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ABSTRACT. The induced Ramsey number Ri,q(H;r) of a graph H is the minimum number N
such that there exists a graph with N vertices for which all r-colourings of its edges contain a
monochromatic induced copy of H. Our main result is the existence of a constant C' > 0 such that,
for every graph H on k vertices, these numbers satisfy

Rina(H;7) < Pk,

When r = 2, this resolves a conjecture of Erdés from 1975. For r > 2, it answers a question of
Conlon, Fox and Sudakov in a strong form.

1. INTRODUCTION

The Ramsey number of a graph H, denoted by R(H ), is the minimum number N for which every
red/blue colouring of the edges of K, the complete graph on NN vertices, contains a monochromatic
copy of H. Ramsey [28] showed that R(H) is finite for every graph H, with Erdds and Szekeres
[18] providing the first explicit upper bound in 1935. In an influential paper from 1947, Erdds [15]
proved an exponential lower bound for the case H = K}, which established

2/2 < R(K},) < 4. (1)

Since then, the lower bound of Erdés has only been improved by a constant factor [34]. On the
other hand, the upper bound in (1) has seen several improvements over the years [35, 9, 30],
culminating in an exponential improvement by Campos, Griffiths, Morris, and Sahasrabudhe [8].
A second (much shorter) proof of this result was given in [2], which also extended it to the setting
of r-colourings, though only for fixed r and sufficiently large k.

Another major open problem in the area is the natural extension of R(H) to the setting of
induced subgraphs. We will write G 47 to denote the following property: for any red/blue
colouring of the edges of GG, there exists an induced monochromatic copy of H (that is, a copy of
H which is induced in G, and all of its edges have the same colour). We then define

ind

Rinq(H) = min {U(G) G — H}

In particular, observe that we have Ri,q(K)) = R(K}) for every k € N, since every copy of K}, in
a graph G is also an induced subgraph of G. For general graphs H, on the other hand, Erdés [17]
remarked that even “the existence of [the induced Ramsey number]| is not at all obvious.”

Deuber [14], Erdés, Hajnal, and Pésa [19] and Rodl [29] independently established in the 1970s
that Ri,q(H ) is finite for every graph H. While none of these works provide an explicit dependency
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on k, the number of vertices of H, Erdés [17] later remarked that the best bound that one can
deduce from the proofs in [14, 19, 29] is of the form
Rua(H) <22
Nevertheless, Erdds [16, 17] conjectured, first implicitly in 1975 and then explicitly in 1984, that
the function Rinq(H) should grow at most exponentially as a function of v(H) = k for every H.
Note that, if true, this would be best possible, since we have Rinq(Ky) = R(Ky) > 25/2 by (1).
Using the techniques of Rédl [29], one can prove Erdés’ conjecture for bipartite H. The problem
is much harder for non-bipartite H, however, and the next significant advance was not obtained
until almost 25 years later, by Kohayakawa, Promel, and Rodl [23]. By taking G (the host graph)
to be a random graph built using projective planes, they showed, among other results, that

Rina(H) < kOklogk) (2)

for every graph H with k vertices. Fox and Sudakov [20] later provided an explicit, pseudorandom
graph attaining the bound in (2). To achieve this, they pioneered a versatile approach to Ramsey-
type theorems in the setting where one fixed H is forbidden as an induced subgraph, which became
influential for other notorious conjectures, like the Erdés—Hajnal problem (see e.g. [6, 26, 27]).

A few years later, Conlon, Fox, and Sudakov [11] removed a factor of log k from the exponent in
(2) and showed, using an explicit graph, that

Rina(H) < KO®). (3)

In order to prove (3), the authors of [11] developed a general method for proving Ramsey-type
theorems using pseudorandom properties of the host graph G. For example, their method also
allowed them to improve a celebrated result of Graham, Rddl, and Rucinski [22] on the Ramsey
numbers of bounded degree graphs.

The main result of this paper confirms FErdds’ conjecture for all graphs H.

Theorem 1.1. There exists a constant C > 0 such that
Rind(H) < 2Ck
for every graph H with k vertices.

We will also consider the induced Ramsey number for r-colourings. Define Ri,q(H;7) to be the
r-colour induced Ramsey number of a graph H; that is, the minimum number of vertices of a graph
G such that every r-colouring ¢: E(G) — [r] of the edges of G contains an induced monochromatic
copy of H. The techniques used in [11] and [23] do not work in this more general setting, and
provide no bounds when r > 3, but Fox and Sudakov [21] introduced a different approach in 2009,
which can be used to show that!

Rina(H;r) < rOrk?), (4)
The large gap between (4) and the known bounds for the r = 2 case motivated Conlon, Fox, and
Sudakov [12, Problem 3.5] to ask if one could show that, for fixed r € N,

Ring(H;r) < gkt Fot)

IThe authors of [21] only state the weaker bound Rina(H;7) < ro(rka), because their focus in that paper was on
fixed k and large r, but their proof can easily be modified to give the bound (4).
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We resolve this problem in a very strong form, obtaining a bound that generalises Theorem 1.1 for
every r > 2. In fact, our proof works directly in this more general setting.

Theorem 1.2. There exists a constant C > 0 such that
Rina(H; ) < rCTF (5)
for every r > 2 and every graph H with k vertices.

We remark that, up to the value of the constant C, the bound (5) matches the classical upper
bound of Erdds and Szekeres [18] on the r-colour Ramsey numbers R(Kj;7) = Rina(Kg;7), which
was only recently improved by a small exponential factor in [2]. The best known lower bound is
of the form R(Ky;r) > 20Tk) | gee [1, 10, 36, 32]. Our method will moreover imply the stronger

Crk vertices such that every r-colouring of the

statement that there exists a graph G with N = r
edges of G contains an induced monochromatic copy of every graph H on k vertices. In fact, we

will show that almost every graph G with N vertices has this property.

1.1. An overview of our approach. Unlike the earlier approaches in [23, 11, 20], where the
authors developed ingenious deterministic algorithms to embed H in a pseudorandom host graph
G, we will instead use a relatively simple vertex-by-vertex embedding strategy in a truly random
graph G. Specifically, we consider the Erdés—Rényi random graph G(N,1/2), where each edge
of Ky is included independently at random with probability 1/2; equivalently, we can choose a
(labelled) graph G on N vertices uniformly at random.

Our strategy will crucially exploit the fact that the edges of G(N,1/2) are chosen randomly,
rather than relying on pseudorandom properties that are also satisfied by G ~ G(N,1/2). We
will show that, with (extremely) high probability, every r-colouring of the edges of G ~ G(N,1/2)
contains an induced monochromatic copy of an arbitrary k-vertex graph H.

One way to approach the problem is via an Erdés—Szekeres-type induction. In other words, we
might generalise to the setting in which we want to find an induced copy of H; in colour ¢, apply
the induction hypothesis inside a subset U C V(G) of size 0N to find an induced copy of H, (that
is, H; minus a vertex) in colour i for some i € [r], and then attempt to use the randomness between
U and the rest of the vertices to extend this copy of H, to a copy of H;.

There are several major obstacles to utilizing such a strategy. First, and most obviously, there
may be no edges of colour i between U and V(G) \ U, in which case we have no chance of extending
H,;” to a copy of H; in colour i. We can easily deal with this issue, however, by instead using the
induction hypothesis to find an induced copy of H; C G[U] in colour i for every i € [r], and then
considering the colour that is used most often between U and V(G) \ U.

A second (and more challenging) issue is that the colouring of the edges inside the set U is
allowed to depend on the (random) edges between U and V(G) \ U. We will deal with this problem
by taking a union bound over all possible colourings of the edges of G[U]. However, this does not
come for free: it requires us to prove an extremely strong bound on the probability of failure in
each step of the induction.

In order to prove such a strong bound, we must strengthen our induction hypothesis. Indeed, if
we only have one copy of H; , the probability that no vertex of V(G) \ U extends this fixed copy
of H; to an induced copy of H; in G is essentially (1 —27%)V which is much too large to beat the
roughly r9*N* choices in our union bound. In order to reduce this failure probability, we will need
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to instead find many copies of H; in G[U] that are moreover “well-distributed” in a certain precise
sense, which we define in Section 2 (see Definition 2.2). We say that a hypergraph is (p, R)-Janson
if its edges are well-distributed in this sense, since this definition resembles (and was inspired by)
the condition in Janson’s inequality.

There is still, however, one further (and even more critical) obstruction to this approach: we
must also handle all colourings of the edges between U and V(G) \ U, and in this case we cannot
do so simply by taking a union bound, since there are too many possible colourings. In order to
deal with this more serious obstacle, we will use the method of hypergraph containers.

