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Abstract. In this paper, we study the orbital stability of standing waves for one-dimensional nonlinear

Schrödinger equations with potentials. We show that the standing waves are orbitally stable for all

frequencies in the L2- subcritical and critical cases. Since the presence of potentials breaks the scale

invariance of the equations, it is a delicate problem to apply the abstract theory of Grillakis, Shatah,

and Strauss (1987) directly without a perturbative argument. For this reason, little is known about the

orbital stability of standing waves for all frequencies in the non-scale-invariant setting. We overcome

this difficulty by employing the approach of Noris, Tavares, and Verzini (2014).

1. Introduction

In this paper, we consider the following one-dimensional nonlinear Schrödinger equations with a

potential:

(1.1) iψt = −ψxx + V (x)ψ − |ψ|p−1ψ, (t, x) ∈ R× R,

where 1 < p < ∞, V is a real-valued function, and ψ = ψ(t, x) is the complex-valued unknown

function.

Equation (1.1) is known as a model proposed to describe the local dynamics at a nucleation site.

Here, the potential V simulates a local depression in the ion density (see Rose and Weinstein [24]).

In addition, (1.1) also appears in the Bose-Einstein condensate. The following three-dimensional

nonlinear Schrönger equation

(1.2) iψt = −∆ψ + |x|2ψ − |ψ|2ψ in R× R3

describes the Bose-Einstein condensate with attractive inter-particle interactions under a magnetic

trap. Equation (1.1) is derived from (1.2) and seems appropriate when its longitudinal dimension is

much longer than its transverse ones (see [4] for the derivation of (1.1)).

Now, we state our assumption on the potential V :

(V1) V ∈ L1
loc(R;R) ∩ C1(R \ {0}) is even, non-decreasing function of r = |x|, and ∂xV ̸≡ 0.
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Put

(1.3) ω1 := − inf
{∫

R
(|ux|2 + V (x)|u|2)dx : u ∈ H1(R) with V |u|2 ∈ L1(R), ∥u∥L2 = 1

}
.

Under the assumption (V1), we see that ω1 is well-defined, that is, ω1 <∞ (see Lemma A.1 (i) below).

Definition 1.1. Let ω > ω1. We define a real Hilbert space X by

X := {u ∈ H1(R) : V (x)|u|2 ∈ L1(R)}

equipped with the inner product

(u, v)Xω := Re

∫
R

(
ux(x)vx(x) + V (x)u(x)v(x) + ωu(x)v(x)

)
dx.

The norm of X is denoted by ∥ · ∥Xω . In particular, we use ∥ · ∥X := ∥ · ∥Xω1+1 . In addition, we denote

by X∗ the dual of the function space X.

We also find from the assumption (V1) that

(1.4) X ↪→ H1(R).

See Lemma A.1 (ii) below.

Throughout this paper, we always assume the following:

Assumption 1.1. For any ψ0 ∈ X, there exist Tmax = Tmax(∥ψ0∥X) > 0 and a solution ψ ∈

C([0, Tmax), X) to (1.7) with ψ|t=0 = ψ0 satisfying

E(ψ(t)) = E(ψ0), ∥ψ(t)∥L2 = ∥ψ0∥L2 for all t ∈ [0, Tmax),

where E is the energy defined by

E(u) =
1

2

∫
R
(|ux(x)|2 + V (x)|u(x)|2)dx− 1

p+ 1
∥u∥p+1

Lp+1 .

Remark 1.1. The assumption 1.1 holds if there exist real valued functions V1 and V2 such that V (x) =

V1(x) + V2(x), where V1 and V2 satisfy the following:

(i) V1 ∈ C∞(R), V1(x) ≥ 0 for x ∈ R, ∂mx V1 ∈ L∞(R) for m ≥ 2

(ii) V2 ∈ L1(R) + L∞(R).

(see [6, Theorem 3.3.1, 3.3.5, 3.3.9, Proposition 4.2.3 and Theorem 9.2.6] and [19]).

Here, we are interested in a standing wave solution to (1.7). By a standing wave, we mean a solution

to (1.1) of the form

ψ(t, x) = eiωtϕω(x) (ω ∈ R).

Then we see that the function ϕω satisfies the following elliptic equations:

(1.5) −ϕxx + V (x)ϕ+ ωϕ− |ϕ|p−1ϕ = 0, x ∈ R.
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We define the action functional Sω ∈ C1(X,R) by

Sω(u) := E(u) +
ω

2
∥u∥2L2 .

Then we see that u ∈ X is a weak solution to (1.5) if and only if S′
ω(u) = 0 in X∗. We call by ground

state a solution to (1.5) which minimizes the action functional Sω among all non-trivial solutions to

(1.5) in X. We denote by Aω the set of all non-trivial solutions to (1.5) in X and by Gω that of all

ground states to (1.5). Namely,

Aω := {u ∈ X \ {0} : S′
ω(u) = 0 in X∗}

and

(1.6) Gω := {u ∈ Aω : Sω(u) ≤ Sω(v) for all v ∈ Aω}.

The following properties of ground states are well-known. For the readers’ convenience, we give these

proofs later.

Theorem 1.1. Let ω > ω1 and 1 < p <∞. Assume that (V1). Then there exists (ϕω)ω>ω1 such that

the following is true.

(i) ϕω ∈ Aω is positive, even, and decreasing in r = |x|.

(ii) Gω = {eiθϕω : θ ∈ R}.

(iii) S′′
ω(ϕω) has a unique negative eigenvalue νω, which is simple.

(iv) kerS′′
ω(ϕω) = span{iϕω}.

(v) σ(S′′
ω(ϕω)) \ {νω, 0} ⊂ [δ,∞) for some δ > 0, where σ(S′′

ω(ϕω)) is the set of spectrum of the

operator S′′
ω(ϕω).

Next, we study the orbital stability of standing waves eiωtϕω. The orbital stability/instability of

standing waves is defined by the following:

Definition 1.2. We say that the standing wave eiωtϕω is orbitally stable if for any ε > 0, there exists

δ > 0 such that if

∥ψ0 − ϕω∥X < δ,

then the corresponding solution ψ to (1.1) with ψ|t=0 = ψ0 exists globally and satisfies

sup
t>0

inf
θ∈R

∥ψ(t)− eiθϕω∥X < ε.

Otherwise, we say that the standing wave eiωtϕω is orbitally unstable

The orbital stability and instability of the standing waves to nonlinear Schrödinger equations with

potentials has been studied so far (see [1, 2, 5, 9, 11, 12, 13, 17, 21, 22, 24, 28, 29] and references
3



therein). Let us recall some of them. To this end, we consider the following nonlinear Schrödinger

equations in general dimensions:

(1.7) iψt = −∆ψ + V (x)ψ − |ψ|p−1ψ in R× Rd,

where d ≥ 1, 1 < p < 2∗ − 1, and V is a real valued function. Here

2∗ =


∞ when d = 1, 2,

2d

d− 2
when d ≥ 3.

When we consider the standing waves ψ(t, x) = eiωtϕω(x), then ϕω satisfies

(1.8) −∆ϕ+ V (x)ϕ+ ωϕ− |ϕ|p−1ϕ = 0 in Rd.

We first consider the case where V ≡ 0. In this case, the equation (1.7) is invariant under the

scaling

(1.9) ψ(t, x) 7→ ψλ(t, x) = λ
2

p−1ψ(λ2t, λx).

Note that

(1.10) ∥ψλ(0, ·)∥L2 = λ
2

p−1
− d

2 ∥ψ(0, ·)∥L2 .

Thus, we see that the scaling (1.9) preserves the L2-norm ∥ · ∥L2 when p = 1 + 4/d. For this reason,

the exponent p = 1+4/d is referred to as “L2-critical”. Let ϕω be the ground state of (1.8). Cazenave

and Lions [5] proved that standing waves eiωtϕω are stable when L2-subcritical case 1 < p < 1 + 4/d.

