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ABSTRACT. We completely determine the 1085 open subgroups H of GL2(Z) of prime-power level
that satisfy —I € H and det(H) = Z* for which the corresponding modular curve X g has an infinite
number of quadratic points. When g(X ) > 2 this is equivalent to determining all the hyperelliptic
modular curves of prime-power level and all the bielliptic modular curves of prime-power level that
have a degree two map to a positive rank elliptic curve. From the moduli perspective, this means

that there are exactly 1085 subgroups H of GL2(Z) of prime-power level that contain —I and have
full determinant for which there are infinitely many elliptic curves E/K over quadratic extensions
such that pg(Gy) is conjugate to a subgroup of H.

1. INTRODUCTION

Let X be a smooth projective curve defined over Q. We say that X is positive rank bielliptic if
there exists a degree two map over Q from X to a positive rank elliptic curve, and we say that X is
hyperelliptic if it admits a degree two map over Q to P. It follows from the work of Silverman and
Harris (see Corollary 3 of [10]) that when gx > 2 the set of quadratic points

[F:Q]<2

is infinite if and only if X is either positive rank bielliptic or hyperelliptic.

A subgroup H C GLQ(Z) that contains —I and has full determinant has an associated modular
curve Xy whose level is defmed to be the least positive integer NV such that H contains the kernel
of the reduction map GL2(Z) — GL2(Z/NZ). In this paper, we determine which modular curves of
prime-power level have an infinite number of quadratic points. In doing so, we focus much of our
attention on determining which of these curves are positive rank bielliptic.

Previous work on the classification of bielliptic modular curves has focused on the classical cases,
such as Bars’s work on Xo(N) [1] and subsequent work on various quotients of X(N) for varying
levels (including [4], [3], [2]). Similar results have also been obtained for X;(N) [13] and intermediate
modular curves of the form X (V) where A is a subgroup of (Z/NZ)* [14]. These results build on
the much earlier work on the classification of hyperelliptic modular curves, most notably Ogg’s [17]
classification of integers N > 1 for which X (V) is hyperelliptic.

Our motivation for this paper comes from the following. Let IV > 1 be an integer. To an elliptic
curve F over a number field K, one can associate a representation

PE N : Gal(F/K) — GLQ(Z/NZ)
induced by the action of the absolute Galois group G := Gal(K/K) on the N-torsion subgroup

E[N] of E(K). After choosing compatible bases for the torsion subgroups E[N] for N > 1, we can
construct an adelic representation

PE : GK — GL2(2).
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The following program on the classification of such representations — often called “Program B” —
was proposed by Mazur [16]:

“Given a number field K and a subgroup H of GLj (i) ~ [, GL2(Zy), classify all
elliptic curves E//K whose associated Galois representation on torsion points maps
Gal(K/K) into H < GLo(Z).”

After the work of Rouse—Zureick-Brown [19] and Rouse—Sutherland—Zureick-Brown [18] that
classified, respectively, the 2-adic and f-adic (for £ > 3) images of Galois for elliptic curves over Q,
the natural next case of Mazur’s program is to determine the possible ¢-adic images of Galois as
K varies over all quadratic extensions. A modular curve Xy loosely parametrizes elliptic curves
whose associated Galois representation has image contained in H, and so the first step of this case
of the project is completely determine which subgroups H C GLg(i) that contain —I, have full
determinant and have prime-power level correspond to modular curves with an infinite number
of quadratic points. The analogous step over the rationals was completed by Sutherland and
Zywina [23], who gave a complete list of the modular curves of prime-power level with an infinite
number of rational points. This step is necessary to construct a tree of mazximally arithmetic
subgroups, as done in [19] for the 2-adic case over Q and in [18] in the f-adic case, after which one is
left with a finite number of modular curves with a finite number of points to analyze.

Our general strategy is as follows. After bounding the possible genus and level of a hyperelliptic
modular curves of £-power level, we are left with a finite list of candidates. For most of these curves,
we can use data from the LMFDB to quickly deduce whether or not they are in fact hyperelliptic.
This leaves us with seven genus one curves, which are handled in 4.2.1 by using techniques from
Galois cohomology, and 60 curves of genus bigger than or equal to two that we handle in Section 5.
Section 4.2.1 also gives the first example (to our knowledge) of a genus one modular curve whose
index is greater than its period. And so, as mentioned above, we focus mostly on the question of
whether or not a modular curve of ¢-power level is positive rank bielliptic. To do this, we give an
upper bound on the level and genus of a positive rank bielliptic modular curve of prime power level,
which leads us to a finite list of candidate curves. In principal, determining which of these curves
are positive rank bielliptic can be done by finding all involutions ¢ of a given curve X, determining
if the genus of X/(¢) is one, and if it is, determining the rank of X/(:). In practice, this is often
computationally difficult. Often (particularly when the genus is higher) it is slow to compute the
automorphism group of these curves over @, and even when we can compute them, the genus one
quotients that sometimes arise often have complicated models. On such models, it is difficult to
find points (let alone determine ranks) and so we need to construct simpler models of these quotient
curves. We discuss this further in sections 6 and 7, where we outline the techniques used to prove
whether a given curve is positive rank bielliptic or not, respectively. These sections also contain
examples of the application of these techniques. In section 5, we handle the hyperelliptic candidate
cases. First, we give the necessary background on modular curves in section 3 before explaining
how we arrive at a finite list of candidate curves in section 4. In the course of this classification, we
prove the following.

~

Theorem 1. Up to conjugacy, there are 1085 open subgroups H of GLo(Z) of prime power level
satisfying —I € H, det(H) = Z* for which Xy has infinitely many quadratic points. Of these 1085
groups,

e There are 265 groups of genus 0. Their labels are given in Table 3.

e There are 336 groups of genus 1. Their labels are given in Table 4.

e There are 306 groups of genus bigger than or equal to two and hyperelliptic. Their labels are
given in Table 5.

e There are 178 groups of genus bigger than or equal to two that are non hyperelliptic and
positive rank bielliptic. Their labels are given in Tables 6 and 7.
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From the moduli perspective, this means that there are exactly 1085 subgroups H of GLQ(Z)
that contain —I, have full determinant and of prime-power level for which there are infinitely
many elliptic curves E//K over quadratic extensions, with distinct j-invariants, such that pg(Gy) is
conjugate to a subgroup of H.

1.1. Comments on code. This paper has a large computational component. Many of the candidate
curves we consider have arguments that rely on MAGMA [5]. Code verifying our claims is available at
the Github repository

https://github.com/mjcerchia/two-adic-galois-images-quadratic.
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3. BACKGROUND AND PRELIMINARY RESULTS
We present some definitions and preliminary results here that will be needed in later sections.

3.1. Subgroups of GLQ(Z) and Congruence Subgroups. Let H be an open subgroup of GLQ(Z).
We say that N is the GLg level of H if N is the smallest integer such that H contains the kernel of
the natural projection map 7y : GLa(Z) — GLy(Z/NZ). If H is an open subgroup of GLy(Z) of
GLg level N we will denote mn(H) by Hy.

For any positive integer M, let ¢ps be the natural projection map ¢ps : SLo(Z) — SLa(Z/MZ).
Let T" be a congruence subgroup of SLy(Z). We say that M is the SLy level of T" if it is the smallest
positive integer for which I" contains the kernel of ¢y;. We will write I'ys to denote ¢y (T).

~

For an open subgroup H of GLy(Z) of GLy level N there is a corresponding congruence subgroup
Ty which can be defined as Ty := ¢} (Hy N SLa(Z/NZ)).

~

Lemma 2. Let H be an open subgroup of GLo(Z) of GLgy level N. Then the SLqy level of 'y divides

N.
Proof. Let M be the SLy level of I'y. By definition of I'g, it contains the kernel of 7y, and so M
divides V. ]

The GLj3 level of H can be arbitrarily large multiple of the SLs level of I'y;. Consider the following
example. Let d be a square free positive integer. Let e: GLQ@) — {£1} be the composition
of the reduction map GLy(Z) — GLy(Z/2Z) and the signature map GLy(Z/2Z) — S5 — {£1}.
Let xq: Gal(Q/Q) — Gal(Q(v/d)/Q) — {#£1} be the cyclotomic character. Define Hy := {A €
GLy(Z) | €(A) = ya(det(A)}. Then the SLy level of T'y is equal to two for all d but the GLy level of
H, is a multiple of d.

3.2. Modular functions. Fix a positive integer M.

The group SLs(Z) acts on the extended upper half plane by linear fractional transformations.
Let I'(M) be the kernel of ¢p;. After adding cusps to the quotient of upper half plane by I'(M), we
get a smooth compact Riemann surface which we denote by Xj;.

Let Fjs denote the field of meromorphic functions of the Riemann surface Xj; whose g-expansion
has coefficients in the M-th cyclotomic field which we will denote by Kj;. For M = 1, we
have F; = Q(j) where j is the modular j-invariant. The first few terms of g-expansion of j are
g1 4 744 + 196884¢ + 21493760¢> + - - - . If M’ is a divisor of M, then Fyp C Fas. In particular, we
have that 71 C Fyu.


https://github.com/mjcerchia/two-adic-galois-images-quadratic
https://beta.lmfdb.org/ModularCurve/Q/27.108.7.a.1/
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There is a natural action of SLa(Z/M7Z) on F);. With respect to this action, we have

}—]%/ILQ(Z/NZ)/{iI} = Kun(j).

For more details on this, please refer to Chapter 6 in [20].

3.3. Modular Curves. The aim of this section is to provide an overview of modular curves and its
properties that are relevant to us. For a further background on this topic the reader is encouraged
to read chapter 4, section 3 of [9].

Let H be an open subgroup of GLg(z) that contains —I of GLy level N. There is a natural
isomorphism between Gal(Ky/Q) and (Z/NZ)*.

Let Kp be the unique subfield of Ky such that Gal(Ky/Kp) is isomorphic to det(Hy). For
example, if det(H) = ZX, then Ky = Q. Associated to H there is a nice (smooth, projective,
geometrically integral) curve Xy which is defined over K and which parametrizes elliptic curves
with H-level structure. Roughly, H parametrizes elliptic curves whose adelic Galois image lands in
H. We call Xg the modular curve associated to H.

For a congruence subgroup I' of SLy level M that contains —I, Xt is the nice curve over Ky,
whose function field is ]-"&M . The map nr: Xt — P}(M is the morphism corresponding to the
inclusion K7(j) C .7-"]1;4”[. Define Aut(Xrp,7nr) .= {f: Xr — Xr|rr o f = mp}. It is straightforward
to check that Aut(Xr,7r) is a group defined over K.

Remark 3. For convenience, we sometimes ascribe geometric terms to a subgroup H rather than
the corresponding modular curve Xg. That is, we may call a group H “hyperelliptic” or “positive
rank bielliptic” or refer to its genus.

~

Theorem 4. Let H be an open subgroup of GLo(Z) that contains —I. Let N be its GLo level. Let
Xp be the modular curve associated to H. The following properties hold:

e If H C H', then there is a morphism Xg — Xpp.

e There is a natural map 7 : Xg — P! associated to Xp.

e For a non CM elliptic curve E defined over a number field K we have pg(Gal(K/K)) is
congugate to a subgroup of H if and only if K contains Kg and the j-invariant of E lies in
(X (K)).

o There exists an isomorphism f: Xr, — Xg over Ky such that 7y o f = mpy,.

Proof. Please see Section 2.2 of [28] for first three properties and Theorem 6.6, Chapter 6 in [20] for
a proof of last property. O

~

Proposition 5. Let H be an open subgroup of GLa(Z) that contains —I and has full determinant.
Let Xy be the associated modular curve. Let N be the GLgy level of H. We also assume that N and
the SLo level of I'y have same prime factors. Then, there exist an upper bound for N that can be
explicitly computed from the order of Aut(Xr,,,nr,,) and the SLy level of I'j.

Proof. Let M be the SLs level of I';. Then, N is the smallest positive multiple of M for which we can
find an isomorphism f: (Xr,)rxy — (X#)K, that satisfies 7 o f = 7. For 0 € Gal(Kne/Kp),
f~tof is a map from (Xr)xye — (XT)Kyeo that satisfies mp,, o (f~to f) = mr,,. Therefore, we can
define a homomorphism ¢: Gal(K e /Kp) — Aut(Xr,,,7r,,) that sends o to f~lof.

Let b be the least common multiple of orders of elements a € Aut(Xr,,7nr,) that divide
some power of M. Define G := Gal(K e /K)s) if M is not congruent to 2 modulo 4 and G :=
Gal(K oo /Kopy) if M is congruent to 2 modulo 4. The Galois group G is cyclic and its cardinality
has the same prime factors as M. Let g be a generator of G. Let a := ¢(g). Then by our choice
of b we get that a® = 1. Since ¢ is a homomorphism, ¢(g°) = 1. It follows that ¢ factors through
Gal(Kp/Kar) if M is not congruent to 2 modulo 4 and ¢ factors through Gal(Kanm/Kar) if M is
congruent to 2 modulo 4. This gives us an upper bound on N. O
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3.4. Jacobian Decomposition. Throughout our computations, we make use of the fact that the
Jacobian of modular curve has a decomposition corresponding to certain modular forms. Let H
be an open subgroup of GLQ(z), and let the Jacobian of the corresponding modular curve Xg be
given by Jy := Jac(Xp). This is an abelian variety that has good reduction at all primes p that
do not divide the level N of H. As explained in Theorem A.7 of [18], the simple factors of Jy are
Q-isogenous to the modular abelian variety associated to the Galois orbit of a weight 2 eigenform for
I'1(N) NTo(N?). For most of the modular curves we are interested in, the Jacobian decompositions
are given on the LMFDB [15]. These decompositions are useful because they tell us which elliptic
curves a modular curve could possibly map to. In particular, we reduce the size of our candidate
list of positive rank bielliptic curves by ruling out any non-hyperelliptic modular curves that do
not have a rank one elliptic curve in their Jacobian decompositions. In some cases, we compare
L-functions of genus one quotients by an involution of a modular curve to any rank one elliptic
curve factors of the Jacobian. This sometimes allows us to conclude that a given modular curve
cannot be positive rank bielliptic. We repeatedly make use of the following fact.