1.2. Hypergraph containers. The method of hypergraph containers, which was introduced in
2015 by Balogh, Morris, and Samotij [4] and Saxton and Thomason [33], is a flexible technique
for controlling the probability that a random set avoids some forbidden substructure (see the
surveys [5, 31]). Roughly speaking, the basic container lemma implies that the sets that avoid
these substructures are “clustered”, in the sense that they can be covered by a relatively small
number of sets that contain only few copies of the forbidden substructures.

The container method has been used by several different sets of authors to prove Ramsey theoretic
properties of random graphs. For example, it was used by Nenadov and Steger [25] and Mousset,
Nenadov, and Samotij [24] to find monochromatic copies of fixed subgraphs in r-colourings of sparse
random graphs, and by Conlon, Dellamonica, La Fleur, R6dl, and Schacht [13] and Balogh and
Samotij [3] to bound the induced Ramsey numbers of graphs and hypergraphs.

In particular, the authors of [13] significantly improved the best-known upper bound for the
induced Ramsey number of an arbitrary s-uniform hypergraph with k& vertices when s > 3. Their
result was then improved when s = 2 (that is, for graphs) in [3], where the authors introduced a new
container lemma with a dramatically improved dependency on the size of the forbidden structure,
and applied it to give a bound of the form

Rina(H;7) < rO00F). (6)

However, further improvements to the dependency of the container lemma would not advance the
bound beyond (6), and we must therefore take a different approach.

Our first significant departure from these earlier applications of the container method is in how
we apply this method. In [3, 13, 24, 25], the authors embed the whole of H in a single step, encoding
the edge sets of induced copies of H using a hypergraph whose vertex set consists of r copies of
E(K,). In contrast, we will have not just one, but roughly rlUI* different hypergraphs, one for each
of the possible colouring of G[U]. Our hypergraphs will encode the vertex sets (not the edge sets) of
monochromatic induced copies of H;” in G[U] and our aim will be to find a (p, R)-Janson collection
of (also monochromatic and induced) copies of H; in an arbitrary r-colouring of the edges between
U and V(G)\U.

Although our final goal is to find a (p, R)-Janson collection of copies of H;, applying the method of
containers to find a single copy is already instructive. This will require introducing a correspondence
between independent sets in our hypergraph and pairs of neighbourhoods N¢(v) and Ng, (v) (where
G is the subgraph of i-coloured edges) that do not extend any copy of H; . In this simplified setting,
applying a standard hypergraph container lemma is sufficient to conclude that the probability that
a vertex does not extend any copies of H; is exponentially small.
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Changing from extending a single copy to finding a (p, R)-Janson collection of copies of H;
introduces significant new difficulties, which further set our argument apart from those in [3, 13,
24, 25]. The general strategy will be to have a second induction on the Janson parameter R: we will
show that adding a vertex to U increases R with very high probability, which results in a “richer”
family of copies of H;. In this way, after adding d N vertices, R will be as large as we need.

However, even the first step of this incrementing argument requires containers for sets where
the hypergraph is not (p, R)-Janson, rather than the classical container lemma from [4, 33] or the
“efficient” container lemma proved in [3], see Theorem 4.1. For this purpose, our main tool will
be a strengthening of the container method, proved recently by Campos and Samotij [7]. We will
combine this result with an “efficient” container lemma in a novel and surprising way, resulting in
a flexible method to prove new, more powerful container theorems.

1.3. Containers for sets that are not well-distributed. One of the main challenges of carrying
out the above outline is that our induction hypothesis is a global property (being (p, R)-Janson)
of the hypergraph that encodes monochromatic induced copies of H; in colour 7, whereas previous
container lemmas are only able to handle local properties of the forbidden substructures.

Our most important technical contribution is a novel method that allows one to prove container
theorems that can handle such global properties that depend on local behaviour. The first step
of this method is to represent the global property as edges, of potentially linear size, in a hyper-
graph. We then decompose the independent sets of this hypergraph into independent sets of a small
collection of container hypergraphs. Together, the container hypergraphs encode all of the local ob-
structions to this global property, which effectively separates the local obstructions from the global
obstructions. This separation leads to a more favourable setting: to deal with local obstructions,
we have a vast array of tools at our disposal, including traditional container theorems.

We illustrate this method by proving a general container theorem for sets that are not (p, R)-
Janson, Theorem 4.1, which we moreover expect to have further applications. The proof of this
result starts with an application of the aforementioned result of Campos and Samotij [7] (see
Theorem 4.3), yielding a decomposition of the sets that are not (p, R)-Janson into a collection
of independent sets in container hypergraphs. Roughly speaking, Theorem 4.3 states that each
container hypergraph that does not have a “large local part” has the following property: a random
independent set I with g|V'| vertices looks very similar to a binomial random subset V; of the vertices
of the hypergraph. More precisely, all sets L that are not edges of the container hypergraph satisfy

P(LCI)~P(LCV,). (7)

From (7), we will be able to deduce that the random independent set I is (p, R)-Janson with positive
probability, contradicting the fact that independent sets are not (p, R)-Janson. It then follows that
all container hypergraphs have a large local part, and we can apply another container theorem
(Theorem 3.4, also proved in [7]) to the local part of each container hypergraph to finish the proof.

The next section provides key definitions for the rest of the paper and an important reduction.
In particular, we define two events, one encoding the induction hypothesis and the other encoding
the failure to contain a (p, R)-Janson collection of copies of H;. We then state our key probabilistic
lemma, which says that the probability of these two events happening simultaneously is very small,
and prove that Theorem 1.2 follows from it by induction. In the end of Section 2, we discuss the
structure of the remainder of the paper.



2. REDUCTION TO A KEY LEMMA

This section is devoted to the reduction of Theorem 1.2 to a key probabilistic lemma. To do that,
we will first give two important definitions, Definitions 2.1 and 2.2. The first will allow us to reason
about induced copies of a graph H as edges in a hypergraph, while the other is the key notion
of how “well-distributed” the edges of a hypergraph are. This notion will underpin our container
theorem, so immediately afterwards, we note a few simple properties of this latter notion that will
be useful later.

Using these two definitions, we will further define an event to represent our inductive assumption,
Definition 2.6, and another to stand for the failure of completing an induction step, Definition 2.7.
We follow this with the statement of the key probabilistic lemma, Lemma 2.8, which bounds the
probability of these events happening simultaneously, and a proof that Theorem 1.2 can be deduced
from Lemma 2.8. This section concludes with a summary for the rest of the paper, where we provide
the tools that we will use to prove the key lemma in Section 6.

2.1. Preliminaries. The first definition that we need is that of the hypergraph which encodes
copies of some graph F' C G’ that is also induced in G. We will use Definition 2.1 with G’ being
the subgraph defined by the edges in some colour i € [r], and G being the underlying (random)
graph. In what follows and in the rest of the paper, we will identify a hypergraph with its edge set.

Definition 2.1. Given graphs F, G’ and G such that G’ C G, define I ¢ ¢ to be the v(F')-uniform
hypergraph with vertex set V(G), and

Jrac = {L CV(G): F= G/[L] = G[L]}.
That is, each hyperedge of Jp ¢ ¢ corresponds to a copy of F' C G’ that is induced in G.

As we will apply the container method to a hypergraph that is closely related to Jr g g, we
emphasise that it has V(G) for its vertex set. This is in contrast with using E(G) for the vertices
of the auxiliary hypergraph, the more common definition in applications of the container method.

We now formalise what it means for a hypergraph to be “well-distributed.” A crucial aspect of
this definition is that we let ourselves assign weights to the edges of the hypergraph using measures.
We say that a measure v is supported on a hypergraph G if v is non-zero only on the edges of G.
A hypergraph G is (p, R)-Janson when there exists a measure v with certain properties that is
supported on G.

We call this property (p, R)-Janson because, under some extra assumptions, one can apply Jan-
son’s inequality and conclude that a p-random subset of the hypergraph’s vertices is an independent
set with probability at most exp(—R). Even though this is the original motivation for the definition,
we will not require these extra assumptions or use Janson’s inequality.

Definition 2.2. Let G be a hypergraph and p > 0. For measures v : G — R, we define

ew)=Y v(E) and  Ayv)= Y d(L)*p ", (8)
Ecg L|CL‘|/>(29)

where



is the degree of the set L in the measure v. For every R > 0, we say that G is (p, R)-Janson if there
exists a measure v : G — Ry such that

Myl < S8 9)
If R =0, then every hypergraph is (p, R)-Janson.

We mention three very simple, but useful observations about this property, for future reference.
The first is so simple that we omit its proof.

Observation 2.3. If G is a (p, R)-Janson hypergraph for p > 0 and R > 0, then for all p’ > p and
R' < R, it is also (p', R')-Janson.

The next observation is that we can normalise any measure v satisfying (9) to choose the value
it takes in e(v).