On the other hand, Berestycki and Cazenave [2] showed that standing waves eiωtϕω are unstable

when L2-supercritical case 1 + 4/d < p < 2∗ − 1. Concerning with the L2-critical case p = 1 + 4/d,

Weinstein [29] proved that the standing waves eiωtϕω are unstable for any ω > 0, where ϕω ∈ H1(Rd)

is any non-trivial solution to (1.8) (not necessary the ground state). When we consider the ground

state ϕω to (1.8), we can also study the stability of standing waves eiωtϕω by applying the abstract

theory of Grillakis, Shatah and Strauss [14], in which they showed that the standing wave eiωtϕω is

stable if d
dω∥ϕω∥

2
L2 > 0 and unstable if d

dω∥ϕω∥
2
L2 < 0 under several assumptions. See Comech and

Pelinovsky [7], Ohta [20], and Maeda [16] for the case of d
dω∥ϕω∥

2
L2 = 0. When V ≡ 0, it follows from

(1.10) that

(1.11) ∥ϕω∥2L2 = ω
2

p−1
− d

2 ∥ϕ1∥2L2 .
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From this, we can check the sign of d
dω∥ϕω∥

2
L2 and find that

d

dω
∥ϕω∥2L2



> 0 if 1 < p < 1 +
4

d
,

= 0 if p = 1 +
4

d
,

< 0 if 1 +
4

d
< p < 2∗ − 1.

It is well-known that the ground state ϕω satisfies the assumptions of the abstract theory of Grillakis,

Shatah and Strauss [14]. Thus, we can find that the standing wave eiωtϕω is stable for 1 < p < 1+4/d

and unstable for 1 + 4/d < p < 2∗ − 1.

Now we pay our attention to the case of V ̸≡ 0. In this case, the equations (1.7) are not scale

invariant, so that (1.11) does not hold. For this reason, we cannot check the sign of d
dω∥ϕω∥

2
L2 at least

directly. Rose and Weinstein [24] employed the bifurcation theory and computed the sign of d
dω∥ϕω∥

2
L2

for ω ∈ R which is close to ω1. After that, Fukuizumi and Ohta [12] gave another sufficient condition

of stability which is based on the result of Grillakis, Shatah, and Strauss [14] and showed that standing

waves eiωtϕω (ϕω ∈ Gω) are stable for sufficiently large ω > 0 when 1 < p < 1 + 4/d. Fukuizumi [10]

also showed the stability for large ω when p = 1+4/d. Since they used a kind of perturbation argument

to verify the sufficient condition, some restrictions on the frequency ω ∈ R were required. There are

several results in which the stability of standing waves eiωtϕω is obtained under some conditions on

the frequency ω ∈ R. Compared with these, there are few results in which the stability of standing

waves are obtained without any additional conditions on the frequency ω ∈ R. McLeod, Stuart, and

Troy [17] studied the behavior of ∂ωϕω using the continuity argument and obtained the stability of

standing waves in one dimensional case d = 1. In particular, the standing waves eiωtϕω are stable for

any ω > ω1 if 1 < p ≤ 5. However, they assumed the boundedness on the potential V . Thus, the

harmonic potential V (x) = |x|2 and the inverse potential V (x) = −|x|−θ (θ ∈ (0, 1)) were not treated

in their result.

Here, using the argument of [18], we study the stability of standing waves eiωtϕω (ϕω ∈ Gω) for all

ω > ω1. Our result includes unbounded potentials such as V (x) = |x|2,−|x|−θ (θ ∈ (0, 1)) and so on.

To study the orbital stability of the standing waves eiωtϕω, we need the following additional condition:

(V2) 2V + xV ′ is a non-decreasing function of r = |x|. Furthermore, 2V + xV ′ is not a constant

function if p = 5 = 1 + 4/d|d=1.

Remark 1.2. Concerning the assumption (V2), note first that in the one-dimensional setting the

case where 2V + xV ′ is constant is already excluded by (V1). Indeed, in this case we can write

V (r) = c1 + c2r
−2 for some c1 ∈ R and c2 ∈ R. If c2 ̸= 0, then V /∈ L1

loc(R); whereas if c2 = 0, then

∂xV ≡ 0.
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In higher dimensions, however, one may consider the case where 2V +xV ′ is constant, in particular

V (r) = −r−2. In this situation, equation (1.7) is invariant under the scaling (1.9). Hence, when

p = 1+4/d, it follows from the same argument as in [29] that all standing waves are strongly unstable.

Therefore, in the assumption (V2), it is essential to exclude the case where 2V + xV ′ is constant for

p = 1 + 4/d.

Then we obtain the following:

Theorem 1.2. Let d = 1, 1 < p ≤ 5, and ϕω ∈ Gω. Assume that Assumption 1.1, (V1), and (V2).

Then the standing wave eiωtϕω is stable for any ω > ω1.

Remark 1.3. (i) Our result covers V (x) = |x|2, V (x) = −|x|−θ with θ ∈ (0, 1), and combinations

of these. As far as the authors know, in these cases, the stability of standing waves for all

frequencies has not been studied so far.

(ii) For the case of 1+ 4/d < p < 2∗− 1, it is known that the standing waves eiωtϕω (ϕω ∈ Gω) are

unstable for sufficiently large ω > 0. Thus, we cannot obtain the stability for all frequency in

this case, so that the condition 1 < p ≤ 1 + 4/d in Theorem 1.2 is essential.

To prove Theorem 1.2, we use the argument of [18], in which they studied the stability for the

following nonlinear Schrödinger equation on the unit ball B1 with the Dirichlet boundary condition:

(1.12)

iψt = −∆ψ − |ψ|p−1ψ in R×B1,

ψ = 0 in R× ∂B1.

Actually, since the equations (1.12) are not scale-invariant, we cannot check the sign of d
dω∥ϕω∥

2
L2 at

least directly. To overcome the difficulty, Noris, Tavares, and Verzini [18] considered the following

optimization problem with two constraints:

Mα := sup
{∫

B1

|u(x)|p+1dx : u ∈ H1
0 (B1),

∫
B1

|u(x)|2dx = 1,

∫
B1

|∇u(x)|2dx = α
}

for α > 0. Then they showed that for any α > λ1(B1), where λ1(B1) is the first eigenvalue of the

Dirichlet Laplacian in the unit ball B1, there exists a maximizer uα ∈ H1
0 (B1) for Mα. In addition,

uα ∈ H1
0 (B1) is a positive function and there exist µα > 0 and ωα > −λ1(B1) such that

−∆uα + ωαuα = µαu
p
α,

∫
B1

|uα(x)|2dx = 1,

∫
B1

|∇uα(x)|2dx = α.

Then they showed that
d

dω
∥ϕω∥2L2 = Cα

∂µα
∂α

,

where Cα is a positive constant depending on α > λ1(B1). Thus, in order to check the sign of

d
dω∥ϕω∥

2
L2 , it suffices to do that of ∂αµα. Then by exploiting the Dirichlet boundary condition, they

showed that ∂αµα > 0 for all α > λ1(B1) when 1 < p ≤ 1 + 4/d.
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Here, we simplify the above argument and determine the sign of d
dω∥ϕω∥

2
L2 directly. We also note

that since our spatial domain is the entire space, we cannot apply the argument of [18] directly. To

overcome this difficulty, we investigate the asymptotic behavior of ∂ωϕω more precisely and use (V2).

Remark 1.4. Here, we emphasize that we essentially need the condition d = 1 for obtaining ∂ωϕω(0) > 0

(see Lemma 6.5 below for details). Once ∂ωϕω(0) > 0 is established, our result can be extended to

higher dimensions under certain assumptions.

The rest of this paper is organized as follows. In Section 2, we show the existence of ground states.

