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ABSTRACT. In this paper, we study the orbital stability of standing waves for one-dimensional nonlinear
Schrédinger equations with potentials. We show that the standing waves are orbitally stable for all
frequencies in the L?- subcritical and critical cases. Since the presence of potentials breaks the scale
invariance of the equations, it is a delicate problem to apply the abstract theory of Grillakis, Shatah,
and Strauss (1987) directly without a perturbative argument. For this reason, little is known about the
orbital stability of standing waves for all frequencies in the non-scale-invariant setting. We overcome

this difficulty by employing the approach of Noris, Tavares, and Verzini (2014).

1. INTRODUCTION

In this paper, we consider the following one-dimensional nonlinear Schrédinger equations with a

potential:

(1.1) iy = =t + V() — [YP 1, (t,z) € R xR,

where 1 < p < oo, V is a real-valued function, and 1) = (¢, x) is the complex-valued unknown
function.

Equation (1.1) is known as a model proposed to describe the local dynamics at a nucleation site.
Here, the potential V' simulates a local depression in the ion density (see Rose and Weinstein [24]).
In addition, (1.1) also appears in the Bose-Einstein condensate. The following three-dimensional

nonlinear Schronger equation
(1.2) iy = =AY + 2’ — [’y in R x R?

describes the Bose-Einstein condensate with attractive inter-particle interactions under a magnetic
trap. Equation (1.1) is derived from (1.2) and seems appropriate when its longitudinal dimension is
much longer than its transverse ones (see [4] for the derivation of (1.1)).

Now, we state our assumption on the potential V:

(V1) V e Ll (R;R) N CY(R\ {0}) is even, non-decreasing function of r = |z|, and 9,V # 0.

Date: September 30, 2025.
2020 Mathematics Subject Classification. 35Q55, 35B35.

Key words and phrases. Nonlinear Schrédinger equation, standing wave, stability.
1



Put
(13)  w = —inf{/R(]um\z FV@)u)de: u € H'(R) with Via € L'(R), uf 2 =1}
Under the assumption (V1), we see that w; is well-defined, that is, w; < oo (see Lemma A.1 (i) below).
Definition 1.1. Let w > w;. We define a real Hilbert space X by
X :={uec H'R): V(z)lu* € L'(R)}

equipped with the inner product

(u,v)x, = Re/R(ux(:U)vx(x) + V(z)u(z)v(z) + wu(z)v(z))dz.

The norm of X is denoted by || - || x,. In particular, we use || ||x := || - | x In addition, we denote

wi+1l-”

by X* the dual of the function space X.

We also find from the assumption (V1) that
(1.4) X — HY(R).

See Lemma A.1 (ii) below.

Throughout this paper, we always assume the following;:

Assumption 1.1. For any ¢y € X, there exist Tipax = Tmax(||0]|x) > 0 and a solution ¢ €
C(]0, Tmax), X) to (1.7) with ¥|i—o = 9o satisfying

E@®) = E(vo), 4@z = [0z for all ¢ € [0, Tiax),

where E is the energy defined by

1

B(w) = 5 [ (usl@)l? + V(@)lu(o)P)de - =l

Remark 1.1. The assumption 1.1 holds if there exist real valued functions V; and V5 such that V(z) =
Vi(z) + Va(x), where V4 and V5 satisfy the following:

(i) Vi € C*(R), Vi(x) >0 for x € R, 07"V} € L>*(R) for m > 2

(ii) Va € LY(R) + L™ (R).
(see [6, Theorem 3.3.1, 3.3.5, 3.3.9, Proposition 4.2.3 and Theorem 9.2.6] and [19)]).

Here, we are interested in a standing wave solution to (1.7). By a standing wave, we mean a solution

o (1.1) of the form
Y(t,x) = e, (z) (weR).

Then we see that the function ¢, satisfies the following elliptic equations:

(1.5) — e + V() +wod — ¢ =0, zcR.
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We define the action functional S, € C!'(X,R) by
w
Su(u) = B(u) + 2 ull2s

Then we see that u € X is a weak solution to (1.5) if and only if S/,(uv) = 0 in X*. We call by ground
state a solution to (1.5) which minimizes the action functional S, among all non-trivial solutions to
(1.5) in X. We denote by A, the set of all non-trivial solutions to (1.5) in X and by G, that of all
ground states to (1.5). Namely,

Ay i={ue X\ {0}: S (u) =0in X*}
and
(1.6) Go i ={ueA,: S,(u) <S,(v) for all v € A,}.

The following properties of ground states are well-known. For the readers’ convenience, we give these

proofs later.

Theorem 1.1. Let w > wy and 1 < p < oo. Assume that (V1). Then there exists (¢ )w>w, Such that
the following is true.

(i) ¢u € Ay is positive, even, and decreasing in r = |x|.

(ii) G, = {?¢y,: 0 € R}.

(ili) S/ (dw) has a unique negative eigenvalue v,,, which is simple.

(iv) Ker SIi(6) = spanfiy .

(v) o(S/(pw)) \ {vw,0} C [0,00) for some § > 0, where o(S/)(dw)) is the set of spectrum of the

operator S/ (dw)-

Next, we study the orbital stability of standing waves e*?¢,. The orbital stability/instability of

standing waves is defined by the following:

Definition 1.2. We say that the standing wave e™!¢,, is orbitally stable if for any € > 0, there exists
0 > 0 such that if

Hwo - ¢WHX < 67

then the corresponding solution 1 to (1.1) with t|,—¢9 = g exists globally and satisfies
sup inf [[1)(1) — el x <e.
t>0 0€R

Otherwise, we say that the standing wave e™“'¢,, is orbitally unstable

The orbital stability and instability of the standing waves to nonlinear Schrodinger equations with

potentials has been studied so far (see [1, 2, 5, 9, 11, 12, 13, 17, 21, 22, 24, 28, 29] and references
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therein). Let us recall some of them. To this end, we consider the following nonlinear Schrédinger

equations in general dimensions:
(1.7) iy = =AY+ V() — [pP M in R xRY,
where d > 1,1 <p < 2*—1, and V is a real valued function. Here

00 when d =1, 2,

2d
d—2

2% =
when d > 3.

When we consider the standing waves 1(t, ) = !¢, (z), then ¢, satisfies
(1.8) —Ap+V(x)p+wo— ¢ lp=0 in R

We first consider the case where V' = 0. In this case, the equation (1.7) is invariant under the

scaling
(1.9) Wty ) s Pt ) = AT(N2, ).
Note that

(1.10) 162(0, )12 = AT T2 [5(0, ) | 2.

