Fdbl(SF) be the free double category on the double derivation scheme

SF whose objects, horizontal morphisms, and vertical morphisms are those of E, and
whose set of squares is the quotient sqE/Pα ∼ Pα′ of the set of square of E resulting by
identifying Pα and Pα′. Denote by ∼E the smallest congruence on Fdbl(SF) such that

qE : E −→ Fdbl(SF)/∼E

is a double functor; by Corollary 3.40 we have that F ∼= Fdbl(SF)/∼E .
Note that the double functor P : C → E induces a map between double derivation

schemes Q̂ : SD → SF. This, in turn, gives a double functor Fdbl(Q̂) such that the following
diagram of underlying derivation schemes commutes.

(4.11)

C E

Fdbl(SD) Fdbl(SF)

P

Fdbl(Q̂)

Since P is a canonical trivial fibration, it follows by construction that so is Fdbl(Q̂).
Moreover, as Q : Fdbl(SD)/∼C → Fdbl(SF)/∼E is the double functor induced by Fdbl(Q̂) on
quotients, we see that Q must be surjective on objects, full on horizontal and vertical
morphisms, and full on squares. Thus, it remains to show that Q is faithful on squares.

To do this, we first define a new congruence ∼C on Fdbl(SF) by letting ∂ ∼C ∂′ in
Fdbl(SF) if there exist squares γ ∼C γ

′ in Fdbl(SD) such that Fdbl(Q̂)γ = ∂ and Fdbl(Q̂)γ′ =
∂′. The fact that this is a congruence follows from Fdbl(Q̂) being full on squares. We
thus get an induced double functor Fdbl(Q̂) on quotients making the following diagram
commute.

(4.12)

Fdbl(SD) Fdbl(SF)

Fdbl(SD)/∼C Fdbl(SF)/∼C

Fdbl(Q̂)

Fdbl(Q̂)

We claim that Fdbl(Q̂) is faithful on squares. Indeed, let δ, δ′ be squares in Fdbl(SD)
with the same boundary such that Fdbl(Q̂)δ = Fdbl(Q̂)δ′. By definition, this means
that Fdbl(Q̂)δ ∼C Fdbl(Q̂)δ′, and so there exist squares γ ∼C γ′ in Fdbl(SD) such that
Fdbl(Q̂)γ = Fdbl(Q̂)δ and Fdbl(Q̂)γ′ = Fdbl(Q̂)δ′. Using the fact that Fdbl(Q̂) is a canonical
trivial fibration, we can express δ as a pasting involving γ and invertible squares that
relate the boundary morphisms in δ to those in γ. But recall that δ and δ′ have the same
boundary, as do γ and γ′; hence, we can use the same invertible squares to express δ′ in
terms of γ′. Since γ ∼C γ′, these pastings must also be congruent and thus δ ∼C δ′, as
desired.

Our final step is to show that Q = Fdbl(Q̂), which would imply the desired faithfulness
on squares for Q, by the previous paragraph. By the universal property of the pushout for
Fdbl(SD)/∼C , it suffices to show that Fdbl(SE)/∼C = Fdbl(SE)/∼E . The inclusion ∼C⊆∼E
is straightforward, as given any two congruent squares γ ∼C γ

′ in Fdbl(SD), we know that
Fdbl(Q̂)γ ∼E Fdbl(Q̂)γ′ because Q is a double functor. On the other hand, ∼E is the
smallest congruence such that the map
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E Fdbl(SF)/∼E

qE

is a double functor. Then, to show that ∼E⊆∼C, it is enough to show that the map

E Fdbl(SF)/∼C

q′
C

is a double functor.
Since P is surjective on objects, full on both horizontal and vertical morphisms, and

full on squares, it is easy to check that E
q′
C−→ Fdbl(SF)/∼C is a double functor if and only if

the composite C P−→ E
q′
C−→ Fdbl(SF)/∼C is a double functor. Combining the commutative

diagrams 4.11 and 4.12, we see that this composite is equal to

C→ Fdbl(SD)/∼C
Fdbl(Q̂)−−−−−→ Fdbl(SF)/∼C ,

which is a double functor by construction.
The double functor ∂(H2 × V2) → H2 × V2: The argument is analogous to the

previous case. Instead of taking double derivation schemes whose squares identify two
squares, we now want to take into account that we are “adding a square”; for instance the
set of squares of the double derivation scheme associated to D is given by sqC⊔ {α}. □

5. Canonical equivalences and the gregarious model structure

In this section we use a result from previous work of Guetta and the authors [GMSV23],
that we recall in Section 5.1, to present in Section 5.2 an alternative proof of the existence
of the gregarious model structure on the category of double categories of Campbell [Cam].
This forms the “base case” of the method we present in Section 6, as all other model
structures we produce will be localizations of the gregarious model structure. This result
is established in Section 5.3, and used as evidence that the gregarious double equivalences
are the canonical notion of double categorical equivalence between strict double categories.

5.1. Recollection: a tool to construct model structures. Our strategy for this
section and the next will be to use a result from [GMSV23] to construct model structures
from a given data. For convenience, we briefly recall the set-up and statement of the
relevant theorem.

We start with the data of a locally presentable category C and a weak factorization
system (An,NFib) on C generated by a set J , that serves a similar role as the anodyne
extensions and naive fibrations of [Cis06]; see also Definition 2.5. This weak factorization
system yields the following notions of “fibrant objects” and “fibrant replacements”.

Definition 5.1. An object X ∈ C is naive fibrant if the unique morphism X → ∗ to the
terminal object in C is a naive fibration.

Definition 5.2. Given an object X ∈ C, a naive fibrant replacement of X is an anodyne
extension ιX : X → X ′ such that X ′ is naive fibrant.

Similarly, given a morphism f : X → Y in C, a naive fibrant replacement of f is a
commutative square

(5.3)
X Y

X ′ Y ′

f

ιX ιY

f ′

where ιX , ιY are anodyne extensions and X ′, Y ′ are naive fibrant.

Remark 5.4. Note that naive fibrant replacements always exist, as they can be constructed
using the factorization system (An,NFib).
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Now, suppose that in addition to the factorization system (An,NFib) we are given a
class Wf of morphisms between naive fibrant objects, which we interpret as weak equiva-
lences between fibrant objects. We can then use the above definitions to construct a new
class W, which will play the role of our weak equivalences in C.

Definition 5.5. A morphism f : X → Y in C is a weak equivalence if there exists a naive
fibrant replacement (5.3) of f such that f ′ is in Wf .

We denote by W the class of weak equivalences.

The following can be found as [GMSV23, Theorem 2.8].

Theorem 5.6. Let C be a locally presentable category, I be a set of morphisms in C,
and (An,NFib) be a weak factorization system in C generated by a set J such that
An ⊆ cof(I). Suppose in addition that we have a class Wf of morphisms in C between
naive fibrant objects such that

(1) inj(I) ⊆ W, where W is described in Definition 5.5,
(2) Wf has 2-out-of-6,
(3) there exists a class W of morphisms such that Wf is the restriction of W to the

morphisms between naive fibrant objects and W considered as a full subcategory
of C2 is accessible,

(4) the morphisms in An between naive fibrant objects are in Wf ,
(5) NFib ∩Wf ⊆ inj(I).

Then there exists a combinatorial model structure on C with cofibrations given by the I-
cofibrations, fibrant objects given by the naive fibrant objects, and weak equivalences given
by the morphisms in W. Furthermore, the weak equivalences (resp. fibrations) between
fibrant objects are precisely the morphisms in Wf (resp. NFib).

Remark 5.7. By [GMSV23, Proposition 2.21], condition (4) is equivalent to the following:
(4’) for every naive fibrant object X, there is a factorization of the diagonal morphism

X
w−→ PathX p−→ X ×X

such that w ∈ Wf and p ∈ NFib.

5.2. The gregarious model structure. We now give an alternative proof of the exis-
tence of the gregarious model structure of Campbell [Cam].

Notation 5.8. Let J0 be the set consisting of the following double functors:
(i) the inclusion 1 → SqEadj, where Eadj denotes the 2-category free on an adjoint

equivalence data,
(ii) the inclusion H2→ HΣI, where ΣI denotes the 2-category free on a 2-isomorphism,
(iii) the inclusion V2→ VΣI.

It is straightforward to check that all double functors in J0 are canonical cofibrations in the
sense of Definition 4.6. We denote by (An0,NFib0) the corresponding weak factorization
system on DblCat.

Inspecting the right lifting conditions with respect to the double functors in J0, we can
extract an explicit description of the double functors in NFib0, for which we introduce
the following terminology.

Definition 5.9. A double functor is a gregarious fibration if it has the right lifting prop-
erty with respect to every double functor in J0.

Definition 5.10. A companion pair (f, u, φ, ψ) in a double category A is a gregarious
(adjoint) equivalence if it induces an (adjoint) equivalence in the 2-category RA from
Remark 3.21.

Remark 5.11. Equivalently, the data of a gregarious adjoint equivalence in a double cat-
egory A can be encoded as a double functor SqEadj → A.

Lemma 5.12. A double functor F : A→ B is a gregarious fibration if and only if
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(f1) for every object A ∈ A and every gregarious equivalence (g, v, χ, ω) : FA → B
in B, there is a gregarious equivalence (f, u, φ, ψ) : A→ C in A such that Ff = g,
Fu = v, Fφ = χ, and Fψ = ω,

(f2) the induced 2-functor HF : HA→ HB between underlying horizontal 2-categories
is locally an isofibration,

(f3) the induced 2-functor VF : VA→ VB between underlying vertical 2-categories is
locally an isofibration.

In particular, every double category is gregarious fibrant.
The weak equivalences in this model structure will be given by the following.

Definition 5.13. A double functor F : A→ B is a gregarious double equivalence if it is
(g1) surjective on objects up to gregarious equivalence: for every object B ∈ B, there

is an object A ∈ A and a gregarious equivalence (g, v, χ, ω) : FA→ B in B,
(g2) essentially full on horizontal morphisms: the induced 2-functor HF : HA → HB

between underlying horizontal 2-categories is essentially full on morphisms,
(g3) essentially full on vertical morphisms: the induced 2-functor VF : VA → VB

between underlying vertical 2-categories is essentially full on morphisms,
(g4) fully faithful on squares.

We denote by W the class of gregarious double equivalences.
Placing these notions in the terminology of Theorem 5.6, we consider the case where
• C is the category DblCat of double categories and double functors,
• I is the set of generating canonical cofibrations of Definition 4.4,
• (An0,NFib0) is the weak factorization system on DblCat generated by the set J0

from Notation 5.8,
• Wf =W is the class of gregarious double equivalences.

Our goal is now to establish all of the requirements of Theorem 5.6.
First note that by the characterization of the canonical trivial fibrations in Proposi-

tion 4.5, it is straightforward to see that canonical trivial fibrations satisfy the conditions
of a gregarious double equivalence.
Proposition 5.14. Every canonical trivial fibration is a gregarious double equivalence.

