GENERATING FUNCTIONS OF g-CHROMATIC POLYNOMIALS
MATTHIAS BECK, BENJAMIN BRAUN, AND ALVARO CORNEJO

Abstract. Given a graph G = (V,E) and a linear form X € ZY, Bajo et al. (2025) introduced the g-
chromatic polynomial xé(q, n):= ):q):VEV Ave(v) where the sum is over all proper colorings ¢ :V — [n] :=
{1,2,..., n}; they showed that xé(q, n) is a polynomial in [n]q := 14+qg+---+q" ! with coefficients
in Z(q). For d € Zsq and the linear form given by (d,d?,..., d¥), we show that the g-chromatic
polynomial distinguishes labeled graphs with vertex set [d]. Using permutation statistics introduced by
Chung—Graham (1995), called G-statistics, and polyhedral geometry, we give the multivariate integer
point transform for the region of proper colorings of a given graph G. This integer point transform
allows us to find the generating function for the g-chromatic polynomial with respect to any linear form.
We further specialize these results to the linear form 1:=(1,1,..., 1), which allows us to write the
g-chromatic polynomial in the g-binomial basis, clarifying expressions found by Bajo et al. Moreover,
we show that G-statistics are compatible with the theory of order polytopes used by Bajo et al. and
Chow (1999). This yields further properties for the generating function of g-chromatic polynomial with
linear form 1, where certain coefficients of the numerator polynomial are palindromic polynomials in g.

1. Introduction

For a graph G = (V, E) and a linear form X\ € Z‘;O, Bajo et al. [1] introduced a g-analogue of the
chromatic polynomial,

Xé(qln) = Z quEVA\/C(\/)’

proper colorings
c:V—[n]

which we call the g-chromatic polynomial of G, due to the fact that x2(q, n) is a polynomial in [n]q :=
1+ q+---+q"* with coefficients in Z(q) [1]. For V ={vi,...,v4} and linear form 1 :=(1,1,...,1),

the g-chromatic polynomial is known to be the principal specialization Xs(q, g% ...,q",0,0,.. .) of
Stanley’'s chromatic symmetric function [10]
XG(X]_,X2,...) = Z Xe(v)Xe(wo) * " Xe(vyg) -
proper colorings
CZV—>Z>0

Stanley conjectured that the chromatic symmetric function distinguish trees; Loehr and Warrington [9]
conjectured, more strongly, that the principal specialization XG(q,q2,...,q”,0,O,...) distinguishes
trees. Since the principal specialization is the g-chromatic polynomial with the particular linear form
1, Bajo et al. asked if there exists some linear form X\ € Zd>0 such that the g-chromatic polynomial
distinguishes trees. In Theorem 2.1, we answer this question in the affirmative (for all graphs, not just
for trees), for A = (d, d?,...,d?) where d = |V/|.

In Section 3, we express the generating function of the g-chromatic polynomial of G for any linear
form A € Z‘;O using polyhedral geometry and certain statistics on permutations and graphs. G-descents
were introduced by Chung—Graham [6] in order to give a combinatorial interpretation of the coefficients

of the chromatic polynomial xs(n) when expressed in the basis {(”Jgk) 0< k< d}. Their proof was
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not combinatorial, however, such a proof was provided by Steingrimsson [12]. Using these ideas in
conjunction with polyhedral geometry, we express a multivariate generating function of graph colorings
(Theorem 3.2 below). Consequently, we prove an expression for the generating function for the
g-chromatic polynomial for any linear form (Theorem 3.3).

In Section 4, we apply our general expression of the g-chromatic generating function to the linear
form 1 € Z9. In particular, we give a rational expression of the generating function of x]cl;(q,n) for
any graph G in Theorem 4.1. From this theorem, we give a method to compute the coefficients of
x](l;(q, n) when written in the basis {[”Zk]q 0< k< d} using G-statistics, yielding a g-analogue of
Chung—Graham's expression of the chromatic polynomial in the binomial basis. Moreover, Chow [5]
writes the chromatic symmetric function in terms of fundamental quasisymmetric functions with
G-statistics, and the generating function for the principal specialization of Chow's expression coincides
with our generating function for the g-chromatic polynomial with linear form 1, which we prove in
Section 4.2.

In Section 5, emulating work by Chow, we give a bijection between permutations and pairs of acyclic
orientations and linear extensions of the induced poset (Theorem 5.3). In addition, Bajo et al. show
the g-chromatic polynomial can be expressed as a sum of g-Ehrhart polynomials of order polytopes.
Using their result, in Theorem 5.4 we express the generating function of the g-chromatic polynomial
with linear form 1 using pairs of acyclic orientations and linear extensions of induced posets which
agrees with our previous method using G-statistics. We use our bijection and different expressions of
the generating function of the g-chromatic polynomial to prove the following:

(1) In Section 5.2, we write the leading term of X%(g,x) as a single sum relating to the G-
major index polynomial (Corollary 5.6). Moreover, we show that the degree of the G-major
index polynomial can be computed by minimizing ¥, c(v) over all proper colorings ¢ in
Corollary 5.8. In particular, we give bounds for the degree of the G-major index polynomial for
trees (Corollary 5.10).

(2) In Corollary 6.3 we prove that the coefficients of x¢ (g, n) when written in the basis

{[”Zk]q 0< k< d} are palindromic polynomials, up to a shift.

2. The linear form A = (k, k2, ..., k)

Let G = ([d], E) be a graph, let k € Z~o such that k > d, and consider the linear form A\ =
(k. k?, ... k9). We will now show that xé(q, n) is unique for every graph G. The key tool will be the
unique base-k representation of a natural number.

Theorem 2.1. For d € Zwq, let k € Z~q such that k> d and let \j :=k'. If G and H are graphs on
[d] such that x2(q,d—1) =x}(q,d—1), then G=H.

Proof. Suppose x2(q,d—1) =x}(q,d—1), that is,

Z que[d] Aie(i) — Z que[d] Aif (i)
proper G—coloring proper H—coloring
c:ld]—[d—-1] f:[d]—[d—1]

By the uniqueness of the base-k representation of a natural number, each proper coloring of G gives a
unique power of g on the left-hand side and, similarly, each proper coloring of H gives unique powers
of g on the right-hand side. In order for equality to hold, the powers appearing must be the same and
hence every proper coloring of G using at most d — 1 colors is also a proper coloring of H and vice
versa. In other words, the two graphs share the same (d — 1)-colorings.
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Figure 1. Path graph on three vertices

In particular, some of the (d — 1)-colorings encode the edges of a graph since we can use them to
test if we have an edge between any two vertices, as follows. Suppose v, w € [d] are vertices of some
graph on [d] and consider the coloring f : [d] — [d — 1] defined by f(v) = f(w) =1 and each other
vertex being assigned a unique color between 2 and d —1. If v, w form an edge, f will not be a proper
coloring, otherwise it will be. Hence if the power of g corresponding to f appears we do not have the
edge v, w and it does not appear we do have an edge. Since these (d — 1)-colorings of G and H must
coincide, G and H have the same edge sets, showing G = H. O

Theorem 2.1 shows that it can be useful to consider various linear forms aside from the all-ones
vector 1.

3. G-statistics and the regions of proper colorings

3.1. G-statistics. Let G = (V, E) be a graph with V = [d]. The following definition was introduced
by Chung—Graham [6]. Given a permutation ™ = [7(1)---7(d)] € Sy written in one-line notation,
define the rank of m(i) with respect to m, denoted pr(m(/)), to be the largest r € Z~o for which
there exist positions i1 < i» < --- < i, =i such that {m(i;), 7m(ij+1)} € E for 1 <j < r. This gives a
function py : [d] — [d] which we call the rank function of 7. Steingrimsson used a variation of rank
to instead respect an ordered set partition of the vertex set [12]. Given an ordered set partition
A= (A1, A ..., Am) of V, define the rank of an element v € V' with respect A, denoted pa(v), as
follows. For veV, let vi,v,,..., Vi, = v be a longest path in G ending in v such that v; € A; for each
Jand ip < <--- <y, then we define pa(v) = k. This gives a function pa : [d] — [d], which we call
the rank function of A.

