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We present a novel framework for quantizing constrained quantum systems in which the processes
of quantization and constraint enforcement are performed simultaneously. The approach is based
on an extension of the stationary action principle, incorporating an information-theoretic term aris-
ing from vacuum fluctuations. Constraints are included directly in the Lagrangian via Lagrange
multipliers, allowing the subsequent variational procedure to yield the quantum dynamics without
ambiguity regarding the order of quantization and reduction. We demonstrate the method through
two examples: (i) a one-dimensional system with vanishing local momentum, where the simultane-
ous approach produces the time-independent Schrödinger equation while conventional reduced and
Dirac quantization yield only trivial states, and (ii) a bipartite system with global translational in-
variance, where all three methods agree. These results show that the proposed framework generalizes
standard quantization schemes and provides a consistent treatment of systems with constraints that
cannot be expressed as linear operators acting on the wave function. In addition to a unified varia-
tional principle for constrained quantum systems, the formalism also offers an information-theoretic
perspective on quantum effects arising from vacuum fluctuations.

I. INTRODUCTION

Quantization of constrained Hamiltonian systems is an
important subject in modern physics. In gauge theo-
ries, for example, gauge symmetry appears as the invari-
ance of the classical Lagrangian under local transforma-
tions, which induces constraints on the system’s physi-
cal variables[1–5]. Invariance signals the presence of un-
physical degrees of freedom in the configuration space,
and their elimination reduces the phase space. The cen-
tral issue is the ordering of reduction and quantization.
The reduced quantization [2] solves the constraints first
at the classical level, then quantizes the reduced system.
The Dirac quantization [1], on the other hand, quantizes
the unconstrained system first, then the constraints are
solved at the quantum level. These two procedures are il-
lustrated schematically in Fig. 1. Whether quantization
and reduction commute is a subtle and highly nontrivial
question, and in general they do not. Numerous studies
have shown explicit cases where the two approaches yield
inequivalent quantum theories[6–10]. In some cases, the
Dirac quantization gives the energy spectra that match
the experimental observations [8]. Quantizing the con-
straints themselves can introduce quantum effects that
are absent in the classically reduced theory. However,
no rigorous proof exists that constraint quantization is
universally self-consistent.

Consider how a constraint, denoted ϕ, is implemented
in Dirac quantization [1]. The procedure begins by
canonically quantizing the unconstrained system. The
state is represented by a wave function Ψ defined on
the full configuration space, whose dynamics obey the
Schrödinger equation. The constraint is then promoted

to an operator ϕ̂, and the physical subspace is defined by

∗ jianhao.yang@alumni.utoronto.ca

imposing

ϕ̂Ψ = 0. (1)

Eq.(1) is a strong condition. It assumes that ϕ admits a

consistent operator representation and further requires ϕ̂
to act linearly on the wave function. The latter ensures
that any superposition of solutions to (1) is itself a solu-
tion. In practice, Eq. (1) functions as an additional pos-
tulate of Dirac quantization rather than a consequence
of the standard postulates of quantum mechanics. This
raises the question of whether there is a more natural
formulation, one that avoids introducing such an ad hoc
condition and resolves the ambiguity in the ordering of
quantization and reduction.
The aim of this work is to propose an alternative

framework for the quantization of constrained systems.
The key idea is to implement quantization and reduc-
tion simultaneously, thereby eliminating the ambiguity
of whether constraints should be imposed before or af-
ter quantization. In this formulation, there is no need
to quantize the constraints separately, and consequently,
the condition in Eq. (1) is not required. The approach is
grounded in the extended stationary action principle for
quantum mechanics [11], which generalizes the classical
principle of stationary action by introducing an informa-
tion metric If that accounts for additional observable in-
formation arising from random vacuum fluctuations. The
dynamical laws follow from extremizing the combined
action of the classical trajectory and the vacuum fluc-
tuations. When the principle is applied recursively over
infinitesimal and finite time intervals, the uncertainty re-
lation and the Schrödinger equation are recovered, re-
spectively. This framework has been successfully applied
to derive the nonrelativistic Schrödinger equation [11],
electron spin [12], scalar field theory [13], and fermionic
field theory [14]. Conceptually, it attributes quantum-
ness to the information metric If ; Mathematically, it pro-
vides a variational framework in which quantization is de-
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FIG. 1. Three procedures to derive quantum theory for a constrained system.

rived from a Lagrangian formulation rather than imposed
via canonical commutation relations. This mathemati-
cal framework offers a new possibility that physical con-
straints can be incorporated naturally through Lagrange
multipliers, allowing quantization and constraining to be
carried out in a single step, as illustrated schematically
in Fig. 1.

We expect this framework to more accurately capture
the quantum behavior of systems with certain classes of
constraints. To illustrate the new framework, we first
consider a one-dimensional ensemble with the constraint
of vanishing local momentum. In this case, reduced
quantization and Dirac quantization yield only a trivial
state with constant probability density, whereas the new
approach produces, in addition, energy eigenstates gov-
erned by the time-independent Schrödinger equation. We
then study a one-dimensional bipartite system subject to
global translational invariance, where all three quantiza-
tion methods give the same theory.The key distinction is
that in the first example the constraint cannot be cast
in the form of Eq. (1), while in the second it can, once
quantization is performed within the new framework.

For clarity, we restrict our analysis to simple one-
dimensional constrained systems. However, the frame-
work is expected to generalize to more complex cases. We
note that the first example of an ensemble with vanishing
local momentum was previously studied by Hall [15], who
showed that Dirac quantization fails to implement such
constraints, leading to a superselection of energy eigen-
states. However, [15] still employs the two-step proce-
dure of quantizing followed by constraining. In contrast,
the present work integrates quantization and constrain-
ing into a single step, yielding a framework that is more
general and capable of treating constrained systems be-
yond the reach of reduced or Dirac quantization.

The remainder of this paper is organized as follows.
Section II reviews the extended stationary action princi-
ple, its assumptions, and the five-step derivation of quan-
tum mechanics for an unconstrained system. Section III
applies the framework to a one-dimensional system with
vanishing local momentum, yielding a non-trivial solu-
tion absent in reduced and Dirac quantization. Sec-

tion IV extends the analysis to a bipartite system with
global translational invariance, where the new simultane-
ous approach reproduces the results of the conventional
methods. Section V discusses the broader applicability
of the simultaneous method, provides an information-
theoretic interpretation of the Bohm quantum potential,
and presents our conclusions.