Observation 2.4. Let p, R > 0, and let G be a hypergraph that is (p, R)-Janson. For everyy > 0,
there exists v : G — Ryq such that

2

e(v) =y and  Ay(v) < %

Proof. As G is (p, R)-Janson, there exists 7 : G — Rxg such that A,(7) < e()?/R, which implies
that e() > 0 by Ap(-) > 0. One can now verify that taking v = yo/e(7) completes the proof. O

Finally, we observe being (p, R)-Janson is monotone with respect to taking subhypergraphs.

Observation 2.5. Let R > 0 and p > 0, and let G and G’ be hypergraphs satisfying G' C G. If G’
is (p, R)-Janson, then G is also (p, R)-Janson.

Proof. The observation follows immediately from the fact that any v supported on G’ is also sup-
ported on G, by assigning measure zero to every £ € G\ G'. O

2.2. The key lemma. As outlined in Subsection 1.1, our proof will be by induction on k, and we
will need a very strong bound on probability of each inductive step failing, in order to allow for
a union bound over colourings of G[U] for some set U of size §N. We will now define the event
representing our induction hypothesis, Definition 2.6, and the event that represents the failure of
completing an induction step, Definition 2.7. Once these are defined, we will state the key lemma,
Lemma 2.8, and prove that our main theorem is a straightforward consequence of it.

To avoid repetition, we will let, in this section and also throughout the paper?

1 1
C=300, d=0(r)=—5 and p=p(rk) = g5z

Whenever the specific value of these constants is important, we will remind the reader of them.

(10)

As previously mentioned, we have a very strong induction hypothesis. To state it, we introduce

(

consisting of the edges of G that are coloured i by c¢. We will omit the dependency of GZ(C

) the subgraph
)

some notation. Given ¢ : F(G) — [r] and a colour i € [r], we will denote by G
on ¢
when the colouring is evident from context, writing simply G;.

2Except in our container theorems, where we will let p vary in an interval that includes this value.
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We will assume that for every sufficiently large subset W C V(G), and every collection of graphs
Fi, ..., F, such that

v(F),...,v(F,) <k  and > w(E) =rk—1,
=1

the following holds: in any r-colouring of G[W], there is a colour i € [r| for which the copies
of F; C G;[W] are well-distributed. To be precise, and using the definitions that we have just
introduced, we will have that in this colour ¢ € [r], the hypergraph Jr, ¢, ¢[W] is (p, p|W|)-Janson.

Definition 2.6. Given r € N and s1,...,s, € N, let s = (s;);¢[,) and let £(s) be the family of
graphs G with the following property. For all graphs Fi, ..., F; satisfying

T

ZU(FZ) = Z si—1 and v(F;) < s; for each i € [r],
i=1 i=1

for every W C V(G) with
)
W| > —v(G),
W2 <o)
and every colouring ¢ : E(G[W]) — [r], there is i € [r] such that Jg, g, ¢[W] is (p, p|W|)-Janson.
We now define the event that corresponds to the failure of the induction step, B(H).

Definition 2.7. Given a collection of graphs Hi,..., H,, let H = (H;);c|;) and let B(H) be the
family of graphs G with the following property. There exists a colouring ¢ : E(G) — [r] such that,
for every ¢ € [r], the hypergraph Jp, ¢, ¢ is not (p,pv(G))-Janson.

To simplify the notation, whenever all the (H;);c|, are equal to a single graph H, we denote this
by B(H;r). Generalising the notation used in the introduction, we write

a2 g

r

to denote that, for any r-colouring of the edges of G, there exists an (induced) monochromatic copy
of H. Observe that if IP’(G € B(H, r)) < 1, then there exists a graph G such that G —m7c1> H.

We can now state the result from which we will deduce Theorem 1.2.
Lemma 2.8. For all k,r € N with r > 2 and for all graphs Hy, ..., H, with at most k vertices, if
N € N satisfies
N > yClkt) (11)
fort=>""_,v(H;), then
P(G € B(H) NE(s)) < 279NV,
where G ~ G(N,1/2), H = (H;);cy and s = (v(H;))

i€lr]”

To prove that P(G € B(H;r)) < 1, we will find, for each G € B(H;r), a large set W C V(G)
and graphs Hy, ..., H, such that G[W] € B(H) N &(s). Then, we will apply Lemma 2.8 to each
G[W] and take a union bound over choices of W and Hy, ..., H, to complete the proof.
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Proof that Lemma 2.8 implies Theorem 1.2. Fix
N = ok, (12)

a choice which makes the constant in Theorem 1.2 equal to 5C. Our goal is to show that there

exists G on N vertices such that G —in7d—> H. As previously observed, it will suffice to prove that
P(G € B(H;r)) <1, (13)
for G ~ G(IN,1/2). The next claim will let us bound this probability with a union bound.

Claim 2.9. For every G € B(H;r), there are W C V(G) and Hy,...,H, C Kj such that

rk—t
wiz(g) o~ (14)
fort=>""_,v(H;), and
G[W] € E(s) N B(H) (15)

where H = (H;);cy) and s = (U(Hi))ie[r]'

Proof. Choosing Hi,...,H, = H and W = V(G) trivially satisfies (14) and G[W| € B(H) by
G € B(H;r), which is a choice of H and W that satisfies the assumptions in the claim. The
existence of one such choice means that we can take H = (H;);c;) and W C V(G) to minimise
t=>:_,v(H;) for Hy,...,H, C K} among the choices that satisfy G[W] € B(H) and (14). We
claim that this H and W also satisfies G[W] € £(s), and therefore (15).

Indeed, if G[W] & £(s), then, by definition, there are graphs Hj, ..., H, with

}: )=t—1, (16)

=1
a set W C W with
)
! 2 o W
‘W| 8T| |7

and a colouring ¢ : GIW'] — [r] such that Jp/ g, o[W'] is not (p, p|W’|)-Janson for all i € [r]. But
then W' and H' = (H});¢[, also satisfy G[W’'] € B(H') and

rk—(t—1)
w2 ws (5) N,

8r
since W satisfies (14). Therefore, W’ would also satisfy (14), and the existence of W’ and H' would,
by (16), contradict the minimality of ¢ in the original choice of W and H, so G[W] € &(s). [

Applying Claim 2.9, we can take a union bound over the choices of H and W C V(G) in that
statement, obtaining as a result

P(GeBH;r) <>, > PGW]eBHE)NE(sH)), (17)
H wcv(G
|W|>62TkN
where s = (U(Hi))z‘e[r}’ and we have bounded (§/87)"*~*N > 6*"* N for all t > 0 by 7 > 2 and our
choice of § = r=°% < 1/(8r).



Now, with the goal of bounding each term in (17) by applying Lemma 2.8, fix W C V(G) with
|W| > 6>*N and H = (Hi)iglr)» a collection of graphs, each with at most k vertices. Observe that
letting G’ = G[W], we have G’ ~ G(N’,1/2) where N’ = |[W|, and also that H trivially satisfies

T
t=> v(H)<rk. (18)
i=1
The only assumption in Lemma 2.8 that remains to be checked is that N’ satisfies (11), which it
does because
N > 52rkN > r—lOOrk,r_SCrk > T4C'rk: > TC(k+t)
by our choice of N = r°“"* in (12), the fixed values of § = r=5 and C' = 300 in (10), and (18).
Applying Lemma 2.8 to G’ = G[W] and H, we conclude that
P(GIW] € B(H) N E(sg)) < 270 WP < 270N (19)
for all |W| > 6*"*N. As W and H were arbitrary, (19) holds for all terms in (17).
k
Replacing (19) in (17), bounding the choices for H by kr27(2) and for W V(G) by 2V, we have
P(G c B(H, T)) < kTQT(§)2N2—557"kN2 < 2_65rkN2/2 <1 (20)
where the final inequalities hold since
55rkN2

k
>N+rk+r<2> >0

by our choice of N = %™ and § = =50, We have established (13) and completed the proof. [

Remark 2.10. Observe that the bound in (20) is sufficiently small for us to take another union
bound, this one over all graphs H with k vertices, for which there are at most 2(5) choices. The
conclusion is that, with high probability, if G ~ G(N,1/2), then G % H for all such H.

2.3. Structure of the paper. The bulk of the paper is concerned with proving Lemma 2.8.
However, before we proceed to the proof of Lemma 2.8, we will need some tools.

First, we will have two expository sections that contain many of the ideas that we use later, but
in simpler settings. In Section 3, this simpler setting corresponds to showing that the probability
that a vertex extends no copy of H; in a fixed colour i € [r] is exponentially small. This section
shows how to map neighbourhoods that fail to extend a copy of H; to independent sets in a certain
hypergraph H, which will illustrate how the method of hypergraph containers can be applied to
this problem. It is also where we explain how our induction hypothesis, the event £(s), yields a
supersaturation result for our application(s) of containers.