Moreover, the following result is obtained from a careful inspection of the explicit
descriptions in Proposition 4.5, Lemma 5.12, and Definition 5.13.
Proposition 5.15. Every gregarious fibration that is also a gregarious double equivalence
is a canonical trivial fibration.

We now show that gregarious double equivalences are accessible and satisfy 2-out-of-6.
For this, we show that the class of gregarious double equivalences is the preimage under
the right adjoint functor

(R,H,V,HJV2,−K) : DblCat→ 2Cat×4

of the pointwise biequivalences in 2Cat. Here R is the right adjoint functor from Re-
mark 3.21, H and V are the right adjoint functors from Remark 3.14, and HJV2,−K is
the composite of the right adjoint functors

DblCat JV2,−K−−−−→ DblCat H−→ 2Cat
from Remarks 3.14 and 3.26.
Proposition 5.16. If F : A → B is a gregarious double equivalence, then the image
(R,H,V,HJV2,−K)F is a pointwise biequivalence.
Proof. We first prove that RF is a biequivalence. Condition (b1) in Definition 3.3 is
a consequence of (g1) in Definition 5.13 by definition of a gregarious equivalence, and
condition (b3) is a direct consequence of (g4) by definition of the 2-morphisms in RA
and RB.

For (b2), given a morphism (g, v, χ, ω) : FA→ FB in RB, we want to find a morphism
(f, u, φ, ψ) : A → B in RA and a 2-isomorphism α : F (f, u, φ, ψ) ∼= (g, v, χ, ω). In other
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words, we want to find a horizontal morphism f in A that has a vertical companion,
together with a vertically invertible square in B

FA

FA

FB

FB

•

Ff

g

•∼=

β

The existence of the morphism f and invertible square α is guaranteed by (g2), and since
Ff ∼= g, we have that (Ff, v) is also part of the data of a companion pair in B. Now, by
(g3), we have a horizontally invertible square

FA

FA′

FA

FA′

•Fu •vβ ∼=

which implies that Fu is another vertical companion of Ff . Since F is fully faithful on
squares by (g4), the squares encoding the fact that (Ff, Fu) are a companion pair must
come from squares in A that express (f, u) as companions, as desired.

To check that HF and HJV2, F K are biequivalences, note that F is a double biequiv-
alence in the sense of [MSV22, Definition 3.6], and so the claim is given by [MSV22,
Proposition 3.11] (note that the functor HJV2,−K is denoted by V in [MSV22]). Finally,
since gregarious double equivalences are fully symmetric with respect to the horizontal
and vertical directions, the fact that HF is a biequivalence means that so is VF . □

Proposition 5.17. If (R,H,V,HJV2,−K)F is a pointwise biequivalence, then F : A→ B
is a gregarious double equivalence.
Proof. By condition (b1) for the biequivalence RF , we get that F is surjective on objects
up to gregarious equivalence; hence F satisfies condition (g1) in Definition 5.13.

Condition (g2) asserts that F is full on horizontal morphisms up to 2-isomorphism in
HB, which is precisely the condition (b2) satisfied by the biequivalence HF . Similarly,
(g3) is ensured by the condition (b2) of the biequivalence VF .

Finally, since both HF and HJV2, F K are biequivalences, by [MSV22, Proposition 3.11]
we have that F is a double biequivalence; in particular, it is fully faithful on squares, which
is precisely condition (g4). □

Corollary 5.18. The class W of gregarious double equivalences satisfies 2-out-of-6, and
is accessible as a full subcategory of DblCat2.
Proof. The pointwise biequivalences in 2Cat×4 satisfy 2-out-of-6 and form an accessible
class, as they are the weak equivalences of a combinatorial model structure. Hence, the
result follows directly from the fact that, by Propositions 5.16 and 5.17, the class W is
the preimage under the accessible functor (R,H,V,HJV2,−K) : DblCat→ 2Cat×4 of the
pointwise biequivalences. □

We now turn to finding a path object, for which we must establish a series of technical
lemmas. The first of these shows that all double categories have the right lifting property
with respect to double functors that will eventually be trivial cofibrations in our model
structure.
Lemma 5.19. Let F : A→ B be a double functor that is both a canonical cofibration and
a gregarious double equivalence. Then, for every double category X, there is a lift in every
diagram of the form

A X

B

F
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Proof. To prove the result, we use the characterization of canonical cofibrations from
Proposition 4.7. Note that, without loss of generality, we can assume that B is such that
its underlying categories UHB and UVB are obtained from the image of UHF and UVF
by freely adding objects and then freely adding morphisms between specified objects,
as the class of double functors with the left lifting property against X is closed under
retracts. Moreover, it is enough to prove the case where X = A, i.e., we need to construct
a retraction G : B→ A of F .

We define the double functor G : B→ A as follows.

• Given an object b ∈ B,
– if b = Fa for some object a ∈ A, we set Gb := a and (fb, ub, φb, ψb) to be the

identity companion pair at Fa,
– otherwise, by (g1) in Definition 5.13, there is an object a ∈ A and a gregarious

equivalence (fb, ub, φb, ψb) : Fa ≃−→ b in B, and we set Gb := a.
• Given a horizontal morphism g : b→ d in B,

– if g = Ff for some horizontal morphism f : a→ a′ in A, we set Gg := f and αg
to be the vertical identity square at Ff ,

– if g is a freely-added horizontal morphism, by (g2), there is a horizontal mor-
phism f : Gb→ Gd in A and a vertically invertible square in B

FGb

FGb b d FGd

FGd

• •

Ff

fb g f−1
d

∼=αg

and we set Gg := f ,
– otherwise, we have that g is a composite b g1−→ d1

g2−→ . . .
gn−1−−−→ dn−1

gn−→ d of
horizontal morphisms in the image of F and of freely-added morphisms; we set
Gg := G(gn) ◦ . . . ◦ G(g1) and we set αg to be the vertically invertible square
from FGg to f−1

d ◦ g ◦ fb in B obtained by taking the horizontal composite of
the squares αg1 , . . . , αgn and using the counits to cancel out the copies of fdi

and f−1
di

.
• The procedure for vertical morphisms is analogous, using property (g3) and defin-

ing, for a vertical morphism v : b b′ in B, a vertical morphism Gv in A and a
horizontally invertible square βv from FGv to u−1

b′ ◦ v ◦ ub in B.
• Given a square β in B as depicted below left, by (g4), there is a unique square α in A

such that Fα is equal to the pasting below right, and we set Gβ := α.

b d

b′ d′

g

g′

•v •wβ

FGb

FGb

FGb

FGb

b

b′

FGb′

FGb′

FGb′

FGb′

•

•FGv

•

•

•ub

•v

•u−1
b′

•

=

βv

=

b

b

b′

b′

•

•v

•

fb

fb′

φb

=

φ−1,v
b′

d

d

d′

d′

•

•w

•

g

g

g′

g′

=

β

=

FGd

FGd

d

d′

FGd′

FGd′

•

•ud

•w

•u−1
d′

•

FGg

f−1
d

f−1
d′

FGg′

φ−1,h
d

=

φ−1,hv
d′

αg

α−1
g′

FGd

FGd

FGd′

FGd′

•

•FGw

•

=

β−1
w

=
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Note that G is well-defined since F is injective on objects and faithful on horizontal and
vertical morphisms—as it is a canonical cofibration—, and it is fully faithful on squares—
since F is a gregarious double equivalence. Moreover, we see that GF = idA as desired,
and that G respects composites of horizontal (resp. vertical) morphisms by construction.
Finally, to see that G preserves compositions of squares, note that composing two of the
diagrams as depicted above corresponding to composable squares β and γ causes several
squares to cancel out, and we obtain the diagram corresponding to their composite. □

The next several lemmas prove some useful facts regarding the behavior of the Gray
tensor product of double categories with respect to our relevant classes of maps. The
motivation behind these lies in the fact that our candidate for path object of a double
category A will be given by the internal pseudo-hom JSqEadj,AKps, which is intimately
related to the Gray tensor product as stated in Proposition 3.27.

Lemma 5.20. If P : A → B is a canonical trivial fibration and X is a double category,
then the induced double functor P ⊗ X : A⊗ X→ B⊗ X is a canonical trivial fibration.

Proof. Consider the commutative diagram in DblCat,

A⊗ X

A× X

B⊗ X

B× X

P ⊗ X

P × X

πA,X πB,X

where the vertical double functors are the canonical projections and are canonical trivial
fibrations by [MSV23, Lemma 7.3]. Moreover, the product P × X is a canonical trivial
fibration as a pullback of the canonical trivial fibration P along the projection B×X→ B.
Then, by 2-out-of-3 and Proposition 5.14, we get that P ⊗ X is a gregarious double
equivalence. In particular, it is fully faithful on squares.

To show that P⊗X is a canonical trivial fibration, it remains to show that it is surjective
on objects and full on both horizontal and vertical morphisms. A detailed description of
the data of the double category A⊗X can be found, for instance, in [MSV23, Description
7.1]. Using this, we can see that A⊗X and A×X have the same objects. Moreover, their
horizontal morphisms are generated by pairs of the form (f, id) and (id, g) for horizontal
morphisms f in A and g ∈ B, the only difference being that A × X has an additional
relation that makes these two types of generators commute; a similar description can be
given for the vertical morphisms. Then, the fact that P × X is surjective on objects and
full on horizontal and vertical morphisms implies that so is P ⊗ X. □

Notation 5.21. Given two double functors J : A→ B and I : X→ Y, we write J □ I for
the pushout-product double functor

J □ I : A⊗ Y⨿A⊗X B⊗ X→ B⊗ Y

Lemma 5.22. The pushout-product of two canonical cofibrations is a canonical cofibra-
tion.

Proof. This is contained in the proof of [MSV23, Theorem 7.8], since that theorem deals
with the same generating set of cofibrations as in Definition 4.4. □

Lemma 5.23. Let J : A → B be a canonical cofibration such that A is canonically cofi-
brant and J admits a retraction P : B→ A that is a canonical trivial fibration. Then, for
any canonical cofibration I : X→ Y, the pushout-product

J □ I : A⊗ Y⨿A⊗X B⊗ X→ B⊗ Y

is a canonical cofibration and a gregarious double equivalence.