We use the same terminology since the rank function of a permutation can be seen as a special case
of the rank function of an ordered set partition. For a permutation m = [w(1)---7(d)], the ordered set
partition consisting of singletons A := (7w (1),..., m(d)), pxr = pa yields the same rank function; other
ordered set partitions can also yield the same rank functions, see Example 1. The rank with respect to
an ordered set partition will be helpful in the proof of Proposition 3.1 since for one containment we do
not start with a permutation.

Example 1. Let G be the path graph depicted in Figure 1, and let m = [321] € S3. To find pr(7(3)),
we have positions 1 < 3 so that {m(1),7(3)} = {3,1} € E. However, for the positions 2 < 3 we have
{m(2),m(3)} ={2,1} ¢ E. This means 1 < 3 is the longest increasing sequence of positions ending at
3 satisfying our edge condition, showing pr(m(3)) = p(1) = 2.

For the same graph, now consider the ordered set partition A:= ({3},{1,2}) of [3]. To find pa(1)
we need to find a longest path in G using elements in increasing blocks. Here we can pick the path 3—1,
and so pa(1l) =2. In fact, both rank functions above give the same values px(3) =1 = pa(3), pr(2) =

2=pa(2), pr(1) =2 = pa(1).
The rank of a permutation gives rise to the following central G-statistic [6]. We say ™ € S; has a
G-descent at / € [d — 1] if either

(1) pr(m(i)) > pr(m(i+1)), or
(2) pr(m(i)) = pa(m(i+1)) and 7(i) > m(i+1).
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Figure 2. For G thg\path graph on two vertices, the center figure shows Kg, and the
right figure shows Kg.

Denote the set of G-descents of m by Desg(m) C [d —1]. We say 7 has a G-ascent at / € [d — 1] if
either

(1) pr(m(i)) < pr(m(i+1)), or

(2) pr(m(i)) = pr(m(i+1)) and 7(i) <m(i+1).
Denote the set of G-ascents of m by Ascg(m) C [d —1]. Given a permutation ™ € Sy, let the G-major
index be majg () := Ljcpesq(r) - Let ascg () := |Ascg ()| and desg () := [Desg(m)|. When E =g,
these descent statistics stem from the usual descents of a permutation.

Example 2. For the same path graph G as in Example 1, consider again the permutation ™ = [321] € S3.
We computed the ranks pr(3) =1, pr(2) = 2, pr(1) = 2. Since pr(m(1)) < pr(m(2)), we have
1 € Ascg(m). Furthermore, pr(m(2)) = px(m(3)) and w(2) =2 > 1 =7(3), so 2 € Desg(m). Note
that the G-ascent set in this example is not the same as the usual ascent set on [321] (which is the
empty set).

3.2. Chromatic generating functions. We will now describe the polyhedral structure encoding proper
colorings of G and then exhibit the connection to G-ascents.

Given an edge e = ij € E(G), define the hyperplane H, := {X eRY:x = XJ'}. We can express any
proper coloring of G as an integer point a € Zd>0 such that a; # a; whenever ij € E. Moreover, we can
also see such colorings using at most n colors as lying in the (n+ 1)-dilate of the open cube (0,1)¢
with the graphical hyperplane arrangement {H.}.ce removed, following the ideas behind inside-out
polytopes [3]. We define

Kg = {XG]RC;O D X; # xj for ij € E}

and so the integral points of K correspond to all proper colorings of G. It will be helpful to record
which dilate of the cube (0,1)9 our lattice points are in, as this encodes how many colors are available
for a coloring. To capture this information, define

R;;::{XE]RCIH:O<x1,...,xd<xd+1,x,-7éxjfor /jeE},

which we may think of as the homogenization of Kg. See Figure 2 for an example.

For these polyhedral structures, we now create a disjoint polyhedral decomposition using G-ascents.
We will turn our focus to Kg for the rest of this section, as this will connect to the g-chromatic
polynomial, but the arguments and proofs are analogous for K¢, which gives the G-partition generating
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function defined by Bajo et al. [1]. For m € S define the half-open simplicial cone

AG -— {XeRd+1 : 0 <Xp(1) < Xp(2) < - < Xn(d) < Xd+1 }
7 Xn(i) < Xr(i+1) Whenever | € Ascg(T)

We denote AS by ET when G is clear from the context.

Proposition 3.1. Let G = ([d],E) be a graph. Then

Ko=) A2,

TESy

Proof. We remark that the general idea of the followmg argument is essentially glven by Steingrimsson
[12, Theorem 6]. We first show KG 2 Wres, AG Let m e Sy; it suffices prove A NHe =@ for all
ecE. Let e={vy,w} € E, so there exist i1, i» € [d] such that (1) = v; and 7(i») = v»; without loss
of generality suppose i1 < i>. This means pr(v2) > pr(v1)+ 1 since when computing the rank for m(i»),
a longest path in the definition of rank of (i) must be at least as long as the longest path defining
the rank of m(i1) with the edge viv» € E. Towards a contradiction, if all positions j where i; <j < i
are G-descents, then ranks must be weakly decreasing, pr(v1) > pr(m(ii+1)) > -+ > pr(v2), which
gives a contradiction. So there must exist a G- G-ascent at some position J Where h <J < b, yielding the
strict inequality x,, < Xy, | in the deﬁmtlon of A As the edge was arbitrary, A NHe=w forallec E.

We now show that K¢ C Wres, AS, that is, a given a:=(a1,...,ag41) € K¢ satisfies a € Ay for
some unique T € Sy. Let by < by < --- < by < bg41 be all the distlnct values among the entries of a.
By definition of RZ; we know agy1 is the only term achieving the highest value by, 1. For each j € [k]
define Aj:={i € [d]: a; = b;}. This gives an ordered set partition (A, ..., Ax) of the vertex set [d]. To
form our permutation, we first place the blocks in order A1, ..., Ax. Then, within each block we order
the vertices decreasingly by their rank with respect to the ordered set partition (A1, ..., Ax). Lastly, we
order consecutive vertices that share the same rank decreasingly by their label. Since each block of A
are vertices which share the same value from the point a, each block is an independent set in G. Thus,
ordering decreasingly by rank in each block is well-defined because the rank function depends only on
the previous blocks, and the lack of edges within each block implies that reordering vertices within a
block does not change the rank function. See Example 3 for an example of this process. Ordering the
vertices in this manner gives a well-defined permutation m € Sq4.

We next claim pa = pr. Let 7(i) € [d] and set r := pr(m(i)) and p = pa(w(i)). By definition of
r, there exist positions iy < i» < --- < i =i such that {m(i;), m(ijj+1)} € E for 1 <j < r. So the path
formed by m(i1)m(i2)... (i) must use vertices in different blocks of A of increasing index. Since p is
defined from the longest such path satisfying this condition, we have r < p. Similarly, by the definition
of p, there exists a longest path vj,,v;,, ..., vj, = (/) ending in 7(/) such that v; € A for each k and
J1 <Jo <---<Jp. These vertices must appear in increasing positions of 7 by construction since they
are in blocks of A of increasing index. Since r is defined from the longest such path satisfying this
condition, we have p < r. This shows r = p. Since this was for an arbitrary element (i), the rank
functions are equal.

Observe next that by construction of m and since the rank functions coincide, G-ascents are only
possible between blocks in our ordering. Note that it might be the case that only some of these
positions are G-ascents, but it is certain that no G-ascents occur within a block A; of elements in the
ordering. Since a must satisfy equality between elements in the order within a fixed block A;, and a is
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able to satisfy strict inequalities between blocks in our ordering, where a4 1 Is strictly greater than any
other entry, we have a € 57\7 .