Thus, we see that the scaling (1.9) preserves the L?-norm || - |2 when p = 1 + 4/d. For this reason,
the exponent p = 1+4/d is referred to as “L?-critical”. Let ¢,, be the ground state of (1.8). Cazenave
and Lions [5] proved that standing waves ‘¢, are stable when L2-subcritical case 1 < p < 1 +4/d.
On the other hand, Berestycki and Cazenave [2] showed that standing waves e™“!¢,, are unstable
when L2-supercritical case 1 +4/d < p < 2* — 1. Concerning with the L?-critical case p = 1 + 4/d,
Weinstein [29] proved that the standing waves e**¢,, are unstable for any w > 0, where ¢, € H'(R?)
is any non-trivial solution to (1.8) (not necessary the ground state). When we consider the ground
state ¢, to (1.8), we can also study the stability of standing waves e™“!¢,, by applying the abstract
theory of Grillakis, Shatah and Strauss [14], in which they showed that the standing wave e™!@,, is
stable if 4| ¢, |2, > 0 and unstable if 2L |/¢,[2, < 0 under several assumptions. See Comech and
Pelinovsky [7], Ohta [20], and Maeda [16] for the case of %HqﬁwH%Q = 0. When V =0, it follows from
(1.10) that
21

2 _ad
(1.11) pwl7e = wr=T " 2(|¢1 72
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From this, we can check the sign of % |¢w |2, and find that
. 4
>0 1f1<p<1+g,

d . 4
@|’¢w“%2 =0 ifp=1+ -

. 4 N
<O ifl4o<p<2-L

It is well-known that the ground state ¢, satisfies the assumptions of the abstract theory of Grillakis,
Shatah and Strauss [14]. Thus, we can find that the standing wave e“!¢,, is stable for 1 < p < 1+4/d
and unstable for 1 +4/d <p < 2* — 1.

Now we pay our attention to the case of V' # 0. In this case, the equations (1.7) are not scale
invariant, so that (1.11) does not hold. For this reason, we cannot check the sign of %quwﬂig at least
directly. Rose and Weinstein [24] employed the bifurcation theory and computed the sign of % | dw ||%2
for w € R which is close to w;. After that, Fukuizumi and Ohta [12] gave another sufficient condition
of stability which is based on the result of Grillakis, Shatah, and Strauss [14] and showed that standing
waves !¢, (¢, € G,) are stable for sufficiently large w > 0 when 1 < p < 1+ 4/d. Fukuizumi [10]
also showed the stability for large w when p = 14+4/d. Since they used a kind of perturbation argument
to verify the sufficient condition, some restrictions on the frequency w € R were required. There are
several results in which the stability of standing waves e*!¢,, is obtained under some conditions on
the frequency w € R. Compared with these, there are few results in which the stability of standing
waves are obtained without any additional conditions on the frequency w € R. McLeod, Stuart, and
Troy [17] studied the behavior of 9,¢, using the continuity argument and obtained the stability of
standing waves in one dimensional case d = 1. In particular, the standing waves e*“!¢,, are stable for
any w > wp if 1 < p < 5. However, they assumed the boundedness on the potential V. Thus, the
harmonic potential V' (x) = |z|? and the inverse potential V() = —|z|~% (# € (0, 1)) were not treated
in their result.

Here, using the argument of [18], we study the stability of standing waves e™“!¢,, (¢, € G,,) for all
w > wy. Our result includes unbounded potentials such as V(z) = |z|?, —|z|~? (8 € (0,1)) and so on.

To study the orbital stability of the standing waves e*!¢,,, we need the following additional condition:

(V2) 2V + 2V’ is a non-decreasing function of r = |z|. Furthermore, 2V + 2V’ is not a constant

function if p=5=1+4/d|4=1.

Remark 1.2. Concerning the assumption (V2), note first that in the one-dimensional setting the
case where 2V + zV’ is constant is already excluded by (V1). Indeed, in this case we can write
V(r) = c1 + cor™2 for some ¢; € R and cg € R. If ¢3 # 0, then V ¢ L}OC(R); whereas if ¢co = 0, then
0.V =0.



In higher dimensions, however, one may consider the case where 2V + xV' is constant, in particular
V(r) = —r~2. In this situation, equation (1.7) is invariant under the scaling (1.9). Hence, when
p = 144/d, it follows from the same argument as in [29] that all standing waves are strongly unstable.
Therefore, in the assumption (V2), it is essential to exclude the case where 2V + 2V’ is constant for

p=1+4/d
Then we obtain the following;:

Theorem 1.2. Letd = 1,1 < p <5, and ¢, € G,,. Assume that Assumption 1.1, (V1), and (V2).

Then the standing wave €' ¢,, is stable for any w > wy.

Remark 1.3. (i) Our result covers V(z) = |z|?, V(z) = —|z|~% with @ € (0,1), and combinations
of these. As far as the authors know, in these cases, the stability of standing waves for all
frequencies has not been studied so far.

(i) For the case of 1+4/d < p < 2* —1, it is known that the standing waves e“'¢,, (¢, € G,,) are
unstable for sufficiently large w > 0. Thus, we cannot obtain the stability for all frequency in

this case, so that the condition 1 < p <14 4/d in Theorem 1.2 is essential.

To prove Theorem 1.2, we use the argument of [18], in which they studied the stability for the

following nonlinear Schrodinger equation on the unit ball B; with the Dirichlet boundary condition:

iy = =AY — [P~ in R x By,
(1.12)
=0 in R x 0By.

Actually, since the equations (1.12) are not scale-invariant, we cannot check the sign of %Hgwa%Q at
least directly. To overcome the difficulty, Noris, Tavares, and Verzini [18] considered the following

optimization problem with two constraints:

M, = sup{/B 1 lu(x)|2dx = 1, /31 |Vu(z)|?de = a}

for a > 0. Then they showed that for any o > A\(Bj), where A\i(Bj) is the first eigenvalue of the

lu(2)[PHde: u € HY(By), /

1 B

Dirichlet Laplacian in the unit ball By, there exists a maximizer u, € HS(Bl) for M,. In addition,

uq € H}(B1) is a positive function and there exist p1o > 0 and w, > —1(B1) such that

—Aug + walle = paub, / ue (z)|?dz = 1, / Ve (2)|?dz = a.
B1 By

Then they showed that

d 9 Ola
@H%Hp = Cq Do

where C,, is a positive constant depending on o > A;(Bj). Thus, in order to check the sign of
%H@,H%Q, it suffices to do that of Jypq. Then by exploiting the Dirichlet boundary condition, they

showed that Jypq > 0 for all @ > A\j(By) when 1 <p <1+4/d.
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Here, we simplify the above argument and determine the sign of %H@;H%z directly. We also note
that since our spatial domain is the entire space, we cannot apply the argument of [18] directly. To

overcome this difficulty, we investigate the asymptotic behavior of 9,,¢,, more precisely and use (V2).