Proof. Consider the following commutative diagram
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A⊗ X B⊗ X A⊗ X

A⊗ Y • A⊗ Y

B⊗ Y

A⊗ I K A⊗ I

J ⊗ X P ⊗ X

Q

J □ I

J ⊗ Y
P ⊗ Y

⌜ ⌜

First, by Lemma 5.22, we have that A ⊗ I and J □ I are canonical cofibrations. Hence
K is also a canonical cofibration as a pushout of A ⊗ I. Then, by Lemma 5.20, we
have that P ⊗ X and P ⊗ Y are canonical trivial fibrations. Hence Q is also a canonical
trivial fibration by Proposition 4.9 as the pushout of the canonical trivial fibration P ⊗X
along the canonical cofibration K. Hence, by 2-out-of-3, we conclude that the canonical
cofibration J □ I is also a gregarious double equivalence. □

Remark 5.24. Note that the projection double functors SqEadj → 1, HΣI → H2, and
VΣI → V2 are canonical trivial fibrations, and that the double categories 1, H2, and V2
are canonically cofibrant. Hence, the canonical cofibrations of the set J0 all satisfy the
condition of J in Lemma 5.23.

Lemma 5.25. For every double category A, the double functor JSqEadj,AKps → A induced
by the inclusion 1→ SqEadj is a canonical trivial fibration.

Proof. The double functor JSqEadj,AKps → A is a canonical trivial fibration if and only
if it has the right lifting property with respect to any canonical cofibration I. By the
adjunction −⊗B ⊣ JB,−Kps which is natural in B, this is the case if and only if A has the
right lifting property with respect to the pushout-product J □ I of J : 1 → SqEadj and
any canonical cofibration I. We show the latter.

Let I be a canonical cofibration and fix J : 1 → SqEadj. By Lemma 5.23 and Re-
mark 5.24, the pushout-product J □ I is both a canonical cofibration and a gregarious
double equivalence. Hence, by Lemma 5.19, the double category A has the right lifting
property against J □ I, as desired. □

Lemma 5.26. For every double category A, the double functor JSqEadj,AKps → A × A
induced by the inclusion 1⨿ 1→ SqEadj is a gregarious fibration.

Proof. The double functor JSqEadj,AKps → A × A is a gregarious fibration if and only if
it has the right lifting property with respect to any canonical cofibration J in the set J0.
By the adjunction − ⊗ B ⊣ JB,−Kps which is natural in B, this is the case if and only
if A has the right lifting property with respect to the pushout-product J □ I of any J
in J0 and the canonical cofibration I : 1⨿ 1→ SqEadj. The proof of this latter fact now
proceeds as in the previous lemma. □

Proposition 5.27. For every double category A, there is a factorization of the diagonal

A W−→ JSqEadj,AKps
P−→ A× A

induced by 1 ⨿ 1 → SqEadj → 1 as a gregarious double equivalence W followed by a
gregarious fibration P .

Proof. The fact that P is a gregarious fibration is the content of Lemma 5.26. The fact
that W is a gregarious double equivalence follows by 2-out-of-3, as W is a section of the
canonical trivial fibration JSqEadj,AKps → A from Lemma 5.25. □

We have now provided a different proof of Campbell’s theorem from [Cam].

Theorem 5.28. There is a cofibrantly generated model structure on DblCat, called the
gregarious model structure and denoted by DblCatgreg, in which the weak equivalences
are the gregarious double equivalences and the trivial fibrations are the canonical ones.
Furthermore, the fibrations are the gregarious fibrations, and all objects are fibrant.
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Proof. We verify the conditions from Theorem 5.6. (1) follows from Proposition 5.14
together with the fact that fibrant replacements can be taken to be trivial as all objects
are naive fibrant by Lemma 5.12. (2) and (3) are the content of Corollary 5.18. (4) is
proven in Proposition 5.27 using the equivalent characterization from Remark 5.7. Finally,
(5) is given by Proposition 5.15. □

Remark 5.29. As all objects are fibrant, we have that (An0,NFib0) coincides with the
weak factorization system of trivial cofibrations and fibrations for the gregarious model
structure.

The following result now follows directly from Theorem 4.10.
Theorem 5.30. The gregarious model structure DblCatgreg is left proper.
Theorem 5.31. The gregarious model structure DblCatgreg is monoidal with respect to
the Gray tensor product.
Proof. This follows from Lemmas 5.22 and 5.23 and Remarks 5.24 and 5.29. □

Remark 5.32. None of the model structures that we consider in this paper—hence, in
particular, the gregarious model structure—is compatible with the cartesian product.
This is due to the fact that, using this monoidal structure, the pushout-product of two
cofibrations is not necessarily a cofibration, as shown in [MSV22, Remark 7.1].
5.3. The canonical double equivalences. We can now reap the benefits of the homo-
topical results we have established so far, to answer the following question: what should it
mean for a double functor F : A→ B to be a canonical equivalence of double categories?

As explained in the introduction, unlike other categorical structures such as categories,
2-categories, or even n-categories, it is not clear what the canonical notion of equivalence
should be in the setting of double categories. This difficulty is due to the existence of
two different types of morphisms, and arises when one tries to determine what type of
surjectivity on objects to require of the double functor F . While for categories we ask for
surjectivity up to isomorphism, and for 2-categories we need surjectivity up to (internal)
equivalence, the fact that double categories have both horizontal and vertical equivalences
gives rise to a variety of choices and combinations one could ask for, and obscures which
is the “canonical” one.

Instead of trying to emulate the “essentially surjective and fully faithful” characteriza-
tion of equivalences, one could alternatively think of equivalences of categories as func-
tors F : C → D such that there exists another functor G : D → C together with natural
isomorphisms idC ∼= GF and idD ∼= FG. Indeed, an analogous description holds for
2-categories: a 2-functor F : C → D is a biequivalence precisely if there exists a pseudo-
functor G : D → C and pseudo-natural equivalences idC ≃ GF and idD ≃ FG. However,
the same issue arises if we try to translate this description to the setting of double cat-
egories, as we now have both horizontal and vertical (pseudo) natural transformations,
and one is faced with the same choices as above.
Remark 5.33. Before we present our argument, we briefly remind the reader of other
equivalences between double categories that have been considered in the literature:
• levelwise equivalences using the fact that double categories are categories internal to

Cat; this gives a truncation of the equivalences in [FPP08, Theorem 7.17];
• equivalences in a 2-category [Lac07] using the fact that there is a 2-category of

double categories, double functors, and horizontal natural transformations [FPP08,
§8.4]; this yields a stricter version of the “horizontal equivalences” of Grandis–Paré
[Gra19, §3.5.5];
• equivalences of algebras [Lac07] using the fact that double categories form the alge-

bras for a certain 2-monad over Cat(Graph) [FPP08, §9].
While all of these notions are natural and highlight relevant features and perspectives on
DblCat, none of them produce a truly canonical notion of double categorical equivalence.
Indeed, the surjectivity on objects we obtain from translating these notions is inherently
1-dimensional, as it relies on isomorphisms, as opposed to equivalences. Our knowledge
from the setting of 2-category theory already tells us that this is not what we need.
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We argue that the canonical equivalences of double categories should be the gregarious
double equivalences, which were introduced by Campbell in [Cam] to serve this purpose.
To support this claim, we remind the reader of two uncontroversial assumptions that we
are making from the start:
(1) Any candidate notion of “canonical double equivalence” must form the class of weak

equivalences in some model structure on DblCat (as is the case for the equivalences
of categories [Rez96] and the biequivalences of 2-categories [Lac02, Lac04]).

(2) The trivial fibrations in such a model structure must be the canonical trivial fibrations
of Definition 4.1 (which are defined in direct analogy to the trivial fibrations in Cat
and 2Cat).

With this in mind, the following result, showing how any model structure with the
canonical trivial fibrations is related to the gregarious model structure, gives evidence to
our claim.

Theorem 5.34. Every model structure on DblCat whose trivial fibrations are the canon-
ical ones is a localization of the gregarious model structure DblCatgreg. Moreover, if
the model structure is cofibrantly generated, it is further a left Bousfield localization of
DblCatgreg, and so the weak equivalences (resp. fibrations) between fibrant objects are
precisely the gregarious double equivalences (resp. gregarious fibrations).

Proof. Suppose that DblCat is endowed with a model structure whose trivial fibrations
are the canonical ones. We show that the identity adjunction

DblCatgreg DblCat
id

id
⊥

is a Quillen pair. First note that id : DblCatgreg → DblCat preserves cofibrations, as
both model structures have as cofibrations the canonical ones. Moreover, as the double
functors SqEadj → 1, HΣI → H2, and VΣI → V2 are canonical trivial fibrations, by
2-out-of-3, the double functors in J0 will also be trivial cofibrations in DblCat. Hence
id: DblCatgreg → DblCat preserves trivial cofibrations, and thus it is left Quillen. In
addition, the derived counit at a fibrant object A ∈ DblCat is given by a canonical
cofibrant replacement of A in DblCatgreg and can be chosen to be a canonical trivial
fibration. Hence it is also a weak equivalence in DblCat. This shows that DblCat is a
localization of DblCatgreg

If the model structure on DblCat is cofibrantly generated, then by Proposition 2.6, it
coincides with a left Bousfield localization of DblCatgreg and so the weak equivalences
and fibrations between fibrant objects admit the desired description by Theorem 2.4. □

In particular, this shows that the gregarious double equivalences give the smallest class
of weak equivalences on DblCat compatible with the canonical trivial fibrations, and hence
they can be considered to be the class of “canonical equivalences” of double categories.

Remark 5.35. While Definition 5.13 provides an explicit characterization of the gregarious
double equivalences in the spirit of the familiar “essentially surjective and fully faithful”
description, a categorically-minded reader might wonder whether they could also be de-
scribed in terms of the existence of a certain (weak) inverse. This will be addressed in
future work by the second author.

Remark 5.36. In the slides where the notion of gregarious double equivalence first ap-
peared [Cam]—albeit under a different name—, Campbell suggests another justification
for why these equivalences are canonical: the gregarious model structure is the model
structure on DblCat with the canonical trivial fibrations in which all objects are fibrant,
in parallel with the cases of Cat and 2Cat.

Remark 5.37. Inspired by a talk on this paper, recent work of Tom Leinster [Lei25] gives
an independent, additional justification that further supports the conclusion that the gre-
garious double equivalences are the canonical notion of equivalence for double categories.
He shows that in the settings of categories, monoidal categories, and bicategories, two
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objects A and B are equivalent precisely if there exists a span A ← C → B consisting
of trivial fibrations—in his work, these are called “surjective equivalences”. Then, [Lei25,
Theorem 5.8] studies the case of double categories, showing that this happens if and only
if the double categories A and B are gregarious double equivalent.

6. Constructing model structures on double categories

Having settled the question of the canonical double categorical equivalences in the
previous section, we now turn our attention to all possible cofibrantly generated model
structures on double categories whose trivial fibrations are the canonical ones, and aim
to give a detailed and streamlined set of guidelines for constructing them in Section 6.1.
Our recipe has the additional advantage of yielding an explicit description of the fibrant
objects in terms of lifting conditions—rather than a local condition, as obtained from its
construction as a Bousfield localization. Lastly, in Section 6.2 we give sufficient conditions
for these model structures to be monoidal with respect to the Gray tensor product.