Lemma 6. Let C be a nice curve over k and suppose that f : C' — E is a morphism of degree d to
an elliptic curve E. Then E appears (up to isogeny) in the isogeny decomposition of the Jacobian of

C.

Proof. Suppose f : C — E is a such a map. Identify E = J(E) = Pic’(E) via x + [ — Og]. The
finite map f induces homomorphisms of abelian varieties f* : J(E) — J(C) and f, : J(C) — J(E)
given by the pullback and pushforward of degree 0 divisors, respectively. These homomorphisms
satisfy fio f* = [d] J(E)> Where the right hand side denotes the isogeny of multiplication by d. We
have that ker(f*) C ker[d] ;) = Eld], which is finite. This gives us an isogeny of elliptic curves
E/ker(f*) — im(f*), and composing with the quotient £ — E/ker(f*) shows that the abelian
subvariety im(f*) of J(C) is isogenous to E. By Poincaré complete irreducibility (Cor 3.20 of [7]),
there exists an abelian variety B with J(C) ~ im(f*) x B ~ E x B. O

3.5. Gonality. We collect some facts about curve gonality that will be useful to us in the next
section when we reduce to a finite list of candidate hyperelliptic and positive rank bielliptic modular
curves.

Definition 7. Let C be a nice curve defined over a field k. The k-gonality of C is defined as the
minimum degree of a morphism ¢: C — }P’(b, where ¢ is defined over k.

Lemma 8. Let C be a nice curve defined over a field k. If k is a subfield of K, then K-gonality of
C is less than or equal to k-gonality of C.

Proof. This immediately follows from our definition of gonality and the observation that any
morphism defined over k is also defined over K. O

Definition 9. Let k be a field of characteristic 0. Let C be a nice curve over k. We say that C is
hyperelliptic if there exists a degree 2 map over k from C' to Pk.

Lemma 10. Let k be a field of characteristic 0. Let C' be a nice curve over k of genus greater than
or equal to 1. Then, C is hyperelliptic if and only if its k-gonality is 2.

Proof. Assume that C' is hyperelliptic. Then there exists a degree 2 map over k from C to IP’}C.
Further, there cannot be a degree 1 map from C' to }P’i because that would imply that genus of C' is
0. Therefore, its k-gonality is 2.

If the k-gonality of C' is 2, then there exists a degree 2 map over k from C' to ]P),%/,. By definition,
C' is hyperelliptic. O

Definition 11. Let k be a field of characteristic 0. Let C be a nice curve over k of genus greater
than or equal to 2. We say that C' is positive rank bielliptic if there exists a degree two map over k
from C to a positive rank elliptic curve F over k.
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Definition 12. Let k be a field of characteristic 0. Let C' be a nice curve over k. We say that
P e C(k) is a quadratic point of C' if the degree of k(P) over k is at most two.

Theorem 13. Let k be a field of characteristic 0. Let C' be a nice curve over k of genus greater
than or equal to 2. There exist infinitely many quadratic points of C if and only if C is hyperelliptic
or positive rank bielliptic.

Proof. If C' is hyperelliptic or positive rank bielliptic, then it is easy to observe that there are
infinitely many quadratic points of C. For converse, please see corollary 3 [10]. O

We now state the Castelnuovo—Severi inequality [Theorem 3.11.3 [22]] and following it we give
some corollaries that we will use later to decide if a curve is hyperelliptic/positive rank bielliptic or
not.

Theorem 14. Let k be a field of characteristic 0. Let ¢1: C — Cy and ¢o: C — Co be nonconstant
morphisms, respectively, where C1 and Cy are nice curves over k. Assume there is no morphism
¢: C — C' of degree bigger than one through which both ¢1 and ¢ factor. Then

g < dig1 +dage + (di — 1)(d2 — 1),
where g; is the genus of C; and d; is the degree of ¢; fori € {1,2}.

Corollary 15. Let C' be a nice curve over a field k of char 0 of genus g bigger than or equal to two.
If there exists a degree 2 map ¢: C — C" where C' is a pointless conic over k, then there cannot
exist a degree 2 map ¢: C' — IP’,}/,.

Proof. Suppose there exists a degree 2 map ¢: C' — IP’}C. Then there is no morphism n: C — C”
of degree bigger than one through which both ¢ and 1 factor because that would imply C’ is
isomorphic to ]P’/,lC which would be a contradiction. From Theorem 14 we know that g < 1 which is a
contradiction because of our assumption on genus of C. O

We repeatedly use the following fact, particularly when the codomain is an elliptic curve.

Lemma 16. Suppose X and C are nice curves over field k of characteristic 0 and ¢ : X — C is a
degree two map over k. Then X /(1) = C for some involution v of X.

Proof. Note that ¢ induces a degree two Galois extension of function fields k(X)/k(C), and by general
Galois theory for curves, the nontrivial element ¢* of Gal(k(X)/k(C)) comes from a unique involution
v : X — X such that on functions, t*(f) = f o . It then follows that k(X/(1)) = k(X)) = k(0),
where the middle term is the fixed field of (¢). Since a smooth projective curve is determined
uniquely (up to unique isomorphism) by its function field, we have X /(1) = C. O

Lemma 17. Let X be a nice curve defined over k. Let p be a prime of good reduction of X. Let X,
denote the reduction of X at p. If X, has no genus 1 quotient by involution, then X is not bielliptic.

Proof. If X is bielliptic, then there exists a map ¢: X — E where E is a genus 1 curve. As discussed
in Lemma 16 we know that ¢ is the quotient map by some involution of X. Reducing this at p, we
observe that E, must be a quotient of X, by involution. The lemma now follows. ([l

We are interested in determining all the subgroups H of GLQ(Z) of prime power level that contain
—1I and satisfy det(H) = Z* such that there are infinitely many elliptic curves F over quadratic
fields that have the property pp(Gal(K/K)) C H. From Theorem 13 we know that this is equivalent
to determining if X g is is hyperelliptic or positive rank bielliptic when genus of X is greater than
or equal to two. We handle genus 0 and genus 1 cases separately.
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4. ENUMERATING SUBGROUPS TO CHECK FOR HYPERELLIPTIC AND BIELLIPTIC MODULAR CURVES

Let H be an open subgroup of GL2(Z) of prime power level that contains —/ and has full
determinant. Let X g be the associated modular curve. In this section we will discuss enumeration
of all such subgroups for which X7 is possibly either hyperelliptic or positive rank bielliptic. To get
a list of all groups we rely on the completeness of LMFDB database of modular curves, which we
explain below. R R

If H is an open subgroup of GL2(Z) that contains —I and satisfies det(H) = Z* such that the
GLy level of H has prime power level at most 335 and Xy has genus at most 24, then H is in
LMFDB database of modular curves.

4.1. Genus 0. If Xy has genus 0, then it has infinitely many quadratic points. So all we need
to do is enumerate all such subgroups. The Cummins-Pauli labels of corresponding congruence
subgroups are

GenusOCP:={2A0, 2B0, 2C0, 340, 3B0, 3C0, 3D0, 4A0, 4BO, 4C0, 4D0, 4E0, 4F0, 4GO, 5A0, 5BO,
5C0, 5D0, 5E0, 5F0, 5G0, 5HO, 7AO0, 7BO, 7CO, 7DO, 7EO, 7F0, 7GO, 8AO, 8BO, 8CO, 8DO, 8EO, 8F0, 8GO,
8HO, 810, 8J0, 8KO0, 8LO, 8MO, 8NO, 800, 8P0, 9A0, 9BO, 9CO, 9DO, 9EO, 9F0, 9GO, 9HO, 910, 9J0, 11A0,
13A0, 13BO, 13C0, 16A0, 16B0, 16CO, 16D0, 16E0, 16F0, 16GO, 16HO, 25A0, 25B0, 27A0, 32AO}.

For each of the congruence groups whose label is in the set GenusOCP we use Proposition 5 to
get an upper bound on the level of H. If the level of congruence subgroup is p™ for some natural
number n, then an upper bound on the GLy level of H is summarized below.

For p = 2, an upper bound is 256.

For p = 3, an upper bound is 81.

For p = 5, an upper bound is 125.

For p € {7,11,13}, the upper bound is p.

These computations can be verified in the file Genus 0.
Since the upper bound is less than 335 all such modular curves are in LMFDB database. There
are 265 such curves and their LMFDB labels are given in Table 3.

4.2. Genus 1. All our computational claims for this subsection can be verified in Genus1.

The Cummins Pauli labels [8] of congruence subgroups of prime power level are

Genus1CP:={ 7A1, 7B1, 7C1, 8A1, 8B1, 8C1, 8D1, 8E1, 8F1, 8G1, 8H1, 811, 8J1, 8K1, 9A1, 9B1,
9C1, 9D1, 9E1, 9F1, 9G1, 9H1, 11A1, 11B1, 11C1, 11D1, 16A1, 16B1, 16C1, 16D1, 16E1, 16F1, 16G1,
16H1, 1611, 16J1, 16K1, 16L1, 16M1, 17A1, 17B1, 17C1, 19A1, 19B1, 27A1, 27B1, 27C1, 32A1, 32B1,
32C1, 32D1, 32E1, 49A1}.

For each of the congruence groups whose label is in the set Genus1CP we use Proposition 5 to
get an upper bound on the level of H. If the level of congruence subgroup is p"™ for some natural
number n, then an upper bound on the GLs9 level of H is summarized below.

For p = 2, an upper bound is 128.

For p = 3, an upper bound is 81.

For p = 7, an upper bound is 49.

For p € {11,17,19}, the upper bound is p.

Since the upper bound is less than 335 all such modular curves are in LMFDB database. There
are 342 such curves and their LMFDB labels are given in Genus1. Out of these 342 curves there
are 335 curves that are elliptic curves or admit a degree 2 map to ]P’(b. This information is available
on LMFDB. The labels of remaining seven curves are {8.48.1.bi.1, 9.81.1.a.1, 16.96.1.t.1,
16.48.1.1.1,16.64.1.a.1, 16.64.1.b.1, 16.96.1.k.1}. We discuss them below.

4.2.1. The remaining seven genus one cases. To handle the remaining cases, we make use of the
following.


https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Genus%200
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Genus1
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Genus1
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bi.1/
https://beta.lmfdb.org/ModularCurve/Q/9.81.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.t.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.l.1/
https://beta.lmfdb.org/ModularCurve/Q/16.64.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.64.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.k.1/
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Proposition 18. Let C/K be a smooth, projective, geometrically integral curve of genus one, and
set E := Jac(C), which is an elliptic curve over K. Suppose d > 2. If C has a degree d point over
K, then [C] represents an element of H (G, E[d)).

Proof. Before proving this, we give some preliminaries. Let E := Picoc K Over K, we have an

isomorphism ¢ : Cz — E given by P — [P — Fy]. Let ¢ : Gx — E(K) be given by ¢, := [0 Py — Py).
It is straightforward to check that ¢, is a 1-cocycle and that

(oP)=0(tP)+co (1)

for every P € C and 0 € Gk.

For an integral divisor D = 3" n; P; of degree d, the Abel-Jacobi map ®, : Pic!(C) — E(K) is
defined by [D] — Y, n;P; — dPy. It is well known that ®, is an isomorphism over K, and from (1)
we have that

®4(0[D]) = o®a([D]) + deo- (2)

Finally, after noting that C' is a torsor of E, we recall that there is a natural bijection WC(E/K) —
H'Y(G%, E) (see Theorem X.3.6 in [21]) under which the Weil-Chatelet class [C] corresponds to [c],
and so we abuse notation in the standard way by writing [C] € H' (G, E).

We are now ready to prove the statement. Assume that C' has a K-rational point ) of degree d.
Set P = ®4((Q)). Then P = &4((Q)) = ®4(c[(Q)]) = 0P + dc,. Rearranging this equation gives us
dcy = P — o P, which is a coboundary in Z'(G, E). It follows that the class d[C] in H'(Gg, E) is
0, and so [C] is killed by d. From the exact sequence

0= E(K)/dE(K) — H' (G, E[d]) - H (Gg, E)[d] — 0, (3)

it follows that [C] represents an element of H!(Gx, E[d]).
D

Remark 19. In our computations, we use the slightly weaker result where the Proposition remains
the same except H'(Gk, E[d]) is replaced with H! (G, E)|[d].

For curves with labels in {16.96.1.t.1, 16.64.1.a.1, 16.64.1.b.1, 16.96.1.k.1} we verify
that [C] does not represent an element of H'(Gg, E[2]) by checking that 2[C] has no rational points
due to local obstructions. So from Proposition 18 there are no quadratic points on any of these.