Remark 1.4. Here, we emphasize that we essentially need the condition d = 1 for obtaining 9,,¢,,(0) > 0
(see Lemma 6.5 below for details). Once 0,¢,(0) > 0 is established, our result can be extended to

higher dimensions under certain assumptions.

The rest of this paper is organized as follows. In Section 2, we show the existence of ground states.
In Section 3, we prove the positivity and evenness of the ground states. In Section 4, we show the
uniqueness of the ground state. In Section 5, we establish its non-degeneracy. In Section 6, we study
the orbital stability of the standing waves e“!¢,, and give the proof of Theorem 1.2. In Appendix A
we prove the finiteness of wy and (1.4). Finally, in Appendix B, we prove an auxiliary result that is

needed for the non-degeneracy of the ground state.

2. EXISTENCE OF GROUND STATE

In this section, we show the existence of the ground state of (1.5). To this end, we consider the

following minimization problem:

(2.1) d(w) =1inf{S,(u): v € X \ {0}, K,(u) =0},
where
(22) Ky(u) := (S, (u),u) = [Jul%, — ulfrs

is the Nehari functional. Concerning the minimization problem, we obtain the following.

Theorem 2.1. Assume that (V1). There exists a minimizer ¢, € X \ {0} for d(w).

We put
1 p—1 9
(2.3 Qult) = Su(w) = Kl = sl
(2.4) N(u) = Su(w) = 3o = 5Tl

Then we have
dw) =inf{Qu(u): ue X \ {0}, K,(u) =0}

=inf{N(u): v e X\ {0}, K,(u) =0}.

(2.5)

Lemma 2.1. d(w) > 0 for w > w;.



Proof. Let u € X \ {0} satisfy K, (u) = 0. By the Sobolev embedding (1.4), we have
lull%, = llulfr < Clluli!

for some C' > 0, which is independent of v € X. This implies that ||u||x, > (1/ C’)P%1 From this and
(2.5), we have obtained the desired result. O

Lemma 2.2. If u € X satisfies Qu(u) < d(w) < N(u), then u is a minimizer for d(w).

Proof. Note that u # 0 because N(u) > d(w) > 0. We put A\g := (Q(,J(u)]\f(u)*l)zﬂ%1 € (0,1]. Then
we have K, (Au) = 0. From (2.5) and our assumption, we obtain
Qu(u) < d(w) < Qu(Mou) = NjQu (1) < Qu(w).
This implies Q,(u) = d(w), Ao = 1, and K, (u) = 0. O
Proof of Theorem 2.1. Let {u,} be a minimizing sequence of d(w), that is, K, (u,) = 0 and
Qu(un) = N(up) — d(w) asn — 0.

Note that {u,} is bounded in X. We put v, := |u,|*, where f* is the Schwarz rearrangement of
the function f. Then we see that ||v,||re = ||un||re for any ¢ > 1 and |Vu,||z2 < [|[Vug||r2 (see [15,

Section 3.3 and Lemma 7.17]). Moreover, for any f € X, the inequality

(2.6) /R V(@)|f*Pdr < /R V()| f[2dz

holds. Indeed, by the increasing monotonicity of V, we have [ V()X (s |f(x)2>s} 45 2 Jo V(Z)X{a: |1*(@)2>s) 95
for all s > 0. From this and the layer cake representation |f(z)|? = [¢° X{z: |f(z)2>s} 45 (see [15, The-
orem 1.13 (4)]), we obtain

/V(ﬂf)|f*!2dﬂf_// V(®)X{a: | ()2 >s) d5 dT
R R JO

S/ /V(J«“)X{x;|f(x)|2>s}d8d$=/V(fﬂ)|f|2dfﬂ-
o Jr R

Therefore, we have ||v,||x < ||un|/x. This implies {v,} is also bounded in X. Then up to subsequence
(we still denote it by the same symbol), there exists uo, € X such that v, converges weakly to u, in

X. By the weak lower semi-continuity of norms, we have

n—oo

Moreover, by the radial monotonicity compactness lemma [6, Proposition 1.7.1], we have

(2.7) N(vso) = lim N(v,) = lim N(uy,) = d(w).
n— o0 n—oo
By Lemma 2.2, us € X is a minimizer for d(w). This completes the proof. O
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We set
My ={ue X: K,(u)=0, S,(u) =dw)},

which is the set of all minimizers for d(w).
Theorem 2.2. For any w > 0, we have M, = G,,.

Proof. Let ¢, € Gy, Then we have K, (ds,) = (S),(¢w), o) = 0. This together with (2.1) yields that

(2.8) d(w) < Su(dw)-

Next, let v, € M,,. Then there exists a Lagrange multiplier A, € R such that S/ (v,) = A\ K/, (vy,).
Since K, (vy) = 0, we obtain (S! (vy),vw) = Ku(v,) = 0 and (K, (v,),v) = —(p — 1)vaH’;il # 0.
Hence, we find that A, = 0, that is, S/, (v,) = 0. Thus, by (1.6), we obtain S, (¢w) < S, (vy,) = d(w).
This together with (2.8) yields that S,(¢w) = Sw(vw) = d(w). This implies that ¢, € M, and
vy € G,,. Therefore, we conclude that M, = G,,,. O

Now, we give the proof of Theorem 1.1 (i).

Proof of Theorem 1.1 (i). We see from the proof of Theorem 2.1 that there exists a minimizer ¢,, € X
of d(w), which is positive, even and decreasing in r = |z|. By Theorem 2.2, we see that ¢,, € G,,. This

completes the proof. O

3. POSITIVITY AND EVENNESS OF GROUND STATE
In this section, we show that the ground states are positive up to phase and even functions.
Lemma 3.1. Assume that (V1). Then A, C CYR)NC3(R\ {0}).
Proof. The assertion follows from [15, Theorem 11.7 (i) and (vi)]. O

Theorem 3.1. Assume that (V1). Let u € M,. There exists § € R such that ¢®u is a positive

Sfunction.

