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We investigate a one-dimensional superconducting lattice that realizes all internal symmetries
permitted in non-Hermitian systems, characterized by nonreciprocal hopping, onsite dissipation,
and s-wave singlet pairing in a Su-Schrieffer-Heeger-type structure. The combined presence of
pseudo-Hermiticity and sublattice symmetry imposes constraints on the energy spectra. We iden-
tify parameter regimes featuring real spectra, purely imaginary spectra, complex flat bands, and
Majorana zero modes, the latter emerging when a uniform transverse magnetic field suppresses the
non-Hermitian skin effect. We show that a uniform onsite dissipation is essential for stabilizing
the zero modes, whereas a purely staggered dissipation destroys the topological superconductivity.
Through Hermitianization, we construct a spectral winding number as a topological invariant and
demonstrate its correspondence with the gap closing conditions and appearance of the Majorana
zero modes, allowing us to establish topological phase diagrams. Moreover, we reveal nontrivial
correlations between the particle-hole and spin components of left and right eigenstates, enforced
by chiral symmetry, pseudo-Hermiticity, and their combination. Our results highlight how non-
Hermiticity, sublattice structure, and superconductivity together enrich symmetry properties and

give rise to novel topological phenomena.

I. INTRODUCTION

The exploration of topological phases has become a
cornerstone of modern condensed matter physics, driven
by both fundamental interest and the promise of novel
quantum technologies [, 2]. Among these phases, topo-
logical superconductivity stands out for its potential
to host Majorana zero modes, non-Abelian quasiparti-
cles [IHI3] with promising applications in fault-tolerant
quantum computation [4, 12, 14HI8]. A paradigmatic
example is the Kitaev chain [3], where p-wave pairing
gives rise to boundary-localized Majorana modes pro-
tected by a topological invariant. Recent developments
have shown that similar physics can be effectively en-
gineered in quantum-dot-based architectures, sometimes
referred to as “poor man’s Majorana setups” [19, 20],
illustrating how lattice models can successfully emulate
realistic nanoscale structures.

A complementary route to topological matter origi-
nates from nonsuperconducting systems. A prominent
example is the Su-Schrieffer-Heeger (SSH) model [21],
where nontrivial topology arises from chiral symmetry
associated with sublattice degrees of freedom. This sym-
metry protects zero-energy edge modes and defines a
winding number as a topological invariant [22H24]. The
SSH model has since become a canonical framework for
exploring symmetry-protected topological phases across
various platforms. These developments reflect a deeper
organizing principle: topological phases are classified ac-
cording to their internal symmetries, as formalized by
the Altland-Zirnbauer (AZ) and tenfold classification
schemes for Hermitian Hamiltonians [25] 26], highlight-

ing the rich interplay between symmetry and topology.

More recently, the landscape of topological phases
has broadened to encompass non-Hermitian systems [27-
35], which provide a natural framework for describing
quantum systems with asymmetric (nonreciprocal) hop-
ping [36, [37], open-system dynamics involving energy or
particle exchange with the environment [38-41], or evolu-
tion conditioned on measurement postselection [42]. This
extension has uncovered a range of phenomena with no
Hermitian counterparts. A hallmark example is the non-
Hermitian skin effect [43H45], in which a macroscopic
number of eigenstates accumulate near system bound-
aries under open boundary conditions (OBC), violating
the conventional bulk-boundary correspondence [40].

To account for these unconventional features,
new classification frameworks have been developed—
incorporating topological invariants defined over complex
energy spectra [30] and formulated within the non-Bloch
band theory [31]. These tools enable a robust classifica-
tion of non-Hermitian topological phases, now actively
studied across diverse physical platforms [A7H5I]. In
parallel, extensions of the SSH model to non-Hermitian
regimes have revealed rich connections between symme-
try and topology, particularly in relation to parity-time
symmetry and the winding of complex energy spectra
around exceptional points [52H54].

A remarkable development in recent years is the
integration of topological superconductivity and non-
Hermiticity, offering a fertile ground for quantum states
that are inaccessible in Hermitian counterparts [55-
59]. In particular, Ref. [55] extended the Hatano-Nelson
model [36] [37] to include dissipation and superconducting



FIG. 1. Tllustration of the setup described by Eq. (1): a one-
dimensional lattice with sublattice sites (labeled by A and
B) and onsite s-wave singlet pairing (ellipse) with pairing
strength Ag. The curly arrows indicate the spin-dependent
nonreciprocal hopping strengths for particles moving to the
right (t + og/4) and to the left (t — og/4) for spin o € {1
(bluearrow), | (redarrow)}. The subscripts (Q and = de-
note intra- and inter-unit cell processes, respectively. The
wavy curves represent onsite dissipation terms, with I'; /2 and
I'y/2 corresponding to sublattices A and B, respectively.

pairing. This minimal setup revealed the existence of Ma-
jorana zero modes, demonstrating that non-Hermiticity
and particle-hole symmetry can jointly lead to unusual
boundary-localized states. Such findings raise important
theoretical questions regarding the classification and sta-
bility of topological excitations in non-Hermitian super-
conductors.

Building on this foundation, it becomes natural to ask
the question of how the interplay of non-Hermiticity,
superconductivity, and additional internal symmetries
shapes the spectral and topological structure of quantum
systems. This question becomes particularly compelling
when one considers sublattice symmetry (SLS) and/or
chiral symmetry (CS), which are known to take on qual-
itatively new roles when non-Hermiticity is introduced.

In this work, we investigate a lattice model that in-
corporates all internal symmetries permitted in non-
Hermitian systems. Specifically, the system features sub-
lattice degrees of freedom and onsite s-wave spin-singlet
pairing, with the normal (nonsuperconducting) part de-
scribed by a generalized non-Hermitian SSH model that
includes both nonreciprocal hopping and onsite dissipa-
tion. Including an onsite transverse magnetic field, we
identify the system as belonging to the BDI symmetry
class in the real AZ classification. The interplay between
pseudo-Hermiticity (pH) and SLS imposes constraints on
the energy spectrum, enabling a systematic analysis of
the non-Hermitian topology.

By exploring a broad parameter space, we uncover a
variety of spectral features, including regions with real
or purely imaginary spectra, complex flat bands, and
the emergence of Majorana zero modes when the skin ef-
fect is suppressed by the transverse magnetic field. Our
analysis reveals that a uniform onsite dissipation com-

ponent is essential for stabilizing Majorana zero modes,
while a purely staggered dissipation component sup-
presses the corresponding topological region. Further-
more, we demonstrate a correlated structure between the
particle and hole components of the left and right eigen-
states of the zero modes, reflecting the constraints im-
posed by CS, pH, and their combination. Finally, we es-
tablish the winding number through the Hermitianizaed
Hamiltonian as a topological invariant, mapping out the
phase diagrams in broad parameter space. Our findings
highlight how the combination of non-Hermiticity, sub-
lattice structure, and superconductivity leads to enriched
topological properties in spectral and eigenstate features.
The rest of this article is organized as follows. In
Sec. [ we introduce the Hamiltonian, examine its sym-
metries, and classify it within the framework of non-
Hermitian topology. In Sec.[[IT} we discuss spectral prop-
erties under the periodic boundary condition (PBC), in-
cluding the conditions under which the gap closes and
those where the system exhibits gapless superconductiv-
ity. We also describe spectral features such as complex
flat bands and real or purely imaginary bands, and iden-
tify the conditions for their appearance. In Sec. [[V] we
analyze the OBC spectra and demonstrate the emergence
of Majorana zero modes when the system is subject to
an onsite magnetic field. We further construct a winding
number, connected to the appearance of the zero modes.
In Sec. [V} we investigate the density profile of the Ma-
jorana zero modes, and uncover the symmetry-enabled
relation between the components of the right and left
eigenstate wavefunctions. In Sec. |V_I|, we consider nonuni-
form onsite dissipation terms and establish the gap clos-
ing conditions and topological phase diagrams in broad
parameter space. Finally, in Sec. [VII, we summarize our
findings and provide additional discussions, including the
connection of our model and experimental realizations.
In Appendix [A] we present details about the symmetries
and energy spectra in the absence of the onsite transverse
magnetic field. In Appendix we perform the imagi-
nary gauge transformation and derive the energy spectra
under both PBC and OBC in the absence of onsite trans-
verse magnetic fields. In Appendix [C| we show the spec-
tral trajectories of a block Hamiltonian and demonstrate
that the results are consistent with the introduced wind-
ing number. In Appendix [D] we summarize the adopted
parameter values throughout this work in Table [[TI]

II. HAMILTONIAN

We introduce our system illustrated in Fig. I} which
describes a non-Hermitian superconductor with spin-
dependent nonreciprocal hopping, onsite dissipation and
pairing,
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In the above, a and b (af and b') are the annihilation
(creation) operators for electrons on sublattices A and
B, respectively. The real parameters to and gg denote
symmetric and antisymmetric hopping strengths within
a unit cell, respectively, whereas t.. and g.. denote those
between sites in different unit cells. Finally, we introduce
onsite dissipation terms with 'y ; (for sublattices A and
B, respectively) and s-wave singlet pairing with pairing
strength Ag. Without loss of generality, we will assume
Ao, Ty, = 0, while retaining the sign freedom of the other
parameters in the following analysis.