For 9.81.1.a.1 we can see from LMFDB that there is a degree 3 map from it to P(l@ so from
Proposition 18 [C] represents an element of H' (G, E[3]) so if it also represents an element of
H'(Gk, E[2]), then it should have rational points. We verify that it has no Q3 points, hence it does
not represent an element of H'(G, E[2]) so from Proposition 18 there are no quadratic points on
it.

For 8.48.1.bi.1 and 16.48.1.1.1 we observe in both cases that the corresponding curve class
[C] represents an element of H! (G, E[2]) but from this we cannot conclude that it has quadratic
points. Below, we show that 8.48.1.bi.1 has index four, and hence no quadratic points. As far
as we know, this is the only known example of a genus 1 modular curve where the index is larger
than the period. Our argument expands on one used by Cassels [6] who found the first example of a
genus 1 curve with an index larger than its period.

The labels of genus 1 modular curves that have infinitely many quadratic points are given in
Table 4.

4.2.2. 8.48.1.bi.1.

Proposition 20. The modular curve with LMFDB label 8.48.1.bi.1 has no quadratic points. In
particular, it has index greater than 2.


https://beta.lmfdb.org/ModularCurve/Q/16.96.1.t.1/
https://beta.lmfdb.org/ModularCurve/Q/16.64.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.64.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.k.1/
https://beta.lmfdb.org/ModularCurve/Q/9.81.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bi.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.l.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bi.1/
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Proof. Call this curve C. We show that C has no quadratic points by showing that it admits no
degree two Q-rational effective divisors. This is sufficient, because if there existed a point P € C(K)
for some degree two extension K/Q, then by letting o be the nontrivial element of Gal(K/Q) we
would have that D := P + o(P) is an effective degree 2 divisor on Cg that is fixed by Gal(K/Q),
hence defined over Q.

From the LMFDB, we observe that C is given by the intersection of two quadrics in P3:

Q1:22% +3zy+yz—22+wr=0
Qo s 42* — 2zy +9° — 2yz + 222 = 0.

Its Jacobian is an elliptic curve given by E : y? = 2% + 3622 — 2722 + 448, which has exactly four
rational points, and so there can be at most four degree two rational divisor classes on C. Since
the period of C is 2, Pic?(C) is a trivial E-torsor, and so we have that Pic?(C) = E(Q) = (P) =
{0, P,—P,2P} = 7,/4Z for an appropriate choice of P € E(Q). There are thus four Q-rational
divisor classes of degree 2, which we will call [Do], [Dp], [D2p], and [D_p]. It thus suffices to show
that none of these divisor classes contains a rational divisor.

To that end, we first determine the singular members of the pencil of quadrics containing C'. The
two quadrics defining C' have the respective symmetric matrices

2 3/2 0 0 4 -1 0 0
372 0 172 0 I S R
A= g oo mdA=t g 4 9 o

0 0 0 1 0 0 0 0

which satisfy Q;(X) = XTA; X for X = (x,y, 2, w). Now consider the pencil given by M (u,v) =
uA1 + vAs where [u:v] € PL. A member Q,,., is singular if and only if det M (u,v) = 0. A direct
calculation yields

1
det M (u,v) = Zu(u — 20)(Tu® — 20uv — 4v?),

and so there are four singular members over Q:

o [u:v]=[0:1]: this is @2, a rank 3 cone.

e [u:v]=[2:1]: this is 2Q1 + Q2, a rank 3 cone.

o [u:v]=[t:1] witht= w: two conjugate rank 3 cones over L = Q(v/2).
Intersecting a cone with a hyperplane that does not meet the vertex produces a base conic, which
parametrizes a family of ruling lines. Intersecting these lines with C yields a gi. (Recall that 9y
denotes a linear system of degree d and dimension r 4 1, which in turn produces a degree d map
from C to P".)

Two of these conics are already defined over Q:

e From Q2 (with vertex [0:0:0: 1] and base plane w = 0):
Ch 42 — 2zy +y? — 2yz + 222 = 0.
e From 2Q; + Q2 (with vertex [0:0:1: 0] and base plane z = 0):
Co : 822 + dxy + y? + 20 = 0.

It can be checked in Magma using the intrinsic HasRationalPoint that neither of these conics has
a rational point.

So far, we have produced two of the four divisor classes and shown that they contain no rational
divisors. To find the other two, we recall that a smooth quadric surface Q C P? is isomorphic to
P! x P! via the Segre embedding. (See Chapter I of [12] for details.) On P! x P! there are two
families of curves, P! x {pt} and {pt} x P!, each of which are mapped isomorphically to a line in
P? under the Segre embedding. Thus, Q contains two families of ruling lines of the quadric. Now
suppose that L C @ is one of these ruling lines. Then since C = Q N Q’ for some other member
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of the pencil @', we have that C N L = ' N L, which has degree two by Bezout’s Theorem. This
means that L N C is an effective divisor of degree 2 on C, and so as L varies in one ruling, we sweep
out all divisors of a gJ.

We start by determining the smooth quadrics with square discriminant, because these have rulings
defined over Q. From the equation det M (u,v) = fu(u — 2v)(7u® — 20uv — 4v?), we set z = u/v
and consider the curve y? = x(x — 2)(72% — 20z — 4). A calculation in Magma tells us that this is
a rank 0 elliptic curve with four rational points: (0:0:1),(2:0:1),(2: —=32:3),(2:32: 3).
When z = 0 and x = 2, the corresponding quadrics are the singular ones dealt with above. Thus,
we are led consider the only smooth quadric with square discriminant Q; : 2Q1 + 3Q2 = 0, which
is given by 1622 + 3y? — 4yz + 422 + 2w? = 0. Over Q, we have that Q, = P! x P!, and because
the discriminant is square (a calculation shows that it is 16), the rulings are in fact defined over
Q. Completing the square on the portion of @), involving y and z gives us the equivalent form
Qs : 1622 + 3(y — %z)Q + %,22 + 2w? = 0, which visibly has no real solutions in P?, and so there are
no real (or rational) lines contained in Q. Thus, we have found four distinct gi’s on C defined over

Q that contain no rational effective divisors. It follows that C' has no quadratic points.
O

4.2.3. 16.48.1.1.1. Now consider the genus one curve C' given by the intersection of the quadrics
Qr : 1622 +8xy 4+ 1> + 22 — 2w = 0 and Qs : 16xy + 22 — 22w — w? = 0. We attempt the
same process as the above example. Let A; and As denote the symmetric matrices of (1 and
@2, respectively. Letting ¢ = v/u (using the notation from the previous example), we arrive at
det(A; + tAs) = 16t(t + 1)(8t2 + 8t + 1), and so t = 0,—1, and %‘/ﬁ give us rank 3 quadrics
in the pencil, and hence degree-2 divisor classes on C@. The quadric corresponding to ¢t = 0 is
Q1. For @1, we have 0, = 32z + 8y,0, = 8z + 2y,0. = 2o — w,0, = —z, and setting these
to zero gives z = 0,w = 0,y = —4x. It follows that the unique singular point (the vertex) is
V =[1:-4:0:0] € P’(Q). Now pick the rational point b=1[0:0:1: 1] on the conic Q1 N {y = 0}.
The line through the vertex and this base point is

Cils:t]— (z,y,z,w) = (s,—4s,t,1).

We intersect ¢ with Q2 and get Q2 N ¢ = 16(s)(—4s) + t? — 2t? — 2 = —64s? — 2t = 0, which
implies that t* = —32, and so t = +4v/—2 € Q(v/2). Taking s = 1 and t = 4,/—2 gives the point
[1:—4:4y/-2:4y/-2]. This point corresponds to an effective degree two rational divisor and
consequently a degree two map to P!. It follows that this modular curve has infinitely many
quadratic points.

4.3. Genus greater than or equal to two. Since a curve of genus greater than or equal to two
has an infinite number of quadratic points if and only if it is either hyperelliptic or bielliptic, we
consider these cases separately.

4.3.1. Hyperelliptic candidates. Let us discuss the hyperelliptic case. From Lemma 8 we know that
the modular curve (Xg)c will have C-gonality either 2 or 1. It cannot be one because that would
imply that Xz has genus 1.

By a work of Zywina [27], we have a list of all the congruence subgroups that are hyperelliptic.
Among them the Cummins-Pauli labels of those that have genus greater than or equal to 2 and
have prime power level are given in the set

Gonality2:={8A2, 8B2, 8C2, 9A2, 9B2, 11A2, 13A2, 16A2, 16B2, 16C2, 16D2, 16E2, 16F2, 16G2,
16H2, 1612, 16J2, 16K2, 1612, 19A2, 23A2, 25A2, 25B2, 25C2, 25D2, 25E2, 25F2, 27A2, 27B2, 29A2,
31A2, 3242, 32B2, 32C2, 37A2, 64A2, 8B3, 16B3, 16C3, 16D3, 16E3, 16F3, 1613, 16J3, 16M3, 1683,
32B3, 32C3, 32D3, 32H3, 32K3, 32M3, 41A3, 64A3, 25A4, 25D4, 32B4, 47A4, 16G5, 59A5, 71A6, 32E7,
64D7}.
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For each of the congruence groups whose label is in the set Gonality2 we use Proposition 5 to
get an upper bound on the level of H. If the level of congruence subgroup is p" for some natural
number n, then an upper bound on the GLy level of H is summarized below.

e For p = 2, an upper bound is 512.

e For p = 3, an upper bound is 81.

e For p =5, an upper bound is 125.

e For p € {11,13,19,23,29,31,37,41,47,59, 71}, the upper bound is p.

For p = 2, we have an upper bound of 512 for congruence subgroups with labels {64A3, 64D7}.
For these two groups we observe that there is no subgroup H of GLy(Zs2) of GLg level 512 such that
'y has label in {64A3,64D7}. So, if there exists a H such that I'y has label in {64A3,64D7}, then
its GLg level is at most 256. These computations can be verified in the file Hyperelliptic prime
power level upper bound on GL2 level .

The reason for lowering the level for these two cases is not theoretical but rather pragmatic
because of the completeness of LMFDB database as explained in the beginning of this section. We
then browse through the database and look at all the groups H such that I'g has label in the set
Gonality2. The set of LMFDB labels of all the candidates is available at Hyperellipticcandidates
. We provide a summary in the table below.

Genus | No of candidates
2 123

3 225

4 1

5 1

6 1

7 8

TABLE 1. Number of groups of prime power level that can possibly be hyperelliptic.

~

4.3.2. Positive rank bielliptic candidates. Let H be an open subgroup of GLy(Z) that contains —I
and has surjective determinant and is of prime power level. If Xy is positive rank bielliptic, then
from Lemma 8 we know that the modular curve (X )c will also be positive rank bielliptic.

By a work of Zywina [27], we have a list of all the congruence subgroups that are bielliptic.
Among them the Cummins-Pauli labels of those that have genus greater than or equal to 2 and
have prime power level and are not hyperelliptic are given in the following set

biellipticlabels:= {7A3, 8A3, 11A3, 16A3, 16G3, 16H3, 16K3, 1613, 16N3, 1603, 16P3, 16Q3, 16R3,
27A3, 32A3, 32E3, 32F3, 32G3, 3213, 32J3, 3213, 32N3, 3203, 32P3, 32Q3, 43A3, 49A3, 64B3, 9A4,
9B4, 9C4, 11A4, 16A4, 16B4, 16C4, 27A4, 27B4, 27C4, 27D4, 29A4, 32A4, 32C4, 37B4, 53A4, 61A4,
81A4, 8A5, 11A5, 16A5, 16B5, 16C5, 16D5, 16E5, 16F5, 16H5, 1615, 16J5, 16K5, 16M5, 16N5, 1605,
17A5, 32A5, 32B5, 32C5, 32D5, 32E5, 32F5, 32G5, 32H5, 3215, 32J5, 32K5, 32L5, 32M5, 32N5, 3205,
41A5, 64A5, 64B5, 64C5, 64D5, T9A6, 27D7, 27TE7, 32A7, 32G7, 32H7, 32K7, 64F7, 81A7, 83A7, 89A7,
101A8,16E9,32E9,64A9,131A11}

For each of the congruence groups whose label is in the set biellipticlabels we use Proposition 5
to get an upper bound on the level of H. If the level of congruence subgroup is p" for some natural
number n, then an upper bound on the GLy level of H is summarized below.

e For p = 2, an upper bound is 512.
e For p = 3, an upper bound is 243.
e For p =7, an upper bound is 343.
e For p € {11,17,29,37,41,43,53,61,79,83,89,101, 131}, the upper bound is p.


https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Hyperelliptic%20prime%20power%20level%20upper%20bound%20on%20GL2%20level
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Hyperelliptic%20prime%20power%20level%20upper%20bound%20on%20GL2%20level
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Hyperellipticcandidates
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Hyperellipticcandidates
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For p = 2, we have an upper bound of 512 for congruence subgroups with labels {64B3, 64A5, 64B5, 64C5, 64A9}.
For p = 7, we have an upper bound of 343 for congruence subgroups with label 49A3. For these
groups we perform computations to observe that there is no subgroup H of GLy(Zs2) or GLa(Z7)
of GLg level 512 or 343 such that I'yy has label in {64B3, 64A5, 64B5, 64C5, 64A9,49A3}. So, if there
exists an H such that I'y has label in {64B3, 64A5, 64B5, 64C5, 64A9}, then its GLg level is at most
256. If there exists an H such that I'y has label 49A3, then its GLo level is at most 49. These
computations can be verified in the file Bielliptic prime power level upper bound on GL2
level .