Finally, we show that a cannot be an element of any A, for T # . Specifically, since the elements
of a within a block A; are all equal, those elements must occur in G-descending order. Since the values
of a are distinct among blocks, for any T with a € ET it must be that the blocks of elements A; appear
in strictly increasing order with respect to 7. Thus, we are forced to have the blocks in order, as well
as to avoid any G-ascents within a block, which leads that any such 7 must equal 7, and our proof is
complete. [l

Example 3. We will give an example of how a point in f/<\G lies in some AZ for some m € Sy, as
suggested by Proposition 3.1. Let G be the path graph from Example 1. We have a= (a1, a2, as, as4) :=
(1.1,1.1,2,3) € f/@ To construct a permutation 7 such that a € ET we have distinct values
a1 =1.1<2=a3<3=ay. This gives an ordered set partition A= ({1,2},{3}) of [3]. To construct
our permutation, we place our blocks in order of the ordered set partition and then order within each
block by rank with respect to A or labels if ranks are equal. For instance, in the first block note that
1 and 2 both have rank 1 with respect to A, and since 1 < 2 then we have 21 first appearing. The
block {3} comes after and so we have the permtuation [213] € S3. We have Ascs([213]) = {2}, and
so ac A/[21\3] ={(x1,%,x3.%4) ER*: 0 < x0 < x1 < x3 < X4}

We give another example of this process. Le/t\H be the bowtie graph given in Figure 3. Now co/n\sider
b= (b1, bo, b3, ba, bs, be) :=1(2,3,2,1,4,5) € Ky. To construct a permutation 7 such that b€ A, we
first create the ordered set partition of [5] from our distinct values. This ordered set partition is
B=({4},{1,3},{2}.{5}). To construct 7 we place blocks in order and in order to decide the order
within block {1,3} we must decrease by rank with respect to this ordered set partition. We have
pe(l) =2>1=ppg(3) since 14 € E(H). This means 7 = [41325]. Since Ascy(T) ={1,3,4}, then
be A@] ={(x1,%,x3,X4) ER*: 0 < x4 < x1 < X3 < X0 < X5 < X5}

We now study the main multivariate generating function behind proper colorings. The integer point
transform of a set SCR" is

where z™M =z z™ ... z[" for m= (m, ..., mp). We can compute % from o5~ via our decomposition

in Proposition 3.1, and each o4 can be computed by standard methods (see,we.g., [2]).

Theorem 3.2. Given a graph G = ([d], E),

o'/\(zl Zyg Zd+1): Z Z§+1Z]-”'ZdeEAscg(ﬂ')Zﬂ-(jJ,_l)"'Zﬂ(d)Zd_HL
Kg TESy (1_Zd+1)Hid=1(1_Z7r(/)"'Zw(d)zd_i,-]_)

Proof. Given m € Sy, let v/ be the ray of Er given by the vector v/" = x € RI+1 with entries

Xp(i+1) = " = Xp(d) = Xd+1 = 1

and remaining entries equal to 0, where vJ sets only x441 to 1. So,

Er = R>0 Var +R>0 V;r + Z R>0 V]r + Z RZO \/J-’,r .
JjeAscs(T) j€Desg(m)

This half-open simplicial cone comes with the fundamental parallelepiped

O =01 +01vi+ Y 01+ Y [0,
JjEAscs () Jj€Desg ()
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By Proposition 3.1,

o)=Y o (@)= Y, ﬁi: y Z02° iensco(m 2°
o ae, T A L (-2 A, TLe(l-27)

Since v =(1,...,1) and v =(0,...,0,1) in R for any 7 € Sy,

GRE(Z) _ Z (z1- 'Zd+1)(2d+1)l;IngscG(7r) Zr(j4+1) " Zn(d)Zd+1
TESy (1_Zd+1)H/:11_Z7F(/)"'Z7r(d)zd+1

as desired. |

For any linear form X € Z9, we now specialize this integer-point transform to find the generating
function for the g-chromatic polynomial.

Theorem 3.3. Given a graph G = ([d], E) and a linear form X = (\1,..., \q) €Z9, let \ := Lie[d) Ni-
Then

Y. x3(a.mz" =z op(a",....q™ 2)
n>0

qA+Zj€ASCG(7\') >\7"U+1)+"’+>\ﬂ'(d) ZaSCG(ﬂ')JF]-
- w;sd (1—2)(1— gM@z)(1 — M@ A1 z) ... (1 - ghz)

Proof. We set zj = g for i € [d] and z4+1 = z and consider what this does for the integer point
transform by definition. Recall that each lattice point in Kg can be seen as a lattice point in the
(n+1)-dilate of the cube (0,1)9, removing points on H, for all e € E, and any such a point corresponds
to a proper n-coloring. With this perspective,

/\ A1 Ad _ A1mi4-+Agmy Myy1 >\1€(1)+~-'+>\dc(d) n+1
o (g g z) = AZ q z —;) meper q z
mEKGNZIH! n= n—colorings ¢
_ A n
=z ZXG(q,n)z .
n>0

Next, we specialize the expression given by Theorem 3.2:

o (2= ¥ L @ W) G0 02
Ke T ' e, (1-2) Hldzl(l — g ...q>\vr(d>z)
qA+ZjeAscG(7r) >‘7r(j+l)+"'+>‘7r(d) ZaSCG(W)—‘rl

:ZZ 1— d 1— >‘1r(/)... >\7r(d)

TESy ( Z)HI:I( q q Z)

Comparing the two expressions for O'Rz(qxl, e qu,z) yields
A+Y; Ar(jr1y oA
Z >\( n)Z”: Z q +Ejenscs (m) An+1) Tt n(d) zasce(m)+1 .

Xc\d. (1_Z)Hd (1— Ar(i) .. g(d) )

n>0 TESY i=1 q q z

Remarks. Further setting g =1 gives a generating-function formula for the chromatic polynomial due
to Chung—Graham [6]; see also Corollary 4.3 below.
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Figure 3. The bowtie graph and its G-sequence coloring for m = [31254].

3.3. Alternative characterizations. We will now reformulate some expressions coming from the
generating function of the g-chromatic polynomial using G-sequences, which were introduced by
Steingrimsson [12]. They give an alternate perspective to our chromatic generating functions, as well
as insight for future results.

Let G = ([d], E) be a graph and m=[n(1)---7(d)] € Sy. The G-sequence of 7 is an ordered set
partition of [d] defined as follows:

e If Ascg(m) = @, then our ordered set partition is the singular block A; :=[d].
o If Ascg(m) = {i1 <+ <lascq(r)}, then our ordered set partition is (Aq, ..., Aasco(m)+1) Where

Api={m(1),m(2),..., (1)}
Am=A{m(im-1+1),..., (im)} for 2 < m<ascg(m)

AascG('/r)—O—l = {W(iascG('/r) + 1) ----- W(d)} .

Example 4. Consider the bowtie graph G in Figure 3 and the permutation m = [31254] € S5. Then
px(3) =1, px(1) =1, px(2) =2, pr(5) =3, and pr(4) = 4. With these rank values we can find that
Ascg(m) ={2,3,4}, and so our G-sequence is the ordered set partition 31/2/5/4.

Moreover, Steingrimsson proved the following [12, Lemma 4].

Lemma 3.4 (Steingrimsson). Let (A1,..., Assco(m)+1) be the G-sequence of a permutation w € Sy.
Each A; is an independent set in G, i.e., no two vertices in A; are adjacent, for any j.

It is straightforward to see why Lemma 3.4 holds, as an edge within a block would force the existence
of a new ascent. Due to Lemma 3.4, we can use the G-sequence to define a proper coloring, which we
will show relates to the numerators in the expression of the g-chromatic generating function. For a
graph G on [d] and 7 € Sy, suppose 7 has G-sequence (A1, ..., Aassco(m)+1)- We define the G-sequence
coloring of 7 as

Wy @ [d] = [ascg () +1]  where wy (i) :=j if i € A}
The G-sequence coloring of Example 4 is shown in Figure 3.
We now prove that the numerators found in Theorem 3.3 can be computed via wy.