In Section 4, we present the proof of a container theorem for “sets that are not (p, R)-Janson”
(see Theorem 4.1, and also Theorem 4.6, which implies it). While this result is not sufficiently
strong to prove Lemma 2.8, its proof already presents the general argument that we will later
adapt to prove Theorem 5.4, the container theorem that we do use in the proof of Lemma 2.8. We
see that argument as a general method to reduce a problem about sets avoiding a global property
to a simpler problem, where the sets only need to avoid a local property. In this particular instance,
we deal with this local property by using a standard hypergraph container lemma (Theorem 3.4).

Section 5 contains the proof that if the hypergraph Jp, ¢, ¢[U] is (p, R)-Janson, then adding a
new vertex to U produces a (p, R+ 1)-Janson hypergraph with probability 1 —exp(—~|U|) for some
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constant v = 7(r) > 0 that only depends on r. The proof of this statement mirrors the proof in
Section 3, but replacing the hypergraph container lemma there by the (yet unproven) Theorem 5.4,
the container theorem tailored to our application. We postpone the proof of Theorem 5.4 to the
last section since it is the most technical part of the paper.

In Section 6, we prove Lemma 2.8 in two stages. The first and easier stage uses a double counting
argument to show that if 3, ¢, ¢[S] is roughly (p, pN/r)-Janson for all subsets S with |S| > 62/ N,
then Iy, ¢,.¢ is (p,pIN)-Janson. The second stage proves Lemma 2.8 by induction on the Janson
parameter of the family Jp, ¢, ¢[U]. To prove the inductive step, we use Lemma 5.1 to show that
the probability one cannot increase this Janson parameter by adding a vertex to U is very small.
This is also the part where we take a union bound over colourings of G[U], which ends up being
somewhat technical because we must be careful with the randomness outside G[U].

The last section, Section 7, contains the proof of Theorem 5.4. As we mentioned before, this proof
follows the blueprint of Section 4, but there are extra details. One is that we want to combine the
family of copies of H; containing v with the copies that are already in U, which does not contain v.
The second is that the hypergraph H that we use to deal with the extensions, defined in Section 3,
is not the same as Jy, g,.¢, the hypergraph appearing in the event whose probability we must
bound. Related to this is the fact that the hypergraph defined by H corresponds to copies of H, ,
and we are interested in copies of H;. These complications make the proof more technical, but it
turns out the approach we developed in Section 4 is sufficiently flexible to deal with them.

3. WARM-UP TO THE EXTENSION LEMMA

In this section, we give an essentially complete proof of a weak “extension lemma”, Lemma 3.1.
Very roughly, this result bounds the probability that a fixed vertex of G fails to complete any copy
of a graph F'. We will describe the setting for this result in Subsection 3.1, connecting it with the
application of its stronger variant in the proof of Lemma 2.8.

Of central importance in the proof of Lemma 3.1 is a hypergraph container theorem, here stated
as Theorem 3.4, which motivates many of the definitions that follow. The most significant of these
is that of the auxiliary hypergraph #, defined in Subsection 3.2; the other definitions will, above
all, assist in reasoning about it.

As we will later see, each edge of this auxiliary hypergraph represents one way to extend, using
a fixed vertex v, an (induced) copy of F'~ to a copy of F. Observation 3.3 then fulfils a crucial
requirement to apply the container method, establishing that independent sets in H correspond to
pairs of graphs (G’, G) in which the neighbourhood of v fails to extend every F'~ in a fixed set U.

3.1. Extension lemmas. The setting of Lemma 3.1 is that G’ and G are m-vertex graphs such
that G’ € G and Jp- e aW]is (p,2pm)-Janson for every W C V(G) with |[W| > m/16. Let
U = V(G) and let G be the random graph G(m + 1,1/2) conditioned on G[U] = G. The lemma
bounds the probability that G' contains a subgraph G’ with the following properties:

(a) G'U] =,

(b) the vertex v € V(G) \ U does not have small degree in G’, and

(¢) v does not extend any copy of F'~ C G’ to an induced F in G using the edges in G'.

In our application, U will be a set of vertices for which the colouring ¢ : E(G) — [r] is fixed,
v will be a vertex not in U such that dg,(v,U) > |U|/4r for some colour i € [r], and we will set
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G = G[U] and G’ = G;[U]. In this setting, we could use this lemma (when 7 = 2) to conclude that
it is extremely likely that v extends some i-coloured copy of F'~ := H_ to a copy of I' = H;.

Lemma 3.1. Let m,s,k € N with s < k <m, p=2"2k"2 and F be a graph on s + 1 vertices.
Further let G' and G be graphs on m vertices satisfying G' C G.

If 3o @ alWl is (p, 2pm)-Janson for every W C U = V(G) with [W| = m/16, then

GU|=¢G, dg(v) =2m/8

P3G CcG:
( and Jper.c =10

’ QU] = (;) <27/ (21)

where G ~ G(m +1,1/2) and V(G) = U U {v}.

We refer to Lemma 3.1 as a weak extension lemma because it involves the event {Jpqr ¢ = 0},
whereas our main extension result, Lemma 5.1, involves instead {Jp ¢ ¢ is not (p, R)-Janson}. The
proof of Lemma 3.1 presents most of the ideas that we will require in Section 5, while avoiding
some technicalities from dealing with this more complicated property of Jp g .

3.2. The auxiliary hypergraph. We want to bound the probability in (21) using the method of
hypergraph containers. To accomplish that, the first step is to represent the graphs G’ C G such
that G'[U] = G’ and J rc ¢ =0 as independent sets in an auxiliary hypergraph #H. This auxiliary
hypergraph will be a function of G’ and G only, which crucially means that H does not depend on
the edges of G (or G’ C G) between v and U.

Define w € V(F)\ V(F~) and note that the only randomness in the event inside the probability
in (21) comes from the edges of G between U and v, since we condition on the event {G[U] = G }.
Our goal is to have each edge of H correspond to one way of extending a copy of F'~ in G/, which
is also induced in G, to a (still induced) copy of F, by adding the vertex v in the role of w. To be
precise, for each edge L € I & &, fix a bijection ¢, : L — V/(F™) such that F'~ =4, G'[L) = G[L].
Now define H to be the hypergraph with vertex set U x {0, 1} and edge set

H={E:Ledp aolh (22)
where
B — {(u,1[¢L(u) c NF(w)]> ue L},

for every L € J -GG In words, the vertex set of H is two copies of U, corresponding to the
neighbours and non-neighbours of w in F', and its edge set has the following property: if u € N¢g/(v)
for every (u,1) € Er, and u & Ng(v) for every (u,0) € Ep, then LU {v} € T c-

To formalise that independent sets in H correspond to pairs of graphs (G’,G) of our interest,
denote the non-neighbours of v ¢ U by

Ne(v) = U\ Na(v) (23)
and, for each A C V(H) and i € {0, 1}, let
AW = {uelU: (ui)e A}.

We repeat the following property, previously stated without these definitions, for future reference.
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Observation 3.2. Let G' and G be graphs satisfying G' C G, G'[U] = G’ and G[U] = G. If
LeTp caand E=Ep € H, then we can extend L to a copy of F C G’ induced in G, i.e.
LuU{v} € Jpg .G, whenever

E® cNg(w) and  EW C Ne(v).

The most useful consequence of this fact, which allows applying the method of hypergraph
containers, is more conveniently stated with some additional notation. Let

G'Ul =G, der(v) > m/S}

24
and jF,G’,G =0 ( )

I'g= {G/ CcG:
be the collection of G’ whose existence is the event in the probability of (21). To index vertex
subsets of H by graphs G’ and G, further let

UG, G) = {(u,0) :u € Ng(v)} U{(u,1) : u € Ner(v) }, (25)
and note that if I = «(G’, G), then
IO =Ng(w)°  and  IM = Ng (o). (26)

To justify one of the premises in Observation 3.3, recall that we have conditioned the distribution
of G~ G(m+1,1/2) on {G[U] = G} in (21).

Observation 3.3. If G[U] = G and G’ € Tq, then (G', G) is an independent set in H.

Proof. Let E = E, € H, and suppose by contradiction that E C I = +(G', G). It then follows from
(26) that EM) < Ngi(v) and E© € Ng(v)S, so Observation 3.2 implies that L U {v} € Tpg q-
Therefore, the hypergraph Jp ¢ ¢ is not empty, and we could not have G’ € T'¢ by definition,
(24). This contradiction means that E ¢ I, which, as F was an arbitrary edge of H, means that
I = (G, Q) is an independent in H. O

3.3. Containers. Having connected independent sets in H to pairs of graphs (G’, G) such that
G' € T'g, we can proceed to the next step of the proof, which is applying a container theorem to
H. In this section, we use a simpler version of the container theorem than the one required in
Section 5, since this avoids technical complications that arise in the proof of Lemma 5.1.

Even though a previous result of Balogh and Samotij [3, Theorem 2.1] would most likely suffice
to prove Lemma 3.1, we prefer to adapt (in Appendix B) the mildly stronger theorem of Campos
and Samotij [7]. This result provides a small family of containers for the independent sets of H,
with each container inducing a subhypergraph that is not (p, R)-Janson.