We then browse through the LMFDB database and look at all the groups H such that I'y has
label in the set biellipticlabels. The set of LMFDB labels of modular curves associated to all such
H is available at biellipticlabels twist . We provide a summary in the table below. These
modular curves along with the ones that are not hyperelliptic (of genus at least two) are our pool of
candidates to check whether they are positive rank bielliptic or not.

Q
@
=
c
»n

No of groups
166

52

527

1

19

1

76

1 1

=[O 00| | O O x| W

TABLE 2. Number of groups of prime power level that are twists of some congruence
subgroup with label in the set biellipticlabels.

5. HYPERELLIPTIC MODULAR CURVES

In section 4 we provided a list of candidate modular curves that could possibly be hyperelliptic.
In this section we determine which ones are hyperelliptic.

5.1. LMFDB Deductions. The LMFDB database of modular curves has the information about
models. Out of 359 candidates, 299 curves are either of genus 2 or have a Weierstrass model. So we
know these are hyperelliptic. We know from main Theorem and Theorem 4.3 [1] that curves with
level 47, 59 and 71 are hyperelliptic.

For curves with labels in {64.96.3.c.1,64.96.3.c.2,64.96.3.d.1, 64.96.3.d.2} we compute
their canonical model using the function FindModelOfXG available at [25]. Please see Section 5
of [26] for details on computing canonical models of modular curves. We then use IsHyperelliptic
command in MAGMA to check whether it is hyperelliptic. All these curves are hyperelliptic. Our
computations can be verified in the file Remaining cases-hyperelliptic .

If Cis a curve with label in {8.96.3.C.1, 8.96.3.d.1,16.96.3.¢cz.1,16.96.3.dc.1,16.96.3.4dj.1,
16.96.3.dm.1,16.96.3.£.1,16.96.3.g.1,16.96.3.j.1,16.96.3.k.1,16.48.3.b1.1,16.48.3.bp.1,
16.48.3.by.1,16.48.3.cc.1,16.48.3.bh.1,16.48.3.bh.2,16.48.3.bj.1,16.48.3.bj.2,16.48.3.bt .1,
16.48.3.bt.2,16.48.3.bv.1,16.48.3.bv.2,16.96.3.be.1,16.96.3.bf.1,16.96.3.bo.1,16.96.3.bp. 1,
16.96.3.by.1,16.96.3.bz.1,16.96.3.cu.1,16.96.3.cv.1,16.96.3.dn.1,16.96.3.do.1,16.96.3.cd. 1,
16.96.3.ch.1,16.96.3.ds.1,16.96.3.dw.1,16.96.3.0.1,16.96.3.0.2,16.96.3.x.1,16.96.3.x.2,
32.96.3.t.1, 32.96.3.t.2, 32.96.3.x.1, 32.96.3.x.2}, then its genus 0 quotient is given on


https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Bielliptic%20prime%20power%20level%20upper%20bound%20on%20GL2%20level
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Bielliptic%20prime%20power%20level%20upper%20bound%20on%20GL2%20level
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/biellipticlabels%20twist
https://beta.lmfdb.org/ModularCurve/Q/64.96.3.c.1/
https://beta.lmfdb.org/ModularCurve/Q/64.96.3.c.2/
https://beta.lmfdb.org/ModularCurve/Q/64.96.3.d.1/
https://beta.lmfdb.org/ModularCurve/Q/64.96.3.d.2/
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Remaining%20cases-hyperelliptic
https://beta.lmfdb.org/ModularCurve/Q/8.96.3.c.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.3.d.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cz.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dj.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dm.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.f.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.g.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.j.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.k.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bl.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bp.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.by.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.cc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bh.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bh.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bj.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bj.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bt.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bt.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bv.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bv.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.be.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bf.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bo.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bp.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.by.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bz.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cu.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cv.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dn.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.do.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cd.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ch.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ds.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dw.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.o.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.o.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.x.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.x.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.t.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.t.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.x.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.x.2/

MODULAR CURVES OF PRIME-POWER LEVEL WITH INFINITELY MANY QUADRATIC POINTS 13

LMFDB. In all these cases that genus 0 quotient is pointless. So, from Corollary 15 these cannot be
hyperelliptic.

The geometric Weierstrass models of curves 16.96.3.ex.2 and 16.96.3.ez.2 are given on
LMFDB. The geometric Weierstrass model of 16.96.3.ex.2 is

ot — 20%yz + 4222? — 4y23 + 42 = 4w?
?+y+22=0
There is a degree 2 map to the pointless conic 22 4 y? 4+ 22 = 0 by forgetting the w-coordinate,
so this cannot be hyperelliptic.
The geometric Weierstrass model of 16.96.3.ez.2 is
—2x2yz —4x22? — 4y23 — 42* = w?
2 +y*+22=0

For this curve too, there is a degree 2 map to the pointless conic 22 + y? + 22 = 0 by forgetting
the w-coordinate, so this cannot be hyperelliptic.
We determine if these curves are positive rank bielliptic or not in later sections of this article.

5.2. Remaining Cases. For labels in {16.48.3.j.1, 16.48.3.1.1, 16.48.3.p.1, 16.96.3.ex.1,
16.96.3.ez.1 } we compute the automorphism group over Q and observe that there is exactly one
genus 0 quotient that is pointless. So, these cannot be hyperelliptic.

For 16.48.3.z.1 and 16.48.3.s.1, MAGMA takes a long time to compute automorphism groups
but we were able to observe some automorphisms. For 16.48.3.z.1 we observe that composing
involutions ¢1: C' — C given by [z,y,z,w,t,u] — [z,2,y,t/2,2w, —u] and 1a: C — C given by
[z,y,z,w,t,u] — [x,z,y,w,t,—u] gives us an involution ¢ such that the quotient of C by ¢ is
genus 0 pointless conic. For 16.48.3.s.1 we observe that taking quotient by ¢: C' — C given by
[z, y, z,w, t,u] = [x,y,2,t/2,2w,u] gives a pointless genus 0 quotient. So, from Corollary 15 these
cannot be hyperelliptic.

Our computations can be verified in the file Remaining cases-hyperelliptic.

We determine if these curves are positive rank bielliptic or not in later sections of this article.

In conclusion, there are 306 hyperelliptic curves of prime power level and their LMFDB labels
are given in Table 5.

6. POSITIVE RANK BIELLIPTIC CURVES

In this section, we outline our strategy for demonstrating that a given candidate curve is positive
rank bielliptic. The LMFDB labels of the candidate curves are available at biellipticlabels
twist, and we know from section 5 that these are not hyperelliptic. In total there are 896 such
candidates.

Recall that we defined a curve X to be positive rank bielliptic if there is a degree two map over Q
to a positive rank elliptic curve, and such a curve has an infinite number of quadratic points. Any
degree two map to an elliptic curve necessarily comes from the quotient X/t of some involution
t. Now that we have limited the potential positive rank bielliptic modular curves of prime power
level to a finite list, our general strategy is to determine all involutions of a candidate curve X,
locate any genus one quotients X /¢, and compute the ranks of these quotient curves (if they indeed
have a rational point). The genus one quotients we obtain in this way often have complicated
models, making it difficult to find rational points (which is necessary for MAGMA to compute the
rank). In these cases, we need to first compute a simpler model of the quotient, which we do
by intersecting with hyperplanes and searching for low degree divisors. If successful, we can use
Riemann Roch to construct a model of the form y? = f4(z), where f; is a degree four polynomial
with rational coefficients. There are 30 curves for which we compute automorphism groups either
using canonical model or singular model and find quotients that are elliptic curves of rank 1. The


https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ex.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ez.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ex.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ez.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.j.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.l.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.p.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ex.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ez.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.z.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.s.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.z.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.s.1/
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Remaining%20cases-hyperelliptic
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/biellipticlabels%20twist
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/biellipticlabels%20twist

14 MICHAEL CERCHIA AND RAKVI

folder Magma Code contains verifications for each one of these curves. Each curve has a separate
file name corresponding to its LMFDB label.

6.1. LMFDB deductions. The simplest way to determine that a candidate curve is positive rank
bielliptic is to infer it from existing data on the LMFDB. For instance, the subgroup corresponding
to the modular curve with label 16.96.5.a.1 has index 96 in GL2(Z/16Z) and there is a degree
two map to the modular curve with label 16.48.1.de. 1, which is a rank one elliptic curve whose
corresponding subgroup has index 48 in GL9(Z/167Z). It follows then that 16.96.5.a.1 is positive
rank bielliptic. The number of cases where such a deduction works are 140 and can be found in
Table 6.

6.2. Already in literature. There are some curves in our list that are already known to be positive
rank bielliptic. These are {43.44.3.a.1,53.54.4.a.1,61.62.4.a.1,79.80.6.a.1,83.84.7.a.1,
89.90.7.a.1,101.102.8.a.1, 131.132.11.a.1}. Please see Theorem 4.3 of [1].

6.3. Computing nicer models of quotients. In several cases, we are able to compute the
automorphism group of a modular curve over Q and find all genus one quotients by an involution.
However, as mentioned above, these models are typically too complicated for MAGMA to be able to
find rational points on, and so if they are in fact elliptic curves, we cannot simply compute their
ranks. If this is the case for a given modular curve, then the strategy for computing a new model of
a given quotient curve C' is the following:

e Search for divisors on C' by intersecting with hyperplanes. In practice, a homogeneous
coordinate function often works, but we also iterate over hyperplanes whose coefficients lie
in {0,—1,1}.

e If we are lucky, we find a degree two divisor D, from which we can build a model of the
form 32 = f4(x), where f, is a quartic polynomial in 2. We do this by using functions in the
Riemann-Roch spaces for D and 2D to construct a map to the weighted projective space
P(2,1,1). Such a model is helpful to us because it is much faster to search for rational points
in MAGMA. It is also of the form that allows us to check for local solubility with the MAGMA
intrinsic HasPointsEverywhereLocally.

e Any time we use this method but cannot find a degree two divisor, we are able to find
a degree three divisor. The only difference is that we now find three functions in the
Riemann-Roch space for D which gives us a map to P?. The resulting model is simpler than
the original but more complicated than one of the form y? = f4(z).

Example 21. We show that the non-hyperelliptic modular curve of level 32 with LMFDB

label 32.96.5.m.1 corresponding to the subgroup H of GlLg(Z/32Z) generated by the matrices
1 12| (11 23| |13 9 25 3 P . . .

[8 31} , [16 1 ] , {16 31] , and [O 3] has an infinite number of quadratic points. In particular,

we show that X is positive rank bielliptic.

After using MAGMA to compute the automorphism group of Xy over QQ, we determine that there
are three genus one quotients by some involution. Call these curves C1, Cs, and C5. The Jacobian
of Xy has exactly one rank 1 elliptic curve factor, which we will denote by E. Over F5, C; and
(3 have a different number of points than E, which means that the Jacobian of neither C; nor Cj
could be be isogenous to E since they have different L-functions (which is an isogeny invariant).
Consequently, neither C; nor C3 are rank 1. The model for Cs is given in P7 by the zero locus of


https://github.com/mjcerchia/two-adic-galois-images-quadratic/tree/main/Magma%20Code
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.de.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.a.1/
https://beta.lmfdb.org/ModularCurve/Q/43.44.3.a.1/
https://beta.lmfdb.org/ModularCurve/Q/53.54.4.a.1/
https://beta.lmfdb.org/ModularCurve/Q/61.62.4.a.1/
https://beta.lmfdb.org/ModularCurve/Q/79.80.6.a.1/
https://beta.lmfdb.org/ModularCurve/Q/83.84.7.a.1/
https://beta.lmfdb.org/ModularCurve/Q/89.90.7.a.1/
https://beta.lmfdb.org/ModularCurve/Q/101.102.8.a.1/
https://beta.lmfdb.org/ModularCurve/Q/131.132.11.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.5.m.1

MODULAR CURVES OF PRIME-POWER LEVEL WITH INFINITELY MANY QUADRATIC POINTS 15

the following 20 quadrics:

Q1 = o7 + 225 — 8x¢ + 27 — Szsas,
Q2 = x179 — TF + 73,

Q3 = 8x114 — 12 + Sw578,

Q4 = T175 + 8x475 — T3T7,

Qs = 4x1216 — 322026 + T5T7,

Q¢ = 2x375 + 127 — 8T8,

Q7 = —x6x7 + 1178 + X478,

Qs = 3223 — 4a? — w5z + 4a?,

Q9 = 8xaxs — 7238,

Q10 = 8xa14 — 13,

Q11 = Tax5 — T4,

Q12 = wow7 — T8,

Q13 = —22475 — TeT7 + 8T2T8 + 87478,
Qu4 = 8324 — w577,

Q15 = 8z376 — 77,

Q16 = —x5T6 + X373,

Qu7 = 8% — w513,

Q18 = Sw4wg — X778,

Q19 = —x5T6 + T427,

QQO = 2.%'% + l’% — 81‘5%8 — 8.%'%

This model is too complicated for MAGMA to find a rational point on (if one exists). Intersecting with
the hyperplane X; = 0, we find the rational point (0: —1/4:—2:—-1/2:2:—1:4:1), from which
we are able to use Riemann-Roch to construct the model y? — 131072y = 22 + 409622 + 62914562 for
C3, which has rank 1. This is indeed isogenous to the rank one elliptic curve factor of the Jacobian,
E, which has a model given by y? = 23 4+ 22 + z + 1. It follows that Xy is positive rank bielliptic
and therefore has an infinite number of quadratic points. The MAGMA file 32-96-5-m-1.m verifies
these claims.