In Section 3, we prove the positivity and evenness of the ground states. In Section 4, we show the

uniqueness of the ground state. In Section 5, we establish its non-degeneracy. In Section 6, we study

the orbital stability of the standing waves eiωtϕω and give the proof of Theorem 1.2. In Appendix A

we prove the finiteness of ω1 and (1.4). Finally, in Appendix B, we prove an auxiliary result that is

needed for the non-degeneracy of the ground state.

2. Existence of ground state

In this section, we show the existence of the ground state of (1.5). To this end, we consider the

following minimization problem:

(2.1) d(ω) = inf{Sω(u) : u ∈ X \ {0}, Kω(u) = 0},

where

(2.2) Kω(u) := ⟨S′
ω(u), u⟩ = ∥u∥2Xω

− ∥u∥p+1
Lp+1

is the Nehari functional. Concerning the minimization problem, we obtain the following.

Theorem 2.1. Assume that (V1). There exists a minimizer ϕω ∈ X \ {0} for d(ω).

We put

Qω(u) = Sω(u)−
1

p+ 1
Kω(u) =

p− 1

2(p+ 1)
∥u∥2Xω

,(2.3)

N(u) = Sω(u)−
1

2
Kω(u) =

p− 1

2(p+ 1)
∥u∥p+1

Lp+1 .(2.4)

Then we have

d(ω) = inf{Qω(u) : u ∈ X \ {0}, Kω(u) = 0}

= inf{N(u) : u ∈ X \ {0}, Kω(u) = 0}.
(2.5)

Lemma 2.1. d(ω) > 0 for ω > ω1.
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Proof. Let u ∈ X \ {0} satisfy Kω(u) = 0. By the Sobolev embedding (1.4), we have

∥u∥2Xω
= ∥u∥p+1

Lp+1 ≤ C∥u∥p+1
Xω

for some C > 0, which is independent of u ∈ X. This implies that ∥u∥Xω ≥ (1/C)
1

p−1 . From this and

(2.5), we have obtained the desired result. □

Lemma 2.2. If u ∈ X satisfies Qω(u) ≤ d(ω) ≤ N(u), then u is a minimizer for d(ω).

Proof. Note that u ̸= 0 because N(u) ≥ d(ω) > 0. We put λ0 := (Qω(u)N(u)−1)
1

p−1 ∈ (0, 1]. Then

we have Kω(λ0u) = 0. From (2.5) and our assumption, we obtain

Qω(u) ≤ d(ω) ≤ Qω(λ0u) = λ20Qω(u) ≤ Qω(u).

This implies Qω(u) = d(ω), λ0 = 1, and Kω(u) = 0. □

Proof of Theorem 2.1. Let {un} be a minimizing sequence of d(ω), that is, Kω(un) = 0 and

Qω(un) = N(un) → d(ω) as n→ ∞.

Note that {un} is bounded in X. We put vn := |un|∗, where f∗ is the Schwarz rearrangement of

the function f . Then we see that ∥vn∥Lq = ∥un∥Lq for any q ≥ 1 and ∥∇vn∥L2 ≤ ∥∇un∥L2 (see [15,

Section 3.3 and Lemma 7.17]). Moreover, for any f ∈ X, the inequality

(2.6)

∫
R
V (x)|f∗|2dx ≤

∫
R
V (x)|f |2dx

holds. Indeed, by the increasing monotonicity of V , we have
∫
R V (x)χ{x : |f(x)|2>s} ds ≥

∫
R V (x)χ{x : |f∗(x)|2>s} ds

for all s > 0. From this and the layer cake representation |f(x)|2 =
∫∞
0 χ{x : |f(x)|2>s} ds (see [15, The-

orem 1.13 (4)]), we obtain∫
R
V (x)|f∗|2 dx =

∫
R

∫ ∞

0
V (x)χ{x : |f∗(x)|2>s} ds dx

≤
∫ ∞

0

∫
R
V (x)χ{x : |f(x)|2>s} ds dx =

∫
R
V (x)|f |2 dx.

Therefore, we have ∥vn∥X ≤ ∥un∥X . This implies {vn} is also bounded in X. Then up to subsequence

(we still denote it by the same symbol), there exists u∞ ∈ X such that vn converges weakly to u∞ in

X. By the weak lower semi-continuity of norms, we have

Qω(u∞) ≤ lim
n→∞

Qω(vn) ≤ lim
n→∞

Qω(un) = d(ω).

Moreover, by the radial monotonicity compactness lemma [6, Proposition 1.7.1], we have

(2.7) N(v∞) = lim
n→∞

N(vn) = lim
n→∞

N(un) = d(ω).

By Lemma 2.2, u∞ ∈ X is a minimizer for d(ω). This completes the proof. □
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We set

Mω := {u ∈ X : Kω(u) = 0, Sω(u) = d(ω)},

which is the set of all minimizers for d(ω).

Theorem 2.2. For any ω > 0, we have Mω = Gω.

Proof. Let ϕω ∈ Gω. Then we have Kω(ϕω) = ⟨S′
ω(ϕω), ϕω⟩ = 0. This together with (2.1) yields that

(2.8) d(ω) ≤ Sω(ϕω).

Next, let vω ∈ Mω. Then there exists a Lagrange multiplier λω ∈ R such that S′
ω(vω) = λωK

′
ω(vω).

Since Kω(vω) = 0, we obtain ⟨S′
ω(vω), vω⟩ = Kω(vω) = 0 and ⟨K ′

ω(vω), vω⟩ = −(p − 1)∥vω∥p+1
Lp+1 ̸= 0.

Hence, we find that λω = 0, that is, S′
ω(vω) = 0. Thus, by (1.6), we obtain Sω(ϕω) ≤ Sω(vω) = d(ω).

This together with (2.8) yields that Sω(ϕω) = Sω(vω) = d(ω). This implies that ϕω ∈ Mω and

vω ∈ Gω. Therefore, we conclude that Mω = Gω. □

Now, we give the proof of Theorem 1.1 (i).

Proof of Theorem 1.1 (i). We see from the proof of Theorem 2.1 that there exists a minimizer ϕω ∈ X

of d(ω), which is positive, even and decreasing in r = |x|. By Theorem 2.2, we see that ϕω ∈ Gω. This

completes the proof. □

3. Positivity and evenness of ground state

In this section, we show that the ground states are positive up to phase and even functions.

Lemma 3.1. Assume that (V1). Then Aω ⊂ C1(R) ∩ C3(R \ {0}).

Proof. The assertion follows from [15, Theorem 11.7 (i) and (vi)]. □

Theorem 3.1. Assume that (V1). Let u ∈ Mω. There exists θ ∈ R such that eiθu is a positive

function.

Proof. Take θ ∈ R such that eiθu(0) ≥ 0, and put v := eiθu.

First, we show the positivity of v. We put v1 := |Re v| and v2 := |Im v|. Then we have |v1+iv2| = |u|

and |∇(v1+ iv2)| = |∇u|, and so v1+ iv2 ∈ Mω. Since Mω ⊂ Aω, v1+ iv2 solves (1.5). In, particular,

vj solves

−v′′j + (ω + V + |u|p−1)vj = 0, j = 1, 2.

Moreover, Lemma 3.1 implies vj ∈ C1(R) ∩ C3(R \ {0}). Since v2(0) = v′2(0) = 0, where v′2(0) = 0

follows from v2 ≥ 0 and v2 ∈ C1(R), the uniqueness of the solution of the initial value problem for

the ODE implies v2 ≡ 0. Moreover, if v1(x0) = 0 for some x0 ∈ R, since v1 ≥ 0 and v1 ∈ C1(R), we

have v′1(x0) = 0, which implies v1 ≡ 0. This contradicts to u ̸≡ 0. Thus v1 > 0 on R. Moreover, since

|v| = v1 > 0, v(0) > 0, and v is continuous, we see that v > 0 on R. □
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Lemma 3.2. Assume (V1). If a positive function u ∈ X satisfies

(u∗)′(r) < 0 for all r > 0, ∥ux∥L2 = ∥(u∗)x∥L2 ,

∫
R
V |u|2dx =

∫
Rd

V |u∗|2dx,

where u∗ is the Schwarz rearrangement of the function u, then u = u∗.