Proof. Take 6 € R such that e”u(0) > 0, and put v := eu.

First, we show the positivity of v. We put v; := |Rev| and vy := [Imv|. Then we have |v; +ive| = |u]
and |V(v1 +1iva)| = |Vul, and so vy +ive € M,,. Since M,, C Ay, v1 + ivy solves (1.5). In, particular,
v; solves

—vf + (w+V+ lulP~Yv; =0, j=1,2.
Moreover, Lemma 3.1 implies v; € C1(R) N C3(R \ {0}). Since v2(0) = v4(0) = 0, where v4(0) = 0
follows from vy > 0 and vy € C* (R), the uniqueness of the solution of the initial value problem for
the ODE implies vo = 0. Moreover, if v1(zg) = 0 for some zg € R, since v; > 0 and v; € C(R), we
have v} (z¢) = 0, which implies v1 = 0. This contradicts to u Z 0. Thus v; > 0 on R. Moreover, since

|v| = v1 >0, v(0) > 0, and v is continuous, we see that v > 0 on R. O
9



Lemma 3.2. Assume (V1). If a positive function u € X satisfies

(u*) (r) <0 forallr >0, luzllze = | (w )zl 2, /RV|’U,|2dCC = /]Rd V\u*|2da§,

where u* is the Schwarz rearrangement of the function u, then u = u*.

Proof. Since (u*)" < 0, we have {x € R: 0 < u*(z) < [|[u*||r~, |Vu*(z)| = 0} = 0. Therefore, by
applying [3, Theorem 1.1] together with |luz||r2 = ||(u*)z| L2, we obtain u = u*(- — y) for some y € R.
Suppose y # 0 and derive a contradiction. By the strict monotonicity of u*, we see that {z €
R: u*(x)? > s} = Bp(s)(0) for some continuous and strictly decreasing function R(s) with R(s) — oo
as s | 0, where Br(y) denotes the open ball centered at y with radius R. By the monotonicity of V,
we have fBR(s)(O) V(z)dr < fBR(s)(y) V(z) dx for all s > 0. Moreover, since V'(rg) > 0 for some rg > 0,
we can take so > 0 sufficiently small so that ro € Bp(s,)(0). Then it is clear that fBR( J(0) V(z)dr <
50
fBR o (@ x) dz. Thus, noting that s — [ o) 0 o) V(z)dx and s fBR<S>(y) V(z) dz are continuous
because V € LIOC(IR)7 we obtain

/V(x)\u*|2dx:/ / dxds</ / x)dxds
R BR<S>(0) BR<S>(y)
/V (r—y dx—/V )|ul? dz,

which contradicts [, V(z)[u*|*dz = [ V()|u* dz. Therefore, y = 0. This completes the proof. [

Theorem 3.2. Assume that (V1). Let u € M,, be a positive ground state. Then u is even and strictly

decreasing.

Proof. First, by [(*)allye < Jusllz2 and (2.6), we have Qu(u*) < Qu(u) = d(w) = N(u) = N(u*),
which, by Lemma 2.2, implies u* € M,,. In particular, u* € A,, and moreover ||uz|/z2 = [[(u*)z| 12
and [ Viu*dz = [; V]u*|*dz.

Next, we show that (u*)" < 0 on (0,00). Clearly (u*)" < 0. Suppose (u*)(rg) = 0 for some r¢ > 0.

Then (u*)"(rg) > 0 and u*(rg) > 0. We put e(r) := (u*)'(r)> — (w + V(r))u*(r)* + ]ﬁu*(r)pﬂ.
Since u € X, we have [;e(r)dr < co. Moreover, by (1.5), ¢/(r) = —1V’'(r)(u*)*> < 0. Thus,
lim, o0 e(r) = 0 and e(r) > 0 for all > 0. In particular, $(w + V(ro))u*(rg)? < ﬁu*(ro)pﬂ.
Therefore,
-1
(u*)"(rg) = (w + V(ro))u*(rg) — u*(ro)? < —z n 1u*(ro)p <0,

which contradicts (u*)”(rg) > 0. Hence (u*)" < 0 on (0, 00).

Therefore, by Lemma 3.2, we obtain u = v* and «/(r) < 0 on (0,00). This completes the proof. [
10



4. UNIQUENESS OF GROUND STATE

This section is devoted to the following:
Theorem 4.1. Assume that (V1). Then the positive solution ¢, € X to (1.5) is unique.

Let ¢, € X be a positive solution to (1.5). Then we see from Theorem 3.2 that ¢, becomes even
and ¢/, (z) <0 for all z > 0. Thus, it suffices to consider even positive solutions to (1.5). Let r = |z|.

This together with Lemma 3.1 implies that (1.5) is reduced to the following:

¢ —(V(r)+w)p+¢” =0 on (0,00),
¢'(0) =0

(4.1)

where the prime mark denotes the differentiation with respect to r. We will adapt the argument of
[8, Theorem 3.3] who proved the uniqueness of positive solution to semilinear elliptic equations in one

dimension by using the argument of [26, 27]. To this end, we consider the general ordinary differential

equation:
(4.2 o'+ G~ 4(r)o -+ hir)o? =
We put

a(r) := f(r)2PrD/ 3 () =2/ (p+3)
/)
MFGN
£0)
7y "
G(r) i= br)glr) + 3¢

b(r) := —5a'(r) a(r),

e(r) == =b'(r) +
/ 1 /
¢(r) — 5(a9)'(r).
Let ¢, be a positive solution to (4.2). We put

1 1

J(r;9) = %a(r)(df(?“))2 +b(r)¢ (r)d(r) + 5e(r)¢?(r) — Sa(r)g(r)¢(r) + a(r)h(r)" " (r).

p+1

Then it is known that the following Pohozaev identity holds:

Proposition 4.1. Let ¢ be a positive solution to (4.2). Then we have

(4.3) L ir:0) = G )

for all r > 0.
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We now modify the result of [8, Theorem 3.3]. To state the result, we prepare the following:

/f (Ig(r)| + h(r))dr

W /0 F()h(r)dr

D(r) := b(r)* — a(r)(c(r) — a(r)g(r)).
Then we impose the following conditions:
(I) f,g € C3(0,00) are positive functions and g € C*(0, c0).
(IT) There exists R > 0 such that
(a) f(lgl+h) € LY(0, R),
(b) = F()(lg(r)| + (7)) [ =Y (0)do € L}(0, R).
(II) lim,—o a(r)Us(r)Usz(r) = lim,—0 b(T)U2(T) =0
(IV) G <0 and G £ 0.