6.4. 27.108.7.g.1. We conclude this section with the example of 27.108.7.g.1. Since this has
genus 7 we know from Theorem 14 that up to isomorphism it has at most one genus 1 quotient.
Since this is geometrically bielliptic, from Lemma 5 [11] we know that it has one genus 1 quotient
defined over Q. Let C' be that unique genus 1 quotient. There are three elliptic curves in Jacobian
decomposition of 27.108.7.g.1 that correspond to newforms 27.2.a.a, 243.2.a.a and 243.2.a.b.
The map to 27.2.a.a is of degree 3 and it is given on LMFDB. Working modulo 7 we observe that
Jacobian of C' must be isogenous to 243.2.a.a which is the rank 1 factor. So, if we can show that
C has a rational point, then we are done.

It takes a long time to compute its automorphism group over QQ so we compute its automorphisms
over F17 and lift it to QQ using the script autocompute.txt due to Rouse and Zureick-Brown which is
part of the code associated with [19]. We then compute its quotient which is a genus 1 curve, intersect
it with a hyperplane to find a point. This computation can be verified in the file 27-108-7-g-1.m.

The labels of positive rank bielliptic curves that are not hyperelliptic are given in Tables 6 and 7.


https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Magma%20Code/32-96-5-m-1.m
https://beta.lmfdb.org/ModularCurve/Q/27.108.7.g.1/
https://beta.lmfdb.org/ModularCurve/Q/27.108.7.g.1/
https://users.wfu.edu/rouseja/2adic/autocompute.txt
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Magma%20Code/27-108-7-g-1.m
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7. NON POSITIVE RANK BIELLIPTIC CURVES

To show that a modular curve X is not positive rank bielliptic, we must demonstrate that there
cannot be a degree two map to a positive rank elliptic curve. The simplest approach is to compute
automorphism group over Q and show either there are no genus one quotients by an involution,
which would mean that the curve is not bielliptic, let alone positive rank bielliptic or show that all
genus 1 quotients have finitely many points. This is not always computationally feasible. Often the
automorphism groups are difficult to compute, and so in these cases we instead reduce our curve
mod a prime p of good reduction and show that the reduced curve fails to be bielliptic or genus 1
quotients do not match with positive rank elliptic curve factor given in decomposition of Jacobian.
Even when we are able to compute automorphism group sometimes we have to simplify models to
deduce whether a given genus 1 curve has finitely many points.

7.1. LMFDB Deductions. In some cases LMFDB has genus 1 quotients that correspond to
positive rank elliptic curve factors in decomposition of Jacobian so we can directly observe whether
the curve is positive rank bielliptic or not. Consider for example, 16.96.3.fc.1. There is exactly
one rank 1 newform 256.2.a.a in decomposition of its Jacobian. The curve 16.96.3.fc.1 has a
degree 2 map to 16.48.1.bx.1 whose Jacobian is isogenous to 256.2.a.a. The curve 16.48.1.bx.1
is pointless. So there does not exist a degree 2 map to the positive rank elliptic curve in its Jaco-
bian. Hence this curve is not positive rank bielliptic. The curves for which this argument works
are {16.96.5.bd.1, 16.96.5.bd.4, 16.96.5.cd.1, 16.96.5.cd.2, 16.96.5.h.1, 16.96.5.h.2,
16.96.5.a.2,16.96.5.bs.2,16.96.5.ch.1,16.96.3.£j.1,16.96.5.dk.1,16.96.5.dp.1,16.96.3.cz.1,
16.96.3.dm.1, 16.96.5.x.1, 16.96.3.bf.1, 16.96.3.bo.1}. So none of these are positive rank
bielliptic.

For curves with labels in {16.96.5.dm.1, 16.96.5.dt.1} there are two rank 1 newform factors
256.2.a.a, 266.2.a.b. For both of these there is one pointless genus 1 quotient given whose
Jacobian is isogenous to 256.2.a.a. We now show that there is no genus 1 quotient whose Jacobian
is isogenous to 256.2.a.b. We compute all the automorphisms modulo 5 and observe that any
genus 1 quotient has either 4 or 6 points. If E is isogenous to 256.2.a.b then it must have 10
points modulo 5. So, these two curves are not positive rank bielliptic. Our computations can be
verified in the files 16-96-5-dm-1.m and 16-96-5-dt-1.m .

From Theorem 14 we know that a curve of genus at least 6 must have at most one genus 1 quo-
tient by an involution. For curves with labels in {16.192.9.ba.1, 16.192.9.ba.2, 16.192.9.ba.3,
16.192.9.ba.4,16.192.9.bc.1,16.192.9.bc.2,16.192.9.bf.1,16.192.9.bf.2,16.192.9.bq.1,

16.192.9.bq.2, 16.192.9.bq.3, 16.192.9.bq.4, 16.192.9.bw.1, 16.192.9.bw.2, 16.192.9.ck. 1,
16.192.9.dg.1,16.192.9.ei.1,16.192.9.ei.2, 16.192.9.ey.1, 16.192.9.fc.1,32.192.9.bh.1,
32.192.9.bh.2,32.192.9.bh.3, 32.192.9.bh.4, 32.192.9.bo.1,32.192.9.b0.2, 32.192.9.bo. 3,
32.192.9.b0.4,32.192.9.br.1,32.192.9.br.2, 32.192.9.bs.1,32.192.9.bs.2, 32.192.9.1 .1,
32.192.9.i.2,32.192.9.1.3,32.192.9.1.4,32.192.9.1.1,32.192.9.1.2,32.192.9.1.3,32.192.9.1.4,
32.192.9.0.1,32.192.9.0.2,32.192.9.0.3,32.192.9.0.4,32.192.9.t.1,32.192.9.t.2,32.192.9.u.1,
32.192.9.u.2,64.192.9.q.1,64.192.9.q.2,64.192.9.q.3,64.192.9.q.4,64.192.9.1.1,64.192.9.1.2,
64.192.9.1r.3,64.192.9.1.4,64.192.9.5.1,64.192.9.5.2,64.192.9.5.3,64.192.9.5.4,64.192.9.t.1,

64.192.9.t.2,64.192.9.t.3, 64.192.9.t.4} their genus 1 quotient is given on LMFDB and their
Jacobians have rank 0. So, these curves cannot be positive rank bielliptic.

From Lemma 6 we know that if the Jacobian has rank 0 or does not have any positive rank
elliptic curve in its decomposition, then it cannot be positive rank bielliptic. The number of such
candidates is 537 and this list is available at biellipticlabels twist.

7.2. Already in literature. From Theorem 4.3 [1], the modular curve 81.108.4.a.1 is not
positive rank bielliptic.


https://beta.lmfdb.org/ModularCurve/Q/16.96.3.fc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.fc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.bd.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.bd.4/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.cd.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.cd.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.h.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.h.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.a.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.bs.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.ch.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.fj.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.dk.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.dp.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cz.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dm.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.x.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bf.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bo.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.dm.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.dt.1/
https://github.com/mjcerchia/two-adic-galois-images-quadratic/tree/main/Not%20positive%20rank
https://github.com/mjcerchia/two-adic-galois-images-quadratic/tree/main/Not%20positive%20rank
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.ba.1/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.ba.2/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.ba.3/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.ba.4/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bc.2/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bf.1/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bf.2/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bq.1/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bq.2/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bq.3/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bq.4/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bw.1/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.bw.2/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.ck.1/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.dg.1/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.ei.1/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.ei.2/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.ey.1/
https://beta.lmfdb.org/ModularCurve/Q/16.192.9.fc.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bh.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bh.2/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bh.3/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bh.4/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bo.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bo.2/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bo.3/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bo.4/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.br.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.br.2/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bs.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.bs.2/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.i.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.i.2/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.i.3/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.i.4/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.l.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.l.2/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.l.3/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.l.4/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.o.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.o.2/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.o.3/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.o.4/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.t.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.t.2/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.u.1/
https://beta.lmfdb.org/ModularCurve/Q/32.192.9.u.2/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.q.1/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.q.2/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.q.3/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.q.4/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.r.1/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.r.2/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.r.3/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.r.4/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.s.1/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.s.2/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.s.3/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.s.4/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.t.1/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.t.2/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.t.3/
https://beta.lmfdb.org/ModularCurve/Q/64.192.9.t.4/
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/biellipticlabels%20twist
https://beta.lmfdb.org/ModularCurve/Q/81.108.4.a.1/
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7.3. Not bielliptic. If a curve X is not bielliptic, it cannot be positive rank bielliptic. If we
can determine all the involutions of a curve X (which we usually obtain by first computing the
automorphism group of X') we can form quotients of X by each of these involutions. If none of these
are genus 1, then there cannot be a degree two map from X to an elliptic curve, and so we are done.

Example 22. Consider the non-hyperelliptic modular curve with LMFDB label 16.96.5.dy.1. A
canonical model of this curve in P* is defined by 3 equations, and we find using MAGMA that there
are no genus one quotients by involutions. Consequently, this modular curve is not bielliptic, and so
it has a finite number of quadratic points. See the file 16-96-5-dy-1.m for verification.

Often it is slow to compute the automorphism group of a curve over QQ, and for such a curve C
we try to reduce the curve modulo a prime of good reduction and then compute the automorphism
group of the reduced curve Cj, over the corresponding finite field. If this is successful and there are
no genus one quotients, then C' cannot be positive rank bielliptic.

Example 23. Consider the nonhyperelliptic curve with LMFDB label 16.96.5.ec.1 correspond-

. . 3 6 1 4 11 14
ing to subgroup H of GLy(Z/16Z) generated by the matrices [14 13] , [14 15} [14 5 } , and
[13 15

6 7
to reduce the curve mod 3 and compute the automorphism group of this reduced curve. We find
there are no genus one quotients by involutions, and so the curve cannot be bielliptic over Q either.
See the file 16-96-5-ec-1.m for verification.

] . It is difficult to compute the automorphism group of this curve over Q, but we are able

Even if there are genus one quotients by an involution of the reduction of a modular curve, we
come sometimes rule out that such a curve is positive rank bielliptic by comparing the number of
points on the quotient curves to any rank one elliptic curve factors in the Jacobian decomposition,
as in the next example.

Example 24. Consider the non-hyperelliptic modular curve with LMFDB label 16.192.5.bs.1. Over
F5, there is one genus one quotient by involution, which has a different number of points than the
single rank one elliptic curve factor of the Jacobian of the modular curve. Consequently, this curve
is not positive rank bielliptic and so it has a finite number of quadratic points. See 16-192-5-bs-1.m
for verification.

7.4. Pointless genus one quotient. If on the other hand there exists a degree two map from
a modular curve X to a genus 1 curve C, where C' = X/, for some involution ¢ of X, it might be
the case that C' does not have a rational point, which would mean that it is not an elliptic curve
over Q. To determine this, we check local solubility. If no rational point exists, then the map
X — X/(1) — Jac(X/(¢)) has degree greater than two. Note that Jac(X/(t)) — the Jacobian of X /¢
— is an elliptic curve appearing in the Jacobian decomposition of X. If an elliptic curve E appears n
number of times in the Jacobian decomposition of X, then we find n pointless genus 1 curves that
come from n different involutions whose Jacobians are isogenous to E. In all our cases n is either
one or two.

Example 25. The non-hyperelliptic modular curve of level 32 with LMFDB label 32.96.5.f.1
corresponding to subgroup H of GlL(Z/327Z) generated by the matrices [7 5] , {29 24}, and

4 7018 7
[2929

4 5] has a finite number of quadratic points. In particular, we show that it is not positive rank


https://beta.lmfdb.org/ModularCurve/Q/16.96.5.dy.1/
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Not%20positive%20rank/16-96-5-dy-1.m
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.ec.1/
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Not%20positive%20rank/16-96-5-ec-1.m
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Not%20positive%20rank/16-192-5-bs-1.m
https://beta.lmfdb.org/ModularCurve/Q/32.96.5.f.1/
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bielliptic. A canonical model for Xy is given in P* by the zero locus of the following polynomials:

212 + wt,
2yz — w2,
2y? + 3222 4 2.
We determine the automorphism group of this curve over Q with MAGMA and identify any involutions.
We then find that there are three genus one quotients by involutions, call them Ci, Co, and Cj.
Consequently, X is bielliptic (but not necessarily positive rank bielliptic). There is exactly one
rank one elliptic curve factor in the Jacobian decomposition of Xz, and it has the model over Q
given by E : y> = 23 — 2z. This means there is some map from Xp to a rank one elliptic curve
(namely E); it remains to be shown that this map cannot be degree two. The models for each of
the quotients are complicated — 20 equations in P7. Over Fy, C; and Cy have a different number
of points than F, and so we do not have to consider them, since this implies that their Jacobians
could not be isogenous to E. The model for Cs is given in P by the zero locus of the following 20
quadrics:
Q1 = 204827 + 1623 + 58,
Q2 = 5122179 + 578,
Q3 = 162124 — 422 — 22
Qa4 = dr1x5 — da307 — T4T8,
Qs = 512z1x6 + w577,
Q6 = w375 + 1282127,
Q7 = w475 + 12871 78,
Qs = 128x3 + 51222 + x58,
Qo = 4rax3 — w778,
Q10 = daomy — a3,
Q11 = 1275 — 1478,
Q12 = 1277 — T6Ts,
Q13 = zax5 + 128x6x7 + 322228,
Q14 = 4x314 — T577,
Q15 = dasze — 27,
Q16 = —T576 + T378,
Q17 = 4] — wsas,
Q18 = 4wy — T7T8,
Q19 = —T526 + T477,
Qo0 = 22 + 12822 + 3222
C3 has the same number of points as E over [, for primes up to 10000, but MAGMA cannot find
a rational point (and therefore cannot directly compute the rank of C5 as an elliptic curve). To
overcome this, we build a simpler model, which we do by intersecting Cs with all hyperplanes with
coefficients in {—1,0, 1}, and this produces a degree two divisor. This allows us to construct a map
from C into the weighted projective space P(2,1,1), which gives us a model for C3 of the form
y? = —(655362* + 128). We find that this fails local solubility, and hence C3 has no rational points.