Proof. Since (u∗)′ < 0, we have {x ∈ R : 0 < u∗(x) < ∥u∗∥L∞ , |∇u∗(x)| = 0} = ∅. Therefore, by

applying [3, Theorem 1.1] together with ∥ux∥L2 = ∥(u∗)x∥L2 , we obtain u = u∗(· − y) for some y ∈ R.

Suppose y ̸= 0 and derive a contradiction. By the strict monotonicity of u∗, we see that {x ∈

R : u∗(x)2 > s} = BR(s)(0) for some continuous and strictly decreasing function R(s) with R(s) → ∞

as s ↓ 0, where BR(y) denotes the open ball centered at y with radius R. By the monotonicity of V ,

we have
∫
BR(s)(0)

V (x) dx ≤
∫
BR(s)(y)

V (x) dx for all s > 0. Moreover, since V ′(r0) > 0 for some r0 > 0,

we can take s0 > 0 sufficiently small so that r0 ∈ BR(s0)(0). Then it is clear that
∫
BR(s0)

(0) V (x) dx <∫
BR(s0)

(y) V (x) dx. Thus, noting that s 7→
∫
BR(s)(0)

V (x) dx and s 7→
∫
BR(s)(y)

V (x) dx are continuous

because V ∈ L1
loc(R), we obtain

∫
R
V (x)|u∗|2dx =

∫ ∞

0

∫
BR(s)(0)

V (x) dx ds <

∫ ∞

0

∫
BR(s)(y)

V (x) dx ds

=

∫
R
V (x)u∗(x− y)2 dx =

∫
R
V (x)|u|2 dx,

which contradicts
∫
R V (x)|u∗|2 dx =

∫
R V (x)|u|2 dx. Therefore, y = 0. This completes the proof. □

Theorem 3.2. Assume that (V1). Let u ∈ Mω be a positive ground state. Then u is even and strictly

decreasing.

Proof. First, by ∥(u∗)x∥L2 ≤ ∥ux∥L2 and (2.6), we have Qω(u
∗) ≤ Qω(u) = d(ω) = N(u) = N(u∗),

which, by Lemma 2.2, implies u∗ ∈ Mω. In particular, u∗ ∈ Aω, and moreover ∥ux∥L2 = ∥(u∗)x∥L2

and
∫
R V |u|2dx =

∫
R V |u∗|2dx.

Next, we show that (u∗)′ < 0 on (0,∞). Clearly (u∗)′ ≤ 0. Suppose (u∗)′(r0) = 0 for some r0 > 0.

Then (u∗)′′(r0) ≥ 0 and u∗(r0) > 0. We put e(r) := 1
2(u

∗)′(r)2 − 1
2(ω + V (r))u∗(r)2 + 1

p+1u
∗(r)p+1.

Since u ∈ X, we have
∫∞
0 e(r) dr < ∞. Moreover, by (1.5), e′(r) = −1

2V
′(r)(u∗)2 ≤ 0. Thus,

limr→∞ e(r) = 0 and e(r) ≥ 0 for all r ≥ 0. In particular, 1
2(ω + V (r0))u

∗(r0)
2 ≤ 1

p+1u
∗(r0)

p+1.

Therefore,

(u∗)′′(r0) = (ω + V (r0))u
∗(r0)− u∗(r0)

p ≤ −p− 1

p+ 1
u∗(r0)

p < 0,

which contradicts (u∗)′′(r0) ≥ 0. Hence (u∗)′ < 0 on (0,∞).

Therefore, by Lemma 3.2, we obtain u = u∗ and u′(r) < 0 on (0,∞). This completes the proof. □
10



4. Uniqueness of ground state

This section is devoted to the following:

Theorem 4.1. Assume that (V1). Then the positive solution ϕω ∈ X to (1.5) is unique.

Let ϕω ∈ X be a positive solution to (1.5). Then we see from Theorem 3.2 that ϕω becomes even

and ϕ′ω(x) < 0 for all x > 0. Thus, it suffices to consider even positive solutions to (1.5). Let r = |x|.

This together with Lemma 3.1 implies that (1.5) is reduced to the following:

(4.1)

ϕ
′′ − (V (r) + ω)ϕ+ ϕp = 0 on (0,∞),

ϕ′(0) = 0

where the prime mark denotes the differentiation with respect to r. We will adapt the argument of

[8, Theorem 3.3] who proved the uniqueness of positive solution to semilinear elliptic equations in one

dimension by using the argument of [26, 27]. To this end, we consider the general ordinary differential

equation:

(4.2) ϕ′′ +
f ′(r)

f(r)
ϕ′ − g(r)ϕ+ h(r)ϕp = 0.

We put

a(r) := f(r)2(p+1)/(p+3)h(r)−2/(p+3),

b(r) := −1

2
a′(r) +

f ′(r)

f(r)
a(r),

c(r) := −b′(r) + f ′(r)

f(r)
b(r),

G(r) := b(r)g(r) +
1

2
c′(r)− 1

2
(ag)′(r).

Let ϕω be a positive solution to (4.2). We put

J(r;ϕ) :=
1

2
a(r)(ϕ′(r))2 + b(r)ϕ′(r)ϕ(r) +

1

2
c(r)ϕ2(r)− 1

2
a(r)g(r)ϕ2(r) +

1

p+ 1
a(r)h(r)ϕp+1(r).

Then it is known that the following Pohozaev identity holds:

Proposition 4.1. Let ϕ be a positive solution to (4.2). Then we have

(4.3)
d

dr
J(r;ϕ) = G(r)ϕ2(r)

for all r > 0.
11



We now modify the result of [8, Theorem 3.3]. To state the result, we prepare the following:

U1(r) :=
1

f(r)

∫ r

0
f(τ)(|g(τ)|+ h(τ))dτ,

U2(r) :=
1

f(r)

∫ r

0
f(τ)h(τ)dτ,

D(r) := b(r)2 − a(r)(c(r)− a(r)g(r)).

Then we impose the following conditions:

(I) f, g ∈ C3(0,∞) are positive functions and g ∈ C1(0,∞).

(II) There exists R > 0 such that

(a) f(|g|+ h) ∈ L1(0, R),

(b) τ → f(τ)(|g(τ)|+ h(τ))
∫ R
τ f−1(σ)dσ ∈ L1(0, R).

(III) limr→0 a(r)U1(r)U2(r) = limr→0 b(r)U2(r) = 0.

(IV) G ≤ 0 and G ̸≡ 0.

Then the following theorem holds:

Theorem 4.2. Let p > 1 and assume that conditions (I)–(IV). Then the problem (4.2) has at most

one positive solution ϕ which satisfies J(r;ϕ) → 0 as r → ∞ and ϕ′(0) = 0.

Proof. By Proposition 4.1 and (IV), for any positive solution ϕ to (4.2) satisfying J(r;ϕ) → 0 as

r → ∞, we have J(r;ϕω) ≥ 0 for all r > 0. Hence, the assertion follows from the same argument as

in the proof of [8, Theorem 3.3]. □

Remark 4.1. In our setting, [8, Theorem 3.3] cannot be applied directly, since the assumption [8, (IV)]

may fail. These assumptions were used there to prove the positivity of J(r;ϕ). However, under our

stronger assumption (IV), the positivity of J(r;ϕ) follows immediately, so [8, (IV)] is not required.

Proof of Theorem 4.1. First, we can easily find that (4.1) coincides (4.2) with

(4.4) f ≡ 1, g(r) = V (r) + ω, h ≡ 1.