Then the following theorem holds:

Theorem 4.2. Let p > 1 and assume that conditions (I)-(IV). Then the problem (4.2) has at most

one positive solution ¢ which satisfies J(r;¢) — 0 as r — oo and ¢'(0) = 0.

Proof. By Proposition 4.1 and (IV), for any positive solution ¢ to (4.2) satisfying J(r;¢) — 0 as
r — oo, we have J(r; @) > 0 for all » > 0. Hence, the assertion follows from the same argument as

in the proof of [8, Theorem 3.3]. O

Remark 4.1. In our setting, [8, Theorem 3.3] cannot be applied directly, since the assumption [8, (IV)]
may fail. These assumptions were used there to prove the positivity of J(r;¢). However, under our

stronger assumption (IV), the positivity of J(r; ¢) follows immediately, so [8, (IV)] is not required.
Proof of Theorem 4.1. First, we can easily find that (4.1) coincides (4.2) with
(4.4) f=1, g(r)=V(r) +w, h=1.

Thus, we find that (4.1) corresponds to

(4.5) a=1, b=0, c=0
and
(4.6) Glr) = —%V’(r).

Furthermore, we see that (4.1) corresponds to

w5 [ 1O+ wear = [V -+l + 1ar
(4.7) 0
Us(r) = W /0 Fh(r)dr =

12



It follows from (V1) and (4.4) that f,h € C3(0,00) are positive functions and g € C'(0,00). Thus,
condition (I) holds.
Next, we will check that condition (II) is satisfied. It follows from (V1) and (4.4) that

£l + 1) = (V(r) + 6] +1) € L0, B)
In addition, by (V1) and (4.4), one has
R
ros SO g+ h) [ f0) o = (V) 4wl + )R- 1) € L0, R).

Thus, we can verify condition (II).
By (4.4), (4.5), (4.7), and (V1), we obtain

lim a(r)U; (r)Us(r) = lim r/ (IV(1) + w| + 1)dr = 0, lim b(r)Us(r) = lim 0 = 0.
r—0 0 r—0 r—0

r—0

Therefore, we see that condition (III) is satisfied.

By (4.6) and (V1), we have (IV).

Finally, we show that any positive solution ¢ € X of (4.1) satisfy J(r;¢) — 0 as r — co. we see
that

o)

a1, g(r)
(4.8) Jr:9) = 3¢/ = 00 + o

2

Since ¢ € X, we have J(r; ¢,) € L'(0,00). This means that there exists (r,), such that r, — co and
J(rn;¢) — 0 as n — oo. Since J is decreasing from Proposition 4.1 and (IV) we obtain J(r;¢) — 0

as r — 00. Therefore, the assertion follows from Theorem 4.2. O
We conclude this section with the proof of Theorem 1.1 (ii).

Proof of Theorem 1.1 (ii). Let u € G,,. Then by Theorems 2.2 and 3.1, there exists # € R such that

ey is a positive solution to (1.5). Since we see from Theorem 4.1 that the positive solution to (1.5)

0

is unique, we have eu = ¢,,, where ¢, is the one given in Theorem 1.1 (i). This completes the

proof. O

5. NON-DEGENERACY OF THE GROUND STATE

5.1. Non-degenracy of the ground state in X,,q. Throughout this subsection, we consider only

the real-valued function.

Theorem 5.1. Assume that (V1). Let ¢, € X be the positive ground state of (1.5). Then ¢, € X is

non-degenerate in X, qq.
13



Proof of Theorem 5.1. We still employ the notations (4.4), (4.5), and (4.6) in Section 4. It follows
from condition (V1) that G = —3V’ % 0 in (0,00). This implies that we can find a closed interval
[r1,72] C (0,00) such that

min |G(r)| > 0.
re€ry,re]

We choose v € C§°(0,00) \ {0} such that v > 0 and suppy = [r1,72]. We take § > 0 and fix it later.
We define

95(r) := g(r) + 67(rh(r)gh~ (r) = V(r) + w +6(r) x Lx g8 (r) = V(r) +w + dv(r)el (1),
hs(r) == (14 0y(r))h(r) =14 d7(r)

in (0,00). We define ag, bs, 5, Gs and Dy in (0, 00) as follows:

2(ptl) 2 2 1 f’ 1

as ;:f p+3 h5 p+3 :h5 p+3, bé‘ = —iag—l—?a(gz—iaig,
! 1 1

cs = —bs + 7()5 = —bf, G5 = bsgs + §cé’T - 5(61695)/7

Ds := b? — as(cs — asgs).
Since gs =g =V +w and hs = h=11n (0,00) \ [r1, 2], we can easily see that

1
as=a=1, bs=b=0, cs=c=0, G(;:—iag:G, Ds=g=D

in (0,00) \ [r1,72]. We fix § > 0 small enough such that

min _|Gs(r)| > 0.
rery,ra]

We see that
(5.1) Gs(r) <0 in (0, 00).

Indeed, if r & [rq, 2], we have by condition (V1) that Gs(r) = G(r) = —3V'(r) < 0. In addition, since

Min,.¢fp, o |Gs(r)| >0 and G(r) <0 in (0,00), we find that (5.1) holds. Note that ¢, satisfies

o = 96(r)¢w + hs(r)el, = &, — (V(r) +w)dw — 07(r)¢l, + ¢f + 07(r) ¢,
= ¢y, — (V(r) + w)eu, + ¢f, = 0.

¢,(0) € (0,00) and lim,_,~ ¢, (r) = 0. Namely, ¢,, is the positive solution to

(5.2) ¢ — gs(r)dw + hs(r)dl, =0, 0 <r < oo,

lim, 00 P (r) = 0.

We can find that positive solution to (5.2) is unique for sufficiently small 6 > 0 from Section 4 and

(5.1).
14



We shall show that ¢, is non-degenerate in X;,q. Suppose to the contrary that ¢, is degenerate in

Xrad- Then there exists 1, € X;aq \ {0} such that

(5.3) Y — g(r) + pot b, = 0 for 0 < r < oc.