II. QUANTIZATION USING THE EXTENDED
STATIONARY ACTION PRINCIPLE

A. The Extended Stationary Action Principle

The theoretical framework in this paper is developed
based on the extended least action principle proposed
in [11]. In essence, the principle of least action in classical
mechanics is generalized to derive quantum formulations
by incorporating the following two assumptions:

Assumption 1 – A quantum system experi-
ences vacuum fluctuations constantly. The
fluctuations are local and completely random.

Assumption 2 – There is a lower limit to the
amount of action that a physical system needs
to exhibit in order to be observable. This basic
discrete unit of action effort is given by ℏ/2
where ℏ is the Planck constant.

The conceptual justifications of these two assumptions
have been extensively discussed in [11]. Here we just
briefly review these justifications. The first assumption
aligns with the standard view that vacuum fluctuations
underlie the intrinsic randomness of quantum dynamics.
Although we do not know the physical details of the vac-
uum fluctuation, the crucial assumption here is the lo-
cality of the vacuum fluctuation. This implies that for
a composite system, the fluctuation of each subsystem
is independent of each other. Assumption 2 provides us
with a new mechanism to calculate the additional ac-
tion due to vacuum fluctuations. Although the micro-
scopic details of the fluctuations remain unknown, the
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vacuum fluctuations manifest themselves via a discrete
action unit determined by the Planck constant as an ob-
servable information unit. If an information metric is de-
fined to measure the observable information manifested
by vacuum fluctuations, multiplying this metric by the
Planck constant yields the action associated with vacuum
fluctuations. Then, the challenge of calculating the addi-
tional action due to the vacuum fluctuation is converted
to defining an appropriate new information metric If .
The task of defining an appropriate information metrics
is less challenging since there are information-theoretic
tools available. The most commonly used information
metrics that extract observable information are defined
by relative entropy. The concrete form of If will be de-
fined later as a functional of the Kullback-Leibler diver-
gence DKL, If := f(DKL), where DKL measures the in-
formation distances of different probability distributions
caused by vacuum fluctuations. Thus, the total action is

At = Ac +
ℏ
2
If , (2)

where Ac is the classical action. Quantum theory can be
derived [11, 13] through a variation approach to extrem-
ize such a functional quantity, δAt = 0. In the classical
limit ℏ → 0, At → Ac, and extremization recovers classi-
cal dynamics. For ℏ ̸= 0, the contribution of If must be
retained, and this information metric becomes the source
of quantum behavior. These considerations may be sum-
marized as1

Extended Stationary Action Principle –
The dynamics of a quantum system extremize
the action functional defined in (2).

Within this framework, the quantization of a classical
system proceeds through the following five steps:

• Step I Write down the classical Lagrangian for the
system to be quantized.

• Step II Perform a canonical transformation to ob-
tain the Hamilton-Jacobi equation with the gener-
ating function S. Introduce a probability density ρ
for an ensemble of systems and compute the classi-
cal action Ac for the ensemble.

• Step III Apply the extended stationary action
principle for an infinitesimal short time step. De-
fine the relative entropy between the transition
probability induced by vacuum fluctuations and a
uniform reference distribution. The variation of
the total action (2) yields the transition probability
density of the vacuum fluctuation. From the prob-
ability density, the variance of vacuum fluctuations
can be computed.

1 Over its development [11–14], the principle has been referred to
by various names, including the principle of least observability
and the extended principle of least action. These changes reflect
a progressively refined understanding of its content.

• Step IV Apply the extended stationary action
principle again for a period of time to extract the
dynamic equation for the ensemble. The relative
entropy between the distributions with and with-
out fluctuations for the period of time t ∈ {0, T}
contributes an additional term If in the total ac-
tion At.

• Step V Carry out the variation over At with re-
spect to ρ and S resulting in two differential equa-
tions for the dynamics of ρ and S. Defining the
wave function Ψ =

√
ρ, eiS/ℏ, these equations com-

bine to obtain the Schrödinger equation.

Steps I and II remain within the classical domain, while
quantization begins at Step III. This framework has been
successfully applied to derive a series of quantum theo-
ries, including non-relativistic quantum mechanics [11],
electron spin theory [12], scalar and fermionic field theo-
ries [13, 14].

B. Quantizing a One-dimensional System

In this subsection, we briefly review the quantization
of a single nonrelativistic system. Although the theory
has been developed previously [11], our purpose here is to
explicitly illustrate the five-step procedure outlined in the
preceding subsection, thereby laying the groundwork for
the later discussion of constrained systems. For clarity,
we consider the simplest case: the quantization of a one-
dimensional system.
First, the Lagrangian of a single one-dimensional clas-

sical system is simply

L =
1

2
mẋ2 − V (x). (3)

The momentum p = mẋ and spatial coordinates x form
a pair of canonical coordinates.
In the second step, we apply the canonical transforma-

tion in classical mechanics by introducing a pair of gen-
eralized canonical coordinates {X,P}. Denote H(x, p) =
pẋ − L the Hamiltonian in the {x, p} coordinate system
and K(X,P ) the Hamiltonian in the generalized coordi-
nate system. The canonical transformation must satisfy
the following relation,

PẊ −K(X,P ) = λ(pẋ−H(x, p)) +
dG

dt
, (4)

where G is a generating function and λ is a free parame-
ter that does not affect the forms of canonical equations
in the generalized canonical coordinates. When λ ̸= 1,
the transformation is called extended canonical transfor-
mations. Here we will choose λ = −1 and a generating
function G = PX+S(x, P, t), that is, a type 2 generating
function. Its total time derivative reads

dG

dt
= PẊ +XṖ + ẋ

∂S

∂x
+ Ṗ

∂S

∂P
+
∂S

∂t
. (5)
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Comparing 4 and 5, we have

∂S

∂t
= −(K +H), (6)

p =
∂S

∂x
, (7)

X = − ∂S

∂P
. (8)

From (6), K = −(∂S/∂t+H). Thus, the Lagrangian in

the generalized canonical coordinates is L′ = PẊ −K =
PẊ+(∂S/∂t+H). We can choose a generating function
S such that X does not explicitly depend on t during
motion2 so that Ẋ = 0 and L′ = ∂S/∂t +H(x, p). The
action integral in the generalized canonical coordinates
becomes

Ac =

∫ tB

tA

dtL′ =

∫ tB

tA

dt{∂S
∂t

+H(x,
∂S

∂x
)}. (9)

For the ensemble system with probability density ρ(x, t),
the Lagrangian density L = ρL′, and the average value
of the classical action of the ensemble is

Ac =

∫
dxdtL =

∫
dxdtρ{∂S

∂t
+H(x,

∂S

∂x
)}. (10)

As shown by Hall and Reginatto [16, 17], the Hamil-
ton–Jacobi and continuity equations can be obtained
from the classical action Ac by fixed-point variation with
respect to ρ and S, respectively. In particular, variation
of Ac with respect to ρ yields the Hamilton–Jacobi equa-
tion,

∂S

∂t
+

1

2m
(
∂S

∂x
)2 + V = 0. (11)

Variation of Ac with respect to S gives the continuity
equation

∂ρ

∂t
+

1

m

∂

∂x
(ρ
∂S

∂x
) = 0.