Using MAGMA, we find that Jacobian of this curve is y? = 422 — 8388608z, which is isogenous to E.
Since C'3 has no rational points, the map to its Jacobian has degree higher than 1, which means that
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it is impossible to have a degree two map to a rank one elliptic curve. As X is not hyperelliptic, it
must have a finite number of points. The MAGMA file verifying this can be found here 32-96-5-f-1.m.

Remark 26. In this case, we were somewhat lucky in that reducing by a single prime allowed us to
dismiss two of the three quotient curves. In other similar cases, we need to use different primes for
different quotient curves. See, for instance, 16-96-5-1-1.m or 32-96-5-bf-1.m.


https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Not%20positive%20rank/32-96-5-f-1.m
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Not%20positive%20rank/16-96-5-l-1.m
https://github.com/mjcerchia/two-adic-galois-images-quadratic/blob/main/Not%20positive%20rank/32-96-5-bf-1.m
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8. APPENDIX: SUMMARY OF CASES

Table 3: LMFDB labels of genus 0 prime power level modular

curves.
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https://beta.lmfdb.org/ModularCurve/Q/2.2.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/2.3.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/2.6.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/3.3.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/3.4.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/3.6.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/3.6.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/3.12.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/4.2.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/4.4.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/4.6.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/4.6.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/4.6.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/4.6.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/4.6.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/4.8.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/4.8.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/4.12.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/4.12.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/4.12.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/4.12.0.f.1/
https://beta.lmfdb.org/ModularCurve/Q/4.24.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/4.12.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/4.12.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/4.24.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/4.24.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/5.5.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/5.6.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/5.10.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/5.12.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/5.20.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/5.20.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/5.30.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/5.30.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/5.12.0.a.2/
https://beta.lmfdb.org/ModularCurve/Q/5.15.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/5.60.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/5.60.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/7.8.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/7.21.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/7.24.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/7.24.0.a.2/
https://beta.lmfdb.org/ModularCurve/Q/8.2.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.2.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/8.6.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.6.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/7.24.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/7.28.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.6.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/8.6.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/8.6.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/8.6.0.f.1/
https://beta.lmfdb.org/ModularCurve/Q/8.8.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.8.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.f.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.g.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.h.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.i.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.j.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.k.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.l.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.o.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.p.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.q.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.r.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.m.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.n.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.s.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.t.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.u.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.v.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.w.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.x.1/
https://beta.lmfdb.org/ModularCurve/Q/8.16.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.ba.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.y.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.0.z.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.ba.2/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bb.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bb.2/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bc.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bd.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.be.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bh.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bi.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bj.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bk.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bf.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bg.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bk.2/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bl.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bl.2/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bm.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bn.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bo.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.br.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bs.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bt.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bp.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.bq.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.d.2/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.e.2/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.f.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.g.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.j.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.k.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.l.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.m.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.h.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.i.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.n.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.o.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.p.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.q.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.r.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.s.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.v.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.w.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.x.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.y.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.t.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.u.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.0.z.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.b.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.f.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.g.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.h.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.h.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.e.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.i.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.j.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.j.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.k.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.k.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.l.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.m.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.n.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.n.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.o.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.l.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.m.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.p.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.q.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.0.q.2/
https://beta.lmfdb.org/ModularCurve/Q/9.9.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/9.12.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/9.12.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/9.18.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/9.18.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/9.27.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/9.27.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/9.18.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/9.18.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.0.d.2/
https://beta.lmfdb.org/ModularCurve/Q/9.36.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.0.g.1/
https://beta.lmfdb.org/ModularCurve/Q/13.14.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/13.28.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/13.28.0.a.2/
https://beta.lmfdb.org/ModularCurve/Q/9.36.0.f.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.0.f.2/
https://beta.lmfdb.org/ModularCurve/Q/13.42.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/13.42.0.a.2/
https://beta.lmfdb.org/ModularCurve/Q/13.42.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.16.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.16.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.e.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.f.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.f.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.g.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.h.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.i.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.j.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.k.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.l.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.m.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.m.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.k.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.l.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.n.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.o.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.o.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.p.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.0.p.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.ba.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.bb.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.bb.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.ba.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.c.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.d.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.f.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.g.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.i.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.j.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.k.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.l.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.h.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.h.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.l.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.m.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.m.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.o.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.p.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.s.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.t.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.t.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.u.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.q.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.r.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.u.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.v.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.v.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.w.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.w.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.x.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.y.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.z.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.z.2/
https://beta.lmfdb.org/ModularCurve/Q/25.30.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.x.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.0.y.1/
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25.60.0.a.1 25.60.0.a.2 27.36.0.a.1 32.32.0.a.1 32.32.0.b.1 32.48.0.a.1
32.48.0.4.1 32.48.0.e.1 32.48.0.e.2 32.48.0.f.1 32.48.0.b.1 32.48.0.c.1
32.48.0.f.2
Table 4: LMFDB labels of genus 1 prime power level modular
curves that have infinitely many quadratic points.

7.42.1.b.1 7.56.1.a.1 7.56.1.b.1 7.84.1.a.1 8.12.1.a.1 8.12.1.b.1
8.12.1.c.1 8.12.1.4.1 8.24.1.a.1 8.24.1.b.1 8.24.1.ba.1 8.24.1.bb.1
8.24.1.bd.1 8.24.1.be.1 8.24.1.pf.1 8.24.1.c.1 8.24.1.4.1 8.24.1.f.1
8.24.1.1.1 8.24.1.m.1 8.24.1.n.1 8.24.1.0.1 8.24.1.r.1 8.24.1.s.1
8.24.1.¢t.1 8.24.1.u.1 8.24.1.w.1 8.24.1.x.1 8.24.1.y.1 8.48.1.bb.1
8.48.1.bc.1 8.48.1.bn.1 8.48.1.bp.1 8.48.1.bs.1 8.48.1.bv.1 8.48.1.c.1
8.48.1.g.1 8.48.1.g.2 8.48.1.h.1 8.48.1.h.2 8.48.1.1.1 8.48.1.1i.2
8.48.1.k.1 8.48.1.k.2 8.48.1.m.1 8.48.1.m.2 8.48.1.n.1 8.48.1.p.1
8.48.1.t.1 8.96.1.d.1 8.96.1.e.2 8.96.1.£.2 8.96.1.g.1 8.96.1.g.2
8.96.1.j.1 8.96.1.1.1 8.96.1.m.1 9.12.1.a.1 9.36.1.a.1 9.36.1.b.1
9.36.1.b.2 9.36.1.c.1 9.54.1.a.1 9.108.1.a.1 9.108.1.a.2 9.108.1.b.1
11.12.1.a.1 11.55.1.a.1 11.55.1.b.1 11.60.1.a.1 11.60.1.a.2 11.60.1.b.1
11.60.1.b.2 11.60.1.c.1 16.24.1.a.1 16.24.1.b.1 16.24.1.c.1 16.24.1.4.1
16.24.1.e.1 16.24.1.e.2 16.24.1.f.1 16.24.1.£.2 16.24.1.g.1 16.24.1.g.2
16.24.1.h.1 16.24.1.h.2 16.24.1.1i.1 16.24.1.3j.1 16.24.1.k.1 16.24.1.1.1
16.24.1.m.1 16.24.1.m.2 16.24.1.n.1 16.24.1.n.2 16.48.1.a.1 16.48.1.a.2
16.48.1.b.1 16.48.1.b.2 16.48.1.ba.1 | 16.48.1.bd.1 | 16.48.1.bf.1 | 16.48.1.bg.1
16.48.1.b1.1 | 16.48.1.bm.1 | 16.48.1.bn.1 | 16.48.1.bo.1 | 16.48.1.bp.1 | 16.48.1.bq.1
16.48.1.br.1 | 16.48.1.bs.1 | 16.48.1.bt.1 | 16.48.1.bu.1 | 16.48.1.bv.1 | 16.48.1.ca.1
16.48.1.cc.1 | 16.48.1.cd.1 | 16.48.1.cf.1 | 16.48.1.cg.1 | 16.48.1.ch.1 | 16.48.1.cj.1
16.48.1.cj.2 | 16.48.1.c1.1 | 16.48.1.c1.2 |16.48.1.cn.1 | 16.48.1.co.1 | 16.48.1.cp.1
16.48.1.cr.1 | 16.48.1.cs.1 | 16.48.1.ct.1 | 16.48.1.cv.1 | 16.48.1.cv.2 | 16.48.1.cx.1
16.48.1.cx.2 | 16.48.1.4.1 16.48.1.db.1 | 16.48.1.dc.1 | 16.48.1.de.1 | 16.48.1.df.1
16.48.1.g.1 16.48.1.h.1 16.48.1.1i.1 16.48.1.k.1 16.48.1.p.1 16.48.1.q.1
16.48.1.q9.2 16.48.1.r.1 16.48.1.r.2 16.48.1.t.1 16.48.1.t.2 16.48.1.u.1
16.48.1.u.2 16.48.1.v.1 16.48.1.v.2 16.48.1.x.1 16.48.1.x.2 16.48.1.y.1
16.96.1.b.1 16.96.1.b.2 16.96.1.c.2 16.96.1.e.2 16.96.1.f.1 16.96.1.f.2
16.96.1.g.1 16.96.1.1.2 16.96.1.m.1 16.96.1.m.2 16.96.1.q.1 17.18.1.a.1
17.36.1.a.1 17.36.1.a.2 17.72.1.a.1 17.72.1.a.2 17.72.1.b.1 17.72.1.b.2
19.20.1.a.1 19.60.1.a.1 19.60.1.a.2 19.60.1.b.1 27.36.1.a.1 27.36.1.b.1
27.108.1.a.1 | 27.108.1.a.2 | 32.48.1.a.1 32.48.1.a.2 32.48.1.b.1 32.48.1.b.2
32.96.1.a.1 32.96.1.a.2 32.96.1.b.1 32.96.1.4.1 32.96.1.4.2 32.96.1.e.1
32.96.1.f.1 32.96.1.£.2 32.96.1.h.1 49.56.1.a.1 27.108.1.b.1 | 7.42.1.a.1
8.24.1.bc.1 8.24.1.e.1 8.24.1.g.1 8.24.1.h.1 8.24.1.i.1 8.24.1.j.1
8.24.1.k.1 8.24.1.p.1 8.24.1.q9.1 8.24.1.v.1 8.24.1.z.1 8.32.1.a.1
8.32.1.b.1 8.32.1.c.1 8.32.1.4.1 8.48.1.a.1 8.48.1.b.1 8.48.1.ba.1
8.48.1.bd.1 8.48.1.be.1 8.48.1.bf.1 8.48.1.bg.1 8.48.1.bh.1 8.48.1.bh.2
8.48.1.bj.1 8.48.1.bk.1 8.48.1.b1.1 8.48.1.bm.1 8.48.1.bo.1 8.48.1.bq.1
8.48.1.br.1 32.96.1.g.2 32.96.1.h.2 32.96.1.g.1 8.48.1.bt.1 8.48.1.bu.1