We define C?-functional Sw,s by

Susli) =2 [ (G + as)lul?)

h(;(r)\u]pH)dr for u € X.
We can easily see that
(S5.5(¢w)v,v) = (SE(bw)v, v) —20(p — 1)/0 ()t (r)v? (r)dr

for each v € X;,q and

(8(6) b b) = —2(p — 1) / ¥ @ () dr < 0.

0
Moreover, we have

(5.4) /0 ) (PR (r)dr > 0,

Indeed, if not, we have [° ()¢l ' (r)y2(r)dr = 0. Since ¢,,(r) > 0 for any r > 0, we see that 1, = 0
on supp~y. From the uniqueness of the initial value problem of (5.3), we see that 1, = 0 in (0, c0),

which contradicts ¢, € Xyaq \ {0}. Thus, by (5.4), we obtain
(S0 5(Pw) s + B, g + Bih,) = =2(p — 1) /0 o2 (r)dra®
2= 1) [ ) (rdra®
0
280 -1) [ Ao )R (s
0

_46(p—1) /O )L () b (1) () draB < 0

for each (o, 8) € R?\ {(0,0)}. In addition, we can easily verify that ¢, does not satisfy (5.3), so
that ¢, and v, are linearly independent. Thus, we see from (5.5) that the Morse index of SZ7§(¢W)
is at least two. However, since the Morse index of S&Aqﬁw) is one (see Section B below), we obtain a

contradiction. Hence, we have shown that ¢, is non-degenerate in X, .q. O

5.2. Proof of Theorem 1.1 (iv). Here, we consider not the real-valued functions but the complex-

valued ones. We define the following operators L, . and L, _ by
Lot = =0 +V(2) +w—pot !, Ly = —0pe + V(2) +w — pot L.
For each ¢ € X, we put 1 = Reyp and @2 = Im¢. Then one has

Si(bw)p = Lo 41 + iLey —o.
15



In order to prove ker S/ (¢,) = span{i¢,}, it suffices to show that ker L, . = {0} and ker L, — =

span{¢, }. To this end, we prepare the following lemma:
Lemma 5.1. All eigenvalues of the operators Ly, + and Ly, — are simple.

Proof. Let ¢, € X and 1, € X be the eigenfunctions of L, ; associated with an eigenvalue A\. Then

we have
ax(@wamww - ax@www) = prazvxww - ax:p@w¢w =0.

This implies that there exists a constant C' such that ¢,,0,1,—0,pwihe = C on R. Since lim‘xhoo(npw@xww—
Orpuwt,) = 0, one has C' = 0. Thus, ¢, and 1), are linearly dependent. We can prove the simpleness

of the eigenvalues of L, _ similarly. Thus, we obtained the desired result. ([

Proof of Theorem 1.1 (iv). We first consider the operator L, ;. Suppose that ¢, € X satisfies

Ly +¢, = 0. Then we decompose ¢, into the even part and the odd part as

x) + —x x) — —x
o = P+ P2, oo = ne 2%( )’ e — oo () 2%( )'

Then we see that 1, € X;aq and also satisfies L., 1¢1. = 0. By Theorem 5.1, we have ¢, = 0.
Observe that g, satisfies p2,,(0) =0 and

_SDIQI,UJ + V(T)SDQ,UJ + wWP2.w — pgbgzil(r)(plw = 07 r > 0.

Then by the similar argument as in [8, Proof of Theorem 4.4], we obtain ¢3,, = 0. Thus, we see that
ker L, + = {0}.

Next, we study the operator L, . We can easily find that L, _¢, = 0. Namely, ¢, is the zero
eigenfunction of L, —. It follows from Lemma 5.1 that ker L, = span{¢,}. This completes the
proof. O

6. PROOF OF STABILITY OF THE GROUND STATE

6.1. Spectral conditions.
Proof of Theorem 1.1 (iii) and (v). Let w > wy. We consider the following minimization problem:
v, = inf{(Ly, qu,u): u e X, ||lul|2 =1}

Since (Ly 4w, b0) = —(p — 1)Hq§w\|’£ﬁ1 < 0, we have v, < 0. Then using a similar argument to [6,
Lemma 8.1.11], there exists a minimizer x,, € X that satisfies L, 1 Xw = Y Xw- In addition, it follows
from the min-max theorem (see e.g. Reed and Simon [23, Theorem XIII.1]), v, is the first eigenvalue
of L, +. By Lemma 5.1, we see that 1, is simple. In addition, since L, ¢, = 0 and ¢,, is positive,

we find that L, _ is a non-negative operator. Thus, Theorem 1.1 (iii) holds.
16



Next, we will show Theorem 1.1 (v). Since w > wi, we see that the operator —0,, + V(z) + w is
invertible. In addition, lim; o ¢g*1($) = 0. Thus, we see from the Weyl’s essential spectrum that

Oess(Liw +) = Oess(—Opz + V(2) +w) = [0,00). This completes the proof O

6.2. Slope condition. In this section, we study the sign of %H(;SWH%Q and give the proof of Theorem
1.2.

In what follows, we investigate the sign of - ||¢,[|2,. We note that our argument extends to higher-
dimensional cases, except for Lemma 6.5 below. Therefore, in order to clarify why condition d =1 is
necessary, we consider the problem in general dimensions.

First, we pay our attention to the regularity of ¢, with respect to w > w;. Concerning this, we

obtain the following:
Lemma 6.1. Letd =1 and 1 < p < 2* — 1. Then the mapping w € (w1,00) — ¢p, € Xyaq is C1.

We obtain Lemma 6.1 by using a similar argument of Shatah and Strauss [25]. By adapting the
abstract result of Grillakis, Shatah and Strauss [14] to our equation (1.1), we obtained the following:

Theorem 6.1. Let d =1 and ¢, € G,,. Assume that Assumption 1.1 and (V1). Then the standing

waves e“'¢,, is stable if £||¢y,||2, > 0 and unstable if £||¢,|2, < 0.

We put
Pus
Uy = ————, Uy = Oply-
“ w2 e
Then we have
1d
(6.1 Juollzz =1, | wotds = 5l =0,

Moreover, u,, satisfies the equation
(6.2) —Auy, + V(2)uy, + wuy — plw)u, =0 in R,

w

where p(w) = qu)wﬂﬁgl. We note that the sign of y/(w) coincides with that of %H(JSMH%T
Lemma 6.2. Letd>1 and 1 <p <2* —1. For w > wy, the following holds.
6.3 Pydr = 1 1— 4 p+1
( . ) M(W) Rd U,V QT = Ifl( .y (w)“¢w“Lp+l)7
(6.4) / ulv,dr > 0.
Rd
Proof. Let Q,, be a action functional of (6.2) given by

1 1 w p(w) +1
L) = 5IVolie+5 [ V@i + el - L5l
17



We note that I/ (u,) = 0 and
I (o) x ey = —A+ V(2) +w — pu(w)ul ™ = —A+ V(z) +w—pdl " = () x @em)-
In particular,
(6.5) It = —(p — Dpa(w)es
By differentiating the equation I (u,) = 0 with respect to w, we obtain
(6.6) I (u) vy = —ug + i/ (W)uP.