Eq. (10) will be a starting point of the quantization
process in Step IV later.

In Step III, we consider the dynamics of a system with
an infinitesimal time internal ∆t due to vacuum fluctua-
tion. Define the probability that the system will transi-
tion from a spatial position x to another position x+ w
as ϱ(x+w|x)dw, where w = ∆x is the displacement due
to fluctuations. The expectation value of the classical ac-
tion is Ac =

∫
ϱ(x+w|x)Ldwdt. For an infinitesimal time

internal ∆t, one can approximate the velocity v = w/∆t.
This gives

Ac =

∫ +∞

−∞
ϱ(

m

2∆t
w2 + V∆t)dw. (12)

2 For instance, by choosing S(x, P, t) = F (x, P ) + f(x, t), one has
X = −∂F (x, P )/∂P .

The second term V∆t can be ignored when ∆t→ 0. The
information metrics If is defined as the Kullback–Leibler
divergence, to measure the information distance between
ϱ(x+w|x) and a uniform prior probability distribution σ
that reflects that the vacuum fluctuations are completely
random with maximal ignorance [19],

If =: DKL(ϱ(x+ w|x)||σ) =
∫
ϱ ln(ϱ/σ)dw.

Inserting both Ac and If into (2), we have

At =

∫
ϱ(

m

2∆t
w2 +

ℏ
2
ln
ρ

σ
)dw. (13)

Performing the variation procedure with respect to ϱ, one
obtains

ϱ(x+ w|x) = 1

Z
e−

m
ℏ∆tw

2

, (14)

where Z is a normalization factor. Equation (14) shows
that the transition probability density is a Gaussian dis-
tribution. The variance ⟨w2⟩ = ℏ∆t/2m. Recalling that
w/∆t = v is the approximation of velocity due to the
vacuum fluctuations, one can deduce

⟨∆x∆p⟩ = ℏ/2. (15)

Applying the Cauchy–Schwarz inequality gives the un-
certainty relation,

⟨∆x⟩⟨∆p⟩ ≥ ℏ/2. (16)

Step IV, to define the information metrics for the vac-
uum fluctuations If , we slice the time duration tA → tB
into N short time steps t0 = tA, . . . , tj , . . . , tN−1 = tB ,
and each step is an infinitesimal period ∆t. In an in-
finitesimal time period at time tj , the particle not only
moves according to the Hamilton-Jacobi equation but
also experiences random fluctuations. Such an additional
revelation of distinguishability due to the vacuum fluctu-
ations on top of the classical trajectory is measured by
the following definition,

If =:

N−1∑
j=0

⟨DKL(ρ(x, tj)||ρ(x+ w, tj))⟩w (17)

=

N−1∑
j=0

∫
dwϱ(w)

∫
dxρ(x, tj) ln

ρ(x, tj)

ρ(x+ w, tj)
. (18)

When ∆t→ 0, If turns out to be [11]

If =

∫
dxdt

ℏ
4m

1

ρ
(
∂ρ

∂x
)2. (19)

Eq. (19) contains the term related to Fisher informa-
tion [20, 21] for the probability density ρ but bears much
more physical significance than Fisher information. In-
serting (10) and (19) into (2), we obtain the total action

At =

∫
dxdtρ{∂S

∂t
+

1

2m
(
∂S

∂x
)2+V +

ℏ
4m

(
∂ ln ρ

∂x
)2}. (20)
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In step V, we perform the variation procedure on At

with respect to S, which gives the continuity equation.
On the other hand, performing the variation with respect
to ρ leads to the quantum Hamilton-Jacobi equation,

∂S

∂t
+

1

2m
(
∂S

∂x
)2 + V +Q = 0, (21)

where Q = − ℏ2

2m

∇2√ρ
√
ρ
. (22)

Q(ρ) is called the Bohm quantum potential [22]. We will
discuss its physical interpretation in further detail in Sec-
tion VB. Defining a complex function Ψ =

√
ρeiS/ℏ, the

continuity equation and the extended Hamilton-Jacobi
equation (21) can be combined into a single differential
equation,

iℏ
∂Ψ

∂t
= [− ℏ2

2m
∇2 + V ]Ψ, (23)

which is the Schrödinger Equation.
Once the the Schrödinger equation for the wave func-

tional is derived and the correct Hamiltonian operator
is identified, one can restore to the standard operator-
based approach. For instance, operators for momentum
and angular momentum can be defined, and the energy
of the ground state or excited states can be calculated.

In the canonical quantization procedure, position and
momentum variables are promoted to operators, and the
commutation relation [x̂, p̂] = iℏ is imposed, with the
Schrödinger equation subsequently postulated. While
this prescription is mathematically elegant, it also ap-
pears somewhat ad hoc, as the operator promotion step
lacks a deeper justification. In contrast, in the present
framework, quantization is implemented by introducing
an additional term If into the Lagrangian and apply-
ing the standard variational principle. The Schrödinger
equation then emerges directly from first principles, with-
out the seemingly mystical step of promoting classical
variables to operators. Within this variational formula-
tion, the treatment of constraints is also straightforward:
they can be incorporated into the Lagrangian through
Lagrange multipliers in Steps III and IV, and the varia-
tion is carried out in a single calculation. This provides a
natural and unified procedure in which quantization and
constraint enforcement occur simultaneously, thereby re-
solving the long-standing ambiguity regarding the order
of these two operations.

In the next two sections, we explore this approach for
specific constrained systems and compare the results with
those obtained using reduced quantization and Dirac
quantization.

III. ENSEMBLE WITH VANISHING LOCAL
MOMENTUM

Consider a constraint for an ensemble of single particles
such that the local momentum of an ensemble is constant.

This can be expressed as

ϕ : p(x)− pc ≈ 0. (24)

The symbol ≈ indicates weak equality. That is, it is
only valid on the constrained surface. We can always
select a reference frame such that pc = 0. Hence, we will
choose pc = 0, implying that the local momentum of the
ensemble vanishes. For clarity, we retain the parameter
pc in the intermediate steps of the formulation but set
pc = 0 in the final stage. On the constrained surface of
the phase space, the Hamiltonian is

H =
p2c
2m

+ V (x). (25)

To preserve dynamics of the constraint, the Poisson
bracket must vanish. Thus,

{ϕ,H} =
∂ϕ

∂x

∂H

∂p
− ∂ϕ

∂p

∂H

∂x
≈ −∂V

∂x
≈ 0. (26)

This is a secondary constraint, denoted as θ.

