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We study the conditions required to distinguish laser-induced nonlinear quantum electrodynamics
(QED) effects in vacuum from competing signals due to interactions of laser pulses with ionized
residual gas. The latter is inevitably present in vacuum chambers where experiments are performed

because the vacuum is never perfect and there is always some residual pressure.

The rarefied

gas contribution is modeled statistically using the 1D-1V Vlasov—Maxwell system, while vacuum
nonlinearities are described within the weak-field expansion of the Heisenberg—Euler effective action.
In both cases, photon spectra from wave-mixing processes are evaluated by solving numerically the
resulting partial differential equations using a semi-Lagrangian scheme. We consider short pulses in
co- and counter-propagating configurations, allowing us to identify the laser intensities and vacuum
pressures for which the vacuum signal dominates. These results provide quantitative guidance for
future all-optical experiments aiming to detect light-by-light scattering in vacuum.

I. INTRODUCTION

Wave-mixing processes (WMP) are well-known phe-
nomena in nonlinear optics [I]: the interaction of high
power laser pulses can lead to the generation of new fields
with frequencies that, under phase-matching conditions,
may differ from the frequencies of the incident pulses.
The physical nature of the nonlinearity underlying WMP
depends on the properties of the medium considered. For
example, in non-ionized gases, the nonlinear response is
due to the polarization of bound charges [ 2], while in
plasmas it is caused by currents of free charged particles
3, [4].

At ultra-high intensity, quantum electrodynamics
(QED) predicts that the vacuum can be polarized via the
creation of virtual electron-positron pairs. These pairs
induce an effective dipole moment which in turns modi-
fies the propagation of electromagnetic waves [5H9]. For
laser field strengths below the critical Schwinger value
Es ~ 1.32-10'® V/m, this leads to effects akin to non-
linear phenomena in matter [10], which include WMP
and birefringence as specific examples. Although the lat-
ter phenomena are pure QED effects, their theoretical
description in the perturbative regime has much in com-
mon mathematically with higher-order processes in non-
linear optics. In particular, it is reasonable to associate
the four-wave mixing (FWM) process with an effective
third-order susceptibility [3, 1T}, 12]. Thus, just like clas-
sical nonlinear processes, it is possible that FWM radi-
ation from vacuum has different spectrum, polarization
and propagation direction than incoming laser fields, al-
lowing us to distinguish them. For this reason, FWM
has been proposed theoretically as an all-optical probe
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for QED effects and light-by-light scattering in vacuum
[12-20].

Detecting QED nonlinear effects due to light-to-light
scattering is a very challenging task because the interac-
tion strength is weak, of O(a?) (to lowest order), where
a & 1/137 is the fine structure constant. Therefore, even
with very high field strengths, the number of generated
photons remains limited and hard to detect. Current ad-
vanced laser technologies are able to reach intensities up
to 1022 — 10%* W/cm? [21) 22], which makes it possible,
in principle, to study QED effects in vacuum in the per-
turbative and even in the non-perturbative regime (see
e.g. Refs. [I5 23H25] and review [26]). However, no
experiment has successfully detected light-by-light scat-
tering using direct laser fields so far (in the optical or
near-infrared regimes), although there are some theo-
retical suggestions on how this effect could be observed
[12, 13} 15, 27, 28] (see further Section [[]) and there has
been some experimental attempts [20H34]. Conversely,
the analogous phenomenon of light-by-light scattering
from initial virtual high-energy photons has been ob-
served experimentally in heavy ion collisions, providing
stringent constraints on the cross-section at high frequen-
cies [35], [36). In all cases, the observable signal for QED
effects is weak and could be easily mixed up with compet-
ing processes from the residual gas in the vacuum cham-
ber where the experiment is performed. This background
signal has been assessed for a specific experimental con-
figuration in Ref. [24].

Although vacuum technology has made great strides in
recent years, so that the pressure can be reduced down
to 10712 Torr with standard techniques [37], the quality
of ultra-high vacuum is never perfect because there is al-
ways some residual gas particles. Even with the degree
of rarefaction that can be achieved and the actual inten-
sity of laser pulses, it is possible that different types of
processes causing WMP can be excited simultaneously.
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To study only QED effects, we need to determine un-
der what conditions one can expect the predominance of
WDMP in vacuum over WMP from gas particles. Here, we
employ numerical simulations to answer this question.

This article is organized as follows. Section [[I| provides
general information on our numerical experiments. De-
tailed information on computational models of the WMP
process in vacuum and from residual particles is pre-
sented in Sections [[TI] and [[V] respectively. The corre-
sponding numerical algorithms are described in Appen-
dices [A] and [B] Section [V] presents and compares the re-
sults obtained for gas and vacuum. Section [V concludes
the paper.

II. NUMERICAL EXPERIMENT SETUP

We start with a discussion of the interaction region
geometry and its reasonable simplification for numerical
modeling. Many possible experimental scenarios have
been proposed for studying light-to-light scattering with
laser pulses. Most of them use either the tight focus-
ing of a single beam [38 39], or the crossing of two
[151 16, 25| [40H43] and three [9] 1T}, 17, 19} 30, [44] [45] laser
beams. For example, tight-focusing can be performed us-
ing a parabolic mirror (PM) configuration [38] [39, [46],
where initially co-propagating laser pulses are focused
by reflection into a micrometric focal spot where WMP
can take place. Owing to the PM geometry, the angles
between propagation directions of laser pulses coming
into the focal point can vary from 0 (co-propagation)
to 7 (counter-propagation). Another type of geometry is
when a strong pump pulse and a weaker probe initially
propagate in opposite directions [25] [44]. In this case, the
pulses must be very carefully aligned and synchronized,
while the detector should be placed behind the pump
laser to minimize the signal from pump photons. In all
these cases, the intensity requirements to maximize the
photon signal will make for a small interaction region, on
the order of a few laser wavelengths.

Now we recall that this interaction occurs in a rar-
efied ionized gas. Therefore, the scattering of photons
either by electrons or by the QED-vacuum will both be
present and one of them will predominate for some gas
pressure and laser intensity. To model these processes,
Maxwell’s equations need to be solved in combination
with either the kinetic (or dynamic) equations for gas or
QED expressions for vacuum polarization and magnetiza-
tion. This will be discussed in details in the next sections.
It is challenging to simulate exactly the 3D-geometry
of experimental configurations mentioned above, as this
would make the computational model too memory-heavy
and slow. Instead, we make some simplifications in our
model to reflect the key features of the process and its
proper scaling, see Figure [1] for an illustration:

1. We consider only the interaction of two short pulses
along one axis (the z-axis): co-propagating or
counter-propagating.