Proposition 3.5. Let G be a graph on [d], let m € Sy be a permutation and X\ € Zd>0 a linear form.
Then
A+ Z >\71'(j+1)+'”+>\7r(d) = Z >\,‘Wﬂ-(l').
JEAscs () i€[d]
Proof. For m = [m(1)7(2)---m(d)] € Sq, let i <+ < lasc.(m)+1 be the elements of Ascg (), and set
i =0, hhsco(m)42 := d. Then by definition A; = {m(;;+1),m(;+2),..., m(ij4+1)}, and so position iy is
given by |A1], i3 is given by |A1|+|Az|, and so on. Thus

A Y Amn) T Am(a) = A A )+ F A(i) P (i) T F Al i+ D)+ T ()
JEA
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FAn(a+1) T F Mgt D) T An(d)

+>\7T(iascG(7r)+1+1) +ot >\7r(d)

ascg(m)+1
=A+ Y (k=) Ou(sn) T F Anlign)
k=1

ascg(m)+1
=N+ ) (k—l)(ZAa>
k=1

acAg
ascg(m)+1 ascg(m)+1

A=Y Y o+ Y KA

k=1 acAx k=1 acAx

ascg(m)+1
=A=A+ Y Y w(a),

k=1 aeAk
= Z Wﬂ(w(/))xﬂ'(/)'
ield]

The third equality holds as A; = {mw(ij+1),7(;;+2),..., m(ii+1)}. The fifth equality holds since
A1, Az, ... partition [d]; hence summing over all sets in this partition gives A. Moreover, each element
a € Ag is given the weight k = wy a(a) and A;. We can further simplify

Y wr(m(NAey= Y, weDA = Y, wa(D)A;,
]

i€[d] T-1()€Eld] ield
proving the desired equation. ]

Corollary 3.6. For G a graph on [d] and a linear form \ € Z¢,

Y xg(amz'= Y

n>0 s, (1=2)(1=gM@z)(1— gM@r@nz). - (1-ghz)

q):fe[d] Aiwn (i) yascg(m)+1

4. The linear form A =1

In this section, we focus our attention on the special case A = 1. We investigate consequences of
our multivariate generating function identities and connections with quasisymmetric functions.

4.1. A combinatorial interprentation of g-binomial basis representations. We will now apply the
results from Section 3 to the special linear form X\ = 1 € Z9, giving an expression of the coefficients of

x2 (g, n) in the basis {[”Jgk]q 0< k< d}. In addition, via G-sequences we can omit some summands
in this basis expression.

Theorem 4.1. For a graph G = ([d], E),

d+ZJEASCG(7I') d*jZaSCG (m)+1

1 n__ ):wesdq
E‘OXG(q' nz" = (1-2)(1-qgz)(1-q¢%2)---(1—q92)"

Proof. Upon setting A =1 in Theorem 3.3, all permutations have the same denominator. Moreover,
for each permutation w € Sy,

q/\ﬂ:jeAscG(w) Ar(i+1) T An(d) Hasce (M) +1 qd+zjeAscG(1\') d—Jj yascg(m)+1 0
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Corollary 4.2. Let £ be the chromatic number of G. Then

& [n+j) _

J . i

xs(q.n) =Y, [ J ] Y Pt hememd
q

Jj=0 TESY
desg ()=J

Proof. For m € Sy, set ar = d+Yjcasco(m) d —J, and let

m _
y o 73e6(M+1 Y ai(q)z' € Z]q.2],
i=0

TESy

so a;(q) =Y g* where we sum over all permutations 7 such that ascg(m)+1=1, i.e., ascg(m) =i—1.
Hence

ao(q)+---+am(q)z"

Y x&(q. )z =

>0 T (1-2)(1-gz2)---(1—q92)
= Zm d+/ Zi
=(ao(q)+---+am(q) )<,§6[ y ]q )
B J d+j—i ‘ zf
L (ZO[ y Laxq)) ,
and so x&(a,n) = X0 [*g ] jai(a).

We will now show that certain summands in this g-binomial expression are zero. If j > d then
ascg(m)+1>d and so ascg(m) > d — 1. However, Ascg(m) C [d — 1] so the terms with / > d are zero.
If i <& then ascg(7)+1 < £ and so the G-sequence would give a proper coloring of less than & colors,
which contradicts Lemma 3.4. So these terms are also zero. Thus we may change indices to deduce

x&(q.n) = ,g [d +C7_ ’] qa/(q) = Zj‘é [dJrg_ I} qa,-(Q) = ZX;‘Z [n+ df_ k] qa£+k(CI)

q

Since permutations indexed by a4—;(q) have ascg(m)+1 = d —j which implies ascg(m) =d —1—, we
must have desg(m) =j. This proves

= [+ _

J -

xc(a.m =}, [ d ] Yy Pt heasemd
J=0 q

TESy
desg(m)=j

Remarks. For a graph G on [d] with chromatic number £, we can express

Z qawzasc(;(w)-&-l — ag(Q)Zg‘F""“ad(Q)Zd c Z[q,Z]
TESY

where T € Sy, ar = d+Yjcasce(m)d—J, and a;(q) := ¥ g% where we sum over all permutations 7
such that ascg(m)+1 =1/, by the argument given in the proof of Corollary 4.2.
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q*°z*+(3¢°+5¢%+3¢") 23 +(3¢" +5¢°+3¢°) 2’ +¢* 2

A S A (1-2)(1-q2)(1-?2)(1-P2)(1—¢*2)
G — o o o 8¢1°2* +(4¢°+64%+49") 23 +2¢°7?

> 1 2 3 4 1-2)(1-92)(1-?2)(1-¢32)(1-°2)

2
G 8q'°2%+(5¢°+4¢°+5¢") 2 +(q"+4°)2*
1 (1-2)(1-92)(1-¢°2)(1—-*2)(1-¢*2)
4 3

G 2 4 24q1024

4 (1-2)(1-92)(1-a?2)(1-2)(1—*z)

Figure 4. Graphs and their corresponding generating function of the g-chromatic
polynomial with linear form 1.

Example 5. We give the generating functions of the g-chromatic polynomials with linear form 1 for
the graphs in Figure 4. By Corollary 4.2, we can express the g-chromatic polynomials as

(n+3] n+2 n+1 n
x&, (g, n) = q* + (3¢" +54° +3¢°) + (3¢°+5¢°+3q")+ |, | 4*°
L 4 g 4 g 4 14 4y
(n+2] n+1 n
xt(an=|"07] oty "] e sodvad )] a9)
L lq q q
(n+2] n+1 n
x&,(q.n) = (q7+q5)+[ ] (5q9+4q8+5q7)+H (8¢'),
4 4 4
L dqg q q
n
xt(a.n =, @40
71 g

Corollary 4.2 gives a g-analogue of the above-mentioned result of Chung—Graham [6] via setting
g=1.

Corollary 4.3 (Chung—Graham). For a graph G on d vertices,

d—¢ :
xa(m =x&(1Ln)=Y (”;J> {7 € Sy - desg () = j}].
j=0

4.2. Connections to symmetric functions. The integer point transform encodes integer points as
exponents of monomials. We could have instead encoded integer points as the indices of monomials;
doing so for the integer points of Ks defines the chromatic symmetric function. By partitioning
K. we expressed the integer point transform ok, as a sum of rational functions in Theorem 3.2.
Chow [5] provided an analogous result for the chromatic symmetric function using Stanley’s theory
of P-partitions and quasisymmetric functions [10]. For this section, we assume readers have some
background on quasisymmetric functions but we review some important terms [11, Section 7.19].
Let Q denote the algebra of quasisymmetric functions. For any subset S C [d — 1] the fundamental



12 MATTHIAS BECK, BENJAMIN BRAUN, AND ALVARO CORNEJO

quasisymmetric function is
Fsq(x) = Z Xiy Xiy *+ Xi, -

i< <ig
These fundamental quasisymmetric functions form a basis for quasisymmetric functions and Chow
wrote the chromatic symmetric function in this basis [5, Corollary 1].

Theorem 4.4 (Chow). Let G be a graph on [d], then

Xe= Y, NsFsgq
SC[d-1]

where Ns is the number of permutations with G-ascent set S.