Theorem 3.4 (Campos and Samotij [7, modified Theorem A]). Let G be an s-uniform hypergraph
with n vertices. For all 0 < ¢ <1 and 0 < p < (/(85?), there is a family S C 2V9) and functions

¢:IZ(G) =8 and 1p:8—2"9 (27)

such that:

(i) For each I € Z(G), we have ¢(I) C I C P(o(1)).
(ii) Fach S € S has at most 8s?pn/( elements.
(iii) For every S € S, letting X = ¢(S5), G[X] is not (p, (p|X|)-Janson.
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We will apply Theorem 3.4 with G = H and define X = {¢(S) : S € S} to be our container
family. Combining item (i) in the statement of that theorem with Observation 3.3 guarantees
that whenever G’ and G satisfy G[U] = G and G’ € T'g, there is some container X € X for
which +(G’,G) € X. Our goal is now to show that |X(©)| < (1 — 7)|U| for some constant v > 0
using item (iii) in Theorem 3.4 and a supersaturation result. This will be sufficient to obtain the
probability bound in Lemma 3.1, because Ng(v)¢ C Xy and this non-neighbourhood is a binomial
random set, due to G ~ G(m + 1,1/2).

To prove the required supersaturation result, we will use our assumption that J._ ~ & is (p, 2pm)-
Janson for every W C U with |[W| > m/16. However, to connect this assumpti(;n with the fact
that H[X] is not (p,p|X|)-Janson for a container X € X, we must relate the Janson properties of
the hypergraphs H and 3F77G,7é.

Towards that goal, let 7 : U x {0,1} — U be the projection of each pair (u,?) onto its first
coordinate u. Observe that if E = Ej, € H for some L € Jp_ & &, then m(E) = L. Moreover, for
every L € J,_ & &, there is E € H such that 7(E) = L. We conclude that 7(H) = J,_ 5 &, where
we extend the7ap7plication of w from a single vertex to hypergraphs G by o

V(m(G)) = n(V(G)) and E(7(G)) = {n(E) : E € G}.
Observation 3.5. If 7 : U x {0,1} — U is the projection onto the first coordinate, then
W(H) = jF*,G",G'
The next lemma will allow us to prove that if J,_ ~ & is (p, R)-Janson, then so is H. We state
it in greater generality than we need, but it is a trivial exercise to observe that 7 satisfies this more

general condition. Lemma 3.6 is in fact a corollary of Lemma 7.2, and we will therefore defer its
proof to when that other result is proven (see Section 7 and Appendix C).

Lemma 3.6. Let R > 0 and p > 0. Further let G be a hypergraph and 7 : V(G) — U be a function
satisfying
|7(E)| = |E| for every E € G. (28)
If G is not (p, R)-Janson, then w(G) is also not (p, R)-Janson.
We now record the trivial observation that 7 satisfies (28) when G = H for future reference.

Observation 3.7. |7(E)| = |E| for every E € H.

By item (iii) in Theorem 3.4 and Lemma 3.6, it follows that 7(#[X]) is not (p,p|X|)-Janson
for each container X. However, our assumption in Lemma 3.1 is that «(#H)[W] is (p, 2pm)-Janson
for all large sets W C U, and this does not immediately imply anything about the size of X. For
example, we might try to apply this assumption with W = 7(X), and hope that

m(H)[W] C m(H[X]), (29)

but unfortunately (29) does not always hold: if X = U x {0}, then we have 7(H)[r(X)] = 7(H)
and H[X] = 0. In order to deal with this issue, we will instead apply our assumption to the set
W =X n x®, By the following lemma, this choice does satisfy (29).

Lemma 3.8. For allY C U x {0,1}, we have
m(H)[W] € m(H[Y]), (30)
where W =Y ny M),
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Proof. Take L € w(H)[W] with the goal of proving that L € w(H[Y]). By definition of W,
Lcy©Ony®, (31)
Moreover, since L € w(H), there is E € H such that 7(E) = L. Therefore,
Eca ' (L)={(u,a):ueL, ac{0,1}},
but we also have, by (31), that
(L) c (YO x{0})u ¥V x{1}) =Y,
and so £ C Y. We conclude that F € H[Y] and also L = n(E) € w(H[Y]), as required. O

Now, taking W = X © N XD for some container X € X and applying Lemma 3.8, we have
that 7(H)[W] C w(H[X]). Using item (iii) of Theorem 3.4, Observation 3.5, Lemma 3.6 and
Observation 2.5, we will conclude that J,_ 5 ~[W] is not (p,2pm)-Janson (see Claim 3.9). Our
assumption in Lemma 3.1 then implies thaﬂW\ < m/16, so every X € X satisfies

X0 0 x| < ™
by definition of W, and, since X(© U X" < U, it follows that

X+ | x| = | xOuxW] 4] xOnxW] < (1 + %)m (32)

To establish that X(©) is not large when I = «(G’,G) C X, recall that it follows from G’ € I'¢ that

X0 > der(v) > 2 (33)

where the first inequality holds because N/ (v) € X by (26). Combining (32) and (33) yields

X0 < (1- 1 )m.

which, together with
Ng(v) ¢ X© (34)

will allow us to use the randomness in the distribution of G ~ G(m+1,1/2) to bound the probability
of (34) by an exponentially small term. The resulting upper bound is sufficiently strong to overcome
the union bound over all X € X, so we can now formalise the proof of Lemma 3.1.

Proof of Lemma 3.1. Applying Theorem 3.4 to H, defined in (22), with ( = 1 we obtain a family
S and functions ¢, v satisfying items (i)—(iii) in Theorem 3.4, so let

X ={p(S): S eS8

With the goal of taking a union bound over X € X, fix G on m+ 1 vertices satisfying G[U] = G,
and observe that «(G',G) € Z(H) for all G’ € ' by Observation 3.3. Now, it follows from item (i
of Theorem 3.4 that there exists X € X such that «(G’,G) C X, and therefore

NG(’U)C — I(O) C X(O) and NG/(’U) — I(l) C X(l), (35)
where I = ((G’,G). Using (35), we further refine X" to
X ={Xxecx: XV >m/s}
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and preserve the property that for every G’ € I'g, there is X € X’ such that «(G’,G) C X, because
X0 > der (v) > 2 (36)

follows from G’ € T'¢;, defined in (24). That is, if X € X contains some ¢(G’, G), then it is also in
X’ by (36), and crucially, for every G’ € I'g, there exists X € X’ such that

Ng(v)s c x©. (37)
Taking a union bound over X’ then yields, for the probability in (21),
P(IG'CG:G €Tq|GUI=G) < Y P(Ng(v)* c X, (38)
XeXx!

where we used (37) to bound the probability of the event {«(G',G) C X} by that of the event
{Ng(v)c C X (0)}. We shift our focus to obtaining an upper bound for the probability of this
event that holds for every X € A7, so we fix X € &’ and set W = X© n X The following
claim, together with the assumption that J F,’é,’@[W’] is (p,2pm)-Janson for every W’ C U with
|W’| > m/16, will allow us to bound the size of X(©) from above.

Claim 3.9. J,_ & &[W] is not (p, 2pm)-Janson.
Proof. By Observation 3.5 and Lemma 3.8, we have
jF*,é',é[W] =m(H)[W] C n(H]X]).

Therefore, if we establish that the hypergraph = (#[X]) is not (p, 2pm)-Janson, then we are done,
because being (p, 2pm)-Janson is increasing with respect to inclusion, by Observation 2.5.

To show this, observe first that H[X] is not (p, p|X|)-Janson by item (iii) in Theorem 3.4 and
our choice of ¢ = 1. Since |X| < 2m = v(H), and recalling Observation 2.3, it follows that the
hypergraph H[X] is also not (p, 2pm)-Janson. Thus, by Lemma 3.6, we deduce that 7(H[X]) is not
(p, 2pm)-Janson, and, by our previous reasoning, that neither is J F—G’,G[W]? as claimed. |

Since we know, by assumption, that J,_ & &[W'] is (p,2pm)-Janson for every W’ C U with
|[W’| > m/16, Claim 3.9 implies that [W| < m/16 and therefore
IXO| 4 XD = [XO U x O] 4 | xO 0 XD <+ %
As X € X', we have [X(I| > m/8, and therefore

X)) < (1+i)m— |x M) <m+—= -2 (1—i>m,

16 16 8 16
that is,
U\ xOp > 39
U\ xO) > " (39)
We conclude from (39) that
P(N(;(U)C N(U\XO) = @) — 9~ IN\XO] < g-m/16 (40)
where we used that G ~ G(m + 1,1/2) and v ¢ U. Replacing (40) in (38), we obtain
> P(Na(v)* c X)) < |a’j27m/1, (41)

Xex’
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To bound the size of X’ by |X|, we enumerate the latter using that each container X is a function
of S €S. As each S € S satisfies

|S] < 16ps®m < 2710m

by item (ii) in Theorem 3.4 and our choice of ( = 1, where the last inequality holds by our choice
of p = 272%k~2 and the assumption that v(F) = s < k, we have

2716y

2

X' <|X| < Z < ?) < Qm/327 (42)
t=0

where, recall, H has 2m vertices. Combining (42) and (41), we complete the proof:
P(3G' Cc G:G' €T¢ | GU] = G) < 2m/3227m/16 L g=m/32

as required. ]

4. A GENERAL CONTAINER THEOREM FOR NON-JANSON SETS

In this section, we prove a preliminary version of our main technical result.