2. We assume that interactions only take place in the
immediate vicinity of the focal spot. The scattered
field further propagates towards the detector with-
out interacting with incident pulses.

3. We choose the pulse width envelope to be compa-
rable to the size of the interaction region: the full
width at half maximum (FWHM) parameter for
the intensity profile is Tewun = 25 fs or 7.5 pm in
space, which is a typical value for facilities gener-
ating laser ultra-high intensity pulses;

4. We consider two types of incident pulses:

(A) The center frequencies of the interacting en-
velopes are noticeably different: \; = 800 nm
(typical central value for a high intensity
source) and Ay = 400 nm that can be ob-
tained by doubling of A\; [47]. The spectra
of both pulses have clear maxima at the cor-
responding wy and ws with a fast decay on the
sides.

(B) Both pulses contain identical sets of wave-
lengths in the range A € [720,880] nm,
so their spectra have flat tops centered at
800 nm. This case can be realized more easily
in experiments than (a) because it does not
require a second laser beam.

For us, the most interesting control parameters of these
models are the peak laser intensity, and the residual pres-
sure in the vacuum chamber before the laser pulse arrives
there.

We now provide mathematical expressions for elec-
tromagnetic components of all the incident pulses men-
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FIG. 1. Interaction models for co-propagating (top row)

and counter-propagating (bottom row) incident laser pulses,
shown schematically through their intensity profiles. Colored
arrows indicate the direction of propagation of pulses shown
in the corresponding color. The interaction begins at t = 0
when the envelopes approach the focal spot (z = 0 in the pic-
ture) and occurs before the time Ts, when both maxima pass
through the focus. Further, the free propagation of the gener-
ated photons to the detector “D” is considered. For case (A),
the red pulse corresponds to 800 nm, and blue to 400 nm; for
(B), both pulses have identical properties.



tioned above. For case (A), we consider the interaction
of two linearly polarized electromagnetic waves with an
envelope: (E135¢7(2,¢), le-zse’(z,t)), i = 1,2, propagat-
ing in vacuum along the z-axis with dispersion relation
w; = k;c. Here, we use notations Fy; or By; for ampli-
tudes, which have different units for models in vacuum
and gas (see Sections and for details). We as-
sume that one laser pulse marked with the number “1”
always propagates in the positive direction of the z-axis
(in Fig. [1] it is shown in blue), while pulse “2” is either
co-propagating with the first one or counter-propagating
(red profiles in Fig.[I). Thus, for case (A), the incident
wave is given by

Ezlgser(z7 t) = EOi sin(ki(z
2 — 2o Fct
{ sin? (Wﬁ)zmict—l—a >z > 29 £t
co

0, otherwise

— 20i) F wit) X

(1)

where we applied a trigonometric envelope [48] with pa-
rameter o which can be expressed in terms of the FWHM
parameter for the pulse intensity as

= Tpw /<1 2 arcs’n( ! ))
o= — —arcsin (—= ) J.
FWHM - 7

In particular, a typical pulse duration of Tpwun = 25 fs,
as mentioned above, corresponds to o ~ 69 fs. Parameter
zo; sets the position of the left edge of each envelope at
t = 0. Regarding the choice of sign in the arguments of
sin and sin? in 7 for pulse “1” it is always “—”, while for
pulse “2” we must choose “—” in case of co-propagation
and “+” for counter-propagation.

For case (B) which consists of a broadband train with
wavelengths in between Apin = 720 nm and Ay = 880
nm, hence wmin = 27¢/Amax, Wmax = 27¢/Amin and cen-
tral frequency we = 7¢(Amin + Amax)/AminAmax, We as-
sume that the envelope is non-zero for zg; + ct + 50 >
z > z9; £ ct. Then the field components are given by

E%;ser(z’ t) = FEy; sin(kc(z — Zo,’) F wct) X
sin [(N +1/2)(Ak(2 — 2a01) F Awt)]
sin [(Ak(z — zu) F Awt) /2]

.4 72— 20 Fct

sin (ﬂif)ca )7 (2)
where k. = w./c, Ak = (kmax — kmin)/2N, Aw =
(Wmax — Wmin)/2N. In simulations, we choose N = 15

which corresponds to 2N + 1 = 31 spectrum compo-
nents very close to each other. In Eq. , 20; stands
again for the left edge position of the envelope, and
Zmi = Zoi + beo /2 is the position of its maximum. The
support of the sin“-envelope is five times wider than for
(A) to localize the pulse in space/time without loosing
frequencies, as seen in Fig. 2] The pulse duration at
FWHM is determined by the bandwidth, i.e. the sec-
ond factor in the expression . Thus, for the chosen
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FIG. 2. The electromagnetic field for broadband pulse at
t = 0, the dashed line shows the field envelope profile.
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FIG. 3. Incident pulse intensity profiles at ¢ = 0, defined as
I(z) = E2(z), are shown for case (A), according to Eq
with A\; = 800 nm, o = 68.7 fs - on the right in blue, and
case (B), Eq. (), where A € [720,880] nm, o = 68.7 fs - on
the left in magenta.

parameters, we have the same FWHM values (=~ 25 fs)
for the intensities in both (A) and (B), see Fig. In
addition, Figure [d] shows the spectral intensities of the
original envelopes, defined as I(w) = |E,(w)|?.
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FIG. 4. Spectral intensities of incident laser pulses corre-
sponding to the electric field - thin lines: on the left (red)
for w1 = 2mwe/A1, on the right (blue) for wy = 2mwe/A2; and
electric field (2)) - thick line (magenta). The dotted lines show
the region [Wmin, wmax] for the broadband train. All frequen-
cies are normalized to wo = 2wc/A1.

The corresponding magnetic field, for propagation in



the positive direction z, is given by (in the SI system):
BT (z,t) = B (z,t) /e, i=1,2 (3)

and for propagation in the negative direction of the z-
axis:

B3y (z,t) = =Bz (2,1) Jc, (4)
given that in the incident pulses B;y = Ep;/c.