https://beta.lmfdb.org/ModularCurve/Q/25.60.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/25.60.0.a.2/
https://beta.lmfdb.org/ModularCurve/Q/27.36.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.32.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.32.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.0.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.0.d.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.0.e.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.0.e.2/
https://beta.lmfdb.org/ModularCurve/Q/32.48.0.f.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.0.b.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.0.c.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.0.f.2/
https://beta.lmfdb.org/ModularCurve/Q/7.42.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/7.56.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/7.56.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/7.84.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.1.c.1/
https://beta.lmfdb.org/ModularCurve/Q/8.12.1.d.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.ba.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.bb.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.bd.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.be.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.bf.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.c.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.d.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.f.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.l.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.m.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.n.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.o.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.r.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.s.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.t.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.u.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.w.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.x.1/
https://beta.lmfdb.org/ModularCurve/Q/8.24.1.y.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bb.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bc.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bn.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bp.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bs.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bv.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.c.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.g.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.g.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.h.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.h.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.i.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.i.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.k.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.k.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.m.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.m.2/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.n.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.p.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.1.t.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.d.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.e.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.f.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.g.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.g.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.j.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.l.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.m.1/
https://beta.lmfdb.org/ModularCurve/Q/9.12.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.1.b.1/
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https://beta.lmfdb.org/ModularCurve/Q/16.96.1.f.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.g.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.l.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.m.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.m.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.q.1/
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https://beta.lmfdb.org/ModularCurve/Q/17.36.1.a.2/
https://beta.lmfdb.org/ModularCurve/Q/17.72.1.a.1/
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https://beta.lmfdb.org/ModularCurve/Q/19.60.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/19.60.1.a.2/
https://beta.lmfdb.org/ModularCurve/Q/19.60.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/27.36.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/27.36.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/27.108.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/27.108.1.a.2/
https://beta.lmfdb.org/ModularCurve/Q/32.48.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.1.a.2/
https://beta.lmfdb.org/ModularCurve/Q/32.48.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.1.b.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.a.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.d.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.d.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.e.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.f.1/
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https://beta.lmfdb.org/ModularCurve/Q/8.48.1.bk.1/
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8.48.1.4.1 8.48.1.e.1 8.48.1.e.2 8.48.1.f.1 8.48.1.j.1 8.48.1.1.1
8.48.1.0.1 8.48.1.q9.1 8.48.1.r.1 8.48.1.s.1 8.48.1.s8.2 8.48.1.u.1
8.48.1.v.1 8.48.1.w.1 8.48.1.x.1 8.48.1.y.1 8.48.1.z.1 8.96.1.a.1
8.96.1.a.2 8.96.1.b.1 8.96.1.b.2 8.96.1.c.1 8.96.1.c.2 8.96.1.e.1
32.96.1.e.2 32.96.1.c.2 32.96.1.c.1 32.96.1.b.2 8.96.1.f.1 8.96.1.h.1
8.96.1.h.2 8.96.1.i.1 8.96.1.1.2 8.96.1.j.2 8.96.1.k.1 8.96.1.1.2
8.96.1.n.1 16.96.1.q.2 16.96.1.r.1 16.96.1.r.2 16.96.1.s.1 16.96.1.s.2
16.48.1.bb.1 | 16.48.1.bc.1 | 16.48.1.be.1 | 16.48.1.bh.1 | 16.48.1.bi.1 | 16.48.1.bj.1
16.48.1.bk.1 | 16.48.1.bw.1 | 16.48.1.bx.1 | 16.48.1.by.1 | 16.48.1.bz.1 | 16.48.1.c.1
16.48.1.cb.1 | 16.48.1.ce.1 | 16.48.1.ci.1 | 16.48.1.ci.2 |16.48.1.ck.1 | 16.48.1.ck.2
16.48.1.cm.1 | 16.48.1.cq.1 | 16.48.1.cu.1 | 16.48.1.cu.2 | 16.48.1.cw.1 | 16.48.1.cw.2
16.48.1.cy.1 |16.48.1.cz.1 | 16.48.1.da.1 | 16.48.1.dd.1 | 16.48.1.e.1 16.48.1.f.1
16.48.1.j.1 16.48.1.m.1 16.48.1.n.1 16.48.1.0.1 16.48.1.s.1 16.48.1.s.2
16.48.1.w.1 16.48.1.w.2 16.48.1.z.1 16.96.1.a.1 16.96.1.a.2 16.96.1.c.1
16.96.1.4d.1 16.96.1.4.2 16.96.1.e.1 16.96.1.g.2 16.96.1.h.1 16.96.1.h.2
16.96.1.1.1 16.96.1.1i.2 16.96.1.3j.1 16.96.1.j.2 16.96.1.1.1 16.96.1.n.1
16.96.1.n.2 16.96.1.0.1 16.96.1.0.2 16.96.1.p.1 16.96.1.p.2 9.81.1.a.1
16.96.1.t.1 16.64.1.a.1 16.64.1.b.1 16.96.1.k.1 16.48.1.1.1

Table 5: LMFDB labels of hyperelliptic prime power level

modular curves.
8.48.2.a.1 16.48.2.a.1 16.48.2.b.1 16.48.2.e.1 16.48.2.f.1 16.48.2.1.1
16.48.2.1.2 16.48.2.m.1 16.48.2.m.2 16.48.2.ba.1 | 16.48.2.bb.1 | 16.48.2.bc.1
16.48.2.bd.1 | 16.48.2.be.1 | 16.48.2.bf.1 | 16.48.2.bg.1 | 16.48.2.bh.1 | 16.48.2.bi.1
16.48.2.bj.1 | 16.48.2.bk.1 | 16.48.2.b1.1 | 16.48.2.bm.1 | 16.48.2.bn.1 | 16.48.2.y.1
16.48.2.z.1 9.36.2.a.1 9.54.2.a.1 9.54.2.b.1 11.66.2.a.1 13.84.2.a.1
13.84.2.a.2 13.84.2.b.1 13.84.2.b.2 13.84.2.c.1 13.84.2.c.2 16.24.2.a.1
16.24.2.a.2 16.24.2.b.1 16.24.2.b.2 16.24.2.c.1 16.24.2.4.1 16.24.2.e.1
16.24.2.f.1 16.48.2.c.1 16.48.2.c.2 16.48.2.4.1 16.48.2.4.2 16.48.2.g.1
16.48.2.g.2 16.48.2.h.1 16.48.2.i.1 16.48.2.j.1 16.48.2.k.1 16.48.2.n.1
16.48.2.0.1 16.48.2.p.1 16.48.2.bo.1 | 16.48.2.bp.1 | 16.48.2.bq.1 | 16.48.2.br.1
16.48.2.bs.1 | 16.48.2.bt.1 | 16.48.2.bu.1 | 16.48.2.bv.1 | 16.48.2.q9.1 16.48.2.r.1
16.48.2.s.1 16.48.2.t.1 16.48.2.u.1 16.48.2.v.1 16.48.2.w.1 16.48.2.x.1
16.48.2.bw.1 | 16.48.2.bx.1 | 16.64.2.a.1 16.96.2.a.1 16.96.2.b.1 16.96.2.c.1
16.96.2.4d.1 32.96.2.g.1 32.96.2.h.1 16.96.2.1i.1 16.96.2.1i.2 16.96.2.j.1
16.96.2.3.2 16.96.2.k.1 16.96.2.k.2 16.96.2.1.1 16.96.2.1.2 16.96.2.e.1
16.96.2.e.2 16.96.2.f.1 16.96.2.f.2 16.96.2.g.1 16.96.2.g.2 16.96.2.h.1
16.96.2.h.2 23.24.2.a.1 25.50.2.a.1 25.75.2.a.1 27.36.2.a.1 27.36.2.b.1
29.30.2.a.1 31.32.2.a.1 32.48.2.a.1 32.48.2.a.2 32.48.2.b.1 32.48.2.b.2
32.96.2.a.1 32.96.2.b.1 32.96.2.c.1 32.96.2.4.1 32.96.2.e.1 32.96.2.f.1
32.96.2.1.1 32.96.2.1.2 32.96.2.j.1 32.96.2.j.2 32.96.2.k.1 32.96.2.k.2
32.96.2.1.1 32.96.2.1.2 37.38.2.a.1 8.96.3.f.1 8.96.3.f.2 8.96.3.h.1
8.96.3.h.2 8.96.3.i.1 8.96.3.j.1 16.96.3.b.1 16.96.3.bg.1 | 16.96.3.bh.1
16.96.3.bj.1 | 16.96.3.bk.1 | 16.96.3.bgq.1 | 16.96.3.bs.1 | 16.96.3.bt.1 | 16.96.3.bv.1
16.96.3.c.1 16.96.3.cm.1 | 16.96.3.cm.2 | 16.96.3.cr.1 | 16.96.3.cr.2 | 16.96.3.cx.1
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https://beta.lmfdb.org/ModularCurve/Q/8.96.1.e.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.e.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.c.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.c.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.1.b.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.f.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.h.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.h.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.i.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.i.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.j.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.k.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.l.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.1.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.q.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.r.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.r.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.s.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.s.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bb.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.be.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bh.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bi.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bj.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bk.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bw.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.by.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bz.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.c.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cb.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.ce.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.ci.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.ci.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.ck.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.ck.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cm.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cq.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cu.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cu.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cw.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cw.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cy.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cz.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.da.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.dd.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.e.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.f.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.j.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.m.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.o.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.s.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.s.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.w.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.w.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.z.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.a.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.c.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.d.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.d.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.e.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.g.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.h.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.h.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.i.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.i.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.j.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.j.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.l.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.n.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.o.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.o.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.p.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.p.2/
https://beta.lmfdb.org/ModularCurve/Q/9.81.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.t.1/
https://beta.lmfdb.org/ModularCurve/Q/16.64.1.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.64.1.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.1.k.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.l.1/
https://beta.lmfdb.org/ModularCurve/Q/8.48.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.e.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.f.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.l.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.l.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.m.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.m.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.ba.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bb.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bd.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.be.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bf.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bg.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bh.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bi.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bj.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bk.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bl.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bm.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bn.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.y.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.z.1/
https://beta.lmfdb.org/ModularCurve/Q/9.36.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/9.54.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/9.54.2.b.1/
https://beta.lmfdb.org/ModularCurve/Q/11.66.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/13.84.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/13.84.2.a.2/
https://beta.lmfdb.org/ModularCurve/Q/13.84.2.b.1/
https://beta.lmfdb.org/ModularCurve/Q/13.84.2.b.2/
https://beta.lmfdb.org/ModularCurve/Q/13.84.2.c.1/
https://beta.lmfdb.org/ModularCurve/Q/13.84.2.c.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.2.a.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.2.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.2.b.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.2.c.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.2.d.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.2.e.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.2.f.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.c.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.c.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.d.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.d.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.g.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.g.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.h.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.i.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.j.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.k.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.o.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.p.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bo.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bp.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bq.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.br.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bs.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bt.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bu.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bv.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.q.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.r.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.s.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.t.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.u.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.v.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.w.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.x.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bw.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.2.bx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.64.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.c.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.d.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.g.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.h.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.i.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.i.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.j.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.j.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.k.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.k.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.l.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.l.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.e.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.e.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.f.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.f.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.g.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.g.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.h.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.2.h.2/
https://beta.lmfdb.org/ModularCurve/Q/23.24.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/25.50.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/25.75.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/27.36.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/27.36.2.b.1/
https://beta.lmfdb.org/ModularCurve/Q/29.30.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/31.32.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.2.a.2/
https://beta.lmfdb.org/ModularCurve/Q/32.48.2.b.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.2.b.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.b.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.c.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.d.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.e.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.f.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.i.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.i.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.j.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.j.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.k.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.k.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.l.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.2.l.2/
https://beta.lmfdb.org/ModularCurve/Q/37.38.2.a.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.3.f.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.3.f.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.3.h.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.3.h.2/
https://beta.lmfdb.org/ModularCurve/Q/8.96.3.i.1/
https://beta.lmfdb.org/ModularCurve/Q/8.96.3.j.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bg.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bh.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bj.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bk.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bq.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bs.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bt.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bv.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.c.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cm.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cm.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cr.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cr.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cx.1/
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16.96.3.da.1 | 16.96.3.df.1 | 16.96.3.df.2 | 16.96.3.dh.1 | 16.96.3.dh.2 | 16.96.3.di.1
16.96.3.dk.1 | 16.96.3.h.1 16.96.3.1i.1 16.48.3.a.1 16.48.3.a.2 16.48.3.bc.1
16.48.3.bc.2 | 16.48.3.bf.1 | 16.48.3.bf.2 | 16.48.3.e.1 16.48.3.e.2 16.48.3.i.1
16.48.3.1.2 16.48.3.m.1 16.48.3.m.2 16.48.3.t.1 16.48.3.t.2 16.48.3.w.1
16.48.3.w.2 16.48.3.bm.1 | 16.48.3.bn.1 | 16.48.3.bo.1 | 16.48.3.bq.1 | 16.48.3.br.1
16.48.3.bs.1 | 16.48.3.bx.1 | 16.48.3.bz.1 | 16.48.3.ca.1 | 16.48.3.cb.1 | 16.48.3.cd.1
16.48.3.ce.1 | 16.48.3.ba.1 | 16.48.3.bb.1 | 16.48.3.c.1 16.48.3.c.2 16.48.3.f.1
16.48.3.f.2 16.48.3.h.1 16.48.3.k.1 16.48.3.0.1 16.48.3.q.1 16.48.3.r.1
16.48.3.u.1 16.48.3.y.1 16.48.3.cf.1 | 16.48.3.cg.1 | 16.48.3.bi.1 | 16.48.3.bi.2
16.48.3.bk.1 | 16.48.3.bk.2 | 16.48.3.bu.1 | 16.48.3.bu.2 | 16.48.3.bw.1 | 16.48.3.bw.2
16.96.3.a.1 16.96.3.a.2 16.96.3.bm.1 [ 16.96.3.bn.1 | 16.96.3.bw.1 | 16.96.3.bx.1
16.96.3.ca.1 | 16.96.3.cb.1 | 16.96.3.ce.1 | 16.96.3.cf.1 | 16.96.3.ci.1 | 16.96.3.cj.1
16.96.3.ck.1 | 16.96.3.c1l.1 | 16.96.3.dp.1 | 16.96.3.dq.1 | 16.96.3.dt.1 | 16.96.3.du.1
16.96.3.dx.1 | 16.96.3.dy.1 | 16.96.3.e.1 16.96.3.e.2 16.96.3.p.1 16.96.3.p.2
16.96.3.r.1 16.96.3.r.2 16.96.3.t.1 16.96.3.t.2 16.96.3.y.1 16.96.3.y.2
16.96.3.ba.1 | 16.96.3.ba.2 | 16.96.3.cc.1 | 16.96.3.cg.1 | 16.96.3.cp.1 | 16.96.3.cp.2
16.96.3.cs.1 | 16.96.3.cs.2 | 16.96.3.dr.1 | 16.96.3.dv.1 | 16.96.3.v.1 16.96.3.v.2
16.96.3.w.1 16.96.3.w.2 16.96.3.z.1 16.96.3.z.2 16.96.3.ey.1 | 16.96.3.ey.2
16.96.3.fa.1 | 16.96.3.fa.2 | 32.48.3.e.1 32.48.3.e.2 32.48.3.f.1 32.48.3.f.2
32.48.3.c.1 32.48.3.c.2 32.48.3.4d.1 32.48.3.d.2 32.96.3.b.1 32.96.3.b.2
32.96.3.c.1 32.96.3.c.2 32.96.3.f.1 32.96.3.f.2 32.96.3.h.1 32.96.3.h.2
32.96.3.1.1 32.96.3.1.2 32.96.3.1.1 32.96.3.1.2 32.96.3.n.1 32.96.3.n.2
32.96.3.q9.1 32.96.3.q9.2 32.96.3.r.1 32.96.3.r.2 32.96.3.s.1 32.96.3.5.2
32.96.3.u.1 32.96.3.u.2 32.96.3.v.1 32.96.3.v.2 32.96.3.w.1 32.96.3.w.2
32.96.3.y.1 32.96.3.y.2 41.42.3.a.1 64.96.3.c.1 64.96.3.c.2 64.96.3.4.1
64.96.3.d.2 47.48.4.a.1 59.60.5.a.1 71.72.6.a.1 32.96.7.a.1 32.96.7.g.1
32.96.7.r.1 32.96.7.s.1 64.96.7.g.1 64.96.7.g.2 64.96.7.h.1 64.96.7.h.2
Table 6: Modular curves which map to a positive rank elliptic
curve in LMFDB database.
LMFDB label LMFDB label of pF)sitive rank LMFDB label LMFDB label of pf)sitive rank
elliptic curve that it maps to elliptic curve that it maps to
of curve of curve
16.48.3.b.1 16.24.1.n.1 16.48.3.bd.2 | 16.24.1.n.1
16.48.3.b.2 16.24.1.n.2 16.96.5.bd.2 | 16.48.1.cx.2
16.48.3.bd.1 | 16.24.1.n.2 16.96.5.bd.3 | 16.48.1.cx.1
16.48.3.bg.1 | 16.24.1.n.1 16.96.5.ca.1 | 16.48.1.cx.1
16.48.3.n.1 16.24.1.n.1 16.96.5.ca.2 | 16.48.1.cx.2
16.96.3.ep.1 | 16.48.1.b1.1 16.96.5.x.2 16.48.1.ct.1
16.96.3.es.1 | 16.48.1.bn.1 16.96.5.i.1 16.48.1.df .1
16.96.3.et.1 | 16.48.1.cs.1 16.96.5.ce.1 | 16.48.1.cx.2
16.96.3.eu.1 | 16.48.1.bn.1 16.96.5.ce.2 | 16.48.1.cx.1
16.96.3.ev.1 | 16.48.1.b1.1 16.96.5.1.2 16.48.1.cr.1
16.96.3.ew.1 | 16.48.1.cs.1 16.96.5.4.2 16.48.1.cs.1
16.96.5.4.1 16.48.1.dc.1 16.96.5.w.1 16.48.1.cx.1
16.96.3.fd.1 | 16.48.1.bv.1 16.96.5.w.2 16.48.1.cx.2