6.1. A recipe for cofibrantly generated model structures. We restrict our attention
to cofibrantly generated model structures. Our goal is to provide a user-friendly recipe
to construct these model structures, which will rely on Theorem 5.6. Looking at the
statement of this theorem, we find that in our case most of the data is already determined
by our motivation:
• The category C must be the category DblCat of double categories and double func-

tors, where we want to construct our model structure.
• Since we wish to consider the canonical trivial fibrations, we can let I be the set of

generating canonical cofibrations of Definition 4.4.
• By Theorem 5.34, the weak equivalences between fibrant objects in all these model

structures are the gregarious double equivalences; hence Wf will consist exactly of
these double functors.

Therefore, the only data left to determine is the weak factorization system (An,NFib),
which must be cofibrantly generated by a set J of double functors. At this point, the
reader could skip to Theorem 6.7 and read the requirements on a set J that will ensure the
existence of a cofibrantly generated model structure on DblCat whose trivial fibrations are
the canonical ones. However, a more likely scenario is that the user has some additional
features in mind for the desired model structure. We will now give some guidelines on
how to use those features to select a set J .
Step 1: Choosing a candidate for J .
(a) If the user has a desired class of fibrant double categories, they should find a set J

with the property that a double category is fibrant if and only if it has the right
lifting property with respect to all double functors in J .

(b) If the user has a desired set S of double functors that they wish to localize at, they
should pick J = S.

Step 2: Making adjustments to J . The double functors in J need to be modified to
ensure that they are canonical cofibrations with canonically cofibrant domain. This is not
hard to do in practice when the double functors are determined from a lifting property as
in item (a) above; in fact, these double functors will be trivial cofibrations if the desired
model structure indeed exists. However, it may be less evident that a localizing class J
obtained as in item (b) can be similarly modified without altering its intended purpose.
This is justified by the following remark.

Remark 6.1. Given a double functor J : A → B in J , consider a commutative square of
the form

Acof Bcof

A B

Jcof

inj(I) ∋ ∈ inj(I)

J
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with Jcof ∈ cof(I). Such a square can be obtained by first choosing a canonical cofibrant
replacement Acof → A in inj(I) and then factoring the resulting composite using the weak
factorization system (cof(I), inj(I)); hence Jcof is a canonical cofibration with canonically
cofibrant domain. Moreover, since maps in inj(J ) are trivial fibrations, we have that J
is a weak equivalence in the resulting model structure if and only if Jcof is so, and thus
localizing by J or by Jcof produces the same result.

Remark 6.2. The double functors in J0 will always be trivial cofibrations in this new
model structure we want to build, as it will be a localization of the gregarious model
structure by Theorem 5.34. Hence it is not restrictive to assume that J0 ⊆ An. It follows
that we have inclusions

An0 ⊆ An and NFib ⊆ NFib0.

In particular, one could always ask that J0 ⊆ J in order to ensure the inclusion J0 ⊆ An.

We now prove that, in this setting, conditions (1)-(3) and (5) of Theorem 5.6 hold
automatically. We start with the following lemma: a general, model categorical argument
expressing a relation between the two factorization systems we consider.

Lemma 6.3. If P : A→ B is a canonical trivial fibration and A is naive fibrant, then B
is naive fibrant.

Proof. We need to show that for every double functor J : X→ Y in the generating set J
of the weak factorization system (An,NFib), there is a lift F̂ in the diagram below left.

X B

Y

F

J
F̂

∅ A

X B

P

F

G

X A

Y

G

J
Ĝ

However, since X is canonically cofibrant and P is a canonical trivial fibration, we get a
lift G in the commutative diagram in the center. Then, as A is naive fibrant, we further
get a lift in the diagram above right. Setting F̂ := PĜ we get the desired lift, since

F̂ J = PĜJ = PG = F. □

We can use this to show that condition (1) of Theorem 5.6 is satisfied. Adapting
Definition 5.5 to our setting, the class W of weak equivalences is given by those double
functors which admit a naive fibrant replacement that is a gregarious double equivalence.

Proposition 6.4. Every canonical trivial fibration is in the class of weak equivalencesW.

Proof. Let P : A → B be a canonical trivial fibration in DblCat, and let ιA : A → A′ be
a naive fibrant replacement with respect to the weak factorization system (An,NFib).
We consider the following pushout in DblCat and show that it provides a naive fibrant
replacement of P such that P ′ is a gregarious double equivalence.

A B

A′ B′
⌜

P

ιA ιB

P ′

Since An is saturated, the double functor ιB : B → B′ is also an anodyne extension.
Moreover, since An ⊆ cof(I), the pushout P ′ of the canonical trivial fibration P is also a
canonical trivial fibration by Proposition 4.9 and so also a gregarious double equivalence
by Proposition 5.14. Finally, as P ′ is a canonical trivial fibration and A′ is naive fibrant,
then B′ is also naive fibrant by Lemma 6.3. □
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While conditions (2), (3), and (5) of Theorem 5.6 will always be satisfied as well (see
the proof of Theorem 6.7), the same cannot be said of condition (4), and this is the place
where our choice of J requires some care. To better understand this condition, we present
equivalent formulations in the next result.

Proposition 6.5. The following conditions are equivalent:
(i) Every double functor J ∈ An between naive fibrant double categories is a gregarious

double equivalence.
(ii) Every gregarious fibration between naive fibrant double categories is in NFib.

(iii) For every naive fibrant double category A, the double functor
JSqEadj,AKps → A× A

induced by the canonical inclusion 1⨿ 1→ SqEadj is in NFib.

Proof. To show that (i) implies (ii), let P : A → B be a gregarious fibration such that A
and B are naive fibrant. Factor P as

A J−→ C Q−→ B
with J ∈ An and Q ∈ NFib. By (i), the double functor J is both a canonical cofibration
and a gregarious double equivalence, and so it is a trivial cofibration in the gregarious
model structure. As P is a gregarious fibration, it has the right lifting property with
respect to J , and so by the retract argument it is in NFib.

Next we show that (ii) implies (iii). Let A be a naive fibrant double category. By
Lemma 5.25, the double functor JSqEadj,AKps → A is a canonical trivial fibration, thus
also a naive fibration. Hence it follows that JSqEadj,AKps is also naive fibrant. This fact,
together with Lemma 5.26, imply that JSqEadj,AKps → A × A is a gregarious fibration
between naive fibrant double categories, and so by (ii), it is also in NFib.

Finally, we prove that (iii) implies (i). Note that (i) corresponds to condition (4) of
Theorem 5.6 in this context, so we can instead show the equivalent condition (4’) from
Remark 5.7. Let A be a naive fibrant double category. Then the following is a factorization
of the diagonal

A W−→ JSqEadj,AKps
P−→ A× A

where W is a gregarious double equivalence by Proposition 5.27 and P is in NFib by (iii),
as desired. □

We now show that this condition does not hold for all choices of J .

Example 6.6. Consider the set of double functors
J := J0 ⨿ {1→ H2}

inducing a weak factorization system (An,NFib) on DblCat. Then, we have strict inclu-
sions An0 ⊂ An and NFib ⊂ NFib0. Moreover, note that every double category is naive
fibrant as, for every double category A, there is a lift in every diagram of the form

1 A

H2

A

idA

Hence the strict inclusion NFib ⊂ NFib0 shows that there are double functors in NFib0
(between naive fibrant double categories) that are not in NFib, and so J does not satisfy
the equivalent properties of Proposition 6.5.

However, to produce the same resulting model structure where the double functor
1→ H2 is made into a weak equivalence, one can consider instead the set

J := J0 ∪ {H2→ SqEadj}.
Indeed, since 1→ SqEadj is in J0 and hence is always a weak equivalence, by 2-out-of-3
the double functor 1 → H2 is a weak equivalence if and only if H2 → SqEadj is so.
Moreover, this new set J satisfies the equivalent properties of Proposition 6.5, which
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can be deduced from Propositions 3.24, 7.6 and 8.6 using that H2 → SqEadj factors as
H2→ Sq2→ SqEadj.

Under the equivalent conditions of Proposition 6.5, we have proven the existence of the
desired model structure, as we now summarize.

Theorem 6.7. Let (An,NFib) be a weak factorization system in DblCat generated by a
set J of double functors with canonically cofibrant domain such that J0 ⊆ J ⊆ cof(I)
and the equivalent conditions of Proposition 6.5 are satisfied. Then, there is a cofibrantly
generated model structure on DblCat whose trivial fibrations are the canonical ones, and
whose fibrant objects are the naive fibrant double categories. Furthermore, the weak equiv-
alences (resp. fibrations) between fibrant objects are precisely the gregarious double equiv-
alences (resp. gregarious fibrations).

Proof. We check the conditions from Theorem 5.6. Condition (1) is Proposition 6.4; con-
ditions (2) and (3) are ensured by Corollary 5.18. Condition (4) holds by assumption as
one of the equivalent conditions in Proposition 6.5. Finally, as every naive fibration is
in particular a gregarious fibration by Remark 6.2, condition (5) follows from Proposi-
tion 5.15. □

As a direct consequence of Theorem 4.10, we get the following.

Theorem 6.8. The model structure on DblCat from Theorem 6.7 is left proper.

We are also able to refine our result from Theorem 5.34.

Theorem 6.9. The model structure on DblCat from Theorem 6.7 is the left Bousfield
localization of the gregarious model structure at the set J \ J0.

Proof. By Theorem 5.34, the model structure on DblCat from Theorem 6.7 is a localiza-
tion of the gregarious model structure. Hence, by Proposition 2.6, it coincides with the
left Bousfield localization of the gregarious model structure at the set J of generating
anodyne extensions. Since the double functors in J0 are already weak equivalences in the
gregarious model structure, we do not need to localize with respect to those. □

Finally, we show that every cofibrantly generated model structure on DblCat with the
desired trivial fibrations can be obtained using our recipe.

Theorem 6.10. Every cofibrantly generated model structure on DblCat whose trivial
fibrations are the canonical ones can be obtained through the method of Theorem 6.7 by
finding a convenient set J .

Proof. By Theorem 5.34, such a model structure is a localization of the gregarious model
structure, and thus, as it is combinatorial, it is also a left Bousfield localization of
DblCatgreg at a set J of anodyne extensions in DblCat by Proposition 2.6. Without
loss of generality, as every J0-cofibration is a trivial cofibration in DblCat, we can as-
sume that J0 ⊆ J . Moreover, by Remark 6.1, we can further assume that the double
functors in J have canonically cofibrant domain. Then the weak factorization system
(An,NFib) generated by J satisfies condition (ii) of Proposition 6.5, as the fibrations
between fibrant objects in the left Bousfield localization agree with the original fibrations
in DblCatgreg. □

6.2. Compatibility with Gray tensor product. We conclude this section with a study
of when the model structure on DblCat from Theorem 6.7 is monoidal for the Gray tensor
product. Since Lemma 5.22 already established that the pushout-product of two canonical
cofibrations is again a canonical cofibration, our goal is to find a minimal list of conditions
that ensures the pushout-product of a canonical cofibration with a trivial cofibration yields
a trivial cofibration.