Theorem 4.1. Let s,n € N with s < n, and let q,p, R,n > 0 satisfy

1 q

1S P<gug R and  p=2E

For every s-uniform hypergraph H with n vertices, there exists a family X C 2V with

mw<(j)wn (13)

such that the following hold.

(i) If L C V(H) and H[L] is not (p/q,nR)-Janson, then L C X for some X € X.
(ii) For each X € X, the hypergraph H[X] is not (p, R)-Janson.

We now discuss the proof of Theorem 4.1. The first step is defining the auxiliary hypergraph
J ={L CV:H[L]is (p/q,nR)-Janson},

where V' = V(H). It follows immediately from the definition that sets L C V for which H[L] is
not (p/q,nR)-Janson are not edges of 7, but, more importantly, Observation 2.5 implies that each
such L is an independent set in 7.

We can now see that item (i) in Theorem 4.1 could be equivalently phrased as “for all I € Z(J),
there exists X € X such that I C X”. This formulation suggests applying a container theorem to
this hypergraph, but the edges of J could have size comparable to n = |V|. To avoid that issue,
we first reduce to an alternate setting involving independent sets in s-uniform hypergraphs.

To state the theorem that we use in that reduction, we need two definitions. The first is standard:
we say that a hypergraph C covers another hypergraph G when G C (C), where

Cy={LcV(C):FJAeC,AC L}

is the up-set of C. The second is that of the non-strict link of a hypergraph, which is deceptively
similar to the ordinary notion of hypergraph link.
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Definition 4.2. For a hypergraph G and a set Y, let
0yG={E\Y :E€g}
denote the non-strict link of G with respect to Y.

Interestingly, this reduction to s-uniform hypergraphs is proven by applying a container theorem
(Theorem 4.3, below) that has no dependency on the uniformity of the hypergraph. It is not
immediate that Theorem E in [7] implies Theorem 4.3, so we give a short (and, in fact, self-
contained) proof of the result we will use in Appendix A. In the statement and in the rest of the
paper, when 0 < ¢ < 1, we write V;, to denote a g-random subset of V.

Theorem 4.3 (Campos and Samotij [7, modified Theorem E]). Let G be a hypergraph with vertex
set V. For all o,q € R satisfying 0 < ¢ < a < 1, there exists a family T C 2V and a function
w:Z(G) = T such that:

(a) For each I € Z(G), we have o(I) C I.

(b) Each T € T has at most qn/a elements, where n = |V|.

(¢) For every T € T, there exists a hypergraph Cp with vertex set V' that covers G and satisfies

P(L C Vy | Vq € Z(979)) > (1 - a) gt (44)
for all L & Cr; moreover, for all I € Z(G) such that T = ¢(I), we have I € Z(Cr).
We will apply Theorem 4.3 to J, obtaining as a result a family of sets T' € T, each with a

corresponding hypergraph Cp. Now, for each I € Z(J), there is some T' € T such that I € Z(Cr)
by item (c) in Theorem 4.3. Therefore,

1(7) ¢ | 7(en). (45)
TeT
However, we also want the hypergraphs in the right-hand side of (45) to be s-uniform. The first
step is replacing each Cr by its up-set.
Observation 4.4. Let G be a hypergraph. If I € Z(G), then I € Z({G)).

Proof. Assume that I ¢ Z((G)). Hence, there is E € (G) such that E C I, and by definition of the
up-set, there is also £’ € G such that E' C E C I, so [ € Z(G). O

The trivial observation that completes the reduction to s-uniform hypergraphs says that Obser-
vation 4.4 also holds if we replace Cr by a subhypergraph. In our case, the implication is that if
Cl. C (Cr) for all T € T, then

7(7) c | z(ch).

TeT
The subhypergraph C/. that we will take is simply the set of edges with size s, i.e.
Céf = <CT>=8

where we define
G_s={F€gG:|E|=s}
for any hypergraph G and s € N.
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Having reduced the problem to a collection of hypergraphs with edges of size s, we can apply
another container theorem to each C/.. Recall that we have previously used the next statement in
Section 3, and that its easy deduction from a result in the literature [7, Theorem A] can be found
in Appendix B.

Theorem 3.4 (Campos and Samotij [7, modified Theorem Al). Let G be an s-uniform hypergraph
with n vertices. For all 0 < ¢ <1 and 0 < p < (/(8s?), there is a family S C 2V and functions

$:2(G) =S and ¢:8—2"9 (27)

such that:

(i) For each I € Z(G), we have ¢(I) C I C P(o(1)).
(ii) Fach S € S has at most 8s?pn/( elements.
(iii) For every S € S, letting X = ¢(5), G[X] is not (p, (p|X|)-Janson.

Consider the following recap of our overview so far. First, we take an I € Z(J), and from
Theorem 4.3 and Observation 4.4 we obtain ¢(I) = T C I and C}. such that I € Z(C/). Then,
applying Theorem 3.4 with G = C/, yields a family Sy from which we retrieve a container X O I.
This container has the property that C/[X] is not (p,278p|X|)-Janson, and we want to take X to
be the container for this fixed I in Theorem 4.1. It is easy to deduce the claimed bound (43) on the
number of such containers from the bounds on |7 and |Sr| given by the corresponding container
theorems. However, it is not yet clear how to deduce that H[X] is not (p, R)-Janson when we only
know the Janson properties of C/.[X].

To show that H[X] is not (p, R)-Janson, we fix an arbitrary v : H[X] — R with the objective
of establishing that

(46)

which, recall, is the definition of what it means to not be (p, R)-Janson. We will consider two cases,
depending on the relation between v and v/, the restriction of v to C}.[X], where T' = ¢(I). The
first (easier) case is when e(v') > e(v)/2. Here, we can easily show that (46) follows from C/.[X]
not being (p, 27 8p|X|)-Janson (see Claim 4.7).

In the other, more delicate case, we will have that v” = v — 1/ satisfies

e(V") > 6(211). (47)

Our goal is now to obtain bounds relating A,(v) and e(v”)? — it will be easy to see that combining
them with (47) will reach (46). Concretely, we will show that

E[e(v))? | Vy €T@rT)] _ e(v)?

2% Ap(v) > E[Ay),(v) | Vg € T(07T)] 2 e >R (48)
where v : H[X] — R is defined by
1[E C V]
! E — q ! E .
K IS AN R

The simple proof of Claim 4.8 will establish, by inspecting the definitions, that
Ele(vy) | Vg € Z(97T)] = e(v"),
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which implies the rightmost inequality of (48) by convexity. To prove the second inequality, we
will in fact show that (deterministically) whenever V, € Z(977), we have

e(z/g)2
nR -

Proving (49) will require a trivial observation about independent sets in the non-strict link of

Apyq(vg) = (49)

hypergraphs with respect to a set T
Observation 4.5. Let G be a hypergraph and T C V(G). If I € Z(91G), then I € Z(G).

Proof. For each E € G, observe that E\T C E and E\T € 907G by definition, so G C (07G). The
statement now follows from Observation 4.4. O

With Observation 4.5, we will see that the definition of J and the monotonicity of being
(p/q,nR)-Janson will imply (49), see Claim 4.9. The remaining inequality, Claim 4.10, establishes
that

2% Ap(v) > E[A,,(v) | Vg € Z(97.T)]. (50)
To prove it, we will crucially rely on the fact that, for all E € H[X]\ C/,,

B(ECV, |V, e T0r)) > (4)"

since H[X] \ C}» and Cr are disjoint, and Cr satisfies item (c) of Theorem 4.3 with a = 1/2.

The preceding overview and proof strategy in fact proves Theorem 4.6, which strengthens the
original statement and adds the characterization of sets L for which H is not (p/q,nR)-Janson as
independent sets in the auxiliary hypergraph J. To obtain this stronger statement, we will redefine
J in (52) to consider instead sets L for which H[L] is (p/(q — p),nR)-Janson. We will then deduce
Theorem 4.1 from Theorem 4.6 by applying the latter with ¢ being ¢ + p.

Theorem 4.6. Let s,n € N with s < n, and let p,q,a, R,n > 0 satisfy

1

- (1 _ 04)28
p ~ 21152) .