A. Reduced Quantization and Dirac Quantization

With reduced quantization, we first apply the con-
straint ϕ at the classical level, and obtain the Hamil-
tonian (25). The constraint θ implies that V (x) = Vc
is a constant. Next, we perform canonical quantization.
The promotion of the momentum operator p → p̂ does
not change (25). The reduced Hamiltonian becomes

Hred =
p2c
2m

+ Vc = E. (27)

The Schrödinger equation is simply

iℏ
∂Ψ

∂t
= EΨ. (28)

With Dirac quantization, we first promote p→ p̂, x→
x̂, impose the commutative relation [x̂, p̂] = iℏ, and pos-
tulate the Schrödinger equation

iℏ
∂Ψ

∂t
= (

p̂2

2m
+ V )Ψ. (29)

The two constraints are quantized as

ϕ̂ : (p̂− pc)Ψ = 0, (30)

θ̂ : (
∂V

∂x
)Ψ = 0. (31)

From (30), we get p̂2Ψ = p2cΨ. And from (31), we obtain
∇V = 0 thus V (x) = Vc. Substituting them into the
Schrödinger equation, one has

iℏ
∂Ψ

∂t
= (

p2c
2m

+ Vc)Ψ = EΨ. (32)
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Both reduced quantization and Dirac quantization give
the same outcomes. But the resulting Schrödinger equa-
tion admits a trivial solution,

Ψ = ψ(x)e−iEt/ℏ. (33)

where ψ(x) is a real function. It is clear that the par-
ticle is in an energy eigenstate. Now we set pc = 0.
The constraint (30) states that p̂Ψ = 0, which implies
that ∂ψ/∂x = 0 and ψ is just a constant. Subsequently,
ρ = |Ψ|2 is also a constant. We find that the reduced
quantization and Dirac quantization result in a trivial
solution of constant probability density.

B. Quantization Based on the Extended Stationary
Action Principle

Referring to Section II B, we will go through each step
in the quantization process, but incorporate constraint
(24). The Lagrangian is still the same as (3). In Step II,
after the canonical transformation, the constraint (24)
becomes

ϕ→ Φ :
∂S

∂x
− pc ≈ 0. (34)

After introducing the ensemble probability density ρ, the
constraint ϕ leads to

ϕ→ Φe :

∫
dxρ(

∂S

∂x
− pc) ≈ 0. (35)

When pc = 0, the local momentum of the ensemble van-
ishes. One should expect the probability density of the
ensemble to be independent of time. This implies another
constraint, ∂ρ/∂t ≈ 0. That is,

Θe :

∫
dxρ

∂ρ

∂t
≈ 0. (36)

For a reason to be clear later, we will perform the con-
sistency checking after we obtain the Hamiltonian.

Step III is the same as in Section II B. The crucial
difference comes in Step IV. Here, the constraints are
added to the Lagrangian

L =Lc + λ1Φe + λ2Θe

=

∫
dxρ{∂S

∂t
+H + λ1(

∂S

∂x
− pc) + λ2

∂ρ

∂t
}.

(37)

where λ1 and λ2 are Lagrange multipliers. Then, the
total action, after including the relative entropy term If ,
becomes

At =

∫
dxdtρ{∂S

∂t
+H + λ1(

∂S

∂x
− pc) + λ2

∂ρ

∂t

+
ℏ
4m

(
∂ ln ρ

∂x
)2}.

(38)

This allows us to perform the quantization and solve the
constrained conditions at the same time. Specifically, we

perform the variation of At with respect to S, ρ, λ1, and
λ2, and obtain the following equations, respectively.

∂ρ

∂t
+

1

m

∂

∂x
(ρ
∂S

∂x
) + λ1

∂ρ

∂x
= 0, (39)

∂S

∂t
+H +Q+ λ1(

∂S

∂x
− pc) + λ2

∂ρ

∂t
= 0, (40)∫

dxdtρ(
∂S

∂x
− pc) = 0,

∫
dxdtρ

∂ρ

∂t
= 0. (41)

Substituting (34) into the first two equations, we get

∂ρ

∂t
+

∂

∂x
{ρ(pc

m
+ λ1)} = 0, (42)

∂S

∂t
+

p2c
2m

+ V +Q+ λ2
∂ρ

∂t
= 0. (43)

Eq. (42) is the continuity equation for the probability
density of the constrained system. It shows that the cur-
rent density of the ensemble is j = ρ(pc/m + λ1). Next
we substitute ∂ρ/∂t = 0 to the above two equations,

(
pc
m

+ λ1)
∂ρ

∂x
= 0, (44)

∂S

∂t
+

p2c
2m

+ V +Q = 0. (45)

There are two solutions for (44). Either ∂ρ/∂x = 0 or
λ1 = −pc/m. The first solution will lead to the same
trivial result as the reduced or Dirac quantization. We
are more interested in the second solution, which also
fixes the value of λ1.
Now we set pc = 0 and obtain λ1 = 0, and summarize

the equations obtained from the variation procedure as
following.

∂S

∂t
+ V +Q = 0, (46)

∂ρ

∂t
= 0,

∂S

∂x
= 0,

∂ρ

∂x
̸= 0. (47)

In Step V, we wish to derive the Schrödinger equation
correspondent to the equations in (46) and (47). Taking
the time derivative of equation (46), one has

∂2S

∂t2
= −∂Q(ρ)

∂t
= −∂Q

∂ρ

∂ρ

∂t
= 0. (48)

This implies that ∂S/∂t is a constant. Denote it as −E.
Then, from (46), we get

V +Q = −∂S
∂t

= E. (49)

This gives S = −Et + φ where φ is a constant. Substi-
tuting Q from (22) into (49) gives

− ℏ2

2m

∇2√ρ
√
ρ

+ V = E. (50)
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This can be rearranged as

(− ℏ2

2m
∇2 + V )

√
ρ = E

√
ρ. (51)

Defining Ψ =
√
ρeiS/ℏ =

√
ρe−iEt/ℏ where we ignore the

constant φ, one can verify that

(− ℏ2

2m
∇2 + V )Ψ = EΨ. (52)

This is the time-independent Schrödinger equation for
the one-dimensional ensemble with constraint (34). It is
the same result as in [15]. Examples of systems governed
by this equation include the one-dimensional quantum
well and the one-dimensional quantum harmonic oscilla-
tor. The constrained system is in the energy eigenstate
governed by (52).