Since the g-chromatic polynomial with the linear form 1 can be recovered from the principal
specialization of the chromatic symmetric function, we can apply the principal specialization to
Theorem 4.4 to deduce formulas for the g-chromatic polynomial. In particular, we will see that the
generating function for the principal specialization of order m applied to Theorem 4.4 gives the same
expression of the generating function we find for the g-chromatic polynomial with linear form 1. The
principal specialization of order m is the ring homomorphism ps,, : @ — Q[q] given by

() g~ ifi1<i<m,
s (xj) =
PSmlXi 0 otherwise.

Hence for a graph G on [d] and n € Z~o,

qdpsn(XG):quG(]_,q,_._’qn_lvO'._.):qd Z q):/'E[d]C(i)_l — Z que[d]C(/)
proper colorings proper colorings
c:[d]—[n] c:[d]—[n]
=xg(q.n).

Gessel gave the following expression for the generating function of the principal specialization of
fundamental quasisymmetric functions [7, Lemma 5.2].

Lemma 4.5 (Gessel).

( ) m Z‘S|+1q):l65 d—i
pPSy(Fs )z = :
néo " (1-2)(1—q2)--(1-q%2)

With Theorem 4.4, we can find g-chromatic generating functions by applying the principal special-
ization:

Y xt(a.n)z"=Y q%ps,(Xc)z"
n>0 n>0

=q?Y ps, ( Y NSFS,d> z"
SC

n=0 [d—1]
=q? Y, NsY ps,(Fsa)z"
scl-1 >0
SIS+ gLies i

_d
R e e R ey
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Yres, q T Eieaseg(m =1 zascq (m)+1

(1-2)(1-gqz)---(1—q92)
where the last equality holds by definition of Ns. This is exactly the expression in Theorem 4.1.

5. G-statistics and acyclic orientations

The g-chromatic polynomial was explored by Bajo et al. via the g-Ehrhart theory of order polytopes,
analogous to the non-g setting. This relates to Stanley’s theory of P-partitions used by Chow to prove
Theorem 4.4. We will see that these approaches can be unified via G-statistics.

Given a poset Q = ([d], %), its order polytope is

OQ)={(x1,....xq) €[0,1]% : x; < x; if i < j}.
Let X € Z9 be some linear form and let P C RY be a lattice polytope, Chapoton [4] defines

ehr,kz,(q,n) = Z g,
menPNZd
Bajo et al. use the following key lemma relating these g-Ehrhart polynomials of (open) order polytopes
to the g-chromatic polynomial [1, Lemma 3]; all notation used in the sum is defined in the next
subsection.

Lemma 5.1 (Bajo et al). Let G be a graph on [d] and let X € Z9 be a linear form. Then

xa(q,n) = Y ehré(GP)o(q, n+1).
PEA(G)

To compute the Ehrhart polynomials in the above sum, one considers acyclic orientations of G and
linear extensions of induced posets related to those acyclic orientations. Thus, to connect G-statistics
to the work of Bajo et al., we need to establish a direct connection between permutations and pairs of
acyclic orientations and linear extensions, which we do next.

5.1. The main bijection. Let P be a poset on [d]. A linear extension 7 : P — [d] is an order
preserving bijection. A natural labeling of a poset P is some fixed linear extension w : P — [d] and we
denote the labeled poset as (P,w). When given a natural labeling, we can identify a linear extension
T as a permutation given by the word [w(771(1))w(771(2)) --- w(T71(d))] of the labels of (P,w).
The collection of all such permutations is the Jordan—Holder set, denoted £(P,w) or L(P) if the
labeling is clear from the context. For a poset P with a natural labeling w and linear extension T, we
say that the linear extension has a descent at / € [d — 1] if for the associated word wo 7! we have
woT (i) >woT 1(i+1). Denote the set of all descents by Des(wo771).

Example 6. Let P be the poset given in Figure 5, then w : P — [4] where w(1) =1, w(2) =3, w(3) =4,
and w(4) = 2 is a natural labeling. We can also see this in Figure 5 since the labeled poset respects
the usual order 1 <2 <3 < 4. Moreover 7 : P — [4] defined by

T7(1)=2, 7(2)=4, 7(3) =3, 71(4) =1

is a linear extension because / <p j for i,j € P implies 7(i) < T(j). We can think of the image of 7T as
defining the positions of elements of P for a linear order that respects the relations of P.
To see the corresponding word in £L(P,w) for 7 we have

w(T™H(1))w(T™H(2)w (T (3)w(T7H(4))] = [w(4)w(L)w(3)w(2)] = [2143].
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1 4 1 2
Figure 5. On the left, a poset P with elements [4]. On the right, a natural labeling w
of P given in Example 6.

2 1
(Gp,Mp)

Figure 6. A graph, an acyclic orientation, the corresponding induced poset, and the
induced poset with the rank labeling.

Note that 71 can be seen as a permutation of elements of P, and applying w ensures we have a word
of the labels of P. We also have Des([2143]) = {1,3}.

Let A(G) denote the set of acyclic orientations of a given graph G. For p € A(G), let G, denote
the induced poset on elements [d], were i — j in p gives the relation i < in G,, followed by taking
the transitive closure to produce a poset. For a graph G and p € A(G), let {w,..., v, } be all minimal
elements of G,, with vi <--- <vj; next let {v;41,..., v, } be all the minimal elements after removing
{v1,..., vy } from Gp, with vj 41 <--- <V, and repeat until we have listed all elements of G,. We
define the rank labeling n, : G, — [d] by n,(v;) =J.

Example 7. Figure 6 gives an example of an induced poset for the star graph on 5 vertices for some
acyclic orientation. For the induced poset, we have the rank labeling 1, where

Mp(1) =3, Mp(2) =4, 1p(3) =5, Np(4) =6, Np(5) =1, Mp(6) =2.
The following lemma will play a key role in our arguments in this section.

Lemma 5.2. Let G be a graph on [d] and m € Sy. If w(i)m(j) € E(G) and i <j, then pr(m(i)) <
pr(T())-

Proof. When computing the rank pr(m(j)), consider a path defining pr(m(i)) along with the edge
w(i)m(j). In other words, we know for r := pr(7(i)) there exist positions i1 < ip < --- < i, = i such that
{m(ij), m(ij41)} € Efor 1< j<r. Thus w(iy)m(i2)... w(i)w(j) is a possible path satisfying the definition
in rank for m(j). Since px(m())) is defined from the longest such path satisfying this condition,

pr(7()) = pr(m(i)) +1 > pr(m(i)). O

Let G be a graph on [d]. For m € S, we define the 7-rank acyclic orientation, denoted p;, to be
the orientation where

pr orients the edge ij € E(G) by i — j whenever pr(i) < pz()).

To show py is well defined, consider two adjacent vertices vy, vo. Then there exist i1, /» such that
m(i1) = vi,m(k) = v»; without loss of generality say i1 < io. Then pr(v1) < pr(v2) by Lemma 5.2.
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2 1 5 4 5 4
2

N 5 ¢

3 4 3 1 2 1
pﬂ' Gpw (Gp‘zr ' npw)

Figure 7. The m-rank acyclic orientation p; of the bowtie graph in Figure 3 for
T = [31254], the induced poset G,,, and the induced poset with the rank labeling

(Gprs Mpr)-

To show that this orientation is acyclic, note that on a directed path we must have ranks be strictly
increasing and so having a cycle would contradict these strict inequalities of ranks. Given a natural
labeling w of G, we also define

O =wom=wo(r 17!
which we can identify as the word [w(7(1))w(7(2))--w(mw(d))].

Example 8. Consider the bowtie graph G from Figure 3 and 7 = [31254]. Recall from Example 4 that
the rank function pr gives pr(3) =1, pr(1) =1, pr(2) =2, px(5) =3, and px(4) =4. The m-rank
acyclic orientation is shown in Figure 7. Moreover note that the rank labeling is a natural labeling for
Gp, and so for this labeling o =7, 0™ as a word is [21354].