Compared to the model considered in Ref. [55], here
we introduce the sublattices, which are known to influ-
ence the symmetry properties. Equivalently, this replaces
the Hatano-Nelson terms in the normal part with a non-
Hermitian SSH model, where the non-Hermiticity arises
from both the non-reciprocal hopping and dissipation
terms. We will see that the incorporation of the sub-
lattices can alter the symmetries and therefore influence
the topological properties.

In addition to the above, we incorporate a perturbation
term in the form of an uniform transverse magnetic field
along x direction,

Hpo = Oha(a] 050 +0] 1b;0) +Hey  (2)
J

which is known to gap out the non-Hermitian skin modes
but leave Majorana zero modes (when present) stabi-
lized [55]. We will first discuss the properties of the model
in the absence of the perturbation terms and we will con-
sider the full Hamiltonian later on.

Under the PBC, we can express Hugsc as

1 bc
Huusc = 5;\IJLH§HSC(]€)\IJIC» (3a)

where  we  introduce the  spinor \I/L =

(a‘zﬁ?az,ublﬁ’bz,wa*kﬂﬁa*kal«?b*k’ﬁl)*kal«) in the
momentum space, and the 8-by-8 matrix,

c T T .
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with 'y = (T, £ T')/2, the lattice constant ag, and the
components u € {x,y,z} of the Pauli matrices n*, 7+
and o" acting on the particle-hole, sublattice, and spin
indices, respectively. Below we discuss the symmetry
properties of the model and its energy spectrum.

A. Symmetry properties and classification

We now discuss the symmetry class of our model.
Without the perturbation term, the Hamiltonian Hf:ﬁcsc
defined in Eq. commutes with unitary operators and
can therefore be block-diagonalized (see Appendix

for the details). With the perturbation terms, the full
Hamiltonian Hp%o + 0hen?7°0% is no longer block-
diagonalizable, and the symmetry can be fully deter-
mined by antiunitary operators [26}, 0], which allows us
to characterize the system in the symmetry classification.

To proceed, we examine the symmetries of the full
Hamiltonian and obtain Table [I| (where we also list
the corresponding abbreviations for various symmetries).
Notably, the model respects all the possible internal sym-
metries characterized by antiunitary operators. We find
that the full system belongs to the BDI class in the real
AZ classification, characterized by the TRS (squaring
to +1) and PHS (squaring to +1) [30]. It also fulfills
BDI' class in the real AZ' classification, characterized
by the TRS' (squaring to +1) and PHS! (squaring to
+1), which is guaranteed due to the presence of the SLS,
which gives TRST operator Uc, o« UsUc_ and PHS'
operator Ur_ o« UsUr, , up to phase factors. As indi-
cated in Table [l we have SLS with Ugs = n¥7%®, which
follows the relations with the TRS and PHS operators:
UsUr, = +Ur Ug and UsUc_ = +Uc_Ug, denoted as
Si+ in Ref. [30]. Along with BDI class and one dimen-
sion, this gives topological invariantﬂ Z,Z®7 and ZDZ
for point gap, real line gap and imaginary line gap, re-
spectively [30].

1 As a remark, we have also considered an example including
longer-range hopping terms, which are known to stabilize multi-
ple Majorana zero modes in transverse-field quantum spin chains
within Hermitian systems [60]. In the present case, such longer-
range hoppings alter the symmetry of the system, placing it in
class D of the real AZ classification (equivalent to class AIT in
the real AZT classification), characterized by Z invariant for both
point and line gaps.



TABLE I. Symmetry relations, matrix representations, and the corresponding unitary operators for our system. Here, the
operator H represents the full Hamiltonian Hﬁﬁ;c (k) 4 6han*m°0%, with HEE%C defined in Eq. (3b) and U denotes certain

unitary operators fulfilling the corresponding relations.

Symmetry type (abbreviations)

Symbol Relation [30]

Unitary operator

Time-reversal symmetry (TRS) Ty

Ur, H"(k)Uf, = H(-k) Uz, =n’t70"

Particle-hole symmetry (PHS) C_

Uc HTY(K)UL = —H(—k) Uc_ =n"°0"

Time-reversal dagger symmetry (TRST)  Cy

Uc, H (K)US,, = H(=k) “r00°

Particle-hole dagger symmetry (PHST) T

Uc, =n°1t'o
Ur H*(k)UJ =—

Chiral symmetry (CS)

(—k) Ur_ =nr?c®
UrH (k)UL = —H (k)

Pseudo-Hermiticity (pH)

Ur =n°1t*0"
U, H' (k)U] = H(k) Uy =n°1%0

e |H

Sublattice symmetry (SLS)

UsH(k)UL = —H(k) Us = nY7%0°"

Interestingly, the symmetry properties of our model
significantly affect its energy spectrum. In non-
Hermitian systems, the PHS implies that if Ey is an
eigenvalue, then —E§ must also be an eigenvalue. This
corresponds to a mirror symmetry about the imaginary
axis in the complex energy plane. Meanwhile, the pH
ensures that Ej is also an eigenvalue, reflecting the spec-
trum across the real axis. When both symmetries are
present, the spectrum exhibits a higher degree of struc-
ture, with eigenvalues constrained to appear symmetri-
cally in all four quadrants of the complex plane, as is seen
throughout this work.

B. PBC energy spectrum

To proceed, we consider the PBC and HEE%C in
Eq. and obtain the analytic expression of the en-
ergy spectrum, which forms eight energy bands,

B (k) = iﬂ Fr(k)—l—z’)\Fi(k:)—i—2ieD+T/2

x[ Fr(k)+i)\Fi(kz)72ieD_r/2, (4a)
F.(k) = fro+ fr1cos(kag), (4b)
Fi(k) = fisin(kao), (4c)

with the overall sign 4+ and the indices ¢, A € {+,—}
labeling the bands. In the above, we have introduced the
following quantities for notational convenience,

D:t = 2A(] :|:F+, (58.)
frO = *(gzs+g?))+16(tgﬂ+t?)) 74]-—‘2—7 (5b)
fri = 2(gaga + 16ttq), (5¢)

)

fi = 8(9ata + gata).

Up to here, we keep general onsite dissipation terms with
arbitrary I'qp. Below we focus on uniform dissipation
limit with Ty, = T’y = Iy (unless otherwise stated), and
will comment on general cases with nonuniform dissipa-
tion terms in Sec. [VI] For the present parameter choice,
we have

Dy — QAoiF(),
fro = —(g2 +g3) +16(t% +12).

FIG. 2. Gap closing curves for Case (i) in the t;—g_ (left) and
t_—g+ (right) planes for a general parameter set. The solid
curves are derived from Eq. @ and can be used to deduce
phase diagrams. The red dashed lines, |g+| = 4|tx|, corre-
spond to the asymptotic limit of Dy = 0.

In the presence of a small onsite transverse field, dh,,
the PBC spectrum can be obtained numerically; however,
it shows only minimal deviation from Eq. (4a) due to
the small magnitude of the introduced field relevant for
us. Therefore, for practical purpose, we will describe the
PBC spectrum using Eq. throughout this work.

III. SPECTRAL PROPERTIES

In this section, we discuss the properties of the PBC
spectrum Ei(k‘) in Eq. . We discuss the conditions
for the closure of the PBC energy gap, which is related
to the topological phase transition.

A. Gap closing curves

Since we have complex energy spectra, the gap clos-
ing curves correspond to the parameter sets at which
the PBC energy contours pass through the origin of the
complex energy plane, i.e., Ei(k) = 0. Below we con-
sider two cases separately, with gap closing when (i)
sin(kag) = 0 or (ii) sin(kag) # 0.