Eq.(46) is the quantum version of Hamilton-Jacobi
equation for the constrained system, analogous to the
classical version of ∂S/∂t+H = 0. From (46), we iden-
tify the Hamiltonian H = V +Q and the Hamiltonian of
the quantum ensemble as

He =

∫
dxρ(V +Q). (53)

In Appendix A, we verify that Poisson brackets
{Φe, He} ≈ 0 and {Θe, He} ≈ 0. Thus, both constraints
(35) and (36) are consistent and do not induce secondary
constraints.

The key distinction between this solution and the
trivial solution of Dirac quantization lies in the spatial
derivative of the probability density: here, ∂ρ/∂x ̸= 0,
whereas in the trivial solution ∂ρ/∂x = 0. Since ∂ρ/∂x ̸=
0, the condition p̂Ψ = 0 does not hold. In Dirac quan-
tization, the constraint (24) is promoted in (30) to an
operator that acts linearly on the wave function, which
implicitly enforces ∂ρ/∂x = 0 and excludes the second
solution of (44). Consequently, the time-independent
Schrödinger equation (52) cannot be derived within the
Dirac framework.

This example makes clear that the extended station-
ary action principle provides a more general framework
for quantizing systems with constraints that cannot be
expressed as linear operators acting on the wave func-
tion. To see this explicitly, the constraint ∂S/∂x ≈ 0 can
be re-expressed in terms of Ψ as

p̂(lnΨ− lnΨ∗) = 0, (54)

which differs fundamentally from the Dirac quantization
condition p̂Ψ = 0.

IV. BIPARTITE SYSTEM WITH
TRANSLATIONAL INVARIANCE

An important class of constraints in physical sys-
tems arises from gauge symmetries. For instance, a La-

grangian exhibiting global translational invariance im-
plies that the total center-of-mass momentum must van-
ish [24]. In the case of a one-dimensional N -particle sys-
tem,

N∑
i=1

pi ≈ 0, (55)

Thus, the momenta of the individual particles are no
longer independent. The momentum of the ith particle
is given by

pi = mi(ẋi − vc) (56)

where vc is the velocity of the center of mass of the sys-
tem, defined as vc =

∑
imiẋi/

∑
imi. The Lagrangian

and Hamiltonian are [24]

L =
N∑
i=1

1

2
mix

2
i −

1

2
(

N∑
i=1

mi)v
2
c − V (57)

=

N∑
i=1

p2i
2mi

− V ({xi − xj}Ni,j=1), (58)

H =

N∑
i=1

piẋi − L =

N∑
i=1

p2i
2mi

+ V. (59)

Here, we will study the most simple system with trans-
lational invariance, a one-dimensional bipartite system.
The constraint is simply

ϕ : pa + pb ≈ 0. (60)

The constraint ϕ defines a three-dimensional constrained
surface in the original four-dimensional phase space. The
Hamiltonian is simply

H =
p2a
2ma

+
p2b
2mb

+ V (xa − xb). (61)

We can verify that the constraint is preserved by the
Poisson bracket {ϕ,H} = 0. Thus, no secondary con-
straints are induced to enforce the conservation of ϕ and
this indicates that ϕ is a first-class constraint.

A. Reduced Quantization and Dirac Quantization

With the reduced quantization approach, one first
solves the constraints at the classical level. Given ϕ, we
simply replace pa = −pb in the Hamiltonian and get

Hred = (
1

2ma
+

1

2mb
)p2a + V (xa − xb). (62)

Then we apply the canonical quantization by promoting

pa → p̂a, xa → x̂a, xb → x̂b, (63)
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and imposing the commutative relation

[x̂a, p̂a] = iℏ, [x̂b, p̂a] = 0. (64)

The reduced Hamiltonian operator is

Ĥred = (
1

2ma
+

1

2mb
)p̂2a + V (xa − xb), (65)

which is then used to postulate the Schrödinger equation

iℏ
∂Ψ

∂t
= ĤredΨ. (66)

In the Dirac quantization approach, we first apply the
canonical quantization by promoting

pa → p̂a, pb → p̂b, xa → x̂a, xb → x̂b, (67)

and imposing the commutative relation,

[x̂α, p̂β ] = iℏδαβ , {α, β = a, b}. (68)

The quantization of Hamiltonian is straightforward,

ĤD =
p̂2a
2ma

+
p̂2b
2mb

+ V (xa − xb). (69)

The Schrödinger equation is

iℏ
∂Ψ

∂t
= ĤDΨ. (70)

Next step is to quantize the constraint ϕ by promoting

ϕ→ ϕ̂ = p̂a + p̂b, (71)

and imposing

ϕ̂Ψ = (p̂a + p̂b)Ψ = 0. (72)

Lastly, one solves the constraint at the quantum level.
From (72), we have p̂aΨ = −p̂bΨ. Then

p̂2aΨ = −p̂ap̂bΨ = −p̂bp̂aΨ = p̂2bΨ. (73)

Substituting this into the Schrödinger equation, we find

iℏ
∂Ψ

∂t
= (

p̂2a
2ma

+
p̂2a
2mb

+ V (xa − xb))Ψ, (74)

which is identical to (66). We conclude that for such a
constrained system, both reduced quantization and Dirac
quantization give the same results.

B. Quantization Based on the Extended Stationary
Action Principle

To illustrate how the constraint is incorporated within
the framework of Sec. II, Appendix B first presents the
quantization of the bipartite system without the con-
straint (60). This serves as a reference for the modifi-
cations introduced in this section. Readers are strongly

recommended to go through the Appendix B before pro-
ceeding.
We now impose the constraint (60). The correspond-

ing Lagrangian and Hamiltonian are given in (57) and
(69). Since their forms in terms of pa and pb are iden-
tical to those of the unconstrained bipartite system, the
canonical transformation in Step II proceeds exactly as
in Appendix B. After this transformation, the constraint
(60) takes the form

ϕ→ Φ :
∂S

∂xa
+
∂S

∂xb
≈ 0. (75)

When we introduce the ensemble of the bipartite system
with probability density ρ, the constraint (75) implies

ϕ→ Φe :

∫
dxadxbρ(

∂S

∂xa
+
∂S

∂xb
) ≈ 0, (76)

The Hamiltonian is

He = −
∫
dxadxbρH, where (77)

H =
1

2ma
(
∂S

∂xa
)2 +

1

2mb
(
∂S

∂xb
)2 + V (xa − xb). (78)

In Appendix A, we show that the constraint (76) is con-
sistent with the equation of motion on the constrained
surface and does not induce any secondary constraint.
However, since the Lagrangian and Hamiltonian depend
only on the relative position (xa − xb), we expect that
the probability density also depends only on the relative
position (xa − xb). That is, on the constrained surface,

ρ(xa, xb, t) = ρ(xa − xb, t). (79)

This implies another constraint

Θ :
∂ρ

∂xa
+

∂ρ

∂xb
≈ 0. (80)

For the ensemble of bipartite system, this constraint is
written as

Θe :

∫
dxadxbρ(

∂ρ

∂xa
+

∂ρ

∂xb
) ≈ 0. (81)

An interesting property of this constraint is

δΘe =

∫
dxadxb{(

∂ρ

∂xa
+

∂ρ

∂xb
)δρ− (

∂ρ

∂xa
+

∂ρ

∂xb
)δρ

= 0.