III. SYSTEM OF VLASOV-MAXWELL
EQUATIONS FOR RAREFIED GAS

Equations and parameters in this section use Gaus-
sian units (aka CGS) unless otherwise specified. We con-
sider two laser pulses of ultra-high intensity (more than
10* W/cm?) propagating in extremely rarefied helium
gas (P < 10719 Torr) along the z-axis. Before turning
on the laser, we can calculate the spatially homogeneous
number density nye, knowing the initial pressure P and
considering room temperature of T = 293 K:

P(Torr)
010 ©®

Our model does not include considerations of the en-
tire ionization process, but it assumes that at intensities
where WMP in vacuum is noticeable, the gas is quickly
ionized, so that the initial spatially homogeneous num-
ber densities are nye2+g = nge and ney = 2nye. As
we discuss in Appendix [A] the domain we consider in
our simulations is an order of magnitude larger than the
interaction region; it includes both envelopes of interact-
ing pulses, and also unperturbed space where the pulses
propagate freely. The length of the domain is set to
L7 ~ 200 pm. Thus, we can estimate the number
of electrons in a sphere of radius L /2 as

P(Torr
S0 ©)

which may be too small to apply kinetic equations di-
rectly as to obtain the latter, we must average over phase
spaces containing a large number of particles. To ver-
ify this more quantitatively, we now estimate the Debye
length and plasma parameter of our system.

At very low densities and rapid ionization we can-
not expect the particle momentum distribution to be-
come Maxwellian immediately after ionization. Never-
theless, we can still estimate an effective temperature
Ts, which is equivalent to the average kinetic energy
acquired by particles with rest mass mgs and charge g
in a strong laser field with intensity Iy. It is given
by & = msc?(\/1+2U,s/msc? — 1), where Ups =
Ing?)\?/(2mmsc?®) is the ponderomotive energy for par-
ticles of type s. From here, we have

T,(MeV) ~ mc?(MeV) x

T P O

nie(cm™3) ~ 3.3 - 10° -

N, ~ 28 -

which leads to T, =~ 2 MeV at A\ = 800 nm and
Iy = 10%° W/cm? (assuming here pre-ionization by the
pedestal of the laser pulse). Having estimated the tem-
perature T, and density n.g, we obtain a value for the
Debye radius that is quite large relative to the domain
size L}**:

Ao~ 2.9-10% | LeOEV) (8)
P(Torr)/10—10

Moreover, in a non-equilibrium plasma, this screening
parameter can be even larger than the one estimated
through the equilibrium temperature [49]. Therefore,
a fluid/continuum description cannot be applied to our
system since we cannot expect quasi-neutrality on the
scales of our interaction region. Then, we can consider
the plasma parameter, given by A ~ n A\3:

3 P(Torr -z
A =~ 1.61-10" . T2 (MeV) <1(o—10)) ()

For all the configurations considered, even at the lowest
gas densities, we have that A > 1, which is the condition
for a weakly coupled plasma. The regime where A > 1
and Ap > L corresponds to a dilute gas, for which the
dynamics are essentially a collection of driven particles
with weak self-interaction.

Therefore, describing the system mathematically re-
quires free particles s = {e~, He?*} with dynamic coor-
dinate rs and momentum p, changing under the action
of the relativistic Lorentz force

d S S
Ts _ Ps (10)
dt MsYs
dps Ps

=gq; |E B s 11
a1 { +ms%x } 1

where E, B is the electromagnetic field, ¢; and myg,
as above, are the charge and mass of the particle s,

14+ p2/m2c2. These equations must be supple-
mented by initial conditions. For particles in a gas, the
initial conditions are random and characterized by an ini-
tial distribution Fy(rs, ps) which gives the probability to
find a particle in phase space at the initial time. Such
system of ordinary differential equation with random ini-
tial conditions can be converted to a partial differential
equation using Liouville’s theorem [50]. Through this
procedure and specializing to 1D (assume homogeneity
in z and y), one recovers the Vlasov equation

pSZ pSXB

S’YS

atEe + azE@ + qs (E + ) : VpE@ = 07 (12)

meySc

where we introduced the distribution function Fs(z, p,t)
for particles of species s. In contrast to a plasma, where
Ap < L and where the larger number of particles allows
for a coarse-grained description of the dynamics with a
single realization, this statistical description is only valid



for a large number of realizations Ng > 1. In this for-
malism, the Vlasov equation describes the evolution of
the ensemble average, not the exact dynamics of any
single system. Individual realizations are dominated by
strong particle-particle fluctuations, but after averaging
over many independent realizations, the fluctuations can-
cel, and the ensemble-averaged field is smooth and pre-
dictive.

In 1D, we restrict electromagnetic field components to
E = (E;,0,E,) and B = (0, B,,0). Then the evolution
of the electromagnetic field due to scattering by the parti-
cles of the medium is described by the Maxwell equations
as follows:

OBy (2,t) = —c0,By(z,t) —4n(Jy(2,t)), (13)

0¢By(z,t) = —c0,Ez(z,1), (14)

OE.(2,t) = —Am(J.(2,1)), (15)
where the current densities (J,) and (J.) are ensem-
ble averaged and must be defined via medium properties
characterized by the distribution functions.

Under the given configuration of electromagnetic fields,
an exact factorization of the solution for is [BIH53]

Fs(2,p,t) = 6(Psz) fs (2, p, 1), (16)

where the reduced 1D-1V distribution function f; obeys
another Vlasov equation

6t fs +

B
L)y fs =0, (17)

S /s

P azfs +qs (Ez + Pa

578 m

where the canonical momentum is Py, = pgs + %Aw.
c

For the momentum component transverse to the propa-
gation of the wave, we write (further omitting s in the
momentum index)

Palz,t) = — 2 Ay (2,1). (18)
Taking the partial derivatives of with respect to z:
0.pu(z1) = =% B, (2,1). (19)

Now for the current densities in equations, and

we have:

+(&) qu//oo%

qsps(2,t) / s(2,pz,t)
dp.,
Z V1+ (3( Y

z,t) + p2)/m2c?

(z,p,t)dp,dp, =

(20)
p=fs(2,pz,1)
o I+ P3(21) + p2)/m2e?

z .

z t Z ;'];
(21)

Thus the Vlasov-Maxwell system of equations (15])-(14)),
(T7), ([@9)-([1) becomes self-consistent [54], and we only
need to add the relevant initial and boundary conditions.

Looking ahead, we verified during the simulations that
final results, such as radiation spectra, do not depend on
the Ts of the initial electron distribution (actually even
on its shape), if it is taken to be equal to or less than
1 MeV. In fact, particle acceleration with strong laser
fields yields much higher kinetic energies than the ther-
mal initial energy distribution, making it of little im-
portance, as long as it is much smaller than the final
particle energy. That is why in simulations, we simply
use Maxwellian distributions (in p,) with temperatures
T. = 1 MeV and Tye = 100 keV as an initial condition.
We also assume that within our computational domain,
all fields E,, By, I/, and momentum p, are equal to zero
before the laser is turned on. The initial envelope of the
incident laser field is described by or at t =0.