Case (i): Gap closing at kag = 0 or £7

For Case (i), we can separate the situation further into
two conditions, where the gap can close at (ia) k = 0
or (ib) k = £n/ag. The above two cases lead to the
following two relations respectively,

Case (ia)
Case (ib)

—g5 + 16t + D3 =0, (6a)
—g% +16t2 + D3 =0, (6b)

where we introduce the following notations,

g+ = (9~*%9a)/2, (7a)
e = (te +10)/2. (7b)

In general, Eq. @ forms four sets of curves, with two
in the g4-t_ parameter space and the other two in the
g—-t4+ parameter space.

The above change of variables allows us to explore
three different parameter regimes regarding the phase di-
agrams. In the first regime, we have both D, and D_
non-vanishing, and the four equations in Eq. @ form
four pairs of hyperbolic curves in the parameter space of
ty-g— and t_-gy. A general example for the gap clos-
ing curves is given in Fig. [2] which are plotted based on
Eq. and Eq. . In each panel, two pairs of hyper-
bolic curves are shown in the respective parameter space,
distinguished by their intercepts on the g1 axis, given by
|Dy|. In the second regime, D_ = 0 while D, remains
nonzero. Two of the four hyperbolic curves in Eq. @ and
Fig.|2|reduce to straight lines passing through the origin.
In the third regime, where I'g = Ay = 0, all gap-closing
curves become straight lines intersecting at the origin.
These three regimes allow us to systematically explore
the energy spectra under the OBC, as will be discussed

in Sec. [Vl

Case (ii): Gap closing away from kao =0 or £

We now discuss Case (ii), where the gap closes at
momenta labeled by kg, away from the high symmetry
points kag = 0 or 7. This can happen only when f; =0
and, equivalently,

tgy =t-g-. (8)

Interestingly, the above is also a condition related to the
appearance of exceptional points in the non-Hermitian
SSH model without superconductivity [53} [61]. Using the
notations in Eq. , the following expressions in Eq.
can be rewritten as

fro = —2(g% +¢%) +32(t2 +1%), (9a)
fri = 2(g% —g%) +32(t2 —12). (9Db)

Using the relation —1 < cos (kgao) < 1, we further sim-
plify the equations by discussing two separate conditions:
(iia) fr1 > 0 and (iib) fr1 < 0.
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FIG. 3. (a,b) Phase diagrams and (c-h) energy spectra for
Case (iib), where Egs. (10)—(LI) hold with Co = 0.5; in this
case, g+ and t4 are mutually dependent. (a) Phase diagram
with gapless superconducting phase in the shaded regions. (b)
The first quadrant of Panel (a), with dots indicating parame-
ter sets of t4 =1 and g— = 3,4, 6, 7.6,9, and 15 at I'o = 5.0
and Ag = 1.0, which are marked by the corresponding colors
to the energy spectra in Panels (c-h). Here, the PBC spectra
coincide with the OBC ones.

By defining a dimensionless quantity,

t_
Co=2t ==, (10)
g- ty
we find that C§ > 1 and CZ < 1 automatically establish
from f,.1 > 0 and f,; < 0, respectively. In consequence,
the condition for Case (ii) can be simplified as

2
Dy

Case (iia) C3>1 &1< i <C2, (11a)
. D3
Case (iib) C2 <1 & C?< ﬁ <1. (11b)



As presented in the above relation, the parameter space
is divided into regions separated by the four sets of hy-
perbolic curves given in Eq. @ and the two asymptotic
lines, 4ty +g_ = 0.

In Fig. we show the correspondence between the
system parameters and the energy spectra, where the
shaded areas in Fig. a) mark the parameter regions
where the inequalities in Eq. are fulfilled. Since we
consider Cy = 0.5 and I'g, Ag > 0 for the case shown in
Fig.[3 Case (iib) is fulfilled in the shaded regions. Specif-
ically, the red regions in Fig. [3| satisfy the inequalities in
Eq. with D, while the green regions correspond
to those with D_. For 16t3_ > g%, since Eq. can-
not be fulfilled, there is no gapless phase in this regime;
an example is shown in Fig. Bfc). In the above, we fo-
cus on Cy < 1. Alternatively, choosing Cy > 1 realizes
Case (iia), and one can obtain gapless superconducting
phases when Eq. is fulfilled.

Before moving forward, we remark that the conditions
in Eq. @, Eq. and Eq. could be simultaneously
fulfilled. In addition, additional gap closing curves from
the latter condition may appear in the ¢t -g_ or t_-g,
plots, leading to rich phase diagrams, as will be demon-
strated below. Interestingly, in addition to the parameter
regime where the system exhibits gapless superconductiv-
ity with nodal points £k, in certain regimes of Case (ii),
the system also exhibits unusual features in the energy
spectrum, as we discuss in more detail below.

B. Uncommon spectral features for Case (ii)

In this section, we discuss various features in the energy
spectra when the system is within the parameter regime
described by Eq. and Eq. , as displayed in Fig.
Here we focus on the regime of 4|t | < |g—| unless other-
wise noted. While we mainly discuss the features under
PBC, guided by the analytical form in Eq. , most of
the features discussed here also applies to the OBC spec-
tra, which are constrained to follow the PBC bands [29],
the latter having zero enclosing area for the parameter
sets of interest here.

1. Real or purely imaginary eigenvalues

Below we first discuss the conditions for real PBC spec-
trum, Im [Ei(k:)] = 0, or purely imaginary PBC spec-
trum, Re [E/\ig(k)] = 0. It can be seen from Eq. that
E (k) is real or purely imaginary when F;(k) = 0 [equiv-
alently, Eq. (8)] and F, (k) < 0, and whether it is real or
purely imaginary depends on the value of the square root
in that expression. To be precise, we summarize the con-

ditions as follows,

Ef(k)eR: Fi(k)=0& F.(k) <0&
400 > /|F (k)| + 2T, (12a)

Ef(k)eT: Fi(k)=0& F.(k) <0 &
180 < |VIER) - 20|, (12D)
which are simplified using T'g, Ay > 0. Interestingly,

there is another condition,
Fi(k)=0& F.(k) <0&

)\/|Fr(k)\ - zro‘ < 40 < /], (B)] + 2T, (12¢)

for which one obtains an energy spectrum in which half of
the bands are real while the others are purely imaginary.

Since the evolution of the PBC spectrum must be
continuous upon varying the parameters, for the energy
bands to transit from real to purely imaginary (or the re-
verse), they must pass through a gap-closing point. Using
the condition derived from Egs. (), and , we ob-
tain F.(k) = 2(16t2 — g2) [(1+ C5) + (1 — C3) cos (kao)],
from which we find that the gap starts to close at the
momentum kag = 0 or +7 when D3 = g% — 16t% or
D3 = C¢(g% — 16t%). These conditions, together with
g+ty = g-t_ and 16t3 < g2, guarantee that F,(k) < 0
for all k € [~7/ag, w/ag]. Combining these with Eq. (12)),
we get the following extrema of the energy bands,

EE(0) = i\/(M+ero)2/4+Ag,

(13a)
£ Y\ = _ 2 _ 1ps2 2 2
Eke(j:ao) = j:\/ <|C’0\ ¢ 16t++eF0> J4+ A2,
(13b)

Comparing this conclusion with Fig. [3] we obtain that for
the shaded areas in Fig. (3| the energy spectrum consists
of both real and purely imaginary bands with some of
them passing through the origin [see Panels (e,g)]. In
the region sandwiched by these shaded areas, the system
exhibits a spectrum consisting of both real and purely
imaginary bands with a point gap, as shown in Panel (f),
whereas in the other white region the system shows either
a real or purely imaginary spectrum [see Panels (d,h)].

Notably, when the parameter set lies on the asymptotic
lines [see Panel (d)], isolated spectral points emerge in
both the PBC and OBC spectra. In the following section,
we look into this feature in more detail.

2. Complex flat bands

In Fig. Bfd), we observe that the PBC spectra col-
lapse onto isolated points, forming complex flat bands
in which the energy bands remain constant for all mo-
mentum values. From Eq. , we derive the conditions



for the emergence of such complex flat bands, and show
that it is given by Eq. along with one of the following
conditions,

93_24752_&93:4252,
2 =12 &gy =g-.

(14a)
(14b)

Under these conditions we discuss the PBC energy spec-
tra.