(82)

This implies that

δΘe

δρ
= 0,

δΘe

δS
= 0. (83)

Consequently,

{Θe,Φe} = 0, {Θe, He} = 0. (84)
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This indicates that there is no secondary constraint in-
duced by Θe. Thus, we have identified the complete set
of constraints Φe and Θe, which will be applied in Step
IV.

The objective of Step III is to calculate the transition
probability density of the system as a result of the fluctu-
ation of the vacuum. The Lagrangian for the constrained
bipartite system is given in (57). Thus, the total action is
similar to (B11) in Appendix B for the bipartite system
without constraints, except with an extra term contain-
ing the velocity of the center of mass,

At =

∫
ϱ{ ma

2∆t
w2

a +
mb

2∆t
w2

b −
1

2
Mv2c∆t+

ℏ
2
ln
ϱ

σ
}dwadwb

(85)

where M = ma + mb. This extra term can be ignored
since vc should be a finite quantity and when ∆t→ 0, the
term vanishes. Thus, (85) is reduced to be the same as
(B11). Consequently, the transition probability density
and the variance of vacuum fluctuations are identical to
(B13) and (B14), respectively.

For Step IV, note that without constraints, the total
action is given by (2). But with the constraints identified
in (76) and (81), we modify the Lagrangian as

L =Lc + λ1Φe + λ2Θe

=

∫
dxadxbρ{

∂S

∂t
+H + λ1(

∂S

∂xa
+
∂S

∂xb
)

+ λ2(
∂ρ

∂xa
+

∂ρ

∂xb
)}.

(86)

where λ1, λ2 are the Lagrange multipliers. Then, the
total action after including the relative entropy term If
becomes (compared to (B17))

At =

∫
dxadxbdtρ{

∂S

∂t
+H

+ λ1(
∂S

∂xa
+
∂S

∂xb
) + λ2(

∂ρ

∂xa
+

∂ρ

∂xb
)

+
ℏ

4ma
(
∂ ln ρ

∂xa
)2 +

ℏ
4mb

(
∂ ln ρ

∂xb
)2}.

(87)

Next, taking the variations of At with respect to ρ gives

∂S

∂t
+H +Qa +Qb + λ1(

∂S

∂xa
+
∂S

∂xb
) = 0. (88)

Performing the variations of At with respect to ρ results
in

∂ρ

∂t
+

1

ma

∂

∂xa
(ρ
∂S

∂xa
)2 +

1

mb

∂

∂xb
(ρ
∂S

∂xb
)2

+λ2(
∂ρ

∂xa
+

∂ρ

∂xb
) = 0.

(89)

Lastly, taking the variations of At with respect to λ1 and
λ2, just recovers the constraints (76) and (81), respec-
tively. Substituting (75) into (90) one obtains

∂S

∂t
+H +Qa +Qb = 0. (90)

Substituting (80) into (89) gives

∂ρ

∂t
+

1

ma

∂

∂xa
(ρ
∂S

∂xa
)2 +

1

mb

∂

∂xb
(ρ
∂S

∂xb
)2 = 0. (91)

As usual, defining a complex function Ψ(xa, xb, t) =√
ρ(xa, xb, t)e

iS(xa,xb,t)/ℏ, Eqs. (90) and (91) can be com-
bined into the Schrödinger equation,

iℏ
∂Ψ

∂t
= [− ℏ2

2ma
∇2

a −
ℏ2

2mb
∇2

b + V ]Ψ. (92)

In terms of Ψ, Eqs. (75) and (80) are equivalent to

∂Ψ

∂xa
+
∂Ψ

∂xb
= 0. (93)

Defining p̂a = −iℏ∂/∂xa and p̂b = −iℏ∂/∂xb, the above
equation is rewritten as

(p̂a + p̂b)Ψ = 0. (94)

Eqs. (92) and (94) are identical to (70) and (72), thus we
obtain the same results as those using the Dirac quanti-
zation.
For the bipartite system with a global translational

invariance constraint, we have shown that all three ap-
proaches, reduced quantization, Dirac quantization, and
the framework based on the extended stationary action
principle, yield the same result. However, this agreement
is strongly dependent on the nature of the constraint. In
this case, the constraint ϕ induced by the translation in-
variance is simple and can be recasted as a linear operator
when it acts on the wave function.

V. DISCUSSION AND CONCLUSIONS

A. Limitation of the Dirac Constraints

The limitation of the Dirac constraints (1) has been
clearly explained in [15]. In terms of position operator
and momentum operator for a one-dimensional system,
and substituting Ψ =

√
ρeiS/ℏ into (1) since in our frame-

work the dynamics of the system is expressed in terms of
S and ρ, we can re-expressed (1) as

ϕ(x,−iℏ ∂

∂x
)
√
ρeiS/ℏ = 0. (95)

Thus, we should obtain two independent equations (the
real and imaginary parts of (95)).

R(S, ρ) = 0; I(S, ρ) = 0. (96)

The above equations indicate that the Dirac constraint
(1) is a strong condition that imposes two independent
constraints for the conjugate pair (S, ρ). However, the
set of possible constraints on (S, ρ) is much larger than
those that can be expressed as (95), as the example shown
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in Section III. There, the constraints can be effectively
expressed as

∂S

∂x
= 0,

∂ρ

∂t
= 0. (97)

It is clear that they cannot be expressed in the linear
form of (95).

There is no justification that a physical constraint must
always be expressed in the form of (95). This imposes
a strong limitation on the Dirac quantization. On the
other hand, the quantization framework presented in this
paper is more generic and can naturally quantize those
constraints that the Dirac quantization cannot handle.
As mentioned in the Introduction section, although we
arrive at the same conclusion as in [15], the mathematical
framework for quantizing a constraint system is different.
[15] still adopts the approach of quantization first, and
solving the constraint at the quantum level, where we
propose here to quantize and constrain at the same time.