Although we consider the high intensity range, the
electron dynamics equation does mnot include
radiation-reaction forces. Following Refs. [55H57], we
can estimate the importance of radiation losses using the
classical radiation reaction parameter:

=) ()

where &, is the energy of the electron. Since the ini-
tial kinetic energy of electrons is 1 MeV in our simula-
tions while A = 800 nm and the maximum intensity is
Iy = 102 W/cm?, we get R. ~ 0.003. This is less than
the threshold value of 0.024 at which radiation-reaction
must be included in the model, so it can be neglected. As
the electron energy increases as they are accelerated in
the laser pulses, the radiation losses can become increas-
ingly significant for the most energetic of them. In our
calculations we do not fall into the radiation-dominated
regime, where R, > 1.

In addition to the classical parameter R., a quantum
parameter proportional to 7 is used to measure the influ-
ence of QED effects:

()

This parameter is responsible for the amount of electron
energy that a single photon can carry away. If x > 1,
then the fraction of electron energy losses is significant.
In our simulation, at the maximum considered intensity
10?3 W/cm? and the maximum achievable electron ener-
gies, see Fig.[0]in Appendix[A] this parameter is less than
0.9. So, the quantum effects can play important role but
for statistically rare particles. We return to the possible
influence of radiation reaction effects on the results for
ionized gas in the Conclusion section.

Our computational model uses the scattered field for-
malism [58], which divides the fields into the sum of the
“laser” field analytically calculated from or and
the generated or “scattered” field, which is calculated
numerically:

Fulz,1) = BI™(2,1) + EE
B,(.1) = Bi™ (2,) + B (=

R, = O.lSA(um)( (22)

X = 0.29( (23)

£) + E5 (2 1), (24)
£) + B (z,0). (25)



Because the laser fields are analytical solutions to the free
Maxwell equation, they vanish from Egs. ., and
. Also we introduce transfer fields as

E*(z,t) = E.(z,t) £ By(z,1t), (26)
from where, obviously, one can extract the scattered part
EZ...(2,t). For the convenience of numerical calcula-
tions, we normalize the model quantities to their char-
acteristic values, while retaining the same notation, see
Table [[, where we introduced the critical number density
Ner = Mewi /4me? ~ 1.74-10%1 cm ™3 starting from which
electromagnetic waves cannot propagate in plasma [59].

Thus, we present the normalized model for self-consistent
fields:

(0 + 0.) Ef i (2. 8) = —(Ju(2,1)), (27)
at z(zv ): 7<Jz(zat)>7 (28)
D=
Orfs & M s (pas pas Ms)az’f5+
Y2 _
Q. (B-+ TR MS)By)apzfs =0, (29
0:p2(2,t) = —QsBy(2,1), (30)
Qspz z,t) fs(z,p2, 1)
Z /0078<p:v<z t) pz;Ms)dpz,
(31)
Qs (2,02, t)p2
(2,1)) Z T pZ7MS>dpz, (32)

where, for brevity of notation in the equation , we
omitted the argument (z,p,,t) of the distribution func-
tion and the argument (z,t) of the fields and the a-
component of the particle momentum. In the system we
explicitly introduced normalized masses M; = ms/m,
and charges Qs = ¢s/e, so that the relativistic factor
becomes

Vs(Po(2,), 02y My) = /14 (p2(2,t) + p2)/M2.

The numerical algorithm for solving this system of
equation is given in Appendix[A] For seven decades, one
of the most popular methods for solving Vlasov-Maxwell

variable model units (CGS)  value in SI units

t 1/wo = A1/27c 4.25-1071¢ s
2 c/wo = A1 /2w 1.27-1077
E., E, Mecwo /€ 4.01-10'? V/m
By Mecwo /e 1.34-10* T
D2 MeC 2.73-10"2? kg-m/s
fs Ter /MeC 6.37 - 10*® s/(kg-m*)
(Jo), (J2) encc 8.36 - 10 A/m?

TABLE 1. Normalization units for the system of Vlasov-
Maxwell equations.

systems has been the particle-in-cell (PIC) method [60],
mainly because of its simplicity and speed. Its main dis-
advantage is also well-known: a high level of numerical
noise, especially in cases where the particle density is very
low. That is why various Euler or semi-Lagrangian meth-
ods for solving the Vlasov-Maxwell equations, slower but
more accurate, have also become popular in the last three
decades, see e.g. [5IH53] [61H64]. For our purpose of
modeling WMP in a rarefied gas, the semi-Lagrangian
approach is more suitable. However, due to performance
and memory requirements, we still have to restrict our
model to 1D-1V geometry.

To conclude this section, we discuss observable values.
To study the result of the interaction, we calculate the
spectral intensity of the generated photons 5% (w) =
| B3t (2, w)|?, where ES*(2p,w) = F{E*(2p,t)}
is the Fourier transform of the scattered electric field at
position zp of the detector, see Figure[l] Another impor-
tant parameter is the photon number density generated
per surface element dS during the time of interaction, Tg,
in Figure This can be estimated using the Poynting
theorem:

Nmax Re [EA';CBM (2D, wn)Bzcatt (2D, wn)}

Fuwon, ’

(33)
where the summation is over all frequencies of the gen-
erated photons [Wmin, Wmax]-

AN Tane
ds  or

n=Nmin

IV. MODIFIED MAXWELL EQUATIONS IN
THE VACUUM

Here we consider the model of photon generation in
vacuum. Throughout this Section we use natural units:
h=c=¢y = pg =me =1, e = Vidra, where « is the
fine structure constant. Units of length, time, and critical
Schwinger fields at which Maxwell’s equations become
strongly nonlinear [7] are given in Table

Vacuum polarization in QED is understood as the for-
mation of virtual particle-antiparticle pairs under the ac-
tion of a strong enough electromagnetic field. Photon-
photon interactions occur because of the creation of these
pairs, which, in turn, affects the particle-antiparticle
dipoles and make the process nonlinear. Since the laser
fields considered are 3-4 orders of magnitude lower than

variable model units (natural) value in SI units

t 7o = h/mec? 1.288-107! s
z Ac = h/mec 3.862-107 % m
E., E, Es =m2c®/eh  1.323-10'® V/m
By Bs = mZc?/eh 4.414-10° T

TABLE II. Units for modified Maxwell equations for vacuum.