https://beta.lmfdb.org/ModularCurve/Q/16.96.3.da.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.df.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.df.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dh.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dh.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.di.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dk.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.h.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.i.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.a.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bc.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bf.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bf.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.e.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.e.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.i.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.i.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.m.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.m.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.t.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.t.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.w.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.w.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bm.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bn.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bo.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bq.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.br.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bs.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bz.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.ca.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.cb.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.cd.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.ce.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.ba.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bb.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.c.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.c.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.f.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.f.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.h.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.k.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.o.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.q.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.r.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.u.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.y.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.cf.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.cg.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bi.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bi.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bk.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bk.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bu.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bu.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bw.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bw.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.a.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.a.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bm.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bn.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bw.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.bx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ca.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cb.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ce.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cf.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ci.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cj.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ck.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cl.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dp.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dq.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dt.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.du.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dy.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.e.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.e.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.p.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.p.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.r.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.r.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.t.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.t.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.y.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.y.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ba.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ba.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cg.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cp.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cp.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cs.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.cs.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dr.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.dv.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.v.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.v.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.w.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.w.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.z.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.z.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ey.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ey.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.fa.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.fa.2/
https://beta.lmfdb.org/ModularCurve/Q/32.48.3.e.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.3.e.2/
https://beta.lmfdb.org/ModularCurve/Q/32.48.3.f.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.3.f.2/
https://beta.lmfdb.org/ModularCurve/Q/32.48.3.c.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.3.c.2/
https://beta.lmfdb.org/ModularCurve/Q/32.48.3.d.1/
https://beta.lmfdb.org/ModularCurve/Q/32.48.3.d.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.b.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.b.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.c.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.c.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.f.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.f.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.h.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.h.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.i.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.i.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.l.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.l.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.n.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.n.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.q.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.q.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.r.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.r.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.s.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.s.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.u.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.u.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.v.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.v.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.w.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.w.2/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.y.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.3.y.2/
https://beta.lmfdb.org/ModularCurve/Q/41.42.3.a.1/
https://beta.lmfdb.org/ModularCurve/Q/64.96.3.c.1/
https://beta.lmfdb.org/ModularCurve/Q/64.96.3.c.2/
https://beta.lmfdb.org/ModularCurve/Q/64.96.3.d.1/
https://beta.lmfdb.org/ModularCurve/Q/64.96.3.d.2/
https://beta.lmfdb.org/ModularCurve/Q/47.48.4.a.1/
https://beta.lmfdb.org/ModularCurve/Q/59.60.5.a.1/
https://beta.lmfdb.org/ModularCurve/Q/71.72.6.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.7.a.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.7.g.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.7.r.1/
https://beta.lmfdb.org/ModularCurve/Q/32.96.7.s.1/
https://beta.lmfdb.org/ModularCurve/Q/64.96.7.g.1/
https://beta.lmfdb.org/ModularCurve/Q/64.96.7.g.2/
https://beta.lmfdb.org/ModularCurve/Q/64.96.7.h.1/
https://beta.lmfdb.org/ModularCurve/Q/64.96.7.h.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.b.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.1.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bd.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.1.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.b.2/
https://beta.lmfdb.org/ModularCurve/Q/16.24.1.n.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.bd.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cx.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bd.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.1.n.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.bd.3/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.bg.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.1.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.ca.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.3.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.24.1.n.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.ca.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cx.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ep.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bl.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.x.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.ct.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.es.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bn.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.i.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.df.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.et.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cs.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.ce.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cx.2/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.eu.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bn.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.ce.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ev.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bl.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.i.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cr.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.ew.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cs.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.d.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cs.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.d.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.dc.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.w.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cx.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.3.fd.1/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.bv.1/
https://beta.lmfdb.org/ModularCurve/Q/16.96.5.w.2/
https://beta.lmfdb.org/ModularCurve/Q/16.48.1.cx.2/
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Continuation of Table 6

LMEFDB label of positive rank

LMFDB label of positive rank

LMFDB label elliptic curve that it maps to LMFDB label elliptic curve that it maps to
of curve of curve

16.96.3.ff.1 | 16.48.1.bv.1 16.96.5.da.1 | 16.48.1.bn.1
16.96.3.fg.1 | 16.48.1.dc.1 16.96.5.db.1 | 16.48.1.p1.1
16.96.3.fh.1 | 16.48.1.dc.1 16.96.5.dd.1 | 16.48.1.p1.1
16.96.3.fi.1 | 16.48.1.dc.1 16.96.5.dg.1 | 16.48.1.bn.1
16.96.3.eh.1 | 16.48.1.de.1 16.96.5.dh.1 | 16.48.1.bv.1
16.96.3.ei.1 | 16.48.1.df.1 16.96.5.cq.1 | 16.48.1.dc.1
16.96.3.ej.1 | 16.48.1.de.1 16.96.5.cp.1 | 16.48.1.de.1
16.96.3.ek.1 | 16.48.1.4df .1 16.96.5.dn.1 | 16.48.1.bv.1
16.96.3.fk.1 | 16.48.1.cf.1 16.96.5.dq.1 | 16.48.1.cf.1
16.96.3.f1.1 | 16.48.1.cg.1 16.96.5.dr.1 | 16.48.1.cg.1
16.96.3.fm.1 | 16.48.1.ch.1 16.96.5.ds.1 | 16.48.1.ch.1
16.96.3.fn.1 | 16.48.1.de.1 16.96.4.k.1 16.48.1.ca.1
16.96.3.fo.1 | 16.48.1.cf.1 16.96.5.du.1 | 16.48.1.cf.1
16.96.3.fp.1 | 16.48.1.cg.1 16.96.5.dv.1 | 16.48.1.cg.1
16.96.3.fq.1 | 16.48.1.ch.1 16.96.5.dw.1 | 16.48.1.ch.1
32.96.3.bh.1 | 16.48.1.bl1.1 32.96.5.bm.1 | 16.48.1.bq.1
32.96.3.bi.1 | 16.48.1.bl1.1 32.96.5.bn.1 | 16.48.1.bq.1
32.96.3.bj.1 | 16.48.1.bq.1 32.96.5.bo.1 | 16.48.1.bv.1
32.96.3.bk.1 | 16.48.1.bq.1 32.96.5.bp.1 | 16.48.1.bv.1
32.96.3.pb1.1 | 16.48.1.bv.1 32.96.5.bk.1 | 16.48.1.bl1.1
32.96.3.bm.1 | 16.48.1.bv.1 32.96.5.b1.1 | 16.48.1.b1.1
32.96.3.bx.1 | 16.48.1.cs.1 32.96.5.bt.1 | 16.48.1.cs.1
32.96.3.ca.1 | 16.48.1.dc.1 32.96.5.bu.1 | 16.48.1.cs.1
32.96.3.cb.1 | 16.48.1.de.1 32.96.5.bv.1 | 16.48.1.dc.1
32.96.3.cc.1 | 16.48.1.df.1 32.96.5.by.1 | 16.48.1.dc.1
32.96.3.bn.1 | 16.48.1.cc.1 32.96.5.bw.1 | 16.48.1.de.1
32.96.3.bo.1 | 16.48.1.cc.1 32.96.5.bx.1 | 16.48.1.4df.1
32.96.3.bq.1 | 16.48.1.ch.1 32.96.5.bz.1 | 16.48.1.de.1
32.96.3.bs.1 | 16.48.1.ch.1 32.96.5.ca.1 | 16.48.1.4df.1
32.96.3.bp.1 | 16.48.1.cg.1 32.96.5.bj.1 | 16.48.1.ch.1
32.96.3.br.1 | 16.48.1.cg.1 32.96.5.bs.1 | 16.48.1.ch.1
11.110.4.a.1 | 11.55.1.b.1 32.96.5.bh.1 | 16.48.1.cc.1
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Continuation of Table 6
LMFDB label LMFDB label of pF)sitive rank LMFDB label LMFDB label of pf)sitive rank
elliptic curve that it maps to elliptic curve that it maps to

of curve of curve
16.96.5.bg.1 | 16.48.1.dc.1 16.48.3.j.1 16.24.1.1.1
16.96.5.bh.1 | 16.48.1.cr.1 16.48.3.z.1 16.24.1.1.1
16.96.5.bi.1 | 16.48.1.de.1 16.48.3.bv.1 | 16.24.1.1.1
16.96.5.bj.1 | 16.48.1.ct.1 16.48.3.bv.2 | 16.24.1.1.1
16.96.5.bs.1 | 16.48.1.cr.1 16.96.3.be.1 | 16.48.1.ca.1
16.96.5.bt.1 | 16.48.1.cs.1 16.96.3.ex.1 | 16.48.1.cx.1
16.96.5.bt.2 | 16.48.1.ct.1 16.96.3.bp.1 | 16.48.1.cf.1
16.96.5.bx.1 | 16.48.1.ct.1 16.96.3.dn.1 | 16.48.1.cf.1
16.96.5.by.1 | 16.48.1.cr.1 16.96.3.do.1 | 16.48.1.ca.1
16.96.5.ch.2 | 16.48.1.dc.1 16.96.3.ex.2 | 16.48.1.cx.2
16.96.5.ci.1 | 16.48.1.4df.1 16.96.3.ez.1 | 16.48.1.cx.2
16.96.5.ci.2 | 16.48.1.de.1 16.96.3.ez.2 | 16.48.1.cx.1

Table 7: LMFDB labels of positive rank bielliptic prime power

level modular curves that are not hyperelliptic and not in

Table 6.
16.48.3.x.1 16.96.3.ds.1 16.96.3.dw.1 | 16.96.5.bq.1 | 16.96.5.cf. 16.96.5.ej.1
16.96.5.1.2 16.96.5.s.1 27.108.7.a.1 | 27.108.7.g.1 | 27.36.3.a.1 32.48.3.b.1
32.48.3.b.2 32.96.5.a.1 32.96.5.a.2 32.96.5.be.1 | 32.96.5.be.2 | 32.96.5.c.1
32.96.5.f.2 32.96.5.h.1 32.96.5.1i.1 32.96.5.m.1 32.96.5.n.2 32.96.5.p.1
32.96.5.p.2 37.114.4.a.1 64.96.5.a.1 64.96.5.a.2 64.96.5.d.1 81.108.7.a.1
43.44 .3.a.1 53.54.4.a.1 61.62.4.a.1 79.80.6.a.1 83.84.7.a.1 89.90.7.a.1
101.102.8.a.1| 131.132.11.a.1
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