First, when Eq. and Eq. (14a) are fulfilled, the en-
ergy spectrum becomes highly degenerate, with the fol-
lowing spectral points,

4y £EDyD_|Y2, for D_ <0,
B3 (k) = { +1|DyD_|'/2, for D_ >0, (15)
which are independent of the momentum and the signs
of A and €. An example is given in Fig. d) discussed
earlier, in which we consider D_ < 0, and the two spec-
tral points are thus located on the imaginary axis. It is
also possible to have D_ > 0 and real flat bands (not
shown).

Second, when Eq. and Eq. are fulfilled, the
energy spectrum collapses onto the following spectral
points,

2
1
Ef (k) = ig\/_ <~ /93 — 1663 + 6F0> +4A%, (16)

which are generally complex and depend on the overall +
sign and ¢ (but independent of \). In Fig. |4l we discuss
this regime. There are four types of spectral patterns,
depending on the other parameters. In Fig. a), we
consider 4t > g4 > 0, and the spectrum consists of four
points with conjugated complex pairs, as indicated by
Eq. . In Fig. b)f(d), we consider the regime of g >

4t, > 0. For Panel (b), we have |y/g3 — 16t2 £ To| >

2|Ag|, which leads to negative values in the square root of
Eq. for both ¢ = 4+ bands, and all the spectral points
stay on the imaginary axis. For Fig. c)7 we consider an
intermediate regime with

[\/92 — 16t2 —To| < 2|A¢| < |4/g% — 16t% + To|.

In this case, we have purely imaginary spectral points for
the e = 4+ band while real spectral points for the e = —

band. Finally, for Panel (d), we consider |,/¢% — 16t2 +

To| < 2|Ag|, which results in real spectral points for both
€ = + bands in Eq. , indicating true flat bands, as in
the Hermitian regime.

Having discussed the spectral features arising mainly
from the PBC spectra, below we discuss topological zero
modes under OBC when an onsite transverse field is
present.
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FIG. 4. Energy spectra of the system when Eq. and
Eq. are fulfilled with t; =¢- = 1. (a) g+ = g— = 3,
To=4,and Ag =3. (b) gy =g- =9,T9 =5, and Ay = 1.
(c) g+ =g- =45, To =4, and Ao = 3. (d) g+ = g- = 5,
T'o =5, and Ag = 5. Here, the PBC spectra coincide with
the OBC ones.

IV. ENERGY SPECTRA IN THE PRESENCE
OF ONSITE TRANSVERSE FIELDS

In this section we discuss the spectra when the onsite
transverse field term in Eq. is included. Here we
discuss the OBC spectra and compare them to the PBC
ones. To better organize our results for the rather large
parameter space, below we explore the energy spectra in
two parameter regimefﬂ separately—one with both D
and D_ nonzero and the other with D} # 0 but D_ = 0.

A. When both D, and D_ non-vanishing

In the first regime, one can derive the gap closing con-
ditions in Eq. @ and obtain Fig. [2| for a general set of
t+ and g+. In Fig.[5] we organize the corresponding OBC
and PBC spectra for different parameter sets, along with
the corresponding gap closing curves [see Eq. @ and
Eq. } in the parameter space. As indicated in Fig.
the parameters t1 and g4 are independent, which mo-
tivates us to label the entire parameter space using two
sets of diagrams. The first set of diagrams describes the
t_—g4+ plane, where we define three regions (I, I and
III) separated by the hyperbolic gap-closing curves in
Eq. (6a). Similarly, we introduce a second set of dia-
grams for the t;—g_ plane and Eq. , with regions
labeled as A, B and C. Combining the two diagrams sets
yields a total of nine parameter regions, which are fur-
ther complicated by the additional gap closing conditions

2 In the third regime, where D4 = D_ = 0, there would be no
Majorana zero modes, and therefore we do not discuss it here.
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FIG. 5. Energy spectra under the PBC (gray curves) and OBC (blue dots) for 'y = 5, Ag = 1, dh, = 0.01 and N = 200
(corresponding to 100 unit cells). The range of the parameter diagrams corresponds to the first quadrant of Fig. In each
row, we adopt the values for the parameters (t_, g+) as labeled by the dots I, IT and III in the leftmost panels, whereas in each
column, we adopt the values for (¢4+,g—) as labeled by the dots A, B and C in the topmost panels. In the leftmost panels,
the relations in Eq. are shown as dashed lines, with colors corresponding to sets A, B and C. Along these lines, the solid
segments mark the additional gap closing curves satisfying Eq. . Similarly, in the topmost panels, the corresponding dashed
lines and solid segments are shown for sets I, II and III. See Table [[T] for the adopted values of the full parameter sets.

given in Eq. (11)), with the corresponding energy spectra
shown in Fig.

From these spectra, several notable features emerge.
First, in all the panels, both the OBC and PBC spectra
exhibit symmetry with respect to the real and imaginary
axes, consistent with the constraints imposed by pH and
PHS, as discussed in Sec. Second, the OBC spec-
tra here asymptotically approach the PBC spectra. This
behavior arises because the onsite transverse field mixes
and gaps out the non-Hermitian skin modes, thereby sup-
pressing the skin effect [55]. This behavior is in stark
contrast to the case without the onsite transverse field;
see Appendix for details. We also note that, when
the onsite magnetic field term is absent, one can perform

imaginary gauge transformation and derive the PBC and
OBC spectra; see Appendix [B]for details. Third, notably,
isolated modes appear in the OBC spectra in certain pan-
els. By examining their energy values, we identify zero
modes in Panels I B, IT A, IT C, and III B of Fig. [5| We
will further examine their topological origin in Sec. [[V C|

B. When Dy #0 but D_ =0

In the second regime, we set one of Dy = 0, so that
one family of hyperbolic curves reduces to two straight
lines. Since we restrict to I'g, Ay > 0, this corresponds
to D_ = 0. As in the previous case, we summarize the
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FIG. 6. Similar plots as Fig. |5} but with D_ = 0. The representative parameter sets in the ({—, g+) space are labeled as IV, V
and VI, and those in (¢4, g—) space are labeled as D, E and F. See Table for the adopted values of the full parameter sets.

parameter diagrams together with the OBC and PBC
spectra in Fig. [l In this regime, three representative
parameter sets in the ¢t —g_ parameter space are labeled
D, E, and F, while those in the t_—g; space are labeled
IV, V, and VI

The spectral features closely parallel those in Fig. [f
In particular, with pH and PHS, the spectra remain sym-
metric with respect to both the real and imaginary axes.
As before, the onsite transverse field hybridizes the skin
modes and suppresses the skin effect, causing the OBC
spectra to asymptotically coincide with the PBC spectra.
Consistent with Fig. [5] Majorana zero modes emerge in
Panels IV E, VD, VF, and VI E of Fig. [0}

In the above, we only focus on the energy spectra
with finite dh, in the regime gyt # g_t_. As dis-
cussed in Sec. [[ITB| and Appendix in the regime
of g1ty = g_t_, all PBC spectra enclose zero area, lead-
ing to identical PBC and OBC spectra and the absence
of non-Hermitian skin effect. It is therefore unnecessary

to introduce the onsite magnetic field in this case. As
already analyzed in Fig. [3] there is no appearance of
Majorana zero modes in this regime. For completeness,
we have also numerically confirmed the absence of zero
modes even when a finite dh, is introduced (not shown
for brevity).

C. Winding number

To characterize the phases in each panels of Fig. |-
Fig. [6] we introduce a topological invariant. Motivated
by Refs. [30,55], we begin with constructing the following
Hermitianized form of the Hamiltonian,

) R

0

S HPpSe (k)
H<k)‘<[H£§éc<k>]* o

0



with HEBCSC defined in Eq. (3b), which now includes gen-
eral I'; terms.

By introducing the Pauli matrix £* acting on the
“Hermitianization space,” we obtain a unitary operator
U=¢&®Us withUs = 170" as listed in Table[l, which
commutes with H. To proceed, we introduce another uni-
tary matrix V' that diagonalizes U. It can be shown that
the matrix V also block-diagonalizes the Hermitianized
Hamiltonian, resulting in

0 H__(k) 0 0
N I A 0 0
VHRV =1 0 0 H_ (k)

0 0  Hio,(k) 0

With this procedure, the eigenstates of the upper block
in the above expression are also eigenstates of Ug with
eigenvalue +1, while those of the lower block correspond
to eigenstates with eigenvalue —1.