Thus, we find that (4.1) corresponds to

(4.5) a ≡ 1, b ≡ 0, c ≡ 0

and

(4.6) G(r) = −1

2
V ′(r).

Furthermore, we see that (4.1) corresponds to

U1(r) =
1

f(r)

∫ r

0
f(τ)(|g(τ)|+ h(τ))dτ =

∫ r

0
(|V (τ) + ω|+ 1)dτ,

U2(r) =
1

f(r)

∫ r

0
f(τ)h(τ)dτ = r.

(4.7)

12



It follows from (V1) and (4.4) that f, h ∈ C3(0,∞) are positive functions and g ∈ C1(0,∞). Thus,

condition (I) holds.

Next, we will check that condition (II) is satisfied. It follows from (V1) and (4.4) that

f(|g|+ h) = (|V (r) + ω|+ 1) ∈ L1(0, R).

In addition, by (V1) and (4.4), one has

τ 7→ f(τ)(|g(τ)|+ h(τ))

∫ R

τ
f(σ)−1dσ = (|V (τ) + ω|+ 1)(R− τ) ∈ L1(0, R).

Thus, we can verify condition (II).

By (4.4), (4.5), (4.7), and (V1), we obtain

lim
r→0

a(r)U1(r)U2(r) = lim
r→0

r

∫ r

0
(|V (τ) + ω|+ 1)dτ = 0, lim

r→0
b(r)U2(r) = lim

r→0
0 = 0.

Therefore, we see that condition (III) is satisfied.

By (4.6) and (V1), we have (IV).

Finally, we show that any positive solution ϕ ∈ X of (4.1) satisfy J(r;ϕ) → 0 as r → ∞. we see

that

(4.8) J(r;ϕ) =
1

2
ϕ′(r)2 − g(r)

2
ϕ(r)2 +

1

p+ 1
ϕ(r)p+1.

Since ϕ ∈ X, we have J(r;ϕω) ∈ L1(0,∞). This means that there exists (rn)n such that rn → ∞ and

J(rn;ϕ) → 0 as n → ∞. Since J is decreasing from Proposition 4.1 and (IV) we obtain J(r;ϕ) → 0

as r → ∞. Therefore, the assertion follows from Theorem 4.2. □

We conclude this section with the proof of Theorem 1.1 (ii).

Proof of Theorem 1.1 (ii). Let u ∈ Gω. Then by Theorems 2.2 and 3.1, there exists θ ∈ R such that

eiθu is a positive solution to (1.5). Since we see from Theorem 4.1 that the positive solution to (1.5)

is unique, we have eiθu = ϕω, where ϕω is the one given in Theorem 1.1 (i). This completes the

proof. □

5. Non-degeneracy of the ground state

5.1. Non-degenracy of the ground state in Xrad. Throughout this subsection, we consider only

the real-valued function.

Theorem 5.1. Assume that (V1). Let ϕω ∈ X be the positive ground state of (1.5). Then ϕω ∈ X is

non-degenerate in Xrad.
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Proof of Theorem 5.1. We still employ the notations (4.4), (4.5), and (4.6) in Section 4. It follows

from condition (V1) that G = −1
2V

′ ̸≡ 0 in (0,∞). This implies that we can find a closed interval

[r1, r2] ⊂ (0,∞) such that

min
r∈[r1,r2]

|G(r)| > 0.

We choose γ ∈ C∞
0 (0,∞) \ {0} such that γ ≥ 0 and supp γ = [r1, r2]. We take δ > 0 and fix it later.

We define

gδ(r) := g(r) + δγ(r)h(r)ϕp−1
ω (r) = V (r) + ω + δγ(r)× 1× ϕp−1

ω (r) = V (r) + ω + δγ(r)ϕp−1
ω (r),

hδ(r) := (1 + δγ(r))h(r) = 1 + δγ(r)

in (0,∞). We define aδ, bδ, cδ, Gδ and Dδ in (0,∞) as follows:

aδ := f
2(p+1)
p+3 h

− 2
p+3

δ = h
− 2

p+3

δ , bδ := −1

2
a′δ +

f ′

f
aδ = −1

2
a′δ,

cδ := −b′δ +
f ′

f
bδ = −b′δ, Gδ := bδgδ +

1

2
cδ,r −

1

2
(aδgδ)

′,

Dδ := b2δ − aδ(cδ − aδgδ).

Since gδ = g = V + ω and hδ = h = 1 in (0,∞) \ [r1, r2], we can easily see that

aδ = a = 1, bδ = b = 0, cδ = c = 0, Gδ = −1

2
ag = G, Dδ = g = D

in (0,∞) \ [r1, r2]. We fix δ > 0 small enough such that

min
r∈[r1,r2]

|Gδ(r)| > 0.

We see that

(5.1) Gδ(r) ≤ 0 in (0,∞).

Indeed, if r ̸∈ [r1, r2], we have by condition (V1) that Gδ(r) = G(r) = −1
2V

′(r) ≤ 0. In addition, since

minr∈[r1,r2] |Gδ(r)| > 0 and G(r) ≤ 0 in (0,∞), we find that (5.1) holds. Note that ϕω satisfies

ϕ′′ω − gδ(r)ϕω + hδ(r)ϕ
p
ω = ϕ′′ω − (V (r) + ω)ϕω − δγ(r)ϕpω + ϕpω + δγ(r)ϕpω

= ϕ′′ω − (V (r) + ω)ϕω + ϕpω = 0.

ϕω(0) ∈ (0,∞) and limr→∞ ϕω(r) = 0. Namely, ϕω is the positive solution to

(5.2)

 ϕ′′ω − gδ(r)ϕω + hδ(r)ϕ
p
ω = 0, 0 < r <∞,

limr→∞ ϕω(r) = 0.

We can find that positive solution to (5.2) is unique for sufficiently small δ > 0 from Section 4 and

(5.1).
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We shall show that ϕω is non-degenerate in Xrad. Suppose to the contrary that ϕω is degenerate in

Xrad. Then there exists ψω ∈ Xrad \ {0} such that

(5.3) ψ′′
ω − g(r)ψω + pϕp−1

ω ψω = 0 for 0 < r <∞.

We define C2-functional Sω,δ by

Sω,δ(u) = 2

∫ ∞

0

(1
2
(|u′|2 + gδ(r)|u|2)−

1

p+ 1
hδ(r)|u|p+1

)
dr for u ∈ X.

We can easily see that

⟨S′′
ω,δ(ϕω)v, v⟩ = ⟨S′′

ω(ϕω)v, v⟩ − 2δ(p− 1)

∫ ∞

0
γ(r)ϕp−1

ω (r)v2(r)dr

for each v ∈ Xrad and

⟨S′′
ω(ϕω)ϕω, ϕω⟩ = −2(p− 1)

∫ ∞

0
ϕp+1
ω (r)dr < 0.

Moreover, we have

(5.4)

∫ ∞

0
γ(r)ϕp−1

ω (r)ψ2
ω(r)dr > 0.

Indeed, if not, we have
∫∞
0 γ(r)ϕp−1

ω (r)ψ2
ω(r)dr = 0. Since ϕω(r) > 0 for any r > 0, we see that ψω ≡ 0

on supp γ. From the uniqueness of the initial value problem of (5.3), we see that ψω ≡ 0 in (0,∞),

which contradicts ψω ∈ Xrad \ {0}. Thus, by (5.4), we obtain

⟨S′′
ω,δ(ϕω)αϕω + βψω, αϕω + βψω⟩ = −2(p− 1)

∫ ∞

0
ϕp+1
ω (r)drα2

− 2δ(p− 1)

∫ ∞

0
γ(r)ϕp+1

ω (r)drα2

− 2δ(p− 1)

∫ ∞

0
γ(r)ϕp−1

ω (r)ψ2
ω(r)drβ

2

− 4δ(p− 1)

∫ ∞

0
γ(r)ϕp−1

ω (r)ϕω(r)ψω(r)drαβ < 0

(5.5)

for each (α, β) ∈ R2 \ {(0, 0)}. In addition, we can easily verify that ϕω does not satisfy (5.3), so

that ϕω and ψω are linearly independent. Thus, we see from (5.5) that the Morse index of S′′
ω,δ(ϕω)

is at least two. However, since the Morse index of S′′
ω,δ(ϕω) is one (see Section B below), we obtain a

contradiction. Hence, we have shown that ϕω is non-degenerate in Xrad. □

5.2. Proof of Theorem 1.1 (iv). Here, we consider not the real-valued functions but the complex-

valued ones. We define the following operators Lω,+ and Lω,− by

Lω,+ = −∂xx + V (x) + ω − pϕp−1
ω , Lω,− = −∂xx + V (x) + ω − pϕp−1

ω .