2p<g<a<l, R>2°pm and 0 < )

(51)
Furthermore, for every s-uniform hypergraph H with n vertices, let
J ={L CV(H):H[L] is (p/(q — p),nR)-Janson}. (52)
There exists a family Y € 2V 5 2V and functions
9g:IZ(J) =Y and f:y—2V?

such that:

(1) For every I € Z(J), if g(I) = (S,T), then SUT C I C f(S,T).
(2) Each (S,T) € Y satisfies

15| < 2Mps’n and IT| < gn/a. (53)
(3) For allY € ), the hypergraph H[X] is not (p, R)-Janson, where X = f(Y).

Before proving Theorem 4.6, let us quickly observe that it implies Theorem 4.1.
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Proof that Theorem 4.6 implies Theorem 4.1. Apply Theorem 4.6 to H with « = 1/2 and q re-
placed by ¢ + p. Note that

< c < 71
PS35i02 S 9112

and  2p<qg+p<a,

since ¢ < 1/16. As a result, we obtain functions g, f and a family ), so let

X ={f(S,T):(S,T) €V}

2Mps?n n 2(g+p)n n 9\ 84n
X| < <= 4
M3 () 2 (1) =(5) o

m=0 t=0
by enumerating every possible S and 7', and combining the bound on their sizes, (53), with

Observe that

21ps?n < 2(q+ p)n < 4qn < % (55)

This choice of X therefore satisfies the bound on the size of the family in Theorem 4.1.

Take an arbitrary L C V(#) such that H[L] is not (p/q, nR)-Janson, and note that L ¢ E(J), by
our choice of g as ¢+p, and hence L € Z(J), by Observation 2.5. Applying item (1) of Theorem 4.6
implies that there is (S,7T") € Y such that L C f(S,T), which establishes item (i) of Theorem 4.1.
Item (ii) of Theorem 4.1 follows from our choice of A and item (3) of Theorem 4.6. O

We now proceed to prove Theorem 4.6.

Proof of Theorem 4.6. Apply Theorem 4.3 with G = J and parameters ¢ and « to obtain 7 and ¢.
Now, for each T' € T, there is Cr satisfying item (c) in Theorem 4.3, so we let C}. = (Cr)—s be the
edges of (Cr) with size s. As C} is s-uniform and p < 1/(2s?) by (51), we can apply Theorem 3.4
with G = C/, and ¢ = 278 obtaining as a result Sy, ¥r and ¢r.

Fix an I € Z(J) and note that if T' = ¢(I), then it follows from the “moreover” part in item (c)
of Theorem 4.3 that I € Z(Cr). Combining this with Observation 4.4 and C/. C (Cr), we conclude
that I € Z(C}). As we have applied Theorem 3.4 with G = C/. for every T' € T, and since I € Z(C},),
we obtain, by item (i), sets S = ¢r(I) € Sr and X = 7 (5), where T' = (), such that

SuTclcX. (56)
We then define g(I) = (S,T) and f(S,7T) = X for T = ¢(I) and S = ¢7(I) and set
Y=A{g(): I €Z(J)},

which, by (56) and the fact that I was arbitrary, is a definition that satisfies item (1) of Theorem 4.6.
Moreover, each T' € T and S € Sy satisfy

IT| < gn/a and 15| < 2Ms%pn (57)

by item (b) in Theorem 4.3 and item (ii) in Theorem 3.4 with our choice of ¢ = 278, which proves
item (2). It remains only to show that item (3) holds.

Take an arbitrary (S,7) € Y with X = f(S,T) with the goal of showing that H[X] is not
(p, R)-Janson. To do so, it suffices to show that, for any v : H[X] — R, we have

(58)

so we fix a measure v : H[X]| — R and want to establish (58).
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Recall that we have defined C. = (Cr)—s, where Cr is the hypergraph given by item (c) in
Theorem 4.3 for T' € T. Let v/ be the restriction of v to H[X]|NC}[X], i.e. for each E € H[X], let

{V(E) if £ € CL[X],

0 otherwise.

Claim 4.7. If the measure V' satisfies

ew)> ), (59)
then (58) holds.

Proof. Assume that (59) holds. We have
28¢(1')? - 4e(V)? _ e(v)?
pX| = R 7~ R’

Ap(v) = Ap() 2

first because v/ < v and A,(+) is monotone increasing, second since C;[X] is not (p, 278p| X |)-Janson
by item (iii) of Theorem 3.4 and our choice of ¢ = 278, then because R > 27 %pn by (51), and the
last step is due to (59). [ |

We now define the measure v/ = v — v/, which corresponds to the restriction of v to the hyper-
graph H' := H[X]\ C}. = H[X] \ C}-[X]. By Claim 4.7, we may assume that

e(V) =e(v) —e(V) > @, (60)

otherwise we are done.
With the goal of defining a random measure 1/(’1’ on the hypergraph induced by the random set
Xy =VyN X, where V; is a g-random subset of V', we introduce some notation. First, let

Py(E) = ]P(E cVy|V, € I(QTJ)) (61)

and observe that
Py(E) > (1 — a)lFlglF! (62)
for all E € H', by (44), since the hypergraphs H' and Cp are disjoint. Indeed, H is s-uniform,
which means that so are H' and H' N Cr. The only edges of Cr that could be edges of H’ thus
have size exactly equal to s. But every s-sized edge of Cr is also an edge of C}. = (Cr)—s, and is
therefore not in H' = H[X] \ C/.
Now, let v : H' — R be defined by

o AECY]
i) = B, v, € 107 9)

p V'(E).

We will first show that
Ele(vy) | Vy € (07 T)] = Y V'(E) = e(v"),

EcH!

which will allows us to relate e(1/))? to e(v)?.

Claim 4.8.
E[e(v))? | Vy € Z077)] > e(/)"
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Proof. The definitions of e(v;) and v/,

EcH! EcH’
imply that
Ele(vy) | Vy € Z@07T)] = Y V'(E) = e(v"), (63)
EcH’
since, for all E € H’, we have that

E[L[E C V]| V; € T(9r)] = Py(E)
from (61), the definition of P,(F). The claim now follows from (63) by Jensen’s inequality. [

The next step is relating A, /,—p)(v4) and e(v,) when V, € Z(077).

Claim 4.9. IfV, € Z(07J), then
Y G(Vg)2

A >
p/(a—p)(Vg) nR

Proof. 1t follows from V; € Z(9pJ) and Observation 4.5 that V;, € Z(J), and hence H[V,] is not
(p/(q — p),nR)-Janson, by the definition of 7, (52). In particular, it follows that
e(vy )2

Mg (vg) = nR
as vy is also a measure supported on H[V,] by H' C H. [ |

Our final inequality bounds A/,—p)(¥4) in expectation by A,(v), up to an exponential factor.

q
Claim 4.10.

E[Apg—p) (Vg) | Vg €Z(07T)] < (1 — @) Ay (v).
Proof. Recall that dy» (L) is defined as

= Y =y HERECH]

LCEEH! LCEEH! 4

where the last equality is using the definition of v/, and hence we can write, for every L C V,

V'(Er) V' (Es)
dy(L? = ) > 1[E\UE; C V).
q( ) LCE ’ ‘I< 1) / q( 2) [ ! 2 q:|
LEH LCE-eH

Observe that the event V; € Z(07J) is decreasing and also that, for every Ei, Eo € H', the event
E1 U E, C V, is increasing. We can therefore use Harris’ inequality to bound, for Ey, By € H/,

P(E1U By C Vg | Vg € Z(07T)) S P(E1 U Bz C V) = ¢F10721 = P71kl (64)
because H' is s-uniform. Taking the conditional expectation and applying (64), we obtain
E[dy (L) Ve CT@rT)] < (1—a)™> > w(Er) Y v(B)q " (65)
LCE1eH’ LCE>ceH’

where we used Py(E) > (1 — a)®¢®, by (62) and since H’ is s-uniform, and the fact that 1" < v.
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By the definition (8) of Ay 4—p)(vy),

IL|
q—p
By (04) 1 Vo € T0r9)] = 3 Bl (02 |V e Z2r) (122) L (06)
p
LcV
L2
and then applying (65) to each d,» (L) term in (66) yields
s v(E)v(B) (q—p\'"
E[Ap/(q-p (v) | Va € T(07T)] < DD IS [BLNEs| p
|%‘c>v2 LCE el Lehen 4

or, equivalently,

s _ L
E[Ap/(q—p)(y(l;) | V;] c Z(QTJ)] < (1 _ a)—Qs Z % Z <qp> (’El r; EQ‘) (67)