the Schwinger limit, we do not need to use the full Euler-
Heisenberg action to take QED effects into account, it
is enough to consider their lowest order radiative correc-
tions [65]. These corrections were obtained for the first
time by Heisenberg and Euler under the conditions that
variations of the electromagnetic fields are negligible over
the Compton spatial A\¢ and time 7¢ scales [6l [66]. In
this case, Maxwell’s equations in vacuum, which include
vacuum polarization effects, are given by [11, [67, [68]:

-V xE

B =
{at(E+P) = Vx(B-M), (34)

where the nonlinear macroscopic polarization and mag-
netization are calculated through the Heisenberg-Euler
Lagrangian

P ZVEﬁHE, MZVB,CHE. (35)

Although in general this Lagrangian includes an integral,
in the weak-field expansion (E < 1) with the help of the
Taylor series one arrives at (see e.g. [68])
Lyp ~ ai(4F*+7G7)
+ ax(8F® 4+ 13FG?)
+ a3(48F* + 88F2G% +19G4), (36)

where the coefficients in natural units are
1 1 1
3602 2~ 3oz BT oz G0
while F and G are expressed through the Lorentz invari-
ants:

ay

(2 - B?) (22 - B?)
= X T2 _pAgq— 2
F 252 T 5 , (38)
E-B
g = ?:47rozE~B. (39)
S

Before proceeding, we make two comments on expres-
sion . First, since the Heisenberg-Euler Lagrangian
depends on the field through and , it means that
for any superposition of plane waves copropagating in a
vacuum, radiative corrections are zero. Second, the terms
in expansion at a;, as and as are responsible for 4-, 6-
and 8-photons contribution, respectively, see e.g. [68][69].
With each new pair of involved photons, the probability
that the process takes place decreases in proportion to
the coefficient «, so one can truncate the expansion as
(36). It will be verified a posteriori in the numerical
results of Section [V] that the highest order contribution
(8-photons) is weak.

Back to the Maxwell equation, we assume the same
field geometry and field components as in Section [[TI]
so that E - B = 0, and we obtain for P =
[Px(z7t)707PZ(Z’t)]:

8a?

24T
P = EE{(EQ - B) - (B - B +
25672
B - B, (40)

where E? = E? + E2, and M = [0, My (z,t),0]:

8a? 24T
M, = —4—53y{(E2—B§)— (B = B}’ +
2567202
(e - 35)3}. (41)

Further, from system we come to the equations

B, +0.E, = 0,

atE/‘a: + asz = _Jwa (42)
Bth == *Jz
where now the “currents” are
J:E = atP.L - 8zZ\4yv (43)
J, = O P,. (44)

Mathematical transformations with — lead us to
the expressions
16&2 Il(]. + (52) - CIQ

45 A4 6,1+ b)Y

Jy = (45)

160&2 Ig(l + (;Jc) - CIl
J, = R 46
: 45 M1+ 06,1 +0.) —C2 (46)
where
481 768722
Ry = 1-— (E* - B)) + - (E® - B})?
24 256722
Ry = 1— - (E2—B§)+f(E2—B§)2,
8a? 2 2 2
0, = E[27€1E95—i—722(E —By)}7
8a? 2 2 2
5, = E[2731EZ+732(E - B2)],
16c2
C = 4? R\E,E.,

I, = 2E,B0.E, — (E} + B})0.B, + ByE.0.E.,
I, = E.(By0.E, — E,0.B,).

In particular, , show that the first term in the
expansion for currents has order «?, while the next terms
have factors o and o*.

Finally, we discuss numerical approaches to solve these
equations. One of the most popular method for self-
consistent modeling of vacuum polarization is finite-
difference time-domain solver, based on the 2nd or-
der generalized Yee scheme. These solvers are multi-
dimensional and can be incorporated into PIC model,
see e.g. [70], [(1]. Currently, one can find other finite-
difference methods up to the 13th order of accuracy
[69, [72]. However, for our purposes neither such a high
level of approximation nor multidimensionality is re-
quired. Instead, we apply the same numerical scheme
to solve Maxwell’s equation for both gas and vacuum to
ensure a proper comparison; see Appendix [B] for details.
In this model we compute the same observables as de-
scribed at the end of the Section [[IT} although in the
natural system of units.



V. SIMULATION RESULTS

Using the models described in the previous two sec-
tions, we calculate and compare the spectral intensi-
ties and/or number of photons generated in gas and
vacuum by the interaction of two incident laser pulses
with the same peak intensities: Iy = 10?2 W/cm? or
Ip = 10%® W/cm?. With this purpose, we convert the
fields F, and B,, calculated in both models as normal-
ized quantities, into SI units, see Tables [[] and [ Before
presenting the results of the comparison, we note two im-
portant physical findings for further considerations that
are confirmed by these numerical models of WMP in vac-
uum and in gas.

First, according to QED theory, photons are not gen-
erated in vacuum if both pulses are co-propagating. This
implies that WMP harmonics generated during the co-
propagation of two laser pulses in gas can be compared
to harmonics generated in vacuum, but with counter-
propagation. This also makes sense physically for tightly-
focused configurations, where in the focal spot we can
simultaneously detect photons generated by the interac-
tion of pulses propagating at different angles.

Second, our simulations demonstrate that for a fixed
intensity of incident pulses Iy, a decrease in initial pres-
sure in the vacuum chamber by an order of magnitude
leads to a decrease in the intensity of the scattered field
by two orders of magnitude, as follows from equations
and . The latter circumstance is convenient for
estimating the pressure at which the generation of har-
monics in vacuum and gas becomes comparable.

A. WMP photons from interaction of two laser
envelopes with distinct central frequencies

For case of interaction of type (A) envelopes - accord-
ing to the Section [II} given by formula , with central
wavelengths of A; = 800 nm and Ay = 400 nm, we can ob-
serve the theoretically predicted WMP harmonics in the
numerical results, see Figs. [§ (a)-(d) and Table[[II] Two
laser beams of different frequencies interact with currents
in fully ionized helium and generate the first sum- and
difference-harmonics. These new harmonics interact with
the fundamental ones, generating WMP peaks of the fol-

notation formula value in w;
w1 2me/ A
ws 2me/ A2
Wa 2w — w1

wp 2Wq — Wa

T W N =

We 2wg — W1

TABLE III. The expected WMP peak positions for interac-
tion of the laser pulses with distinct central frequencies wi
and wo.

lowing orders. In gas, both co- and counter-propagating
pulses can generate harmonics, although there are differ-
ences in shape between them. Thus, the decay of spec-
tral intensity is faster during counter-propagation, due
to the fact that the interaction of maximum fields occurs
in a shorter time than during co-propagation, when the
intensity of new peaks w4 p.c,...} increases proportion-
ally to the propagation length. Another feature of the
spectra for counter-propagation in gas is that the funda-
mental harmonic w; and then w,, we, ... are much more
pronounced than wsy, wy,..., see Figure 5| (b),(d). This
may be a consequence of the fact that in our geometry
the fundamental harmonic propagates towards the detec-
tor, while the pulse with wy, propagates in the opposite
direction, see Figure Whether these features are sig-
nificant for real measurements depends on the design of
the experimental setup. Note that in Fig. [5| the num-
ber of generated harmonics in vacuum is always smaller
than in gas in any case of propagation. The reason for
this is that we consider only three terms in expansion for
Heisenberg-Euler Lagrangian .