In the above, we have expressed the blocks in terms of
the 4-by-4 matrix,

0P 1 0 hs — (k) 0
_ 0 W6P_ + 0 h_s,—(k)
Hse=| p , k) 0 6Py 0 )
0 hs +(k) 0 0Py +
(19)
where we have defined
1
Py = §(<F_ +Dy),
(20)

hs+(k) = (to + JQZQ) + (tH _ 5gf>ezl:ikao’

with the indices ¢, § € {+, —}.
For each of Hs 4, we can define a winding number as

2
Wis= [ g Hos(hl). (20

One can verify that, for general 'y, the conditions
det [Hs (k)] =0 at k = 0 or k = £m/ag coincide with
the corresponding gap-closing conditions; see Eq. be-
low. We remark, however, that when ¢, g, =t_g_, the
gap can also close at momenta away from these points,
enabling additional transitions between phases with dif-
ferent winding numbers, as will be discussed below. Im-
portantly, for each of Hs 4 in Eq. , one can plot the
PBC spectrum in the complex energy plane and find that
the value of Eq. consistently matches the number of
the spectral trajectory winds around the origin; see Ap-
pendix [C] for more details.

The above formula allows us to characterize the phases
in different parameter regimes. For I'_ = 0, correspond-
ing to Figs. we numerically confirm that the wind-
ing number follows the relation of W, = W__ =
—W, _ = —-W_, for a fixed parameter set. In addition,
the winding number Wy 1 vanishes for all § € {+,—}
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FIG. 7. Density profiles of the zero-energy eigenstate under
OBC. We separate the particle/hole (labeled by n € {e, h})

83.?01 up/down-spin (o € {1,}}) components of the E = 0

ode for p%Rm’a (top row) and p%Lm,o (bottom row) defined
in Eq. (23). The adopted values of the parameters are given
byty =3,t- =1,g9gy =6,9g- =3, o =5, and Ay =1
with N = 200 (that is, 100 unit cells), corresponding to the
parameter set IT A in Fig. [f]

and the + sign in all the regimes without Majorana
zero modes, whereas the winding number is nonzero with
W4 4 = —1 for the regimes of I B, I A, I1 C, VI E, V D
and V F, and W, y = 1 for III B and VI E, consis-
tent with the appearance of the topological zero modes
in Figs. fHol We will discuss the winding number for
more general cases below.

Having established the connection between the emer-
gence of zero modes and the topological invariant, below
we discuss the eigenstate profiles under the OBC, which
reveal additional symmetry-enriched properties.

V. SYMMETRY-ENRICHED DENSITY
PROFILE FEATURES FOR THE MAJORANA
ZERO MODES

For a thorough understanding of this system, we plot
the density profiles of the zero-energy eigenstate by fo-
cusing on the parameter set II A in Fig.[pl For a general
energy eigenstate in our non-Hermitian system, one can
distinguish the right and left eigenstates as

(HRpe + Hpe) |B) = E|E),
(EI(HRhee + Hp) = (B|E,

nHsc

(22)

for the right (|E)) and left ({(F]) eigenstates with the
energy E. Based on this, we define the sector-resolved
density profiles of the right and left eigenstates, separat-
ing the particle/hole and up-/down-spin components. To
be precise, we have

2
p]%R,n,a(rj) = <E\7"j77)a0><7"j»7770|E> = |1/}7]75:U(Tj)| (233“)
- 2
PLLmo(rs) = (Blryn.o)(rj,n,0E) = by, ()]
(23b)
with the spin index o, the particle/hole index n €

{e=+,h= -}, and ¢ (¢) denoting the wavefunctions



of the right (left) eigenstates. We also introduce the site
index rj, with r; = 25 4 1 for sublattice A and r; = 2j
for sublattice B. From the above we see that the density
profiles p&, and p¥; are real.

Projecting the eigenstates onto a specific particle/hole
and spin-up/down sector, we show the spatial profiles of
the zero-energy modes in Fig. [7] As shown, the den-
sity profiles remain localized at the boundaries across
all particle/hole and spin components. Interestingly, for
each of the right and left eigenstates, we observe corre-
lations between the particle component with spin ¢ and
the hole component with opposite spin —¢. Furthermore,
between the right and left eigenstates, additional correla-
tions emerge, where we find that the particle component
of the right eigenstate is identical to the hole component
of the left eigenstate with the same spin (and vice versa).

To further explore this phenomenon, we note that our
model respects the CS and pH, as discussed in Sec. [[TA]
With these symmetries, it is straightforward to show that
the right and left eigenstates are connected through the
following relations,

|E) = Ur|-E")),
[E) = Up|E™),

(24a)
(24b)

for a general energy E. As given in Table[[] in our system
one can find Ur = n*7%0Y and U, = n*7%0* for the CS
and pH, respectively.

To proceed, we first use the relation from the CS. Pro-
jecting the eigenstates to the basis labeling the particle-
hole 1 and spin o states, the left-hand side of Eq.
is given by 1, (r;) and the right hand side becomes

{(nl @ (rjl @ (oln*r*0¥|-E")

R 25
= () i)y Eo ), )
thereby establishing the relation between the density pro-
file of the right eigenstate pOR R0 and the left eigenstate
p%L%_U with the opposite spins for the zero modes, con-
sistent with Fig. [7] Similarly, using the pH operator,
one gets ¢}, and (—1)Ti+1az/;§;7a on the two sides of
Eq. (24b). As a consequence, it guarantees the relation
between the density profile of the right eigenstate and
that of the left eigenstate with the opposite n and the
same ¢ (that is, switching the particle and hole compo-
nents), as demonstrated in Fig. [7] Furthermore, combin-
ing these relations derived from the CS and pH, one can
further connect the particle and hole components with
the opposite spin for each of the right or left eigenstates,
again consistent with Fig. [7]

We conclude this section by remarking on the
symmetry-enriched features of the wavefunctions in the
model, revealed by the relations between the parti-
cle/hole and up-/down-spin components of the left and
right eigenstates, as imposed by CS, pH, and their com-
bination.
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FIG. 8. Gap closing curves in the t4-g— (left column) and
t_-g+ (right column) parameter space derived from Eq. (20)
with Ap = 1 for nonuniform onsite dissipation terms. The
adopted values for the dissipation parameters are given by
(a,b) (P4, T-) = (4,1), (¢,d) (T+,T=) = (2,3), and (e,f)
(T4, T'-) =(1,4).

VI. NONUNIFORM DISSIPATION TERMS

So far we have mainly considered uniform dissipation
terms. Below we discuss a more general case with T', #
T'y, which also includes the staggered limit with I', =
—T.

A. Gap closing curves for general I', and I’y

For general I', and I'y, we once again have the PBC
energy spectrum given by Eq. . As before, we con-
sider two cases, where the gap closes (i) at k = 0, £7/ay
or (ii) away from these special points. The gap closing
conditions for Case (i) now become

Case (ia)

Case (ib)

—g3 +16t2 —T2 + D =0, (26a)
—g® +16t2 — T + D3 =0, (26b)
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FIG. 9. Phase diagrams and energy spectra for Case (iib’)
with 'y =3, - =2, Ag =1, and Cp = 0.5. (a) Phase dia-
gram. The shaded regions show the gapless superconducting
phases given by Eq. . (b) A magnified view of the first
quadrant of Panel (a), with the dot colors corresponding to
the spectra in Fig. (see below).

where we use the prime to denote the more general case.
It can be seen that these conditions differ from Eq. @
by an extra term proportional to I'2Z, but can still be
represented in the ¢t;—¢g_ and {_—g; planes.

In Fig. |8] we show how these curves evolve when vary-
ing the parameters I'y = (I'y £T})/2. From Fig. [§[a) to
Fig. f)7 we fix ', and gradually decrease 'y, thereby
tuning the system from the nearly uniform limit (where
'y is maximized and I'_ vanishes) toward the nearly
staggered limit (characterized by maximal I'_ and van-
ishing F+)EI As T, decreases and I'_ increases, the asso-
ciated hyperbolic gap-closing curves rotate from a verti-
cal (up-down) to a horizontal (left-right) orientation. Ini-
tially, both pairs of hyperbolae intersect the vertical axis
[see Panel (a,b)]; during the transition [see Panel (c,d)],
one pair shifts and begins to intersect the horizontal axis;
eventually, in Fig. [§[e) and (f), both pairs intersect the
horizontal axis. Accompanying this evolution, the phase
regions sandwiched between the two pairs of hyperbolic
curves first merge near the origin and then become sep-
arated again.