Definition 6.11. A class A of canonically cofibrant double categories is saturated by
canonical cofibrations if it satisfies the following conditions:

(i) for every pushout diagram in DblCat
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A B

C D
⌜

I

where I is a canonical cofibration and A, B, and C are in A, then D is in A,
(ii) for every regular cardinal λ and every diagram A(−) : λ → DblCat such that for

every κ ≤ µ < λ the map Aκ → Aµ is a canonical cofibration, and that for every
κ < λ, Aκ is in A, then colimκ<λAκ is also in A,

(iii) for every retract diagram in DblCat

A I−→ B→ A

where I is a canonical cofibration and B is in A, then A is also in A.

Lemma 6.12. Let A be a class of canonically cofibrant double categories that is saturated
by canonical cofibrations. If the double categories ∅, 1, H2, V2, and H2× V2 are in A,
then A is the class of all canonically cofibrant double categories.

Proof. This follows from the small object argument using the generating set of canonical
cofibrations from Definition 4.4. □

Lemma 6.13. Let J be a set as in Theorem 6.7, and let A be the class of all canonically
cofibrant double categories X such that J ⊗X is in W, for all J ∈ J . Then A is saturated
by canonical cofibrations.

Proof. This follows from the fact that, for any canonically cofibrant double category X,
the functor − ⊗ X : DblCat → DblCat preserves canonical cofibrations by Lemma 5.22,
and preserves colimits as it is a left adjoint. □

The conditions we seek are identified in the following lemma.

Proposition 6.14. For a set J as in Theorem 6.7, the following conditions are equiva-
lent:

(i) For all J ∈ J and X ∈ {H2,V2,H2× V2}, the double functor J × X is in W.
(ii) For all J ∈ J and X ∈ {H2,V2,H2× V2}, the double functor J ⊗ X is in W.

(iii) For all J ∈ An and X ∈ DblCat canonically cofibrant, the double functor J ⊗ X
is in W.

(iv) For all J ∈ cof(I) ∩W and X ∈ DblCat canonically cofibrant, the double functor
J ⊗ X is in W.

(v) For all X ∈ DblCat canonically cofibrant and every gregarious fibration P : A→ B
between (naive) fibrant double categories, the induced double functor

P∗ : JX,AKps → JX,AKps

is a gregarious fibration between (naive) fibrant double categories.
(vi) For all X ∈ DblCat canonically cofibrant and A ∈ DblCat (naive) fibrant, the

pseudo-hom double category JX,AKps is (naive) fibrant.

Proof. The fact that (i) and (ii) are equivalent follows from the 2-out-of-3 property of
weak equivalences and the fact that the projection double functors A ⊗ X → A × X are
canonical trivial fibrations for all double categories A and X by [MSV23, Lemma 7.3].
Moreover, it is clear that (iv) implies (iii) and that (iii) implies (ii).

To show that (ii) implies (iv), let A be the class of all canonically cofibrant double
categories X such that J ⊗X is in W; then, by Lemma 6.13, we have that A is saturated
by canonical cofibrations. By assumption, we also know that the double categories ∅, 1,
H2, V2, H2 × V2 are all in A. Hence A is the class of all canonically cofibrant double
categories by Lemma 6.12.

Then, for any canonically cofibrant double category X, the left adjoint functor

−⊗ X : DblCat→ DblCat



DOUBLE CATEGORICAL EQUIVALENCES 31

preserves all canonical cofibrations by Lemma 5.22 and all double functors in J by the
above argument. Hence, by [Joy08, Proposition E.2.14], it preserves all trivial cofibrations,
as desired. With this, we have an equivalence between statements (i)-(iv).

The fact that the double functor J ⊗ X is a canonical cofibration for all J ∈ An also
allows us to show the equivalence between (iii) and (v), using [Joy08, Lemma E.2.13]
and the description of the fibrations between fibrant objects from Theorem 6.7. As (v)
clearly implies (vi), it only remains to show that (vi) implies (v). For this, let X be a
canonically cofibrant double category and P : A → B be a gregarious fibration between
(naive) fibrant double categories. Then JX,AKps and JX,BKps are (naive) fibrant by (vi),
and Theorem 5.31 ensures that P∗ is a gregarious fibration, as desired. □

Theorem 6.15. Suppose we have a model structure on DblCat built from a set J as in
Theorem 6.7. If J satisfies any of the equivalent conditions of Proposition 6.14, then the
model structure is monoidal with respect to the Gray tensor product.

Proof. The fact that the pushout-product of two canonical cofibrations is a cofibration is
given by Lemma 5.22. Hence, it remains to show that if J : A→ B is a trivial cofibration
and I : X → Y is a canonical cofibration in the generating set I of Definition 4.4, then
their pushout-product J □ I is a weak equivalence. Note that I is of the form I : X→ Y
with X canonically cofibrant, and consider the pushout diagram below.

A⊗ X A⊗ Y

B⊗ X P

B⊗ Y

A⊗ I

J ⊗ X

K
J □ I

B⊗ I

J ⊗ Y
⌜

Since X is canonically cofibrant and J is a canonical cofibration, we know that J □ (∅ →
X) = J ⊗X is also a canonical cofibration by Lemma 5.22. As J is a trivial cofibration by
assumption, and X is canonically cofibrant, the double functor J⊗X is a weak equivalence
by Proposition 6.14. Then J ⊗X is a trivial cofibration, and therefore so is K since these
are stable under pushouts. The conditions in Proposition 6.14 also guarantee that J ⊗Y
is a weak equivalence, and then so is J □ I by 2-out-of-3. □

7. Application: Model structures from companions and conjoints

In this section we illustrate how our recipe can be used, by constructing several model
structures whose homotopy theories capture a variety of 2-dimensional structures. Be-
fore we describe them, we start by recalling the dual notion to the companion pairs of
Definition 3.19.

Notation 7.1. Given a double category A, we write Av,op for its vertical opposite, i.e.,
the double category obtained from A by reversing the vertical morphisms, and reversing
the squares vertically; that is, their source horizontal morphism becomes their target, and
conversely.

Definition 7.2. A conjoint pair in a double category A is the data of a double functor
Sq2v,op → A. It consists of a tuple (f, u, φ, ψ) of a horizontal morphism f : A → B, a
vertical morphism u : B A, and two squares φ and ψ in A of the form

B

A

B

B

•u

f

•φ

A

A

B

A

•u

f

• ψ

such that ψ|φ = ef and φ
ψ = idu.
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Remark 7.3. A conjoint pair in A is a companion pair in Av,op.

To describe our model structures, we introduce the following convenient notation.

Notation 7.4. Given a double category A, we consider the following classes of morphisms:
• the class hMor of horizontal morphisms,
• the class vMor of vertical morphisms,
• the class hEq of horizontal equivalences, i.e., equivalences in the underlying horizontal

2-category of A.
Given a class S of horizontal or vertical morphisms in A, we consider the following prop-
erties:
• the property comp(S) that every morphism in S has a companion,
• the property equip(S) that every morphism in S has both a companion and a con-

joint.3

For example, the property comp(hMor) means that every horizontal morphism has a
companion.

We aim to show that the following model structures on DblCat exist, all of which are
endowed with the canonical trivial fibrations. The second and third column of the table
below specify the fibrant objects of each model structure and describe the properties that
these satisfy, which can all be expressed in terms of the existence of companions and
conjoints for certain classes of morphisms.

Model Fibrant double
categories

Properties of
fibrant objects

Homotopy
theory of ...

Additional
properties

DblCatgreg All Double
categories Initial case

DblCatwhi

Weakly
horizontally

invariant
comp(hEq) Reedy fibrant

double categories

Double
(∞, 1)-categorical

nerve

DblCath,eqp
Horizontal
equipments equip(hMor) Horizontal

equipments
Formal category

theory

DblCattr Transposable comp(hMor) ∩
comp(vMor) 2-categories

DblCattr,ladj
equip(hMor) ∩
comp(vMor)

2-categories with
left adjoints

DblCattr,adj
Transposable
equipments

equip(hMor) ∩
equip(vMor)

2-categories with
all adjoints

Table 1. Model structures from companions and conjoints — summary

Of course, each of these model structures also admits a transposed version where the
roles of horizontal and vertical morphisms are reversed. We will not address these in any
detail, but a full diagram of model structures and their interactions is included later in
Proposition 7.16.

Before we move on to the construction of these model structures, let us briefly dis-
cuss the advantages of each model, and the homotopy theory they represent, which are
summarized in the last two columns of the table above:
• We have shown in Theorem 5.34 that the gregarious model structure DblCatgreg is

the initial case in the sense that every other model structure with trivial fibrations
given by the canonical ones is a localization of it.

3The notation “equip” comes from the term equipments, which are double categories such that all
horizontal (or vertical) morphisms have both a companion and a conjoint.
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• The model structure DblCatwhi for weakly horizontally invariant double categories
was originally constructed in [MSV23] when looking for a model structure on DblCat
compatible with the horizontal inclusion H : 2Cat→ DblCat of Definition 3.12. No-
tably, this is the model structure used in [Mos20] to build a nerve functor N from
double categories to double (∞, 1)-categories. To understand the link with “Reedy
fibrant double categories”, note that a double category A is weakly horizontally in-
variant (i.e., every horizontal equivalence has a companion) if and only if the induced
2-functor HJV2,AK→ HA×HA is an equifibration by [GMSV23, Proposition 5.6].
This is a sort of Reedy fibrancy condition. Further evidence for this link is given by
the fact that a double category A is weakly horizontally invariant if and only if its
nerve NA is Reedy fibrant as a bisimplicial space; see [Mos20, Theorem 5.30].
• For the model structure DblCath,eqp, the fibrant double categories are those such that

every horizontal morphism has both a companion and a conjoint. This is the notion
of equipments, introduced by Wood in the setting of bicategories [Woo82, Woo85]
and later studied in the double categorical setting e.g. in [Ver11, CG10].4 Building
on the fact that equipments provide a natural framework for formal category theory,
the transposed version of this model structure is used in [Ver25] to prove a result on
equivalence invariance of formal category theory.
• The model structure DblCattr for transposable double categories (that is, the ones

where all horizontal and vertical morphisms have a companion) models the homotopy
theory of 2-categories, in the sense that the square functor Sq : 2Cat→ DblCattr of
Definition 3.17 is a Quillen equivalence; we prove this claim in Proposition 7.10.
• The model structure DblCattr,ladj (respectively, DblCattr,adj) models the homotopy

theory of 2-categories such that every morphism has a left adjoint (respectively, both
a left and a right adjoint). This is made precise by showing that the square functor is
a Quillen equivalence from model structures on 2Cat whose fibrant objects are the 2-
categories having the properties just described, to the model structures DblCattr,ladj
and DblCattr,adj; see Proposition 7.14.