Two factors increase the chances of photon scatter-
ing by vacuum becoming more noticeable than genera-
tion from gas: a decrease in pressure and an increase
in the intensity of the incident pulse. This point is es-
pecially significant because our calculations show that,
in helium, the growth of scattered-photon intensity with
incident-pulse intensity is markedly slower than in vac-
uum. This does not contradict the fact that for a given
intensity Iy of interacting laser pulses, the maximum in-
tensity of the scattered field increases in proportion to
the square of the pressure. For example, at peak laser
intensity Ip = 10?2 W/cm? we need a fairly low pressure,
such as P ~ 10712 Torr, so that the contribution of vac-
uum and gas WMP processes to be comparable for the
considered harmonics, see Fig. |5 (b). By increasing the
peak intensity of incident pulses to Iy = 10%* W/cm?, we
achieve equality of the peak intensities of generated har-
monics in He and vacuum at a pressure 30 times higher,
see Fig. d). Pressure P = 3-10~!! Torr, corresponding
to this most optimistic case, can be achieved on a modern
experimental setup.

Figure[f[a) shows the simulated dependencies between
the intensities of the incident laser pulses and the max-
imal intensity of scattered photons in vacuum and gas.
For vacuum, the linear regression analysis of our numer-
ical results yields a slope of 3.0001 on a log-log scale,
which is consistent with the idea of a dominant third-
order nonlinear process [I1]. However, for WMP in gas,
although the intensity of the scattered field increases with
the intensity of the incident pulses, it occurs much more
slowly: instead of a cubic law, it is closer to a logarithmic
one. Moreover, if we have a look on this dependence for
gas in log-linear scale, see Figure |§|(b)7 we can observe
that the growth is not even clearly linear, although we
can find the corresponding regression coefficients. It is
worth to note that the logarithmic dependence I3 ( 1)
was also obtained earlier in unpublished simulation re-
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sults by G. Bélanger, C.Lefebvre, F.Fillion-Gourdeau
and S. MacLean (2017) when studying WMP in a much
denser gas (102* m~3) for Iy € [10™,10%*] W /cm? within
a PIC-based model. Indeed, in the ultra-high intensity
regime of interest to us, the expressions for the polariza-
tion and magnetization of the vacuum are proportional to
the third power of the electromagnetic field (with higher
order corrections), see (0], (41), however, in the same
regime, the third-order susceptibility approximation be-
comes inapplicable to fully ionized relativistic plasma,
and we need to solve the system —, which shows a
slower increase with Iy. In practice, differences in scaling
laws could be used to determine whether WMP is gen-
erated by vacuum or by particle processes by performing
spectrum measurements at different laser intensities. Nu-
merical confirmation, whether similar scaling holds in 3D
is still an open problem. We add our qualitative reason-
ing on this issue in the Conclusion section.

B. Generation of WMP photons in the interaction
of two broadband laser pulses

Now we compare the harmonics resulting from the in-
teraction of two envelopes of the form , also called
case (B) in Section [[I] see Fig. [7] (a)-(d). This time we
do not see much difference between the co- and counter-
propagation in helium, as was noticed in the case of in-
teraction of envelopes of type (A), compare with Fig.
Another feature is that with the same central frequency
w, of both envelopes in centrosymmetric media, maxima
in the spectra appear only at odd harmonics (2n + 1)we,
where in our numerical simulations n = 0,1,...5. In
addition, the peaks are noticeably wider and have a sub-
structure - spikes in the spectra, separated by a distance
(Wmax — Wmin)/we = 0.2 in relative units.

Again, we see that if in vacuum the increase in the in-
tensity of generated photons is three orders of magnitude
per one order of magnitude of the incident pulse, then for
gas this increase is less than one order of magnitude, re-
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taining the pattern qualitatively similar to that shown in
Figure [6] Although in this case the quantitative equal-
ity between the spectral harmonics of different origin is
achieved at lower pressure.

Even in modern experiments it is difficult to measure
the WMP photon spectra, there are too few of them,
S0 a more convenient parameter is the total number of
generated photons, which we calculate from for gas,
or using a similar formula for vacuum, and then convert
to common units of measure. The result is presented in
Figure [8) where we compare numbers of generated pho-
tons per solid surface element for incident pulses and
(). According to our simulations, in vacuum, the in-
teraction of pulses with different and distant central fre-
quencies produces more photons than the interaction of
two broadband trains with the same central frequencies.
On the other hand, in gas at a fixed pressure, the to-
tal number of photons is higher when broadband trains
interact, which means that a lower pressure is required

10

to balance this number with the number of photons gen-
erated in vacuum. As follows from Figure [§] in case of
broadband pulse interaction, at pressure 10~2 Torr the
number of WMP-photons from vacuum begin to exceed
the number of WMP-photons from plasma at Iy = 4-10%2
W /em?. By applying the patterns studied, to expect the
parity of contributions from vacuum and gas, an increase
in pressure by ~ /10 times up to ~ 3 - 10~'? Torr re-
quires an increase in pulse intensities up to 1022 W / cm?.
As we mentioned in the introduction, this pressure can
be achieved with modern devices. Moreover, directly in
the region of interaction, the pressure can be even lower
due to the fact that the incoming pulse sweeps particles
from the optical axis with its relatively low-energy front.

VI. CONCLUSION

We simulated WMP processes in gas and vacuum to
find the conditions under which the generation of photons
in both media has the same level. In the case of gas,
to reduce the numerical noise when solving the 1D-1V
Vlasov equation, we applied a semi-Lagrangian method
with parallelization to speed up the simulations. For the
vacuum, we used the semi-classical weak-field expansion
for vacuum polarization and magnetization.