We now turn to Case (ii), where Eq. is fulfilled.
Unlike in the uniform limit, here the sign of f.; is no
longer fixed solely by whether Cy exceeds unity due to
the presence of a nonzero I'_. However, the conditions
under which the gap closes away from k = 0, +7/ag can
still be determined by the value of Cy, as given by

.. D3 -T2
Case (iia') Ci>1 &1< gii—Tﬁ <C2, (27a)
2 2
Case (iib)) C2<1 & CZ< % <1, (27h)

according to which we obtain the parameter regimes

3 As a side remark, here we do not include the set (I'y,['—) =
(3,2), since the results closely resemble Fig.c,d) and provide no
additional information. For completeness, however, Fig.below
shows the corresponding parameter diagrams when we discuss
the energy spectra.
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FIG. 10. Gap closing curves in the ¢4-g— (left) and ¢t_-g+
(right) space in the staggered limit. The adopted parameter
values are given by I'y, = 5 and Ao = 1.

where the gapless superconductivity appears. An exam-
ple for C2 < 1 is presented in Fig. @ with the gapless
superconducting phases marked in the shaded areas.

In contrast to the uniform I'y; limit in Eq. (11) and
Fig. here the quantities, D3 — I'2, in Eq. (27) can
take negative value(s), allowing for the hyperbolic curves
to have intercepts with the horizontal axis. Indeed, as
shown in Fig. [0 we identify two distinct pairs of gapless
regions: one (red) bounded by two sets of hyperbolic
curves with intercepts on the vertical axis, and the other
(green) bounded by hyperbolic curves with intercepts on
the horizontal axis.

Before analyzing the OBC spectra in the nonuniform
dissipation limit, we first examine the gap closing condi-
tion in the staggered dissipation limit and show that in
this case Majorana zero modes do not appear.

B. Gap closing curves in the staggered limit

We now turn to the gap-closing condition in the limit
opposite to uniform dissipation. In the literature on the
non-Hermitian SSH model without pairing [53, 62], a
staggered dissipation term (I', = —I', = I'}) is often con-
sidered, which has been shown to yield interesting spec-
tral features. However, we demonstrate below that this
limit does not support Majorana zero modes in our sys-
tem. In our notation, this limit corresponds to I'y — 0
and I'_ — T'( #0.

In Fig. we show the corresponding phase diagram
and the gap-closing curves, as described by

—g7 +16t2 — (T))* +4A% =0,
—g% +16t3 — (T))* +4A% =0,

(28a)
(28Db)

obtained from Case (ia’) and (ib') in Eq. (26). Since
we choose |T'y| > |Agl, it can be seen that these curves
are hyperbolic with intercepts on the ¢1 axes given by
+4/(T))? —4A3, in contrast to the vertical orientation
in the uniform dissipation limit shown in Fig. 2] Alter-
natively, if we choose |T'j| < |Ag|, then we will instead
obtain hyperbolic curves with intercepts on the g4 axes.
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FIG. 11. Similar plots as Fig. |5} but with nonuniform dissipation terms, (I'y+,I'_) = (3, 2), corresponding to 'y = 5 and I';, = 1.

See Table [IT]] for the adopted values of the full parameter sets.

Importantly for the topological zero modes, when
I't =0 we have Dy = D_, so that the two hyperbolic
curves overlap in Fig. Together with the evolution
of the gap-closing curves shown in Fig. [8] this implies
that finite regions bounded by the hyperbolic curves (as
required in at least one of the t;-g_ or t_-g, planes for
zero modes) are absent. As a result, the regions hosting
Majorana zero modes are eliminated in the absence of
uniform dissipation. Therefore, we expect that no Majo-
rana zero modes appear in the staggered limit.

C. Spectral features and Majorana zero modes

To support the above observation about the evolution
of the gap closing curves for 'y, # I'y, we compute the
OBC and PBC energy spectra under small onsite trans-

verse magnetic fields as before. The results are summa-
rized in Figs. [corresponding to Fig. [§fc,d)], Fig.
Fig. (corresponding to Fig. |§[)7 and Fig. (corre-
sponding to the staggered dissipation limit in Fig. [L0).

In Figs. we present the spectra and gap-closing
conditions for Case (i). To explore a broader parameter
space, in Fig. we define three representative param-
eter sets, A’, B’ and C’, in distinct regions determined
by the hyperbolic gap-closing curves in the ¢, —g_ plane,
and sets I, II' and IIT' in the t_—¢ plane. Remarkably,
for general I', 5, Majorana zero modes also appear in the
parameter regimes I’ B', II' A’, II' C’ and III' B/, match-
ing those in Fig. bl though with boundaries shifted by the
finite I'_. We have further verified that the correspond-
ing zero-mode wavefunctions are localized at the system
boundaries (not shown for brevity).

Notably, since the I'_ term preserves all existing sym-
metries of the system, most of the symmetry-protected



Re(E)

FIG. 12. OBC (blue) and PBC (gray) spectra for ¢y = 6,
t- =59+ =5, 9g- =6, Ao = 1, and dh, = 0.01. The
plot corresponds to the parameter set II B in Fig. [f] but with
'y =2and I'_ =3.

features are also preserved. Specifically, the energy spec-
tra remain symmetric with respect to both the real and
imaginary axes, as guaranteed by the PHS and pH. For
nonuniform I, ;, complex flat bands also appear, since
the conditions in Eq. and Eq. can also be satis-
fied in this regime. An example is illustrated in Fig. [[2]
which corresponds to the set II'’ B’ of Fig. but with
different ', and I'_ values.

Additionally, we employ the topological invariant de-
fined in Eq. to characterize the parameter regimes
with I'_ # 0. The winding number satisfies Ws 4 =
0 in regions without Majorana zero modes, while in
the remaining regions it obeys Wiy, = W__ =
Wy - = —-W_ 1. In particular, Wy ; takes the values
(=1,-1,1,1) for the parameter sets I’ B’, II" A’, TI' C’
and IIT" B’, respectively, in agreement with the appear-
ance of zero modes.

We now move on the spectra in Case (ii), which can
host gapless superconducting phases, and present the re-
sults in Fig. As in the uniform limit, all spectra re-
main symmetric with respect to both the real and imag-
inary axes, with the OBC spectrum coinciding with the
PBC spectrum due to the suppression of the skin effect
in this regime. With the inclusion of the I'_ term, a new
type of spectrum emerges in the gapless non-Hermitian
superconducting phase; see Fig. b). Furthermore, the
spectra become either real or purely imaginary when the
parameters lie above the asymptotic lines, as illustrated
in Fig. [L3(c)—(e).

Finally, we examine the staggered dissipation limit,
shown in Fig. In the first row, two parameter sets
(G and H) are defined in the ty-g_ plane, separated
by a hyperbolic gap-closing curve, while in the first col-
umn, two sets (VII and VIII) are similarly defined in
the t_-g4 plane. As anticipated from the evolution of
the gap-closing curves (see the discussions in Sec. [VIB),
no Majorana zero modes appear in any of these regions.
Consistently, the topological invariant vanishes through-
out these regimes. In particular, we demonstrate that
the commonly assumed staggered dissipation in non-
Hermitian SSH model does not give rise to Majorana
zero modes in this system.
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FIG. 13. Energy spectra for Case (iib’) with 'y =3, T = 2,
Ao = 1, and Co = 0.5. The spectra are computed at the
parameter sets marked by the colored dots in Fig. El(b), with
ty =5/4 and g— = 2, 4, 6, 9 and 12. Here, the PBC spectra
coincide with the OBC ones. See Table [[TI] for the adopted
values of the full parameter sets.

D. Topological phase diagram from the winding
number

To further establish the connection between the topo-
logical phase transitions and the winding number in
Eq. , we compute the winding number across a
broader parameter space. Since the winding numbers
of different blocks are mutually dependent, satisfying

Wi =W =-W, _=-W_,, (29)

we present the calculated W,  in Fig.

For direct comparison with the spectra in Fig. [5] we
choose three sets of (t4,g_) corresponding to parameter
sets A, B and C, and scan across the t_-g, plane, as
displayed in Fig.[15(a)—(c). The winding number is eval-
uated in all regions separated by the gap-closing curves,
allowing us to establish its correspondence with the ap-
pearance of Majorana zero modes: clearly, Majorana zero
modes emerge when the winding number is £1 and are
absent when it is 0. Notably, the topological invariant
changes not only at the gap-closing curves derived from
Eq. , but also under the conditions of Eq. 7 which
characterize the gapless superconducting phases. Finally,
Panel (d) extends the analysis to the case of nonuniform
dissipation, 'y, # I'y, corresponding to parameter set A’

in Fig. [[1}
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FIG. 14. Parameter diagrams and energy spectra; similar
plot as Fig. 5] but with T) = 'y = —I'» = 5, Ag = 1, and
8he = 0.01. See Table [IT]] for the adopted values of the full
parameter sets.