For each φ ∈ X, we put φ1 = Reφ and φ2 = Imφ. Then one has

S′′
ω(ϕω)φ = Lω,+φ1 + iLω,−φ2.
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In order to prove kerS′′
ω(ϕω) = span{iϕω}, it suffices to show that kerLω,+ = {0} and kerLω,− =

span{ϕω}. To this end, we prepare the following lemma:

Lemma 5.1. All eigenvalues of the operators Lω,+ and Lω,− are simple.

Proof. Let φω ∈ X and ψω ∈ X be the eigenfunctions of Lω,+ associated with an eigenvalue λ. Then

we have

∂x(φω∂xψω − ∂xφωψω) = φω∂xxψω − ∂xxφωψω = 0.

This implies that there exists a constant C such that φω∂xψω−∂xφωψω = C on R. Since lim|x|→∞(φω∂xψω−

∂xφωψω) = 0, one has C = 0. Thus, φω and ψω are linearly dependent. We can prove the simpleness

of the eigenvalues of Lω,− similarly. Thus, we obtained the desired result. □

Proof of Theorem 1.1 (iv). We first consider the operator Lω,+. Suppose that φω ∈ X satisfies

Lω,+φω = 0. Then we decompose φω into the even part and the odd part as

φω = φ1,ω + φ2,ω, φ1,ω =
φω(x) + φω(−x)

2
, φ2,ω =

φω(x)− φω(−x)
2

.

Then we see that φ1,ω ∈ Xrad and also satisfies Lω,+φ1,ω = 0. By Theorem 5.1, we have φ1,ω = 0.

Observe that φ2,ω satisfies φ2,ω(0) = 0 and

−φ′′
2,ω + V (r)φ2,ω + ωφ2,ω − pϕp−1

ω (r)φ2,ω = 0, r > 0.

Then by the similar argument as in [8, Proof of Theorem 4.4], we obtain φ2,ω = 0. Thus, we see that

kerLω,+ = {0}.

Next, we study the operator Lω,−. We can easily find that Lω,−ϕω = 0. Namely, ϕω is the zero

eigenfunction of Lω,−. It follows from Lemma 5.1 that kerLω,− = span{ϕω}. This completes the

proof. □

6. Proof of stability of the ground state

6.1. Spectral conditions.

Proof of Theorem 1.1 (iii) and (v). Let ω > ω1. We consider the following minimization problem:

νω := inf{⟨Lω,+u, u⟩ : u ∈ X, ∥u∥L2 = 1}.

Since ⟨Lω,+ϕω, ϕω⟩ = −(p − 1)∥ϕω∥p+1
Lp+1 < 0, we have νω < 0. Then using a similar argument to [6,

Lemma 8.1.11], there exists a minimizer χω ∈ X that satisfies Lω,+χω = νωχω. In addition, it follows

from the min-max theorem (see e.g. Reed and Simon [23, Theorem XIII.1]), νω is the first eigenvalue

of Lω,+. By Lemma 5.1, we see that νω is simple. In addition, since Lω,−ϕω = 0 and ϕω is positive,

we find that Lω,− is a non-negative operator. Thus, Theorem 1.1 (iii) holds.
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Next, we will show Theorem 1.1 (v). Since ω > ω1, we see that the operator −∂xx + V (x) + ω is

invertible. In addition, lim|x|→∞ ϕp−1
ω (x) = 0. Thus, we see from the Weyl’s essential spectrum that

σess(Lω,±) = σess(−∂xx + V (x) + ω) = [δ,∞). This completes the proof □

6.2. Slope condition. In this section, we study the sign of d
dω∥ϕω∥

2
L2 and give the proof of Theorem

1.2.

In what follows, we investigate the sign of d
dω∥ϕω∥

2
L2 . We note that our argument extends to higher-

dimensional cases, except for Lemma 6.5 below. Therefore, in order to clarify why condition d = 1 is

necessary, we consider the problem in general dimensions.

First, we pay our attention to the regularity of ϕω with respect to ω > ω1. Concerning this, we

obtain the following:

Lemma 6.1. Let d = 1 and 1 < p < 2∗ − 1. Then the mapping ω ∈ (ω1,∞) 7→ ϕω ∈ Xrad is C1.

We obtain Lemma 6.1 by using a similar argument of Shatah and Strauss [25]. By adapting the

abstract result of Grillakis, Shatah and Strauss [14] to our equation (1.1), we obtained the following:

Theorem 6.1. Let d = 1 and ϕω ∈ Gω. Assume that Assumption 1.1 and (V1). Then the standing

waves eiωtϕω is stable if d
dω∥ϕω∥

2
L2 > 0 and unstable if d

dω∥ϕω∥
2
L2 < 0.

We put

uω :=
ϕω

∥ϕω∥L2

, vω := ∂ωuω.

Then we have

∥uω∥L2 = 1,

∫
Rd

uωvωdx =
1

2

d

dω
∥uω∥2L2 = 0.(6.1)

Moreover, uω satisfies the equation

(6.2) −∆uω + V (x)uω + ωuω − µ(ω)upω = 0 in Rd,

where µ(ω) := ∥ϕω∥p−1
L2 . We note that the sign of µ′(ω) coincides with that of d

dω∥ϕω∥
2
L2 .

Lemma 6.2. Let d ≥ 1 and 1 < p < 2∗ − 1. For ω > ω1, the following holds.

µ(ω)

∫
Rd

upωvωdx =
1

p− 1

(
1− µ′(ω)∥ϕω∥p+1

Lp+1

)
,(6.3) ∫

Rd

upωvωdx > 0.(6.4)

Proof. Let Qω be a action functional of (6.2) given by

Iω(v) :=
1

2
∥∇v∥2L2 +

1

2

∫
Rd

V (x)|v|2 + ω

2
∥v∥2L2 −

µ(ω)

p+ 1
∥v∥p+1

Lp+1
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We note that I ′ω(uω) = 0 and

I ′′ω(uω)|X(Rd;R) = −∆+ V (x) + ω − pµ(ω)up−1
ω = −∆+ V (x) + ω − pϕp−1

ω = S′′
ω(ϕω)|X(Rd;R).

In particular,

(6.5) I ′′ω(uω)uω = −(p− 1)µ(ω)upω.

By differentiating the equation I ′ω(uω) = 0 with respect to ω, we obtain

(6.6) I ′′ω(uω)vω = −uω + µ′(ω)upω.

By using (6.1), (6.5) and (6.6), we have

a := ⟨I ′′ω(uω)uω, uω⟩ = −(p− 1)µ(ω)

∫
Rd

ϕp+1
ω dx,(6.7)

b := ⟨I ′′ω(uω)uω, vω⟩ =


−(p− 1)µ(ω)

∫
Rd

upωvωdx,

µ′(ω)

∫
Rd

up+1
ω dx− 1,

(6.8)

c := ⟨I ′′ω(uω)vω, vω⟩ = µ′(ω)

∫
Rd

upωvωdx.(6.9)

In particular, (6.3) holds. Let χω be the positive and normalized eigenfunction corresponds to the

unique negative eigenvalue of I ′′ω(uω). Since uω is also positive function, we have
∫
R χωuωdx > 0. This

means that there exists tω ∈ R such that
∫
R χω(tωuω + vω)dx = 0. By using this, non-degeneracy of

I ′′ω(uω)|Xrad(Rd;R) = S′′
ω(ϕω)|Xrad(Rd;R) and Theorem 1.1 (iii)–(v), we have the following positivety:

0 < ⟨I ′′ω(uω)(tωuω + vω), tωuω + vω⟩

= at2ω + 2btω + c = a
(
tω +

b

a

)2
− 1

a
(b2 − ac).