We have found that the intensity of generated photons
in vacuum scales with increasing peak intensity of the
incident pulses as a third order process, whereas when
photons are generated in a relativistic ionized gas, their
intensities increase only at a logarithmic rate. We have
concluded that for equal output efficiency of generated
photons at peak intensities of about 10> W/cm?, a pres-
sure of 1071t —10~'2 Torr is required - depending on the
characteristics of the interacting pulses. Such pressures
can be achieved with relatively standard ultra-high vac-
uum techniques. Moreover, as recent experiments and
simulations have demonstrated, the electron expulsion
due to the ponderomotive force of the pedestal and the
main pulse (ponderomotive explosion) [73] can play an
important role in creating a near-perfect vacuum. By
thus reducing the effective electron pressure, this effect
should work in favor of QED processes compared to wave
mixing in plasma.

It should be also noted that our analysis only consid-
ers the interaction region, where the field and nonlinear
effect are maximal. In a real experimental setup where
high intensities are reached via tightly focused fields, one
should also take into account the propagation of the laser
before in reaches the focus. This propagation occurs on
longer length scales, albeit much lower intensity, so could
have an important contribution in number of generated
photons. Evaluating this contribution numerically is a
complex multiscale problem, outside the scope of this ar-
ticle. However, together with the effect of pressure reduc-
tion by the front of the laser pulse, this makes our esti-
mate of the required pressure the minimum limit, i.e. the
chances of detecting WMP photons may be even higher
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at the proposed pressure.

Radiation-reaction was not taken into account in the
rarefied gas, but its effect will start to be significant at
Iy = 10%®> W/cm? and above. This would also lead to
losses of electron energy and, consequently, to an am-
plitude reduction of generated harmonics in the helium
plasma in favor of the QED process.

The generalization to higher dimensions (2D and 3D) is
not straightforward. Indeed, it is well-known that dimen-
sionality has an important influence on certain particle
acceleration processes in PIC simulations. It is gener-
ally accepted that higher dimension simulations produce
particles with lower energies (see Refs. [74 [75] for exam-
ples). This correction, which compensates for the overes-
timation of currents generating scattered photons in gas
or plasma, also increases the chances of detecting WMP
as the scattering of light-by-light. To what extent such
dimensionality effects can actually increase our pressure
estimate will be the subject of further research.

Appendix A: Computational algorithm for gas

Here we describe the computational algorithm for the
system of equations —. In our scheme, the follow-
ing variables propagate in time: transverse Esfatt(z,t)
and longitudinal E,(z,t) electromagnetic fields, and the
distribution functions fs(z,p.,t) (s = {e”, He?T}),
whereas the momentum p,(z,t) and currents J,(z,t),
J.(z,t) are calculated through these variables at the re-
quired time nodes.

This is how the elementary block of the numerical
scheme, repeating in time, looks like. If n > 0, we start
with advecting the transverse scattered fields from ¢,,_; /o

to t,, (time “just before” t,,)

At

E:Eatt(ziv t,) = Esicatt (Zz + DR tn71/2>7 (A1)

or, if n = 0, we plug in the initial conditions
EZ,..(zi,t = 0) = 0. Using the analytic expression (T]) or
for the laser field at t,,, we calculate the magnetic field
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By (zi,ty,) according to (25). Then we can numerically
solve in space using the midpoint method or any
multi-step method such as the Adam-Moulton method
I76).

Now we can compute the currents of charged particles
at the point ¢,, using the value of p,(z;, t,) and the distri-
bution function f,(z;, (p-);,tn) calculated in the previous
block of the scheme (or known from the initial conditions
if n=0):

Qspx Zistn fb(zu(pz)ﬁtn) A
Z7,7 1'7, Z zj:/}/(pw(zl7 n (pz)],MS) pz7

(A2)

n)(pZ) Ap..

JAziytn) = Z < Z o2 0els ) M)

t
Y(Pe(2i, tn), (P2

S

(A3)

We use these currents to “kick” the transverse and lon-
gitudinal fields in time:

Esicatt(z’i’t:) = Esicatt(zi’t;) -
Ez(ziatn+1/2) = EZ(Zivtnfl/Q) -

Jx(zia tn)Ata
Jz(Zi, tn)At.

(A4)
(A5)

The last step of the algorithm for the transverse field is
again the advection half step:

At

+ +

Escatt(zi’ tn+1/2) = Escatt (Zi + 77 trt) (AG)
To solve the kinetic equation in a highly relativistic
regime, we cannot use the time splitting scheme com-
mon for a laser beam of lower energies [51], since this
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leads to an accumulation of error in time [52]. Instead,
as in the last mentioned article, we implement full 1d-1d
advection for a simultaneous shift in space and time:

fs(zi; (pz)j7tn+l) = fs(zda (pz)dytn);

where the departure points (z4, (p.)aq) of the trajectories
are to be found iteratively using the midpoint rule [61]
64], so that for every iteration step k > 0:

(A7)

(k—1)
z((ik) =z — At (pz)"“d
i k—1 k—1 )
Ms’Ys(pw(anid )7 n+1/2)a (pz)fnid )7Ms)
(A8)
k k—1
(pz)( ) — - ( ) AtQS[ ( 7(nzd )7tn+1/2)+
(k—1)
Pa(Zi0 s tnt1/2) (k—1)
B, (24 )]
k—1 y\Fmid tn+1/2)
MS'VS(pw( 7(nzd )7 n+1/2) (p2>7(nid )7M8)
(A9)
where denoted
(k)
k Z; + z
0, = 2t (A0)
(k)
Pz)j + DPz)q
), = EAE @l )
and iterations start with
(0) (p2);
2y =z — At ,  (A12
d Ms'}/s(pw(ziatn+1/2)a (pz)ja Ms) ( )
(pz)(O) - (pz>j - Ath [Ez(zivtn+1/2)+
Pa(2i, ths1)2)
By(z;,t, .
Ms'Ys(pw<Ziatn+1/2)a (pz)jaMs> y( ’ +1/2)
(A13)

Note that to complete this last step of the block, we first
need to calculate p, now at time ,, /2.

In the semi-Lagrangian approach for the Vlasov-
Maxwell system, some interpolation techniques are usu-
ally used to implement the equations , —.
Namely, we use cubic spline interpolation in the z-
direction to solve the field advection equations
and , as well as for finding the “departure” points
(zd, (p2)a) in iteration cycle , , where we need
to compute p,, £, and By in between the mesh nodes.