Theorem 5.3 below exhibits that the rank functions for G-statistics encode acyclic orientations, i.e.,
the induced posets of G, by showing that each permutation in Sy corresponds uniquely to a linear
extension of an induced poset. Our proof below closely mirrors a proof due to Chow [5] arising in the
work discussed previously regarding quasisymmetric functions and the chromatic symmetric function.
Specifically, Chow used Stanley's [10] theory of P-partition functions to establish a bijection between
permutations and pairs of acyclic orientations and linear extensions, where each acyclic orientation is
given an order-reversing labeling of the induced poset. He also gave a labeling of these induced posets
to show that the usual descent set of a permutation is equal to the descent set of the corresponding
linear extension under this bijection and labeling. Since he used P-partitions, i.e., order-reversing maps
from a poset P to R>g, his results have direct analogues to order-preserving maps of posets, which we
use for order polytopes in Theorem 5.3.

Further, Chow assigned the acyclic orientation in a manner that does not involve rank functions,
though the resulting orientations are in fact equivalent. Translating Chow's work to our context of
order-preserving maps, he considers the following: for G a graph on [d], a permutation ™ € Sy, and an
edge w(i)w(j) € E(G), orient w(i) — w(J) for px if i <j. The resulting acyclic orientation is identical to
our m-rank acyclic orientation defined above since for G a graph on [d], ™ € Sy, and 7(i)7(j) € E(G),
we have pr(m(i)) < px(m(j)) if and only if i <j. The backwards direction of this equivalence is
Lemma 5.2, while the forward direction can also be proven with Lemma 5.2 by contrapositive.

Thus, while the structure of the proof of Theorem 5.3 closely mirrors Chow's work, to set this in
the context considered in this paper, we provide a complete proof of the bijection and apply it to our
setting of order-preserving maps.

Theorem 5.3. For a graph G on [d], for each p € A(G) let w, be a natural labeling of G,. Then the
map
0:Sq—{(0.0) | p € A(G),0 € L(Gpwp)}
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defined by
T (or, Ox)

Is a bijection. Moreover, if we use the rank labelings for our induced posets with ox = m,, o™, then
Desg(m) = Des(ox) where Des is the usual descent statistic.

There are two key observations to highlight in the theorem above. First, while multiple permutations
might induce the same permutation-rank acyclic orientation p, hence the same induced poset G,, the
choice of w, depends only on p and is independent of which permutation is being considered. As a
result of this, the second observation is that each permutation which induces p via its rank function
will yield a unique linear extension of G, with respect to wp; it is this pair of an acyclic orientation and
a linear extension that yields the bijective correspondence with permutations.

Proof. We will first prove bijectivity and then analyze the descent sets in the case where we use the
rank labelings on each induced poset. Suppose ™ € S4. Recall pr is an acyclic orientation of the edges
i — j whenever pr(i) < pr(j). Also recall oy := w,, o, where w,, is the same for all m and 7’ such
that pr = ppr.

We claim that o € £L(G,,). To prove this, we have that o = w,, o (7~ 1)™1, where 7~ is defined
as m is a bijection. We can consider the domain of 71 to be the elements of the induced poset G,,
because these elements are given by the set [d]. This means we want to show 71 : G,, — [d] is a
linear extension, i.e., an order preserving bijection from G,, to [d]. In other words, for the elements,
not the labeling, of G,, we want to show that 7! respects the relations of this poset. We know
m 1 Gp, — [d] is a bijection, so all that is left to show is that it is order preserving. To do so, suppose
I <jin Gp, Is a cover relation of elements; hence it must form an edge in G and / # j. Denote
vi:=7"1(i) and v; := 7 1(j) € [d]. For contradiction suppose v; < v;. By Lemma 5.2,

pr(J) = pr(T(Vv))) < pr(m(vi)) = pr(F).

This inequality contradicts that / <j in G, since this relation implies px (/) < px(j). So we must have
vi < vj, in other words 7! preserves cover relations. This means 7w~ is order preserving, hence by
definition o = wpom € L(Gy, ).

To define the inverse map ¥ : {(p,0) | p€ A(G),0 € L(G,)} — Sq consider (p, o) such that p € A(G)
and o € L(G,). By definition, 0 = w, o7~ for some order preserving map 7: G, — [d]. We send
P(p,0) =771 We will now verify that 1 is the inverse of . First, Y op(m) =(px, 0x) =T since
or =wpom. We next want to show po(p,0) = (p,0) where 0 =w,o7~ 1. By definition of 1,
we have @(¥(p,0)) = (171). For p(171), we have 0,1 =w,07 1 =0. We claim p,-1 =p. By
definition of p,-1, we have / — j in p,-1 whenever p,-1(i/) < p,-1(j) so it suffices to show that for an
edge /j € E(G) we have i < in G, if and only if p,-1(/) < p;-1(j). For the forward direction, suppose
i =<j € G,, then T(i) < T(j) since T is order preserving. Hence

pra(i) = pra(T7HT (1)) < pra(T7HT())) = Pra ()

by Lemma 5.2. For the backward direction, suppose p,-1(i) < p,-1(j) then we claim i </ in G,, since
otherwise 7(i) > 7(j) and by the same argument as the forward direction p,-1(i) > p,-1(J), giving a
contradiction. This shows p,-1 = p and proves that ¢ is a bijection.

Next, when for each p € A(G) we have that 7, is the rank labeling, we will show Desg(7) = Des(or)
for every permutation m € Sy. For a permutation m € 54, we know the rank labeling of G,, does
the following. Say {w,..., vy } are the vertices of G minimal in the poset, where v; < --- <y,
{Vieg1, -+, v, } are all vertices of G minimal in G\ {vy,..., Vi }, where vj 41 <--- < v, and so on, then
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set M,(vj) =J. We claim 7, is a natural labelling since / = j in G, implies pr(i) < px(J) which must
mean 7,(/) < Mp(j) by construction of our labeling. Additionally, any permutation with the same rank
function p; gives the same acyclic orientation and so 7),, depends only on this acyclic orientation. We
now show the descent statistics are the same under 7,,. By construction of our labeling, m,(/) < n,(j)
if and only if
pr(i) < pr() or pr(i)=pr(j)and i<j.

Thus, i € Desg () if and only if pr(7(i)) > pr(m(i+1)) or pr(7(i)) = pr(m(i+1)) and (i) > m(i+1).
By our prior observation, this condition is equivalent to m,(7(i)) > ny(m(i+1)) which holds if and only
if / € Des(n,om) = Des(ox). O

Viewing the rank function as defining an acyclic orientation motivates the definitions for G-statistics.
Using the rank function of a permutation to produce a poset makes it also easier to see that the rank
labeling is a natural labeling. In addition, Theorem 5.3 shows that for any p € A(G), the rank labeling
of G, ensures that the usual descent set of a linear extension is equal to the G-descent set of the
corresponding permutation.

We can apply the same arguments by Bajo et al. for order polytopes to give the generating function
of the g-chromatic polynomial using g-Ehrhart theory and linear extensions of induced posets. Bajo
et al. give the generating function for G-partitions using linear extensions of induced posets. We can
apply the connection they found in Lemma 5.1 to obtain the generating function for the g-chromatic
polynomial. We will only sketch the details for the g-chromatic polynomial with linear form 1 € Z9, as
this case has a nice numerator polynomial in the rational expression of the generating function. In
Section 6, we will see more properties of this polynomial.

Theorem 5.4. Let G = ([d], E) be a graph, and for p € A(G), let w, be any natural labeling of G,,.
Then
Z(p o) qd+ZJ€Asc(o) d_jZaSC(U)+1 ZWESd qd+ZjEAscG(1r) d—JZascG (7l')+1
(1-2)(1-qz)---(1-¢%2)  (1-2)(1-gz)---(1—qz)
where (p,0) ranges over p € A(G) and o € L(G,) and Asc is the usual ascent statistic for (Gp,wp).