This together with a < 0 yields that 0 < b2 − ac. We note from the expression (6.7)–(6.9) that

ac = b(b+ 1). Thus, b = ac− b2 < 0. This means (6.4) holds. □

Lemma 6.3. Let d ≥ 1 and 1 < p < 2∗ − 1. Then there exist positive constants C1, C2 > 0 such that

for ω > ω1,

(6.10) C1µ
′(ω)∥uω∥p+1

Lp+1 = C2

(
1 +

4

d
− p

)
−
∫
Rd

(2V + x · ∇V )uωvωdx

Proof. We put α := d(p− 1)/2. By differentiating the relation

Iω(t
d/2uω(tx)) =

t2

2
∥∇uω∥2L2 +

1

2

∫
Rd

V (x/t)u2ωdx+
ω

2
∥uω∥2L2 −

tαµ(ω)

p+ 1
∥uω∥p+1

Lp+1
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at t = 1 and using I ′ω(uω) = 0, ∥∇uω∥2L2 = µ(ω)∥uω∥p+1
Lp+1 −

∫
Rd V u

2
ωdx−ω∥uω∥2L2 and ∥uω∥L2 = 1, we

have

0 = ∥∇uω∥2L2 −
1

2

∫
Rd

(x · ∇V )u2ωdx− αµ(ω)

p+ 1
|u|p+1

Lp+1

= −ω − 1

2

∫
Rd

(2V + x · ∇V )u2ωdx+
(
1− α

p+ 1

)
µ(ω)∥uω∥p+1

Lp+1 .

Moreover, by differentiating the above identity with respect to ω and using (6.3), we obtain

1 +

∫
Rd

(2V + x · ∇V )uωvωdx

=
(
1− α

p+ 1

)
µ′(ω)∥uω∥p+1

Lp+1 +
(
1− α

p+ 1

)
(p+ 1)µ(ω)

∫
Rd

upωvωdx

=
(
1− α

p+ 1

)
µ′(ω)∥uω∥p+1

Lp+1 +
(
1− α

p+ 1

)p+ 1

p− 1

(
1− µ′(ω)∥uω∥p+1

Lp+1

)
= −

(
1− α

p+ 1

) 2

p− 1
µ′(ω)∥uω∥p+1

Lp+1 +
(
1− α

p+ 1

)p+ 1

p− 1
.

It follows from α = d(p− 1)/2 that

(
1− α

p+ 1

) 2

p− 1
=
d+ 2− (d− 2)p

(p− 1)(p+ 1)
> 0,(

1− α

p+ 1

)p+ 1

p− 1
− 1 =

d

2(p− 1)

(
1 +

4

d
− p

)
.

Therefore, we see that (6.10) with C1 =
d+2−(d−2)p
(p−1)(p+1) and C2 =

d
2(p−1) . □

Lemma 6.4. Let d ≥ 1 and 1 < p < 2∗ − 1. If µ′(ω) ≤ 0, then the set [vω > 0] := {r ≥ 0: vω(r) > 0}

is a nonempty bounded interval.

Proof. First, it is easy to see that [vω > 0] ̸= ∅ due to
∫
Rd uωvωdx = 0 (see (6.1)), uω(r) > 0 for all

r > 0, and vω ̸≡ 0.

Next, suppose that the set [vω > 0] consists of more than one connected component. Then there

exist 0 ≤ r1 < r2 ≤ r3 < r4 ≤ ∞ such that

r1 = 0 or vω(r1) = 0, vω(r2) = vω(r3) = vω(r4) = 0, vω > 0 on (r1, r2) ∪ (r3, r4).

We put I1 := [r1, r2), I2 := (r3, r4), and vj := vω1Ij , where 1A is the characteristic function of the set

A. Then we see that vj ∈ X and there is t ∈ R such that
∫
Rd χω(v1 + tv2)dx = 0, where χω is the

positive and normalized eigenfunction corresponds to the unique negative eigenvalue of I ′′ω(uω). This

implies

(6.11) ⟨I ′′ω(uω)(v1 + tv2), v1 + tv2⟩ ≥ 0.
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On the other hand, by using the equation I ′′ω(uω)vω = −uω + µ′(ω)upω and integration by parts, we

obtain

⟨I ′′ω(uω)vj , vj⟩ = ⟨−uω + µ′(ω)upω, vj⟩ < 0, ⟨I ′′ω(uω)v1, v2⟩ = 0,

where we used the assumption µ′(ω) ≤ 0, the positivity of uω, vj and supp v1∩ supp v2 = ∅. Therefore,

⟨I ′′ω(uω)(v1 + tv2), v1 + tv2⟩ < 0. This contradicts (6.11). Thus, the set [vω > 0] is connected.

Finally, suppose that [vω > 0] is unbounded. Since [vω > 0] is connected and
∫
Rd uωvω = 0, it follows

that [vω > 0] = (r1,∞) for some r1 > 0. Thus, by the positivity and the decreasing monotonicity of

uω, we have∫ r1

0
upωvωr

d−1dr ≤ uω(r1)
p−1

∫ r1

0
uωvωr

d−1dr,

∫ ∞

r1

upωvωr
d−1dr ≤ uω(r1)

p−1

∫ ∞

r1

uωvωr
d−1dr.

Therefore, by
∫
Rd uωvω = 0, we obtain∫ ∞

0
upωvωr

d−1dr ≤ uω(r1)
p−1

∫ ∞

0
uωvωr

d−1dr = 0.

This contradicts (6.4). Hence, [vω > 0] is bounded. □

The following lemma is a key of our proof.

Lemma 6.5. Let 1 < p < 2∗ − 1. If d = 1 and µ′(ω) ≤ 0, then vω(0) > 0.

Proof. Suppose that vω(0) ≤ 0. By Lemma 6.4, there exists 0 ≤ r1 < r2 such that vω(r1) = vω(r2) = 0

and vω > 0 on (r1, r2). Since uω is a positive radial solution of (6.2), we have

(6.12) u′′ω +
d− 1

r
u′ω − (V (r) + ω)uω + µ(ω)upω = 0, r > 0.

Differentiating (6.12) with respect to r, we have

(6.13) u′′′ω +
d− 1

r
u′′ω − (V (r) + ω)u′ω =

d− 1

r2
u′ω + V ′(r)uω − pµ(ω)up−1

ω u′ω.

Differentiating (6.12) with respect to ω, we have

(6.14) v′′ω +
d− 1

r
v′ω − (V (r) + ω)vω = uω − pµ(ω)up−1

ω vω − µ′(ω)upω.

By (6.13) and (6.14), we obtain

(
(u′′ωvω − u′ωv

′
ω)r

d−1
)′

=
((
u′′′ω +

d− 1

r
u′′ω

)
vω −

(
v′′ω +

d− 1

r
v′ω

)
u′ω

)
rd−1

=
(d− 1

r2
u′ωvω + V ′(r)uωvω − uωu

′
ω + µ′(ω)upωu

′
ω

)
rd−1.
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Integrating the both side over [r1, r2] and using vω(r1) = vω(r2) = 0, we obtain

u′ω(r1)v
′
ω(r1)r

d−1
1 − u′ω(r2)v

′
ω(r2)r

d−1
2

=

∫ r2

r1

(d− 1

r2
u′ωvω + V ′(r)uωvω − uωu

′
ω + µ′(ω)upωu

′
ω

)
rd−1 dr.