A more computationally expensive problem is the two-
dimensional interpolation required to compute advection
in . For this task, we used bilinear interpolation,
which is fast but can potentially reduce the accuracy of
the results. To check this, we numerically tested the or-
der of convergence of the entire computational model.
Namely, for the distribution functions, we obtained the
order of convergence 2.5 and 2 for the variables z and p.,
respectively, but only 1.6 for ¢t. In addition to the nu-
merical measurement of the rate of convergence, we also
use the norm of the distribution function to estimate the



accuracy and stability of the scheme. Thus, in our cal-
culations, the variations in the norm at the relevant time
steps were within 2%. Moreover, for fields, the conver-
gence order turned out to be 2 for both variables, z and
t. Since from a practical point of view we are most in-
terested in the fields/spectra, we can conclude that our
model provides a fairly good convergence (theoretically it
should be 2). In addition to the speed of calculating bilin-
ear interpolation, it is also important for us because our
computational model uses parallelization, which means
that the interpolation must be local for each subdomain.

Before describing domain decomposition, we discuss
step sizes for all variables. In our simulations Az & 0.05
(in units A\1/27) and Ap, =~ 0.2 — 0.25 (in units mec),
which provide accurate description of evolving electro-
magnetic waves and distribution functions. The spa-
tial size of the phase space in our simulations is 10co
and does not change, but we need to increase the lim-
its of the momentum region when we increase the val-
ues of peak intensities in the calculations. Thus, if for
Iy = 10?2 W/em? we consider p, € [—500, 500]m.c, but
for Iy = 10?* W/cm? we should increase these limits
up to p. € [—1000,1000]m.c, see Figure [ To estimate
the acceptable time step At one should use the deforma-
tional Courant number like in [62], and as follows from
and , the time step should decrease inversely
proportional to the increase in the laser field amplitude.
For example, we use At = 0.006 (in units A\;/27c) for
peak intensity Iy = 10?2 W/cm? and At = 0.0015 for
Iy = 10%% W/cm?.

In our simulations, for phase space (z, p,) we use grids
size up to 32768x8192 (or 209umx2048 mec), and hun-
dreds of thousands steps in time, resulting in long com-
putation times. Fortunately, the problem can be par-
allelized. For the steps sizes defined above, using the
relation (A8, we can conclude that in one time step
the z-coordinate along the trajectory in the phase space
should be located in no more than two adjacent cells of

Z 215
5 == Ip = 10" W/em®
"e 23 2
< - 1[): 107" W/cm
= 1.5e-15 | 1
S
(%)
1l
~ le-15 ]
&
ﬂ.“
o 5e-16 1
]
1l
[S¥)
< 0 ‘

-1000 -500 0 500 1000

p, (myc)

FIG. 9. Distribution function of the electrons in momentum
p. at fixed space position z and time t for different incident
intensities of the interacting pulses.
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FIG. 10. Domain decomposition for parallelization on the
example of 3 processors, see the text. Domain boundaries are
shown as thick lines of different colors, dashed lines show the
boundary between subdomains if there were no ghost rows.

the space. For comparison, in the case of the p, coordi-
nate, see 7 the jump during At can span more than
6 cells. We use this fact to perform the domain decom-
position of our phase space. Namely, we slice our domain
across the z-axis dividing it in N, regions by the num-
ber of processors. Further, each such a subdomain, with
the exception of the initial and final ones, we supplement
with two “ghost”-rows: first (gr) and last (gr). The ini-
tial domain is supplemented with the last ghost and the
final - with the first ghost only, see an example in Fig.
Now we can solve the Vlasov equations for each subdo-
main separately, the only thing we need to take care of is
to update the information in the ghost rows with infor-
mation from the neighboring processors after each time
step. Note that in this model, we interpolate the distri-
bution function for each subdomain separately, which in
itself gives a large gain in time compared to interpola-
tion over the entire area. The necessary condition here is
the use of local interpolation. Another part of algorithm,
which can be accelerated with MPI is computing currents
Jz, J, in subdomains and then gathering them to calcu-
late the fields. We compute E,(z,t), By(2,t), E.(2,t) and
momentum p,(z,t) on the root processor and use 1d cu-
bic spline interpolation (nonlocal) for them. It makes no
gain to parallelize the calculation of the field variables,
since they are already executed more than 5,000 times
faster than modeling of the distribution function. It is
noteworthy that the speedup factor (relative to the use
of only one processor) due to such parallelization can be
even greater than the number of processors used, prob-
ably due to the fact that the 2d interpolation efficiency
grows faster than the area of the interpolation region de-
creases.



Appendix B: Computational algorithm for vacuum

The numerical scheme that we use to study WMP in
vacuum is similar to that for gas, however this time we
can use the analytical expressions for currents and
(46). It can be seen from the expression for J,
that this component is non-zero only in the case of a
non-zero field F,. However, if we turn to the equation
V - E = -V P with P from , we see that in
the chosen geometry the longitudinal field is always zero.
In principle, the situation can be changed by adding a
static electric field, but here our goal is to compare the
results with the WMP in gas, where we do not assume
that there is any external electric field. That is why in
our simulations we can skip the equation for F, at all.

As in case of gas, we rewrite the first two equations in
for transverse field E* = E, + By as

(0r + 0.)E* = —J,. (B1)

Further we describe one time block of the numerical
scheme. If n > 0, we start with advecting the scattered
transverse vacuum fields from ¢, to ¢, /2 (time “just
before” ¢, 11 /2):

_ At
Esj(::att (21 tn+1/2) = Es:Eatt (Zz + 5 tn)v (B2)

or, if n = 0, we plug in the initial conditions
Ef(zit = 0)=0.
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Now, using the analytic expression for the laser field
at t,41/2, we calculate , and then the current
Jo(2iytny1/2) for which we use central differences when
estimating the spatial derivatives 0, E,, 0, E,, 0.B,. We
use this current to “kick” the transverse scattered fields
in time:

E:l:

scatt

(Zi7 t+

n+1/2) = Esicatt(zia 7:+1/2) _JI(Zi>tn+1/2)Ata

(B3)

The last step of the algorithm for the transverse field is
again the advection half step:

tos

A
?a n+1/2)' (B4)

+ +
Escatt(zi7tn+1) = Escatt <ZZ +

As in the case of gas, for steps (B2) and (B4]) we use
cubic spline interpolation.

The numerical order of convergence for this scheme is
found to be 2 in z and ¢, and the simulation uses the
same spatial and temporal steps as in the gas case.
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