Proof. Recall that Bajo et al. proved Lemma 5.1, which states
Y xtamz'= Y Y ehrde,(a.n+1)2".
n>0 pEA(G) n>0
We can find this generating function via the integer point transform aKo (z1,...,24+1), where K

the homogenization of the open order polytope of G, with the last coordlnate corresponding to helght
using descent statistics [2, Exercise 6.23]. For each p € A(G), the integer point transform is

2
Z1 242 I1: A Zr(j41) " Zd41
UKOA(Zlv---de—&-l): 2 d+1 36 sc(7) 47(j+1) .
% rece,) (1=Za+)[l=1 (1 = 2r(y -+~ 2a41)

Specializing this integer point transform to zj = g for all / € [d] and zy41 = z yields

OKe (q.....q.2) =), ehr(ﬂo(GP)o(q, mz".
° n>1
Thus
Z x&(q,n)z" = Z Z ehr(]lQ(Gp)o(q. n+1)z"

n>0 pEA(G) n=0
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Z zt Z ehr]é)(Gp)o(q, n)z"

peA(G)  n>1

Z*l qd+2j€Asc(7) d_jZaSC(T)+2

— — . _ qd
peA(G) TEL(Gpwp) (1-2)(1—qz)---(1—q92)
d+Yjepsc(r) d—J yasc(T)+1

_ Y peA(G) Lrer(G,) 4
(1-2)(1-qz)---(1—-q92)

d+):j€AscG (m) d_jzascG (m)+1

By Theorem 4.1, we know that ¥,>0x&(q, n)z" Zﬂes(dl A=) (=373 and so the two rational

functions in the statement of the theorem are equal. [l

As a consequence of this rational function equality, the numerator polynomial of the g-chromatic
polynomial with the linear form 1 can be computed using any natural labeling on the induced posets,
and so G-statistics unify these expressions.

Corollary 5.5. Let G = ([d], E) be a graph, and for p € A(G), let w, be any natural labeling of G,.
Then
Z queAscG(w) d_jZaSCG(W) — Z quEASC(O‘) d—jZasc(a)
TESy (va)

where (p, o) ranges over p € A(G) and o € L(G,) and Asc is the usual ascent statistic for (Gp,wp).

5.2. The leading coefficient of X (g,x). Bajo et al. [1] showed that xé(q,n) is a polynomial in
[n]g :=14q+---+q¢"! with coefficients in Z(q). We denote this polynomial by X&(q,x) € Q(q)[x].
They show that the leading coefficient with respect to x is the polynomial #ﬂi(pig) qdtmai(@)  where
we sum over all p € A(G) and all 0 € £L(G,), where G, is given some natural labeling [1].

Example 9. Let G be the path graph on two vertices. Bajo et al. [1] computed xG(q X) = 1+qx +

Ii‘é Xx. The leading coefficient is 1+q [2] Indeed, 2=}, )qmal(") since we only have two acyclic

orientations and each has only one linear extension with no descents.

The following corollary shows how Theorem 5.3 provides an alternative form of the leading term of
)}%(q,x) involving G-major indices.

Corollary 5.6. The leading coefficient ofi%(q,x) is

1 d+maij(c) 1 d-+majg ()
q = g tmals(m),
[dla! 52y [d]! ﬂéd

Proof. By our bijection in Theorem 5.3, each (p,0) corresponds uniquely to a permutation where the
descents sets are the same under the rank labeling. Hence the G-major index and usual major index
must be the same. O

For a graph G on [d], let the G-major index polynomial be

Z qmajc(ﬂ)_

TESY
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We will now show that the degree of the G-major index polynomial connects the minimum sum coloring
problem to the leading coefficient of i](l;(q,x). The minimum sum coloring problem was first studied
using graph theory by Ewa Kubicka [8].

Lemma 5.7. We have

min{d—i— Z d—j:weSd}:min{Z f(v): f:V—[m] aco/oring}
JEAscg (™) vev

and the number of colorings achieving the minimum sum of colors is the same as the number of
permutations achieving the minimum on the left-hand side.

Proof. Minimizing the sum of colors is equivalent to minimizing 1-x for x € K¢ ﬂZd>0. In addition, the
minimum of 1-x for x € AWHZ‘;O for m € S4 must occur at the integer point from the G-sequence
coloring. In other words, suppose (Si,...,Sk) is the G-sequence of m, then let x; =1 for / € Sy,
x; =2 where j € S5 and so on. Since any other coloring in Ay either splits our G-sequence into
more sets or uses the same sets of the G-sequence with higher colors, the G-sequence coloring
Is @ minimum in each cone. Moreover, d+} cascs(r)d —J :Zf‘zli|5,-| by Proposition 3.5. Thus,
taking the minimum value over all cones gives min{d + ¥ casco(r) @ —J 1 T € Sq} which must equal
min{Y,cy f(v):f:V —[m] a coloring}. Moreover, each coloring achieving this minimum must be in
some unique cone, by our construction of the subdivision of K. So, the number of minimum colorings
is also the same as the number of permutations achieving min {d—i—ZjeAscG(w) d—j:me Sd}. O

Corollary 5.8. For a graph G = ([d], E), the degree of ¥ s, q™is(™) equals

(d-2|-1> —min { Z f(v):f:V—[m] a co/oring}

veVv

and its leading coefficient equals the number of colorings achieving this minimum with respect to the
sum of colors.

Proof. We will reformulate the powers of g to apply Lemma 5.7. First, we know for m € Sy
. . . . . d
majg(m)+ Y, J= Y i+ Y Jj=) /:<2>,
JjE€Ascg () i€Desg(m)  jE€Ascs(m) ield—1]
whence majg(m) = (3) — % = (TN —d-Y; . Thi G-major index poly-
G 2 jeAscg(m)J > jeAsce(m)J- IS means our G-major index poly
nomial is
Z qmajG(ﬂ') — Z q(d;rl)_d_ZjeAscG(w)j
TESY TESy
and by Corollary 6.2
Z q(d;rl)_d_ZJEAscG(‘rr)j — Z q(g)_d_ZJ'EASCG(‘n)d_j.
TESy TESy
The highest power of this polynomial occurs when d + Y icasc.(r) d —J is minimized over all € Sy

and the corresponding coefficient is given by the number permutations achieving this minimum. By
Lemma 5.7 this value is given by min{} ,cy f(v) : f : V — [m] a coloring}. O
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Figure 8. A graph and three colorings achieving the minimum sum of colors.

Example 10. The G-major index polynomial of the graph G in Figure 8 is

Y qmae(™ =348+ 8¢ +20¢'° +56¢™° + 101q™* + 167¢"* + 249¢'2 + 3584 + 448¢"°
mES7

+529¢° +555¢% + 5619”4+ 552¢° +470¢° + 358¢* +263¢> + 170g° + 108 + 64.

The leading coefficient is 3 and so there are three colorings achieving the chromatic sum. These

colorings must sum to
(i) —18=28-18=10.

The three colorings are shown in Figure 8. We note that this example also shows that the colorings
achieving the minimum sum of colors for trees may require more than two colors.

Bajo et al. [1] made the following conjecture.
Conjecture 5.9 (Bajo et al.). The leading coefficient of%]cl;(q,x) distinguishes trees.
This motivates the following bounds on the degrees of the G-major polynomial for trees.

Corollary 5.10. Let d > 2. For a tree T = ([d], E), the degree of the G-major polynomial is bounded

via
d+1 i d+1
( 5 >—|_1.5dJ Sdeg( Z qmaJG(W)> §< ) )—d—l.

TESy
Moreover, there exists a tree attaining each possible degree between the two bounds.

Proof. We use a result of Kubicka and Schwenk [8, Theorem 3]. Let

Y(T):= min{ Z f(v):f:V—[m]a coIoring}
veVv

and d :=|V/|. We know every coloring of a tree has to use at least 2 colors. Then ¥(T) > d+1 via

assigning one vertex the color 2 and the rest the color 1; a star graph attains this lower bound. Since

trees are bipartite and thus 2-colorable, we can color the vertices in the larger bipartite set with color 1

and all the vertices in the smaller set as color 2. So ¥(T) < [4]+2|4| = |1.5d], and the path graph

achieves this upper bound. Since d+1<3¥ (7)< |1.5d],

(“31)-@en= (5 -z = () - s,
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Figure 9. The “broom-like” graph B(4,3) as defined in the proof for Corollary 5.10.

Corollary 5.8 yields our first claim.