We thereby complete the topological phase diagram
deduced from the winding number. Remarkably, while
the winding number changes by +1 when crossing the
gap-closing curves determined by Eq. , it changes by
42 when crossing those of Eq. , and thus has no direct
impact on the presence of Majorana zero modes in the
present analysis.

VII. DISCUSSION

In this work, we analyze the energy spectra and den-
sity profiles of a one-dimensional non-Hermitian super-
conducting lattice with sublattices and onsite dissipation.
Remarkably, the system accommodates all possible inter-
nal symmetries characteristic of non-Hermitian systems,
including TRS, PHS, their dagger counterparts, CS, SLS,
and pH, with all the relations and their corresponding
unitary operators listed in Table[[] These symmetries en-
force stringent constraints, giving rise to rich spectral
and wavefunction features. The symmetry-enforced re-
lations between different components of the density pro-
files, across the right and left eigenstates, might be un-
derstood within the broader framework of quantum me-
chanics and non-Hermitian symmetries [30} 34, [63H65].
In Hermitian systems, the TRS operator connects two
eigenstates forming time-reversal partners [I, [13]; in the
non-Hermitian setting, this notion can be generalized to
relations between right and left eigenstates through TRS
and pH [63]. In our case, the combined action of CS and
pH further extends this scheme, leading to correlations
between right and left eigenstates with particle-hole and
opposite spin components that are absent in the Hermi-
tian limit. Our results thus demonstrate how the inter-
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FIG. 15. Computed winding number in the t_—g4 plane with
Ao = 1. Panels (a—) correspond to I'y = 5 and I'_ = 0,
matching parameter sets A, B and C in Fig. [f] respectively,
while Panel (d) corresponds to I't = 3 and I'_ = 2, matching
parameter set A’ in Fig. In each panel, the winding num-
ber takes values 0,+1, as indicated. The solid curves mark
Eq. , and the dashed lines mark the condition for a gap-
less superconducting phase in Eq. (§).

play between conventional and dagger-type symmetries
enriches the structure of non-Hermitian Majorana zero
modes.

Furthermore, we have identified the conditions for the
emergence of Majorana zero modes. In particular, a uni-
form component of onsite dissipation on the two sub-
lattice sites is essential for stabilizing the zero modes,
whereas a purely staggered dissipation suppress them.
This finding underscores the crucial role of dissipation en-
gineering, raising the broader question of how controlled
gain and loss mechanisms, such as engineered dissipation
in cold atoms using optical Feshbach resonances [48], may
be exploited to drive topological phase transitions in non-
Hermitian superconductivity.

With the construction of the winding number, we have
shown that its changes coincide with the gap-closing con-
ditions in the complex spectrum, thereby establishing
a direct correspondence between the invariant and the
emergence of Majorana zero modes. By adding longer-
range hopping terms, the system leaves the original class
and enters class D of the real AZ classification, char-
acterized by an integer (Z) invariant, while the wind-
ing number remains well defined. Since the case without
longer-range hopping is a special limit of this more gen-
eral model, the stability of Majorana zero modes appears
to be tied to the underlying PHS and SLS while TRS
plays a less essential role.



Finally, while its full realization might still be chal-
lenging, our model connects to several experimental plat-
forms where both nonreciprocal hopping and dissipa-
tion are tunable. First, non-Hermitian Hamiltonians can
be engineered in ultracold atomic systems through con-
trolled loss mechanisms, such as light-induced atom loss
or interactions with external reservoirs [66, [67]. Sec-
ond, optical waveguides provide a well-established plat-
form to realize non-Hermitian topological transitions,
with gain/loss engineering enabling direct observation
of bulk-edge correspondence and spectral winding [3§].
Third, electrical circuits offer controllable non-Hermitian
parameters and allow topological features to be di-
rectly probed via impedance measurements [50] 68]. Fi-
nally, mechanical and acoustic metamaterials can repro-
duce non-Hermitian skin phenomena via asymmetric cou-
plings, and have been used to realize higher-order topo-
logical phases [45] [69] [70].

Together, these diverse platforms offer routes to exper-
imentally access and manipulate non-Hermitian lattices,
in analogy to the “poor man’s Majorana modes” realized
in Hermitian setups [19, 20]. If realized in solid-state
systems, additional opportunities arise, as the density
profiles of the zero modes could be probed directly by
scanning tunneling microscopy (STM) or other spatially
resolved techniques, as demonstrated in the Hermitian
regime [71], while the correlations between opposite spin
components of the density profile could be detected us-
ing spin-resolved STM. These possibilities highlight not
only the versatility of non-Hermitian platforms but also
the potential to uncover symmetry-enriched Majorana
physics in engineered quantum platforms.
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Appendix A: More details about the system in the
absence of the onsite transverse fields

In the main text, we have discussed symmetry relations
when the system is subject to a small onsite transverse
field. For completeness, here we discuss the case when
this onsite transverse field is absent and we have Eq.
alone.

1. Symmetries

The model HrI:Il—)I%C defined in Eq. commutes with
the unitary operator, n*7%¢%, and can therefore be block-
diagonalized. To be specific, we find

with the two 4-by-4 block matrices,

(A1)

I
thSC(k) = i?Opsz + Aopmwo

+ [tQ + tu cos(kag) = zgf sin kao} prw®

+ {tﬂ sin kag £ i [% - gf cos(kao)} }pzwy,
(A2)

and new sets of Pauli matrices, p* and w*.

The symmetry relations preserved by these blocks are
listed in Table[M] obtained similarly to Table[ll Both the
blocks belong to the Al class in the real AZ classification,
characterized by the TRS (squaring to +1) and the ab-
sence of PHS (squaring to zero), as well as the DT class
in the real AZ' classification, characterized by the ab-
sence of TRST (squaring to 0) and the presence of PHS'
(squaring to +1). We have SLS with Ug = pYw?, which
commutes with the TRS operator: UsUr, = +Ur Ug,
giving rise to topological invariants Z & Z, Z, and Z
for point gap, real line gap, and imaginary line gap, re-
spectively [30]. While we summarize the block properties
here for completeness, determining the topological invari-
ant is more efficiently carried out using the Hermitianized
Hamiltonian in the presence of the onsite magnetic field,
as demonstrated in the main text.

2. Energy spectra

We now discuss the energy spectra of Eq. without
adding the transverse field. We remark that, in addition



TABLE II. Symmetry and their matrix representations for our
system in the absence of the perturbation. Here, we consider
the block h¥ g defined in Eq. (A2).

Symmetry Symbol Unitary operators

TRS Ty Ur, = p"w*
PHS' T-  Ur_ =p°w®
SLS S Us=p'u°

to the spectra from exact diagonalization as presented
below, one can also perform imaginary gauge transfor-
mation and compute the corresponding spectra; see Ap-
pendix [B] for details.

To proceed, we consider the following two regimes. In
Appendix we discuss the regime where Eq. does
not hold, where the gap can close only at k = 0 or k =
+7/ag, described by the hyperbolic curves in Eq. (@
In Appendix [A2F] on the other hand, we explore the
regime in which Eq. holds and the system exhibits a
nodal superconducting phase with the condition given in

Eq. .

a. In the regime of g4ty # g_t_

In Fig. [16] and Fig. we present the spectra corre-
sponding to Fig. [f] and Fig. [f] respectively. As discussed
in the main text, all the spectra exhibit mirror symmetry
with respect to the real and imaginary axes, owing to the
pH and SLS. A key feature is the pronounced difference
between the OBC and PBC spectra, which is character-
istic of non-Hermitian systems [34] [44]. While the PBC
spectra appear similar in both cases, the OBC spectra
differ.