This section is devoted to the study of these model structures: we establish their
existence in Section 7.1, and prove our remaining claims regarding their homotopy theories
and describe their interactions through Quillen adjunctions in Section 7.2.

7.1. Existence of the model structures. To construct each of the model structures
DblCat⋆ listed in the table above, we must find sets J⋆ of generating anodyne extensions
with the following properties:
• we have inclusions J0 ⊆ J⋆ ⊆ cof(I),
• all double functors in J⋆ have canonically cofibrant domains,
• a double category A satisfies the desired properties of the fibrant objects if and only

if it has the right lifting property with respect to the double functors in J⋆,
• the conditions of Proposition 6.5 are satisfied; i.e., every gregarious fibration between

naive fibrant double categories has the right lifting property with respect to the
double functors in J⋆.

Definition 7.5. We define the sets J⋆ as follows:
• Jwhi := J0 ∪ {HEadj → SqEadj},
• Jh,eqp := J0 ∪ {H2→ Sq2, H2→ Sq2v,op},
• Jtr := J0 ∪ {H2→ Sq2, V2→ Sq2},
• Jtr,ladj := Jtr ∪ {H2→ Sq2v,op},
• Jtr,adj := Jtr,ladj ∪ {V2→ Sq2v,op}.

Proposition 7.6. Let J ′ be a set of morphisms in DblCat which satisfies the hypotheses
of Proposition 6.5. Then, a set J obtained by adding any of the following double functors
to J ′

HEadj → SqEadj, H2→ Sq2, V2→ Sq2, H2→ Sq2v,op, V2→ Sq2v,op,

also satisfies the hypotheses of Proposition 6.5.
4Note that in those references the convention interchanges the role of horizontal and vertical morphisms.



34 L. MOSER, M. SARAZOLA, AND P. VERDUGO

Proof. We prove the result for J = J ′ ∪ {H2→ Sq2}. Suppose that A and B are double
categories which have the right lifting property with respect to every double functor in J ,
and F : A → B is a gregarious fibration. By assumption, the double functor F has the
right lifting property with respect to every double functor in J ′. Thus, it remains to show
that there is a lift in every commutative diagram as below left.

H2 A

Sq2 B

f

F

(Ff, v, χ, ω)

H2 A

Sq2

f

(f, u, φ, ψ)

By our assumption on A, we know there is a lift in the diagram above right. Hence, the
tuples (Ff, v, χ, ω) and (Ff, Fu, Fφ, Fψ) are two companion pairs for the same horizontal
morphism Ff in B. The universal property of companions from [Gra19, §4.1.1] then
guarantees that there is a unique invertible vertical globular square β : Fu ∼= v in B
satisfying the following pasting equality.

FA

FA

FA

FC

•

Ff

•vω

FA

=

FA

FA

FC

FA

FC

•

Ff

•FuFψ •vβ ∼=

Using the same universal property, we have that χ = β−1|Fφ. Since F is a gregarious
fibration, by (f3) of Lemma 5.12 applied to the vertical globular square β, there is a
horizontally invertible square in A

A

C

A

C

•u •wα ∼=

such that Fα = β. Hence (f, w, φ′, ψ′) with φ′ := α−1|φ and ψ′ := ψ|α is a companion
pair in A such that F (f, w, φ′, ψ′) = (Ff, v, χ, ω), providing the desired lift.

The result for J = J ′ ∪ {HEadj → SqEadj} proceeds in the exact same way, keeping
track of the additional data of the equivalences. The result for J = J ′ ∪ {V2→ Sq2} is
obtained by reversing the role of the horizontal and vertical morphisms. Lastly, the result
for J = J ′ ∪ {H2→ Sq2v,op} proceeds by reasoning in the vertical opposite Av,op using
Remark 7.3, and the one for J = J ′ ∪ {V2→ Sq2v,op} then follows by reversing the role
of the horizontal and vertical morphisms. □

With the above result in hand, we can now prove that all of the described model
structures exist.

Theorem 7.7. The model structures from Table 1 exist. Moreover, they are all left proper
and cofibrantly generated.

Proof. By definition, the sets J⋆ from Definition 7.5 are such that J0 ⊆ J⋆, and it
is immediate to see that all the double functors in J⋆ are canonical cofibrations with
canonically cofibrant domain using the descriptions in Proposition 4.7. Moreover, each
double functor added to J⋆ is designed to capture the new requirements on fibrant
objects, as revealed by a straightforward inspection of the right lifting properties. The
fact that each of these sets satisfies the hypotheses of Proposition 6.5 is the content of
Proposition 7.6. Hence, by Theorem 6.7, the desired model structures exist.

The fact that all of these model structures are cofibrantly generated is also guaranteed
by Theorem 6.7, and they are left proper by Theorem 6.8. □
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7.2. The models: purpose and interactions. We start by proving that the square
functor is left Quillen when the target is the gregarious model structure.

Proposition 7.8. The adjunction

2Cat DblCatgreg

Sq

R
⊥

is a Quillen pair whose derived unit is a biequivalence.

Proof. Since the right adjoint R preserves all weak equivalences by Proposition 5.16,
to show that it is right Quillen it suffices to prove that it preserves fibrations. This is
straightforward: given a fibration F : A → B in DblCatgreg, we see that conditions (f1)
and (f2) in Definition 3.4 for RF correspond to conditions (f1) and (f2) in Lemma 5.12
satisfied by F .

For the claim regarding the derived unit, first note that it can be chosen to agree with
the unit of the adjunction, as every double category in DblCatgreg is fibrant. Finally, the
unit A → RSqA is a biequivalence. Indeed, it is the identity on objects; essentially full
on morphisms since for any companion pair (f, u, φ, ψ) in SqA, the identity at f gives a
2-isomorphism (f, f, idf , idf ) ∼= (f, u, φ, ψ) in RSqA; and fully faithful on 2-morphisms
by definition of the horizontal globular squares in SqA. □

We summarize in the following diagram the left Quillen functors relating the canonical
model structure on 2Cat with the different model structures on DblCat.

Proposition 7.9. We have the following (non-commutative) diagram of left Quillen func-
tors

DblCatgreg

DblCatwhi DblCatwvi2Cat

DblCattrDblCath,eqp DblCatv,eqp

Sq

H V

id id

id id
id id

where the functors from 2Cat are left Quillen embeddings.

Proof. To show that the identity functors are left Quillen, since the model structures
involved all have the same cofibrations, it suffices to prove that we have inclusions

J0 ⊆ Jwhi ⊆ cof(Jh,eqp), cof(Jtr);

the vertical counterparts will follow analogously. The fact that J0 ⊆ Jwhi is immediate
by definition of these sets. For the other two inclusions, we claim that the double functor
HEadj → SqEadj in Jwhi is an anodyne extension for every set J⋆ that contains the
double functor H2 → Sq2. Indeed, this follows from the fact that the companion of a
horizontal adjoint equivalence can always be constructed as a vertical adjoint equivalence,
by Proposition 3.24.

For the functors involving 2Cat, we have that Sq : 2Cat→ DblCatgreg is a left Quillen
embedding by Proposition 7.8, and that H : 2Cat→ DblCatwhi is a left Quillen embedding
by [MSV23, Theorem 6.3]; the case of V is analogous. □

We now turn to proving that the square functor is both a left and a right Quillen
equivalence when the target is the model structure for transposable double categories.
In particular, this justifies our claim that DblCattr models the homotopy theory of 2-
categories.

Proposition 7.10. The adjunctions
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2Cat DblCattr

LSq

Sq

R

⊥

⊥

are Quillen equivalences. Moreover, the model structure on 2Cat is both left- and right-
transferred from the model structure on DblCattr along Sq.
Proof. The fact that Sq : 2Cat→ DblCattr is left Quillen follows from Proposition 7.9. To
see that Sq : 2Cat→ DblCattr is right Quillen, first note that by Example 3.20 the functor
Sq takes every 2-category to a transposable double category. Then, it is straightforward
to verify that Sq sends trivial fibrations and equifibrations in 2Cat to canonical trivial
fibrations and gregarious fibrations in DblCattr using the description of these classes of
morphisms from Definitions 3.4 and 4.1, Theorem 3.5, and Lemma 5.12.

To see that Sq is a Quillen equivalence, we prove that the adjunction Sq ⊣ R is a
Quillen equivalence. As the proof of Proposition 7.8 above already shows that the unit
of this adjunction is pointwise a biequivalence, by [EGI19, Lemma 3.3] it suffices to show
that Sq : 2Cat→ DblCattr both preserves and reflects weak equivalences. Since Sq is right
Quillen and all objects in 2Cat are fibrant, it preserves all weak equivalences. For the
converse, if F : A → B is a 2-functor such that SqF : SqA → SqB is a weak equivalence
in DblCattr, then SqF is a gregarious biequivalence, as SqA and SqB are transposable.
By Proposition 5.16, this implies that HSqF = F is a biequivalence.

Using that the functor H : DblCat→ 2Cat is a retraction of the square functor Sq, we
deduce the “moreover” part from Proposition 2.9. □

Next, we deal with the cases of DblCattr,ladj and DblCattr,adj. First let us note the
following.
Remark 7.11. By Theorem 6.9, the model structures DblCattr,ladj and DblCattr,adj are
the localization of the model structure DblCattr at the sets

Sladj := {H2→ Sq2v,op} and Sadj := Sladj ∪ {V2→ Sq2v,op}.
Proposition 7.12. The right-transferred model structures on 2Cat along the right adjoint

Sq : 2Cat→ DblCattr,ladj and Sq : 2Cat→ DblCattr,adj

exist. We denote them by 2Catladj and 2Catadj, respectively.
Proof. Since the model structure on 2Cat is left proper and combinatorial, we can consider
its left Bousfield localization with respect to the sets

Sladj := {r : 2→ Adj} and Sadj := Sladj ∪ {ℓ : 2→ Adj},
where Adj denotes the free 2-category on an adjunction ℓ ⊣ r. Note that the image under
LSq of the double functor H2 → Sq2v,op (resp. V2 → Sq2v,op) is precisely the 2-functor
r : 2 → Adj (resp. ℓ : 2 → Adj). Hence, by Propositions 2.10 and 7.10 and Remark 7.11,
we get that the localizations of 2Cat at Sladj and Sadj coincide with the right-transferred
model structures along the right adjoint Sq from the model structures DblCattr,ladj and
DblCattr,adj, respectively. □

Remark 7.13. Given a 2-category A, we have that SqA is fibrant in DblCattr,ladj if and
only if every morphism in A has a left adjoint. Indeed, let f : A→ B be a morphism in A;
then (f, f, idf , idf ) is a companion pair, as mentioned in Example 3.20. If the horizontal
morphism f further has a conjoint with data (f, u, φ, ψ), we can then consider the squares

B B

A B

B B

η :=

•

•

f

•u

•f

φ

idf

A A

A B

A A

ϵ :=

•

•

f

•f

•u

idf

ψ
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in SqA, which must correspond to a unit η : id⇒ fu and counit ϵ : uf ⇒ id inA exhibiting
u as a left adjoint of f . Similarly, starting from the data of a left adjoint in A it is possible
to construct the data of a conjoint in SqA. A similar analysis is carried out in [Gra19,
Proposition 4.1.4].