To prove the second claim, it suffices to check there exists a tree T with X(T) = k for every
d+1<k<|[1.5d]|. Let B(m,n) denote the "broom-like” tree where a path with n vertices has m
leaves attached to one end, see Figure 9 for an example. Expressing k = d -+ 1+ b for some b, it is not
hard to see that X (B(d —2b—1,2b+1)) = k. O

As a concluding aside for this section, observe that Stanley finds the degree of the polynomial

We(q):= Y q™i@
ceL(P)
for a naturally labeled poset P as follows [11, Section 3.15]. For t € P, define §(t) to be the
number of vertices of the longest chain t=1t; <--- < ts(t) of P that starts at t. We further define
0(P)=Y:cp6(t). Stanley shows the degree of Wp(q) equals (‘Plzﬂ) —0(P), and Wp(q) is monic, i.e.,
only one permutation achieves this maximal major index. We can connect this to our minimum sum
coloring since we can compute the degree in two ways. For a graph G on [d] we can use Stanley's
result and Theorem 5.3 to compute the degree of ¥res, M4 =¥, ;) g™ which is

et (37) )= (727) - i, @

By Corollary 5.8 this means

perr%(nG){é(Gp)} min {Vg/ f(v):f:V—[m]a coIormg}.
For each acyclic orientation, this gives a candidate for the minimum sum coloring of graphs, namely a
coloring f : V(G) — [k] defined by f(t) :=d(t) where k is the number of elements of a longest chain
in Gp.

If we apply an alternative convention to maximize ¥ jcpes(s) d —J over all (p,0), we can instead use
the G-sequence colorings of permutations as described in the proof of Corollary 5.8 and Lemma 5.7.
This means that for each acyclic orientation, we have a candidate for the minimum sum coloring of
graphs by assigning color based off the rank with respect to G, of an element t € G, the number of
vertices in the longest chain in G, ending at t.

6. Symmetry

Theorem 5.3 allows us to simplify some of the expressions arising in Section 3 for the numerator
polynomial of the g-chromatic generating function, showing that the coefficients of this numerator
polynomial, each of which is a polynomials in g, are each palindromic up to a shift. We begin by
introducing several important definitions required to describe the bijection established in Proposition 6.1
below.
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Let s: [d] — [d] be the involution s(i) :=d+1—i. For a graph G, an acyclic orientation p € A(G),
and a natural labeling w, of G,, we let p"* be the acyclic orientation obtained by reversing all the

directions of p. We then define
Ld:) ‘= S0 Wprev.
Observe that wy, is a natural labeling.
For each fixed G and p € A(G), we next define a map sending a linear extension o € L(Gp,w,) to
o°P, a linear extension of Gyev. Given o, we know that there exists an order preserving map 7 : G, — [d]

such that 0 =w,0771. We define

UOp = w:)rev O'Til oS.

In order to verify that 0°P € L(Gprev,w!re ), we must check that (771os)™! =so7 is order preserving
for Gyev. If i <jin Gpev, then i > j in G, and so 7(i) > 7(j), as T is order preserving. Hence
d+1—71() <d+1—7() which shows soT(i) < soT(j).

Proposition 6.1. Let G be a graph on [d] and for p € A(G), let w, be a natural labeling of G,. There
Is a bijection

V:{(p.0) | p € A(G).0 € L(Gpp)} = {(p.0) | p € A(G),0 € L(Gp, )}
sending
(p.0) = (P, 0%)
with the property that Asc(o) ={d —i:i € Asc(c°P)}.
Proof. We claim 9 is an involution and therefore also a bijection. Consider ¥(¥(a, p)) = ((p"")"", (c°P)°P).
For p € A(G) we know (p™)"® = p, our labels for G, are (w,)’ =sosow, =w,, and
(0P)P(i) = (w)) o (T os)os=wpor ' =0

and so v is a bijection.
Moreover, the ascents under this bijection give our desired property. For p € A(G) and o € L(Gp, wp),

JEAsc(0) & wpoT 1)) <wpor H(j+1)
Sd+l-wpor () >d+1-wyor 1(j+1)
S woT H(j)>whor H(j+1)
SwhorT tos(d+1—j)>w,or tos(d—))
& d—j€Asc(cP),
hence Asc(o) ={d —i:i € Asc(c°P)}. O
Using Proposition 6.1, we can simplify the expression of the numerator polynomial of the g-chromatic
generating function for the linear form 1 € Z9.
Corollary 6.2. For G a graph on [d],
Z qd+2jeAscG(w) d—Jj yascg(m)+1 Z qd+ZJEAscG(w)jZaSCG(7T)+1 — Z q(dgl)—majc(ﬂ)zascc(ﬂ)-ﬁ-l.
TESy TESy TESy
Proof. To prove the first equality of the corollary we have

Z queAscG(w) df./lZaSCG("r) — Z qZJGASC(U) d_.jZaSC(U)
WESd (p,o‘)
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by Corollary 5.5. Further applying Proposition 6.1 results in

Z queAsc(a) d—j yasc(o) — Z qu—jeAsc(aop)d—JZaSC(Uop) _ Z qZ/eAsc(a)/ZaSC(U) _ Z q):/eAsc(a)/ZaSC(U)
(p.0) (0.0) (prev,o°P) (0.0)

where the first equality holds by applying the permutation ¢°P and the last equality holds, as we have a
bijection indexing the sum. Moreover any natural labeling of induced posets produces the same sum.
We apply Theorem 5.3, so that

Z quEAsc(a) iZaSC(U) — Z qu'EAsc(ﬂ)jZaSCG(W),
(p,a) TESy

giving the first equality of the corollary.
To derive the second equality, we know

d . . . . .
(3)= L= X i+ T i= ¥ jtmaigtm
jeld—1] JjEAscg (™) i€Desg () jEAscg ()
for any m € S4. This means
. d _ d+1 .
a+ ¥ i=dt(g)-maism= (") - mis(r).

, 2 2

JEAscs(T)
which gives the desired equality. Il

Another interesting consequence of Proposition 6.1 is the symmetry of the coefficients of the
numerator polynomial of the g-chromatic generating function for the linear form 1 € Z9.

Corollary 6.3. For a graph G on [d] with chromatic number &, write

Z qd+ZjeAscG(7r) dszascG(w)Jrl — ag(q)ZE 4.4 ad(q)zd
TESy

with aj(q) =Y, qd+ZJ€ASCG(") 9=J where we sum over all permutations T such that ascg(m)+1=1i. For
each i € [¢,d], the polynomial a;(q) is shifted palindromic, i.e., g@(+1) a,-(%) =2ai(q).

Proof. For i € [¢,d] consider a;(q). By Corollary 6.2, we have aj(q) = ¥.q% 2ercm/ and so

qd(/+1) aj <3‘7> — qd(f-‘l‘l) Z q_d_ZJEAscG d—Jj

TESy
Ascg(m)+1=i
_ qd(ascG(w)+2) Z qfdfd-ascG(7r)+):jeascG(7r)j
TESy
Ascg(m)+1=i
_ Z qd~ascG(7r)+2d—d—d-ascG(7r)+2j€aSCG(7r)j
TESy
Ascg(T)+1=i
— Z qd+2j€Asch
TESy
Ascg(m)+1=i
= a;(q).

This means after factoring out the lowest power of g in a;(q), we have a palindromic polynomial. [

Example 11. One can see the palindromic polynomials in Example 5. Moreover, the star graph in this
example shows these polynomials may not necessarily be unimodal.
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We remark further that for a fixed graph G on [d] and a fixed value n € Zq, the polynomial x&(q, n)

is a shifted palindromic polynomial in g. For every n-coloring ¢, we have an n-coloring ¢/ :=n+1—c¢
which is a bijection. Hence

qd(fH-l)Xc]l; <(17 n) — Z que[d] n+1=Yica c(i) — Z q):le[d] (i) — Z q):ie[d] c(i) — Xc]l;(qv n).

> w

10.

11.

12.

colorings colorings colorings
c:[d]—[n] c:[d]—[n] c’:[d]—[n]
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