B. On the Bohm Quantum Potential

In Sec. III B, we show that the time-independent
Schrödinger equation (52) can be recast as a rearrange-
ment of the Bohm quantum potential Q. The dynamics
governed by Eq. (52) are therefore purely quantum in
origin. Importantly, Q arises directly from varying the
information metric If in Eq. (19) with respect to the
probability density ρ. Hence, quantum effects emerge
as the consequence of extremizing the relative entropy
encoded in If . This provides an information-theoretic
foundation for phenomena traditionally regarded as in-
trinsically quantum. For example, in Bohmian mechan-
ics, Q is postulated and attributed to hidden nonlocal
variables, whereas in the present framework it is simply
the variational outcome of If . The Bohmian “guiding
wave” can thus be reinterpreted as the system’s tendency
to minimize If during its evolution. Moreover, for a bi-
partite system, the potentials Qa and Qb in Eq. (B18)
cannot, in general, be decomposed into independent con-
tributions from the two subsystems. This inseparability
originates from the structure of If , rather than from hid-
den variables, and offers a new perspective on the nature

of entanglement, as further analyzed in Ref. [25].

C. Conclusions

In this work, we have developed a novel framework for
the quantization of constrained systems, building on the
extended stationary action principle. The key feature of
this approach is that quantization and constraint enforce-
ment are carried out simultaneously. This is achieved
naturally within a variational framework, where con-
straints are incorporated directly into the Lagrangian
through Lagrange multipliers. This approach removes
the ambiguity of whether constraints should be imposed
before or after quantization, a difficulty intrinsic to both
reduced quantization and Dirac quantization.
To demonstrate the difference between the new quan-

tization approach and the reduced quantization or Dirac
quantization, we quantize two one-dimensional con-
strained systems with the three approaches. In the first
example, we quantize a one-dimensional ensemble with
vanishing local momentum. The reduced quantization
and Dirac quantization give a trivial quantum state with
constant probability distribution, while the new quanti-
zation approach yields a time-independent Schrödinger
equation for the constrained system, in addition to the
trivial quantum state. For the bipartite system with
global translational invariance, all three methods con-
verge to the same quantum theory. These examples
demonstrate that the present framework is consistent
with the traditional approaches, while extending their
applicability to constraints that cannot be represented
as linear operators acting on the wave function.
The strategy of implementing quantization and con-

straining simultaneously is both mathematically natural
and conceptually appealing. An important avenue for
future work is to investigate extensions to more complex
systems, including gauge theories and models of quan-
tum gravity. Although such developments are beyond
the scope of the present study, we believe that the vari-
ational framework introduced here provides a solid foun-
dation for these future investigations.
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Appendix A: Consistency Checking of Constraints

Recall the definition of functional derivative for functional F [f(x), g(x)]

δF [f, g] =

∫
dx{(δF

δf
)δf + (

δF

δg
)δg}. (A1)

Given (35), we have

δΦe =

∫
dx{(∂S

∂x
− pc)δρ−∆ρδS}. (A2)

Therefore,

δΦe

δρ
= (

∂S

∂x
− pc),

δΦe

δS
= −∆ρ. (A3)

To check the consistency of the constraint (35) with the equation of motion governed by the Hamiltonian (53), we
evaluate the Poisson bracket on the constrained surface.

{Φe, He} =

∫
dx{δΦe

δρ

δHe

δS
− δΦe

δS

δHe

δρ
}

=

∫
dx{(∂S

∂x
− pc)

δHe

δS
+
∂ρ

∂x
(V +Q)}

≈ −
∫
dxρ

∂

∂x
(V +Q)

≈ −
∫
dxρ

∂

∂x
(E) ≈ 0.

(A4)

We utilize (49) in step four of the above derivation. To verify {Θe, He} = 0, it is necessary to note that both Θe in
(36) and He in (53) are independent of S, so that δΘe/δS = 0 and δHe/δS = 0.

To check the consistency of the constraint Φe in (76) with the equation of motion governed by the Hamiltonian He

in (77), we need to verify that the Poisson bracket {Φe, He} vanishes on the constrained surface. Given that

δΦe =

∫
dxadxb{(

∂S

∂xa
+
∂S

∂xb
)δρ− (

∂ρ

∂xa
+

∂ρ

∂xb
)δS}, (A5)

we have

δΦe

δρ
=

∂S

∂xa
+
∂S

∂xb
,
δΦe

δS
= −(

∂ρ

∂xa
+

∂ρ

∂xb
). (A6)

Similarly, one can calculate the following,

δHe

δρ
= H,

δHe

δS
=

1

ma

∂

∂xa
(ρ
∂S

∂xa
) +

1

mb

∂

∂xb
(ρ
∂S

∂xb
). (A7)

Then, the Poisson bracket is

{Φe, He} =

∫
dxadxb{

δΦe

δρ

δHe

δS
− δΦe

δS

δHe

δρ
}

=

∫
dxadxb{(

∂S

∂xa
+
∂S

∂xb
)
δHe

δS
+ (

∂ρ

∂xa
+

∂ρ

∂xb
)H}

≈ −
∫
dxadxb{ρ(

∂H

∂xa
+
∂H

∂xb
)} ≈ 0.

We use (75) recursively in the last two steps of the derivation above. Thus, the constraint (75) does not induce
secondary constraints.
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Appendix B: Quantization of a Bipartite System

We follow the five steps described in Section II to quantize a bipartite one-dimensional system consisting two
subsystems a and b. For such a system, the Lagrangian is

L =
1

2
mv2a +

1

2
mv2b − V (xa, xb). (B1)

To perform the classical canonical transformation, we introduce two pairs of generalized canonical coordinates {Xa, Pa}
and {Xb, Pa}. Denote the Hamiltonian in the generalized canonical coordinate system as K(Xa, Pa, Xb, PB). The
canonical transformation requires

PaẊa + PbẊb −K(Xa, Pa, Xb, Pb) = λ(paẋa + pbẋb −H(xa, pa, xb, pb)) +
dG

dt
, (B2)

where G is a generating function. Choosing λ = −1 and a type 2 generating function G = PaXa + PbXb +
S(xa, xb, Pa, Pb, t), computing the total time derivative dG/dt and comparing it with B2, one finds that

∂S

∂t
= −(K +H), (B3)

pa =
∂S

∂xa
, pb =

∂S

∂xb
, (B4)

Xa = − ∂S

∂Pa
, Xb = − ∂S

∂Pb
. (B5)

Choosing the generating function S such that Ẋa = 0 and Ẋb = 0, we have the Lagrangian in the generalized canonical
coordinate system as L′ = PaẊa + PbẊb −K = (∂S/∂t+H). Thus, the classical action for the bipartite system is

Ac =

∫
dt{∂S

∂t
+

1

2ma
(
∂S

∂xa
)2 +

1

2mb
(
∂S

∂xb
)2 + V (xa, xb)}. (B6)