The same idea can be used to show that a 2-category A is such that SqA is fibrant in
DblCattr,adj if and only if every morphism in A has both a left and a right adjoint.

The above remark, together with the following result, justify our claim that DblCattr,ladj
(respectively, DblCattr,adj) models the homotopy theory of 2-categories such that every
morphism has a left adjoint (respectively, both a left and a right adjoint).

Proposition 7.14. The adjunctions

2Catladj DblCattr,ladj

LSq

Sq

R

⊥

⊥
2Catadj DblCattr,adj

LSq

Sq

R

⊥

⊥

are Quillen equivalences.

Proof. This follows directly from Proposition 7.10 and [Hir03, Theorem 3.3.20(1)(b)], us-
ing the descriptions of the model structures 2Catladj and 2Catadj as Bousfield localizations
of 2Cat from the proof of Proposition 7.12. □

Remark 7.15. In [DPP03] the authors construct a 2-category by freely adjoining right
adjoints for each morphism. Taking fibrant replacements in the (analogously defined)
model category 2Catradj provides a way to do this, as well as a generalization to allow
2-categories with non-trivial 2-morphisms as the starting point.

We summarize the results from this subsection in the following diagram.

Proposition 7.16. We have the following (non-commutative) diagram of right Quillen
embeddings.

DblCatgreg

DblCatwhi DblCatwvi2Cat

DblCattr

DblCattr,adj

2Catadj

DblCath,eqp DblCatv,eqp

DblCattr,ladj

2Catladj

DblCattr,radj

2Catradj

Sq ≃

Sq ≃ Sq ≃

Sq ≃

H≃ V≃

id id

id id
id id

id id

id id

id id

where all instances of Sq are both left and right Quillen equivalences.

Proof. From Proposition 7.9 we know that the (opposite) identity functors involving
DblCatgreg, DblCatwhi, DblCattr and DblCath,eqp are left Quillen; hence the corresponding
identities displayed in the above diagram are right Quillen. The proof for the remaining
identity functors in the bottom half of the diagram follows the same strategy, as one can
verify that we have inclusions

Jh,eqp,Jtr ⊆ Jtr,ladj ⊆ Jtr,adj.

Moreover, the derived counits of all these identity Quillen pairs are weak equivalences
since all the model structures on DblCat have the same trivial fibrations.

The fact that H≃ : 2Cat→ DblCatwhi is a right Quillen embedding is proven in [MSV23,
Theorem 6.6], and Sq : 2Cat → DblCattr is a Quillen equivalence by Proposition 7.10.
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Finally, the fact that Sq : 2Cattr,ladj → DblCattr,ladj and Sq : 2Cattr,adj → DblCattr,adj are
Quillen equivalences is proved in Proposition 7.14. □

7.3. Monoidality. We end the section with a discussion of whether the model structures
on DblCat of Table 1 are monoidal with respect to Böhm’s Gray tensor product.

We have already shown that the gregarious model structure is monoidal in Theo-
rem 5.31; and we also know that the model structure DblCatwhi is monoidal by [MSV23,
Theorem 7.8]. We will show that the remaining model structures,

DblCath,eqp, DblCattr, DblCattr,ladj, DblCattr,adj,

(and their transposed versions) are not monoidal. To prove this claim, recall from The-
orem 6.15 that a model structure DblCat⋆ is monoidal with respect to the Gray tensor
product if and only if, for every canonically cofibrant double category X and every fibrant
double category A, the pseudo-hom double category JX,AKps is fibrant, which is condition
(vi) of Proposition 6.14.

Since the fibrant objects in many of our model structures can be characterized by the
existence of certain companions and/or conjoints, it will be useful to recognize these in a
pseudo-hom double category JX,AKps. For this, we recall and adapt to the strict case the
following results [Rui24, Definition 5.1 and Theorem 5.4] of Ruit.

Definition 7.17. A square α in a double category A is companionable if its horizontal
boundary f and f ′ are part of companion data (f, w, φ, ψ) and (f ′, w′, φ′, ψ′) and the
square given by the pasting

(7.18)

A A

A

A′

B

B′

B′ B′

f ′

f

•u •v

•w•

•w′ •

ψ

α

φ′

is a 2-isomorphism in VA.

Theorem 7.19. Let F,G : A → B be double functors and τ : F ⇒ G be a horizontal
pseudo natural transformation. Then the following are equivalent:

(i) the horizontal morphism τ is a companion in JA,BKps;
(ii) for every vertical morphism u : A A′ in A, the square τu is companionable in

B.

FA

FA′

GA

GA′
τA′

τA

•Fu •Guτu

Proposition 7.20. The model structures

DblCath,eqp, DblCattr, DblCattr,ladj, DblCattr,adj,

are not monoidal with respect to Böhm’s Gray tensor product.

Proof. Note that for all the model structures we are considering, the double category
V2 is canonically cofibrant by Proposition 4.7, and the fibrant objects are such that all
horizontal morphisms have a companion. Thus, in view of the results above, we seek
for each model structure a fibrant object B such that when we consider the pseudo-hom
double category JV2,BKps, the condition (vi) of Theorem 7.19 does not hold.
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Consider B = Sq2dual, where 2
dual is the free 2-category on a morphism f : A → B

with the property that every morphism has both left and right adjoints; see [Mim10,
Section 4] for an explicit description. Note that Sq2dual is fibrant in all the relevant
model structures.

Next, let F,G : V2 → Sq2dual be the double functors defined on the unique vertical
morphism v : 0 1 of V2 as F (v) = f and G(v) = eA. We define a horizontal pseudo
natural transformation τ : F ⇒ G whose component horizontal morphisms are given by
τ0 = idA and τ1 = uL, where uL : A′ → A is a left adjoint of u with unit and counit given
by η and ε. Then (uL, u, η, ε) is a conjoint data in Sq2dual by Remark 7.13. Finally, we
define τv = η. Note that τv is not companionable, as the pasting

A

A′

A

A

A A

uL

•u •

•uL •

η

iduL

is not a 2-isomorphism in VB, and so τ does not have a companion by Theorem 7.19. □

8. Application: Groupoid-like model structures

In this section we provide additional examples of our main result, this time constructing
model structures on DblCat with a groupoidal flavor. We start by recalling the following
notions.

Definition 8.1. A square in a double category A is weakly horizontally invertible if it is
an equivalence in the 2-category HJV2,AK. See [MSV23, Definition 2.5] for more details.

Similarly, a weakly vertically invertible square can be defined by reversing the role of
the horizontal and vertical morphisms.

Definition 8.2. A double groupoid is a double category in which all horizontal mor-
phisms are horizontal equivalences, all vertical morphisms are vertical equivalences, and
all squares are both weakly horizontally invertible and weakly vertically invertible.

Example 8.3. The double category SqEadj is a double groupoid.

We aim to show that the model structures on DblCat from Table 2 exist, all of which
are endowed with the canonical trivial fibrations. As before, the second and third column
of the table describe the fibrant objects of these model structures, which are double
groupoids satisfying the outlined properties, in the language of Notation 7.4.

Model Fibrant double
groupoids

Properties of fibrant
objects

Homotopy
theory of ...

Additional
properties

DblCattr,gpd Transposable comp(hMor) ∩
comp(vMor) 2-groupoids

DblCat∅/ctr
Empty or

contractible
A = ∅ or A ≃ 1 in

DblCatgreg

homotopy
(−1)-types

DblCatctr Contractible A ≃ 1 in DblCatgreg
homotopy
(−2)-types Terminal case

Table 2. Groupoid-like model structures — summary

Before we move on to the construction of these model structures, let us briefly dis-
cuss the advantages of each model, and the homotopy theory they represent, which are
summarized in the last two columns of the table:
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• The model structure DblCattr,gpd for transposable double groupoids (that is, the
double groupoids where all horizontal and vertical morphisms have a companion)
models the homotopy theory of 2-groupoids, in the sense that the square functor
Sq : 2Gpd → DblCattr,gpd is a Quillen equivalence; we prove this claim in Theo-
rem 8.8.
• The model structure DblCat∅/ctr models homotopy (-1)-types; that is, truth values.

We make this claim explicit in Theorem 8.9.
• The model structure DblCatctr models homotopy (-2)-types. Indeed, all double cat-

egories here are weakly equivalent, and hence its homotopy category is equivalent to
the terminal category, as we prove in Theorem 8.10. This sits at the opposite end
to the gregarious model structure in the poset of model structures: as we prove in
Proposition 8.11, DblCatctr is the terminal case, in the sense that it is a localization
of every model structure on DblCat with trivial fibrations given by the canonical
ones.

We establish the existence of these model structures in Section 8.1, and prove our claims
regarding their homotopy theories in Section 8.2.

8.1. Existence of the model structures. Once again, we follow our general recipe
to construct each of these model structures DblCat⋆ by finding convenient sets J⋆ of
generating anodyne extensions.

Definition 8.4. We define the sets J⋆ as follows:
• Jtr,gpd := Jtr ∪ {Sq2→ SqEadj, HΣ2→ HΣI, VΣ2→ VΣI},
• J∅/ctr := J0 ∪ (I \ {∅ → 1}),
• Jctr := J0 ∪ I.

We first show that the set Jtr,gpd gives us the desired description of the fibrant objects.

Lemma 8.5. A double category A has the right lifting property with respect to every
double functor in Jtr,gpd if and only if it is a transposable double groupoid.

Proof. If A is a transposable double groupoid, then it clearly has the desired lifting prop-
erty. Conversely, if A has the right lifting property with respect to every double functor
in Jtr,gpd, then it is transposable since Jtr ⊆ Jtr,gpd; it remains to show that it is a double
groupoid. Since every horizontal morphism in A is part of a companion pair Sq2 → A,
and A has the right lifting property against Sq2 → SqEadj, then every horizontal mor-
phism is part of a gregarious equivalence SqEadj → A. In particular, it is a horizontal
equivalence. Similarly, every vertical morphism is a vertical equivalence.