In parallel to the rich PBC spectral features discussed
in the main text, we now highlight some features of the
OBC spectra. Specifically, we observe that the OBC
spectra become either real or purely imaginary for certain
parameter sets. Following Ref. [30], we derive the OBC
spectra in the absence of the onsite transverse magnetic
field by employing the concept of the generalized Bril-
louin zone. This approach allows us to determine the
conditions under which the spectra are real or purely
imaginary,

(94 +9-) > (tg +1t_)?
& (g4 —9-)* > (ty —t-)%,
g+9- = tyt,

(A3a)
(A3b)

which are consistent with Fig. [16| (see the parameter sets
IB,IC, and II C) and Fig. (see the sets IV E, IV F,

V E, and V F). Interestingly, the set V E of Fig.

corresponds to the equality in Eq. (A3al), where the OBC
spectrum exhibits isolated spectral points. We note that
this is not captured by the complex flat bands discussed
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in Eq. 7 as the latter is derived for the system under
the PBC.

b. In the regime of g+t+ = g—t—

As discussed in the main text, we have a regime where
the gap can close at momenta other than £ = 0 or
k = +m/ap. The precise relation between the gap clo-
sure condition and the energy spectrum is presented in
Fig. |3]in the main text. Here, when the parameters are
in the shaded region in Fig. |3} the conditions in Eq.
are satisfied and the PBC energy gap closes. In contrast
to the regime of g4t # g_t_, however, the PBC spectra
here do not form loops with finite area. Without §h,, we
do not find any regimes with zero modes.

Appendix B: Imaginary gauge transformation

In this section we generalize the algebra in Ref. [55]
to perform imaginary gauge transformation after block-
diagonalizing our model and use it to compute the spec-
tra. We start with the Hamiltonian Eq. in real space
and derive the equation of motion for the fermion fields
ajo and b; -, and recast the differential equation into the
following eigenvalue problem,

H+ 0 0 Agloys quﬁ

0 Ho  —Aolys 0 v,

0 —Aolaxs —H_ 0 X,

Aplaxa 0 0 —H, Xj.d
Wit

- E Wy , (B1)

Xi,1
Xi.4

where we introduce the following symbols,

_ilg _ 5. —J
_ 40— Q,
Hi(—J 5y = —ilo 3F>’
=, F O+ Q,+ 2 (B2)
J“i:tmigf, JQ,i:tQ:I:gIQ,

and the vectors,

Vi, = (4j0 Bjo)s Xjo=(Cio Djo),  (B3)
with the transpose T' and the unknown amplitudes A; .,
Bj,, Cjo and Dj,. In the above, we have taken the
ansatz, 0y = Ajt10/Ajc = Cjt1,/Cjo and 0_ =
Bj_1,6/Bjs = Dj_1,,/Dj, when we map the problem
to a matrix form. We can block-diagonalize the above
8-by-8 matrix into the following form,

Hy  Aglaxe 0 0
Aoloxs —Hy 0 0
0 0 Ho Dol | (BY
0 0 AN P —H_
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sets.

where the full energy spectra can be represented as
+\/FE% , + A} and +,/E? | + A§, with the index A €

{+,—} and the eigenvalues E, » of the blocks Hy. In
what follows, we specify the boundary condition and find
the corresponding spectra.

1. PBC spectra
Under the PBC, one can set §4 = e and obtain
iy

- A

B (k) (Jas + Joze )

Nl

x (Ja+ + Jeu ze0) 1 (B5)

It can be shown that the above expression of the full

spectrum, :I:\/[Eibf‘(k)]2 + A3, recovers Eq. (4a)) in the
main text.

2. OBC spectra

To calculate the OBC spectra, we perform imaginary
gauge transformation for the H; and H_ blocks sepa-
rately. We first focus on the matrix H; and transform
the basis by adopting

Ja+
Bir =\ 75" Bj1, (B6)
Ja+ Jex
04 = : — . B7
* \ Jog Jor T (B7)
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With this procedure, the block H; becomes

hit hio
har haa )’

(B8)

where the matrix elements are defined as

hi1

hio
ha1

h22

—ily

2

ST T8 = JTa Jos
I =10 = o 1 Ja -

—il'g

2

)

)

with basis (4; 1, B;‘,T)’ and has the eigenvalues,

r
Eix= _'é70 + >\|:JH’+J —+Ja+Jo -

1/2
+VTaiTo Ty de (@ +80)]

(B13)

After the mapping, we can directly calculate the OBC
spectrum by setting &, to etikao  In Fig. we show
the energy spectra corresponding to parameter set 1T A.

Here we plot the four bands, +,/E3 | 4+ A§, showing
spectra consistent with Fig.

So far, we have focused on the Hy block. For the H_
block, we perform the following imaginary gauge trans-
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.*. #‘ > .
2 i 1 TABLE III. Parameter sets adopted for the numerics through-
out this work.
1 i Figure Parameter values
ﬁ (4t+7g—) (4t—7g+) (F+7F—7AO) oh
= 0 Fig. [ Panel (¢) (4,3) (2,1.5)  (5,0,1) 0
= Panel (d) (4,4)  (2,2) (5,0,1) 0
— Panel (e) (4,6) (2,3) (5,0,1) 0
-1} Panel (f) (4,7.6) (2,38)  (5,0.1) 0
Panel (g) (4,9) (2,4.5) (5,0,1) 0
-2} Panel (h) (4,15) (2,75  (5,0,1) 0
[ ————— T
; . . : Fig. Pane} EE)) E4, 3% g4,3; E470,3§ 0
Pane 4,9 4,9 5,0,1 0
-4 -2 0 2 4 Panel (¢) (4,4.5) (4,45)  (4,0,3) 0
Panel () (45 (45 (50,5 0
Re(E) Fig. SetA . (12,3) - (5.0.1) 001
(see also Set B (12,13) - (5,0,1) 0.01
FIG. 18. OBC energy spectra, +,/E% , + Aj, calculated footnote El) Set C (12,15) - (5,0,1) 0.01
from Eq. (B13) for the parameter set II A. See Table [I1I| for Set 1 - (4,4) (5,0,1) 0.0
the adopted values of the full parameter set. Set II - (4,6) (5,0,1)  0.01
Set TIT - (4,9) (5,0,1)  0.01
Fig. [§ Set D (12,8) - (4,0,2)  0.01
formation (see also  Set E (12,14) - (4,0,2) 0.01
’ footnote’]) Set F (12,16) - (4,0,2)  0.01
g Set TV - (4,3) (4,0,2)  0.01
_ JJa— o Set V - (4,6) (4,0,2)  0.01
B, = B14 ' e
it Ja 0t (B14) Set VI - (4,10) (4,0,2)  0.01
Fig. (12,3)  (4,6) (5,0,1) 0.01
5. — oz Jew g B15 Fig. |11 Set A (6,3) - (3,2,1) 0.01
N Jos Ty (B15) (See also  Set B’ (6,7) - (3,2,1) 0.01
' ’ footnote ) Set C’ (6,10) - (3,2,1) 0.01
- : Set I’ - (5,1) (3,2,1) 0.01
One thus follows a similar procedure to obtain the energy Set 1T’ B (5.6) (3.2.1) 001
bands, +,/E? \ + Ag, which turn out to be identical to Set TIT’ - (5,8) (3,2,1)  0.01
the spectra of H,. Fig. |12 (6,6) (5,5) (2,3,1) 001
Fig. [13 Panel (a) (5,2) (25,1)  (3,2,1) 0
T Panel (b) (5,4) (2.5,2) (3,2,1) 0
Appendix C: PBC spectrum of the block Panel (¢)  (5,6)  (25,3) (3,2,1) 0
Hamiltonian in Eq. Panel (d) (5, 9) (25, 45) (3, 2, 1) 0
Panel (e) (5,12) (2.5,6) (3,2,1) 0
_ . _ Fig. Set G (8.5) - (0,5,1)  0.01
In this section we discuss the PBC spectra of the block Set H (8,10) _ (0,5,1)  0.01
H, ; defined in Eq. . In Fig. we show its PBC Set VII ~ (6,3) (0,5,1)  0.01
spectra, adopting parameter values corresponding to the Set VIII - (6,5) (0,5,1) 0.01
spectra of Fig. The computed value from Eq. Fig. 18] (12,3) (4,6) (5,0,1) 0

consistently matches the number of the spectral trajec-
tory winds around the origin across the panels in Fig.
The parameter regions with a nonzero winding num-
ber are also consistent with those hosting Majorana zero
modes.

Appendix D: Adopted parameter sets throughout
this work

In Table [[IT} we list the adopted values of the param-
eter sets for the numerics throughout this work.

& The parameter sets used here are identical to those in Fig. @
except for 6h = 0 in the latter.

b The parameter sets used here are identical to those in Fig.
except for h = 0 in the latter.

¢ The parameter sets used here are identical to those in Fig.
except for h = 0 in the latter.
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