(6.15)

In particular, if d = 1,

u′ω(r1)v
′
ω(r1)r

d−1
1 − u′ω(r2)v

′
ω(r2)r

d−1
2

=

∫ r2

r1

(
V ′(r)uωvω − uωu

′
ω + µ′(ω)upωu

′
ω

)
rd−1 dr.

(6.16)

Since u′ω < 0, v′ω(r1) ≥ 0, and v′ω(r2) ≤ 0, the left-hand side of (6.16) is non-positive. On the other

hand, since uω > 0, vω > 0, V ′ ≥ 0, u′ω < 0 on (r1, r2) and µ
′(ω) ≤ 0, the right-hand side is positive.

This is a contradiction. Thus, we obtain vω(0) > 0. □

Remark 6.1. Our argument does not work in the case of higher dimensions d ≥ 2. In this case, we

have the relation (6.15) instead of (6.16). However, it is unclear whether the right-hand side of (6.16)

is positive, since the term d−1
r2
u′ωvω is negative.

Proof of Theorem 1.2. From Theorem 6.1 and the fact that the sign of µ′(ω) coincides with d
dω∥ϕω∥

2
L2 ,

it suffces to show that µ′(ω) > 0 for all ω > ω1. Suppose that there exists ω ∈ (ω1,∞) such that

µ′(ω) ≤ 0. Then (6.10) implies

(6.17)

∫ ∞

0
(2V + rV ′)uωvωdx

> 0 if 1 < p < 5,

≥ 0 if p = 5.

Now by Lemmas 6.4 and 6.5, we see that there exists r0 > 0 such that vω > 0 on [0, r0) and vω ≤ 0

on (r0,∞). We see in fact that vω < 0 on (r0,∞). Indeed, if vω(r1) = 0 for some r1 > r0, we see that

v′ω(r1) = 0 and v′′ω(r1) ≤ 0, which contradict (6.14). Therefore, by the assumption (V2) and (6.1), we

obtain ∫ ∞

0
(2V + rV ′)uωvωdx =

(∫ r0

0
+

∫ ∞

r0

)
(2V + rV ′)uωvωdx≤ (2V + rV ′)(r0)

∫∞
0 uωvωdx if 1 < p < 5,

< (2V + rV ′)(r0)
∫∞
0 uωvω if p = 5

= 0,

which contradicts (6.17). Thus, µ′(ω) > 0 for all ω > ω1. This completes the proof. □
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Appendix A. Bounded from below

Lemma A.1. Let d = 1 and assume that (V1). Then the following assertions hold:

(i) ω1 given by (1.3) is well-defined, namely,

inf
{∫

R

(
|ux|2 + V |u|2

)
dx : u ∈ X, ∥u∥L2 = 1

}
> −∞.

(ii) For any ω > ω1, the embedding (1.4) holds.

Proof. Let u ∈ X. By the Sobolev inequality, we have

(A.1)

∫
|x|≤δ

V |u|2 dx ≤ ∥u∥2L∞

∫
|x|≤δ

|V (x)| dx ≤ C∥u∥2H1

∫
|x|≤δ

|V (x)| dx,

where the constant C > 0 does not depend on u. Since V ∈ L1
loc(R), there exists δ > 0 such that

C

∫
|x|≤δ

|V (x)| dx < 1

2
.

Thus, by (A.1), we obtain ∫
R
V |u|2 dx =

∫
|x|≤δ

V |u|2 dx+

∫
|x|≥δ

V |u|2 dx

≥ −1

2
∥u∥2H1 + V (δ)

∫
|x|≥δ

|u|2 dx

≥ −1

2
∥ux∥2L2 − C∥u∥2L2 .

(A.2)

In particular, (i) holds.

Moreover, by the definition of ω1, for ω > ω1, we have

(A.3) (ω − ω1)∥u∥2L2 ≤ ∥u∥2Xω
.

By (A.2),

∥ux∥2L2 = ∥u∥2Xω
−
∫
R
V |u|2 dx− ω∥u∥2L2

≤ ∥u∥2Xω
+ 1

2∥ux∥
2
L2 + C∥u∥2L2 .

This and (A.3) imply

∥ux∥2L2 ≤ C
(
∥u∥2Xω

+ ∥u∥2L2

)
≤ C∥u∥2Xω

.

Therefore, combining this with (A.3), we obtain ∥u∥H1 ≤ C∥u∥Xω . This means (ii). □
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Appendix B. Morse Index of S′′
ω,δ(ϕω)

In this section, we show that the Morse index of S′′
ω,δ(ϕω) equals to one. First, we consider the

following minimization problem:

d(ω, δ) := inf {Sω,δ(u) : u ∈ X \ {0}, Kω,δ(u) = 0} ,

where

Kω,δ(u) := ⟨S′
ω,δ(u), u⟩ = 2

∫ ∞

0

(
(|u′|2 + gδ(r)|u|2)− hδ(r)|u|p+1

)
dr for u ∈ X.

By a similar argument of Section 2, we can find that there exists a minimizer, which is positive and

even solution to (5.2). We can easily verify that the positive function ϕω satisfies (5.2). Since positive

solution to (5.2) is unique (see Section 5), we see that ϕω is also a minimizer of d(ω, δ). Using this,

we shall show the following:

Lemma B.1. If u ∈ H1
rad(R) satisfies ⟨Kω,δ(ϕω), u⟩ = 0, we have ⟨S′′

ω,δ(ϕω)u, u⟩ ≥ 0.

Proof. We shall show by contradiction. Suppose to the contrary that there exists u∗ ∈ H1
rad(R) such

that ⟨Kω,δ(ϕω), u∗⟩ = 0 and ⟨S′′
ω,δ(ϕω)u∗, u∗⟩ = −1. Define the function Z : R2 → H1

rad(R) by

Z(a, b) = ϕω + au∗ + bϕω.

We can easily verify that Kω,δ(Z(0, 0)) = Kω,δ(ϕω) = 0. In addition, we have

∂

∂b
Kω,δ(Z(a, b))

∣∣∣∣
(a,b)=(0,0)

= ⟨S′′
ω,δ(ϕω)ϕω, ϕω⟩ = −2(p− 1)

∫ ∞

0
hδ(r)|ϕω|p+1dx < 0.

Hence, it follows from the implicit function theorem that there exists a0 > 0 and h ∈ C2(−a0, a0) such

thatKω,δ(Z(a, h(a))) = 0 and h(0) = 0. Since ϕω is a minimizer of d(ω, δ), we have
d2Sω,δ

da2
(Z(a, b))

∣∣∣
a=0

≥

0.

On the other hand, differentiating Kω,δ(Z(a, h(a))) = 0 and substituting a = 0, we obtain

⟨K ′
ω,δ(ϕω), u∗⟩+

dh

da
(0)⟨K ′

ω,δ(ϕω), ϕω⟩ = 0

Since ⟨K ′
ω,δ(ϕω), ϕω⟩ = −2(p− 1)

∫∞
0 hδ(r)|ϕω|p+1dx < 0, we see that dh

da (0) = 0. It follows that

d2Sω,δ
da2

(Z(a, h(a))) =
d

da

(
⟨S′

ω,δ(Z(a, b)), ϕω +
dh

da
(a)ϕω⟩

)
= ⟨S′′

ω,δ(Z(a, b))

(
ϕω +

dh

da
(a)ϕω

)
, ϕω +

dh

da
(a)ϕω⟩

+ ⟨S′
ω,δ(Z(a, b)),

d2h

da2
(a)ϕω⟩.

This together with dh
da (0) = 0 implies that

d2Sω,δ
da2

(Z(a, h(a)))
∣∣∣
a=0

= ⟨S′′
ω,δ(ϕω)ϕω, ϕω⟩ = −2(p− 1)

∫ ∞

0
hδ(r)|ϕω|p+1dx < 0,
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which is a contradiction. This completes the proof. □

From Lemma B.1 and the mini-max theorem, we see that the Morse index of S′′
ω,δ(ϕω) is 1.
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