For the ensemble system with probability density ρ(xa, xb, t), the Lagrangian density L = ρL′, and the average value
of the classical action of the bipartite ensemble is

Ac =

∫
dxadxbdtρ(xa, xb, t){

∂S

∂t
+

1

2ma
(
∂S

∂xa
)2 +

1

2mb
(
∂S

∂xb
)2 + V (xa, xb)}. (B7)

It is important to note that ρ(xa, xb, t) ̸= ρa(xa, t)ρb(xb, t). That is, the probability density for the bipartite ensemble is
not necessarily separable. This fact is crucial to understanding the potential entanglement between the two subsystems
A and B. Fixed point variation of Ac with respect to ρ gives the Hamilton-Jacobi equation,

∂S

∂t
+

1

2ma
(
∂S

∂xa
)2 +

1

2mb
(
∂S

∂xb
)2 + V (xa, xb) = 0, (B8)

and variation with respect to S gives the continuity equation,

∂ρ

∂t
+

1

ma

∂

∂xa
(ρ
∂S

∂xa
)2 +

1

mb

∂

∂xb
(ρ
∂S

∂xb
)2 = 0. (B9)

In Step III, we seek to derive the probability distribution of bipartite system for the vacuum fluctuations from
positions (xa, xb) to (xa + wa, xb + wb) in an infinitesimal time interval ∆t. This is achieved by defining

If =: DKL(ϱ(xa + wa, xb + wb|xb)||σ) =
∫
ϱ ln(ϱ/σ)dwadwb.

where σ is a uniform probability distribution. The classical action of the ensemble in the infinitesimal time interval
∆t is

Ac =

∫
ϱ{ ma

2∆t
w2

a +
mb

2∆t
w2

b + V (xa, xb)∆t}dwadwb. (B10)

The third term can be ignored when ∆t→ 0. Thus, the total action is

At =

∫
ϱ{ ma

2∆t
w2

a +
mb

2∆t
w2

b +
ℏ
2
ln
ϱ

σ
}dwadwb. (B11)
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Performing variation of Ac with respect to ϱ, one obtains

ϱ(wa, wb) =
1

Z
exp{− ma

ℏ∆t
w2

a −
mb

ℏ∆t
w2

b}, (B12)

where Z is a normalization factor. Clearly, this transition probability distribution can be rewritten in a separated
form,

ϱ(wa, wb) = ϱa(wa)ϱb(wb) = (
1

Za
exp{− ma

ℏ∆t
w2

a})(
1

Zb
exp{− mb

ℏ∆t
w2

b}). (B13)

This is consistent with Assumption 1 that the vacuum fluctuation is completely local. From (B13), one can verify
that

⟨wa⟩ = ⟨wa⟩ = 0, ⟨w2
a⟩ =

ℏ∆t
2ma

, ⟨w2
b ⟩ =

ℏ∆t
2mb

. (B14)

In Step IV, we extend the definition of If in (17) to the bipartite system:

If =:

N−1∑
j=0

⟨DKL(ρ(xa, xb, tj)||ρ(xa + wa, xb + wb, tj)⟩wa,wb

=

N−1∑
j=0

∫
dwadwbϱa(wa)ϱb(wb)

∫
dxadxbρ(xa, xb, tj) ln

ρ(xa, xb, tj)

ρ(xa + wa, xb + wb, tj)
.

Expanding the logarithmic function up to O(w2
a, w

2
b ),

ln
ρ(xa, xb, tj)

ρ(xa + wa, xb + wb, tj)
=

1

ρ
(− ∂ρ

∂xa
wa −

1

2

∂2ρ

∂x2a
w2

a +
1

2ρ
(
∂ρ

∂xa
)2w2

a −
∂ρ

∂xb
wb −

1

2

∂2ρ

∂x2b
w2

b +
1

2ρ
(
∂ρ

∂xb
)2w2

b ), (B15)

we have

If =

N−1∑
j=0

∫
dxadxb(−

∂ρ

∂xa
⟨wa⟩ −

1

2

∂2ρ

∂x2a
⟨w2

a⟩+
1

2ρ
(
∂ρ

∂xa
)2⟨w2

a⟩ −
∂ρ

∂xb
⟨wb⟩ −

1

2

∂2ρ

∂x2b
⟨w2

b ⟩+
1

2ρ
(
∂ρ

∂xb
)2⟨w2

b ⟩)

=

N−1∑
j=0

∫
dxadxb(−

1

2

∂2ρ

∂x2a
⟨w2

a⟩+
1

2ρ
(
∂ρ

∂xa
)2⟨w2

a⟩ −
1

2

∂2ρ

∂x2b
⟨w2

b ⟩+
1

2ρ
(
∂ρ

∂xb
)2⟨w2

b ⟩)

The last step uses the fact that ⟨wia⟩ = ⟨wib⟩ = 0. Taking the assumption that ρ is a regular function and its gradient
with respect to xa or xb approaches zero when |xa|, |xb| → ±∞, the first and third terms vanish. Substituting
⟨w2

a⟩ = ℏ∆t/2ma and ⟨w2
b ⟩ = ℏ∆t/2mb, and taking ∆t→ 0, we get

If =

∫
dxadxbdt{

ℏ
4ma

1

ρ
(
∂ρ

∂xa
)2 +

ℏ
4mb

1

ρ
(
∂ρ

∂xb
)2}. (B16)

Now we have the total action of the bipartite ensemble

At =

∫
dxadxbdtρ{

∂S

∂t
+

1

2ma
(
∂S

∂xa
)2 +

1

2mb
(
∂S

∂xb
)2 + V +

ℏ
4ma

(
∂ ln ρ

∂xa
)2 +

ℏ
4mb

(
∂ ln ρ

∂xb
)2}. (B17)

Step V, taking variation of At with respect to S leads to the same continuity equation as (B9), while performing
variation with respect to ρ gives the quantum version of Hamilton-Jacobi equation

∂S

∂t
+

1

2ma
(
∂S

∂xa
)2 +

1

2mb
(
∂S

∂xv
)2 + V +Qa +Qb = 0, where Qα = − ℏ2

2mα

∇2
α
√
ρ

√
ρ

and {α = a, b}. (B18)

Defining a complex function Ψ(xa, xb, t) =
√
ρ(xa, xb, t)e

iS(xa,xb,t)/ℏ, the continuity equation and the extended
Hamilton-Jacobi equation (B18) can be combined into a single differential equation, the Schrödinger equation,

iℏ
∂Ψ

∂t
= [− ℏ2

2ma
∇2

a −
ℏ2

2mb
∇2

b + V ]Ψ. (B19)