By using (6.1), (6.5) and (6.6), we have

(6.7) a:= (I (uy)uy, uy) = —(p — 1 u(w) g ¢+ lde,
—(p—Dp(w) | vhv,dr,
(6.8) b:= <IZ(UW)UUJ,’UW> = /Rd

pw) [ e

Rd

(6.9) c = (I (uy)vy, vy) = ,u’(w)/ uP v,dx.
R4
In particular, (6.3) holds. Let x, be the positive and normalized eigenfunction corresponds to the
unique negative eigenvalue of I”(u,,). Since u,, is also positive function, we have fR Xwlwdx > 0. This
means that there exists ¢, € R such that [; X (twtw + ve)dz = 0. By using this, non-degeneracy of
15 (uw) | x,, 0 (ReR) = S5(Dw)x,,q(re;r) and Theorem 1.1 (iii)—(v), we have the following positivety:
0< <IZ(Uw)(twuw + Uw)7 LUy + 'Uw>
b2 1
= at? +2bt, +c= a(tw + 7> — —(b* — ac).
a

This together with a < 0 yields that 0 < > — ac. We note from the expression (6.7)-(6.9) that
ac =b(b+1). Thus, b = ac — b> < 0. This means (6.4) holds. a

Lemma 6.3. Letd > 1 and 1 < p < 2* — 1. Then there exist positive constants C1,Co > 0 such that

forw > wy,

4
(6.10) C’lu’(w)HuwH]Eil =y <1 + rin p) - / 2V +z - VV)uyv,dz
R4

Proof. We put « :=d(p — 1)/2. By differentiating the relation

t2 1 w % pu(w
L (t0) = GVl + 5 [ Via/idas + Shuls - S i,
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at t = 1 and using I/,(uy) = 0, ||Vuy|[2, = u(w)HuwHiﬂl — Jpa Vuddz — wljuy||2, and [Juy]| 2

have

1 ap(w) 1
_ 2 2 +
0= IVults = [ (o VVydde - iy,

1 a

Moreover, by differentiating the above identity with respect to w and using (6.3), we obtain

1+ / 2V + z - VV)uy,v,dz
R4

(6% 1 «
= (1= S llih + (1= 55 ) o+ 1) [ ubuada
(0] 41 o p+ 1 +1
= (1= @l + (1= 255 S (1= K@)
«o 2 a \p+1
—-(1- )= rh(1- )R
(1= 5) o @l + (1= 5 ) =

It follows from o = d(p — 1)/2 that

! 2 d+2—(d—-2)p
1— = >0,
( p+1)p—1 (rp—1D+1)

a \p+1 B d 4
( p+1)p—1 Y=oty p)

Therefore, we see that (6.10) with Cy = m% and Cy = 2(#{1).

=1, we

O

Lemma 6.4. Letd>1and 1 <p < 2*—1. If p/(w) <0, then the set [v, > 0] :== {r > 0: v,(r) > 0}

18 a nonempty bounded interval.

Proof. First, it is easy to see that [v, > 0] # 0 due to [pq Uwvwdz = 0 (see (6.1)), uy(r) > 0 for all

r > 0, and v, # 0.

Next, suppose that the set [v, > 0] consists of more than one connected component. Then there

exist 0 <7y < rg <rg < ryg < oo such that

r1=0o0r v,(r1) =0, v,(r2) =uv,y(rs) =v,(ra) =0, v, >0on (r1,r2) U (rs,rs).

We put Iy := [r1,72), Ia := (r3,74), and v; := v, 1z, where 14 is the characteristic function of the set

A. Then we see that v; € X and there is t € R such that fRd Xw(v1 + tvg)dx = 0, where x,, is the

positive and normalized eigenfunction corresponds to the unique negative eigenvalue of I(u,,). This

implies

(6.11) (I (uw) (01 + tv), v1 + tvg) > 0.
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On the other hand, by using the equation I’/ (uy,)v, = —u, + p'(w)uf, and integration by parts, we

obtain
(I (uw)vj, vj) = (—uy + p' (w)ul, vj) <0, (15 (uw)v1,v2) = 0,

where we used the assumption z/(w) < 0, the positivity of u,, v; and supp vi Nsupp ve = 0. Therefore,
(I (uw)(v1 + tva), v1 + tve) < 0. This contradicts (6.11). Thus, the set [v, > 0] is connected.

Finally, suppose that [v,, > 0] is unbounded. Since [v,, > 0] is connected and fRd UV = 0, it follows
that [v, > 0] = (r1,00) for some r; > 0. Thus, by the positivity and the decreasing monotonicity of
Uy, We have

T1 T1 o0 [e’9)
/ uﬁvwrd_ldr < gy ()P / UV dr, / uﬁvwrd_ldr < g, (r)P! / UvrdLdr.
0 0 1 1
Therefore, by fRd U,y = 0, we obtain
o oo
/ ungrd_ldr < uw(rl)p_l/ Ur?tdr = 0.
0 0

This contradicts (6.4). Hence, [v,, > 0] is bounded. O

The following lemma is a key of our proof.
Lemma 6.5. Let 1 <p<2*—1. Ifd=1 and p/(w) <0, then v,(0) > 0.

Proof. Suppose that v,,(0) < 0. By Lemma 6.4, there exists 0 < r; < 7o such that v, (r1) = v,(r2) =0

and v, > 0 on (r1,72). Since u,, is a positive radial solution of (6.2), we have

d—1
(6.12) ug, +

u, — (V(r) + w)uy + p(w)ul, =0, r>0.

Differentiating (6.12) with respect to r, we have

~1 d—1
= (V) +whul, = =5, + V' (r)ue — pp(w)ul g,

d
(6.13) uy +

Differentiating (6.12) with respect to w, we have

d—1,

(6.14) o+ S, — (V) + @) = e — pp(w)ud o, — (Wi,

By (6.13) and (6.14), we obtain

(s =il

d—1 d—1
:(<u::'+7r uZ)vw—(Ug+ . vL)u&)rd_l

d—1
= (TU;% + V' (r)ugyvy, — upul, + p' (w)ubu, )rd_l.