Finally, to see that every square α in A is weakly horizontally invertible, consider the
following pasting,

A

A

A

A′

B

B′

B′

B′

• •

≃
≃
f ′

≃
f

•u •v

≃

≃ α ≃

where the left-hand and right-hand squares are the weakly horizontally invariant squares
of some gregarious equivalence data SqEadj → A associated with the vertical morphisms u
and v. Since A has the right lifting property with respect to HΣ2→ HΣI, the horizontal
composite of the squares depicted above is vertically invertible. By [Mos20, Lemma A.2],
this composite is weakly horizontally invertible; hence this must also be the case for α.
One can similarly show that α is weakly vertically invertible. □

Proposition 8.6. Let J ′ be a set of morphisms in DblCat which satisfies the hypotheses
of Proposition 6.5. Then, a set J obtained by adding any of the following double functors
to J ′

Sq2→ SqEadj, HΣ2→ HΣI, VΣ2→ VΣI
also satisfies the hypotheses of Proposition 6.5.
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Proof. We prove the result for J = J ′ ∪ {Sq2 → SqEadj}. Suppose that A and B are
double categories which have the right lifting property with respect to every double functor
in J , and F : A→ B is a gregarious fibration. By assumption, the double functor F has
the right lifting property with respect to every double functor in J ′. It remains to show
that there is a lift L in every commutative diagram as below left.

Sq2 A

SqEadj B

(f, u, φ, ψ)

F

G

L

Sq2 A

SqEadj

(f, u, φ, ψ)

H

By assumption, there is a lift in the diagram above right. Similarly to the proof of
Proposition 7.6, the double functors G,F ◦ H : SqEadj → B give us two different data
witnessing the fact that (Ff, Fu) is a gregarious equivalence. We can relate these data
by invertible squares, which we can then lift using (f2) and (f3) of Lemma 5.12 for the
gregarious fibration F to rectify the data of H into a data L : SqEadj → A such that
F ◦ L = G, providing the desired lift.

For the case of J = J ′ ∪ {HΣ2 → HΣI}, note that every double functor whose
domain has the right lifting property with respect to HΣ2 → HΣI must itself have the
right lifting property with respect to HΣ2 → HΣI, as inverses for horizontal globular
squares are unique when they exist. The case of J = J ′ ∪ {VΣ2 → VΣI} proceeds
analogously. □

We can now use the above result to prove the existence of the model structures of
Table 2.

Theorem 8.7. The model structures from Table 2 exist. Moreover, they are all left proper
and cofibrantly generated.

Proof. By definition, the sets J⋆ from Definition 8.4 are such that J0 ⊆ J⋆, and it
is immediate to see that all the double functors in J⋆ are canonical cofibrations with
canonically cofibrant domain using the descriptions in Proposition 4.7.

We first show the existence of the model structure DblCattr,gpd. By Lemma 8.5, the set
Jtr,gpd captures the desired fibrant objects. Furthermore, this set satisfies the hypotheses
of Proposition 6.5 by Propositions 7.6 and 8.6. Hence, by Theorem 6.7, the desired model
structure exists.

Next we show the existence of the model structure DblCat∅/ctr. For this note that, as
J0 ⊆ cof(I \ {∅ → 1}), a double category A has the right lifting property with respect
to the set J∅/ctr = J0 ∪ (I \ {∅ → 1}) if and only if A has the right lifting property with
respect to the set I \{∅ → 1}. This is the case when A = ∅ or when A→ 1 is a canonical
trivial fibration, as the latter always lifts against ∅ → 1 when A ̸= ∅. Since the double
functor A→ 1 is always a gregarious fibration, this holds if and only if A = ∅ or A→ 1

is a gregarious biequivalence, as desired.
To see that the set J∅/ctr satisfies the hypotheses of Proposition 6.5, consider a gre-

garious fibration F : A→ B between naive fibrant objects. Then there are three possible
cases: either A = B = ∅; or A = ∅ and B is contractible; or both A and B are contractible.
In the first case we have that F is the identity at ∅ and hence a fibration. In the second
case, we can trivially verify that F is a fibration using the right lifting property, as there
are no commutative diagrams expressing lifts of F with respect to the maps in J∅/ctr to
even consider. Finally, in the third case, we have a commutative diagram

A

1

BF

≃ ≃
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where the unique double functors are gregarious biequivalences, and so by 2-out-of-3,
the double functor F is also a gregarious biequivalence. Hence F is a canonical trivial
fibration by Proposition 5.15. Then, by Theorem 6.7, the desired model structure exists.

The proof of the existence of the model structure DblCatctr is similar, noticing that a
double category A has the right lifting property with respect to the set Jctr = J0 ∪ I if
and only if the unique double functor A→ 1 is a canonical trivial fibration.

The fact that all of these model structures are cofibrantly generated is guaranteed by
Theorem 6.7, and they are left proper by Theorem 6.8. □

8.2. The models: purpose and interactions. To prove that DblCattr,gpd is a model
for the homotopy theory of 2-groupoids, we consider the composite of the adjunctions in
Propositions 3.8 and 3.18 and prove that they yield Quillen equivalences.

Theorem 8.8. The adjunctions

2Gpd DblCattr,gpd

loc ◦ LSq

Sq

core ◦R

⊥

⊥

are Quillen equivalences.

Proof. First note that Sq : 2Gpd → DblCattr,gpd is left Quillen, as it is the composite of
the left Quillen functors

2Gpd ι−→ 2Cat Sq−→ DblCattr
id−→ DblCattr,gpd

from Propositions 3.8 and 7.10, and using that DblCattr,gpd is a localization of DblCattr
as Jtr ⊆ Jtr,gpd. To see that Sq : 2Gpd → DblCattr,gpd is right Quillen, recall that the
composite

2Gpd ι−→ 2Cat Sq−→ DblCattr
is right Quillen by Propositions 3.8 and 7.10, and so it suffices to show that the functor
Sq : 2Gpd→ DblCattr,gpd preserves fibrant objects. But if G is a 2-groupoid, then SqG is
transposable by Example 3.20 and is a double groupoid by direct inspection.

To see that Sq is a Quillen equivalence, it suffices to show that the adjunction Sq ⊣
core◦R is a Quillen equivalence; this proceeds just like the proof of Proposition 7.10. □

Next, let {⊥ → ⊤} denote the category free on a morphism. There is a canonical
functor P : DblCat→ {⊥ → ⊤} sending the initial double category ∅ to ⊥ and any other
double category to ⊤. This admits a right adjoint {⊥ → ⊤} → DblCat given by picking
the unique double functor ∅ → 1. We show that this forms a Quillen equivalence, proving
that DblCat∅/ctr models homotopy (−1)-types.

Theorem 8.9. The adjunction

DblCat∅/ctr {⊥ → ⊤}
P

∅ → 1

⊥

is a Quillen equivalence, where {⊥ → ⊤} is endowed with the trivial model structure.

Proof. First note that all double categories except for the initial double category ∅ are
weakly equivalent in DblCat∅/ctr, since every double functor between contractible double
groupoids is a gregarious biequivalence by 2-out-of-3. Then, it is straightforward to see
that the functor P : DblCat∅/ctr → {⊥ → ⊤} is both left and right Quillen, as it preserves
weak equivalences and the model structure on {⊥ → ⊤} is the trivial one.

Finally, for X ∈ {⊥,⊤} and any double category A, a direct verification reveals that a
morphism PA→ X is an isomorphism if and only if its adjunct is a weak equivalence in
DblCat∅/ctr; we then conclude that this Quillen pair is a Quillen equivalence. □

We now prove that DblCatctr models homotopy (−2)-types.

Theorem 8.10. The adjunctions
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DblCatctr {⊤}

∅

!

1

⊥

⊥

are Quillen equivalences, where {⊤} is the terminal category endowed with the trivial
model structure.
Proof. It is straightforward to check that the unique functor DblCatctr → {⊤} is both
left and right Quillen. Moreover, all double categories are weakly equivalent in DblCatctr,
since every double functor between contractible double groupoids is a gregarious biequiv-
alence by 2-out-of-3. Hence the derived units and counits are all weak equivalences. □

We conclude this section by proving that the model structure for contractible double
groupoids is terminal among model structures on DblCat endowed with the canonical
trivial fibrations.
Proposition 8.11. The model category DblCatctr is a localization of every model struc-
ture on DblCat whose trivial fibrations are the canonical ones.
Proof. Suppose that DblCat is endowed with a model structure whose trivial fibrations are
the canonical ones; we will first show that id : DblCat→ DblCatctr is left Quillen. The fact
that it preserves cofibrations is immediate, as both model structures have as cofibrations
the canonical ones. To see that it preserves trivial cofibrations, recall from Definition 8.4
that DblCatctr was constructed from the generating set of anodyne extensions J = J0∪I.
As anodyne extensions are trivial cofibrations, this implies that all canonical cofibrations
are weak equivalences in DblCatctr; in particular, this applies to the trivial cofibrations
in DblCat.

Lastly, the derived counit at a fibrant object A ∈ DblCatctr is given by a canonical
cofibrant replacement of A in DblCat and can be chosen to be a canonical trivial fibration.
Hence it is also a weak equivalence in DblCatctr. □

8.3. Monoidality. We end the section by showing that the model structures on DblCat
of Table 2 are monoidal with respect to Böhm’s Gray tensor product.
Proposition 8.12. The model structures DblCat∅/ctr and DblCatctr are monoidal with
respect to the Gray tensor product.
Proof. This is guaranteed by Theorem 6.15, as condition (ii) of Proposition 6.14 for the
sets Jctr = I and J∅/ctr = I \ {∅ → 1} follows directly from Lemma 5.22. □

To show that DblCattr,gpd is also monoidal with respect to the Gray tensor product,
we use the following lemmas.
Lemma 8.13. Consider a weakly horizontally invertible square α in a double category A

A

A′

B

B′
f ′

f

•u •vα

such that f and f ′ are part of companion data (f, w, φ, ψ) and (f ′, w′, φ′, ψ′). Then α is
companionable (see Definition 7.17).
Proof. Since α is weakly horizontally invertible, the horizontal morphisms f and f ′ are
horizontal equivalences and so the squares of the companion data of (f, w, φ, ψ) and
(f ′, w′, φ′, ψ′) are weakly horizontally invertible. Hence the pasting (7.18) is also weakly
horizontally invertible. As it has trivial horizontal boundaries, it is in fact a 2-isomorphism
in VA, as desired. □

Lemma 8.14. For every canonically cofibrant double category X and every transpos-
able double groupoid A, the pseudo-hom double category JX,AKps is a transposable double
groupoid.
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Proof. It is clear that JX,AKps is a double groupoid; we show that it is transposable.
Since all squares in A are weakly horizontally invertible and all horizontal morphisms
in A are part of a companion data, it follows from Theorem 7.19 and Lemma 8.13 that
every horizontal pseudo natural transformation in JX,AKps is part of a companion data.
By interchanging the horizontal and vertical directions, we obtain that every vertical
morphism in JX,AKps is part of a companion data, as well. □

We can now prove the desired result.

Theorem 8.15. The model structure DblCattr,gpd is monoidal with respect to the Gray
tensor product.

Proof. This follows from Theorem 6.15 using that condition (vi) of Proposition 6.14 is
satisfied by Lemma 8.14. □
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