2 w Pw
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Integrating the both side over [r, 73] and using v, (r1) = v, (r2) = 0, we obtain

up, (r) vl (r)rd ™t =, (r2)vl, (ra)rg !
(6'15) "2rd—1 / / / ’ 1\ d—1
= [ (VIO — )l )
1

In particular, if d = 1,

ul, (1)l (r)r ™ =l ()l (ro)rd !

T2
= / (V’(T)uwvw — U, + u/(w)ufjuLJ)rd_l dr.

T1

(6.16)

Since ), < 0, v,(r1) > 0, and v,(r2) < 0, the left-hand side of (6.16) is non-positive. On the other
hand, since u, > 0, v, >0, V' >0, u/, < 0 on (ry,72) and p/(w) < 0, the right-hand side is positive.

This is a contradiction. Thus, we obtain v,,(0) > 0. O

Remark 6.1. Our argument does not work in the case of higher dimensions d > 2. In this case, we
have the relation (6.15) instead of (6.16). However, it is unclear whether the right-hand side of (6.16)
is positive, since the term %u;vw is negative.

Proof of Theorem 1.2. From Theorem 6.1 and the fact that the sign of y/(w) coincides with %HQZ)WH%Q,
it suffces to show that p/(w) > 0 for all w > wy. Suppose that there exists w € (w1, 00) such that
p/'(w) < 0. Then (6.10) implies

o0 >0 ifl<p<5,
(6.17) / 2V + rVuyv,dz
0

>0 ifp=-5.

Now by Lemmas 6.4 and 6.5, we see that there exists 79 > 0 such that v, > 0 on [0,79) and v, <0
on (rp,00). We see in fact that v, < 0 on (79, 00). Indeed, if v, (r1) = 0 for some 1 > rg, we see that

v/,(r1) = 0 and v/)(r1) < 0, which contradict (6.14). Therefore, by the assumption (V2) and (6.1), we

obtain
00 70 (%)
/ 2V + rVu,v,dz = (/ +/ >(2V + rVugv,dx
0 0 0
< 2V + V') (ro) [o° uwvwdr  if 1 < p <5,
< 2V +1rV")(rg) fooo Uy Uy ifp=5
-0,
which contradicts (6.17). Thus, p/(w) > 0 for all w > wy. This completes the proof. O
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APPENDIX A. BOUNDED FROM BELOW

Lemma A.1. Let d =1 and assume that (V1). Then the following assertions hold:

(i) w1 given by (1.3) is well-defined, namely,
inf{/ (‘Ux|2 +V\u|2) dr:u e X, ||ul|p2 = 1} > —00.
R
(ii) For any w > wi, the embedding (1.4) holds.

Proof. Let u € X. By the Sobolev inequality, we have

(A1) /‘ xnuﬁde|mu%n/" w«xnde(nhuzl/“ WV (2)] de,
|z|<é |z| <6 lz|<8

where the constant C' > 0 does not depend on u. Since V € L{ (R), there exists § > 0 such that

1

C |V(x)|dr < <.

jal <6 2

Thus, by (A.1), we obtain
/ Vudz = V0ul*dx + Vul? dx
R || <8 |z[>6
1

(A2) >l + V) [ juPda

|z|>6

V

1
=5 lluallzz = Cllullze.

In particular, (i) holds.

Moreover, by the definition of wq, for w > w1, we have
(A3) (w—wn)[ul22 < full%,.
By (A.2),
sl =l = | VIl do - ol
< Jlul%, + 3lluallzz + CllullZ.

This and (A.3) imply
lualze < Cllulk, + lulfz) < Cllulk,.-

Therefore, combining this with (A.3), we obtain ||u||z1 < C||lu|lx,,. This means (ii).
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APPENDIX B. MORSE INDEX OF (qbw)

In this section, we show that the Morse index of S’ 5(d>w) equals to one. First, we consider the

following minimization problem:
d(w, ) :=1inf {S, 5(u): u e X \ {0}, K, s(u) =0},
where

Kos(u) = (S, 5(u), u) = 2/000 ([ + gs(r)ul®) = hs(r)[ulP*) dr— for u € X.

By a similar argument of Section 2, we can find that there exists a minimizer, which is positive and
even solution to (5.2). We can easily verify that the positive function ¢, satisfies (5.2). Since positive
solution to (5.2) is unique (see Section 5), we see that ¢,, is also a minimizer of d(w,d). Using this,

we shall show the following:
Lemma B.1. Ifu € H! ,(R) satisfies (K s(¢w),u) =0, we have ( 0 .s(Pw)u, u) > 0.

Proof. We shall show by contradiction. Suppose to the contrary that there exists u, € Hrlad (R) such
that (K 5(¢w), us) = 0 and (S 5(¢w)ts, ux) = —1. Define the function Z : R? — H! (R) by

Z(a,b) = ¢y, + auy + bey,.

We can easily verify that K, 5(Z(0,0)) = K, 5(¢.) = 0. In addition, we have
9 KuslZ(a,0)) g = (8621000 = <20 =) | hstriertiae <o,
Hence, it follows from the implicit function theorem that there exists ag > 0 and h € C?(—ag, ag) such
that K, 5(Z(a, h(a))) = 0 and h(0) = 0. Since ¢,, is a minimizer of d(w, 8), we have ©-254 (Z(a,b))| >
0.
On the other hand, differentiating K, 5(Z(a, h(a))) = 0 and substituting a = 0, we obtain

dh
(K, 5(¢w), te) + d*(0)< 0.5(0w), dw) =0
Since (K[, 5(¢w), ¢w) = —2(p = 1) [~ hs(r)|du [P dz < 0, we see that 4%(0) = 0. It follows that

2
ddi§’5<2<a,h<a>>>=cfa(< o206+ @6

(82200 (00 + Gl ) o+ Gh@)o)

2
F{SLa(2(0,0)), 5 (0)0u).

This together with %(0) = 0 implies that

d2Sw " Oo
52 (Z(a,h(@)| = (8L 5(00)0w, d) = ~2(p — 1) /0 () gl < 0,
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which is a contradiction. This completes the proof. [l

From Lemma B.1 and the mini-max theorem, we see that the Morse index of S ;(¢.) is 1.
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