Ey,ExcH’ (=2 p
|E1 ﬂEQ‘}Q

by first choosing F1, Fs € H' and then L C F1N E», grouping terms according to £ = |L|. Bounding
the innermost sum in (67) for fixed E1, Ea € H' with |E; N Ea| > 2 then yields

i (q—p>é<\E1mE2|> _ <q>lEmEz|
=\ 0P ¢ P

which replaced in (67) and simplified, results in

9 v(E)v(E
B[Ny () | Vy € T@0p)] < (1 - a2 3 PEIED), (68)
B Ben
|E10E2‘22

To complete the proof note that

_ 2,,—|L]
> EEr <Y ¥ ¥ AEER S gy
Ey,ExcH’ LCV LCE1€H LCEeH LCV
|E1NE2|>2 |L]>2 |L|>2

where the last term is equal to A,(v) by definition, so we obtain, replacing it back in (68), the
inequality that we wanted. |

Observe that Claim 4.9 implies that

_ Ele(w)* | Va € T(0r7)]

E[Ap/(q (v //) |V, € I(@TJ)] R (69)
Combining Claim 4.10 and Claim 4.8 with (69) yields
iy 6(1/”)2
(=) 80> T
and thus, since we are in the case where (60) holds, it follows that
2
a0) > ) (70)

by our choice of 7 satisfying 4n < (1 —a)?%. As (70) was exactly our goal, (58), and v was arbitrary,
we conclude that H[X] is not (p, R)-Janson. Moreover, our choice of (S,7") € Y was also arbitrary,
so we have established that item (3) holds, and the proof is complete. g
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5. EXTENDING COLLECTIONS OF COPIES

In this section, we use a novel container theorem to prove the core statement that we need in
the proof of Lemma 2.8. We defer the proof of this container theorem to Section 7, since that is
the most technical part of the entire argument.

The setting is very similar to Lemma 3.1, but now we will be able to extend many copies of F'~
to F by adding a single vertex v to U = V(G) = V(G’). Moreover, we will be able to show that the
set of copies created by adding v to U will be well-distributed in relation to the copies of F' fully
contained in U. To obtain this stronger conclusion, we assume that, besides jF—,G",é[W] being

(p, R)-Janson for every W C U = V(G) with |W| > m/(8r), we also have that Jp ¢ ¢[U] is (p, R')-
Janson. Under these circumstances, the lemma states that, when G is distributed as G(m + 1, 2)
conditioned on {G[U] = G}, the following holds with extremely high probability: for every choice
of G’ C G such that N¢r(v) is not too small, the hypergraph Jp ¢ ¢ is (p, R’ + 1)-Janson.
Lemma 5.1. Let m,k,r,s e N withr > 2, s <k <m, and let
1 Ck 5.1 ,_ R
- > 1Ok, —9 <R <=2 1
p 9257.2,:4° mzr R rT o pm and 0<R 16 (71)

Further let F, G' and G be graphs such that v(F) =s+1 <m, G' C G and v(G) = m.

If 3pcr g is (p, R')-Janson and 3 & 4[W] is (p, R)-Janson for every W C U = V(G) with
[W| = m/(8r), then
G'U) =G, dg/(v) = m/(4r) and

P3G CcG:
( Jrar ¢ is not (p, R + 1)-Janson

GlU] = é) < 27m/B2) (72)

where G ~ G(m +1,1/2) and V(G) = U U {v}.

The first change that we need to make to the proof in Section 3 is to replace I'g, defined in (24),
by U, which is just the collection of G’ C G satisfying the event in (72):
G'U) =G, der(v) =m/(4r) and }

Vo = ! :
¢ {G c@ Jr ¢ is not (p, R’ + 1)-Janson (73)

That is, we now require that Jp ¢ ¢ is not (p, R’ + 1)-Janson, instead of requiring to it be empty as
in Lemma 3.1. The argument follows very closely the one in Section 3, so we briefly summarise the

ideas in the proof of Lemma 3.1, referring to some of the definitions in that section as we progress.
Recall that we defined

H={ELcUx{0,1}:LeT, ggh
where
By = {(u,]l[gbL(u) e NF(w)]> ue L},

with ¢, : L — V(F7) being a fixed bijection and w being the unique vertex in V(F)\ V(F~). We
then defined

UG, G) = {(u,0) :u e Ng(v)°} U{(u,1) : u € Nev(v)}
in (25), proved Observation 3.3, which states that if G[U] = G and G’ € I'g, then +(G', G) € Z(H),
and applied a container theorem to bound the probability of that event. However, this is not
immediately possible here, since Observation 3.3 is not true if we replace G’ € I'q by G' € Vg,
the analogous collection for this section: requiring Jp ¢/ ¢ to not be (p, R’ 4+ 1)-Janson instead of
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Jrc ¢ = 0 means that we are not interested in independent sets in A, but in vertex subsets I such
that #[I] is not (p, R’ 4+ 1)-Janson.

We remedy that situation by relying on a container theorem for such sets, like the one that
we proved in Section 4. However, Theorem 4.1 is not adequate for several reasons, which we
discuss while introducing some notation and new definitions. We then prove the analogue of
Observation 3.3 for this section, Observation 5.3, and state the container theorem that we end up
using, Theorem 5.4.

It will be helpful to partition the copies of F' C G'[U U {v}] in two natural classes. The first one
consists of the copies of F' that use v, which correspond to copies of F~ C & [U] that are extended
with the addition of v € U. Every other copy of F C G’, i.e. those that do not use v, belong in
the second class, and are contained in G’ = G’ [U]. The next definition will relate the hypergraph
of copies of F'~ that can be extended with v and the hypergraph of the resulting copies of F.

Definition 5.2. For a hypergraph G and a vertex v not in V(G), let
0,6 ={EU{v}:E€g}
denote the edge-wise inclusion of v in G.

Like in Section 3, let m : V(H) — U be the projection onto the first coordinate and define
Ty = O, o . Recalling Observation 3.5, that is,

TF(H) == jF_,é/,é7
we now relate I ¢ to both I 5 & and H when G[U] = G and G'[U] = G’. We will use this

fact to conclude that, if Jp ¢ ¢ is not (p, R’ + 1)-Janson, then neither is 7, (’H[I]) UJp e @ when
I =G, Q).

Observation 5.3. For all graphs G' and G such that G[U] = G, G' € G and G'[U] = &', if
I =G, G), then
T (H[I]) UjF’é,’é C jF,G’,G- (74)

The inclusion in Observation 5.3 is in fact an equality, but we will not use that fact, and therefore
avoid giving its (trivial) proof for the sake of brevity. As we will see, Observation 5.3 follows easily
from expanding the definitions, especially after we recall (26), that is, if I = (G, G), then

IO =Ng(w)®  and I = Ng(v). (75)
Proof of Observation 5.3. It follows immediately from
GU=G and GU=G (76)
that J ra G C Jra G, so it only remains to show that
T (H[I]) C Tper .

Let E € H[I] be of the form E = Er, for L € J,_ & 5 and recall that 7(E) = L, so our goal is
to show that

Lu{v} € Irea, (77)
where 7,(E) = LU {v} by the definition of m,. As L € J,_ & &, (77) follows from Observation 3.2
using (75), (76) and the fact that E C I. O
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In analogy to the proof in Section 3, by Observation 5.3 and the fact that the Janson property is
increasing, Observation 2.5, it suffices to have a family of containers X with the following property.
For all «(G',G) = I C V(H) such that m,(H[I]) UTp e ¢ is not (p, R + 1)-Janson, there is X € X
with I C X. This is the statement of Theorem 5.4, the container theorem that we need to prove
Lemma 5.1. We state that theorem below, but defer its proof, an implementation of the methods
discussed in Section 4 tailored to this specific setting, to Section 7.

Continuing the comparison with Lemma 3.1, ideally each X € X would be such that 7(H[X])
is not (p, R)-Janson. We are unable to prove such a statement, because the inclusion of v by m,
adds a constraint in the one-degrees of the vertices in H. To deal with this extra constraint, we
(roughly) delete a small proportion of vertices to reduce the maximum degree.

Implementing this modification to our method yields something slightly weaker that nonetheless
suffices: we show that if X € X is sufficiently large, then there is Y covering almost all of X such
that m(#H[Y]) is not (p, R)-Janson. Our final note before the statement is that, despite applying
Theorem 5.4 with the function 7 being a projection, as we previously defined it in this section, we
state the theorem in a slightly more general setting.

Theorem 5.4. Let n,r,s € N withn > s and r > 2, and let q,p, R, R',n € R satisfy

1 _ B R q 4s
— g _— =2 6 1 g lg — d = 4(*) .
0<g<g, 0<p o R ropn, OSRS e and n=pi(3 (78)

Further let F be a (s + 1)-uniform hypergraph with vertex set U that is (p, R')-Janson, let H be an
s-uniform hypergraph with vertex set V', where |V| =n, and let m : V — U satisfy

L
|7(L)| > |2’ for every L CV and |7(E)| = |E| for every E € H. (79)

Finally, let v be a vertex not in U. There exists a family X C 2V with

%) < (j) (30)

such that the following hold.
(1) If I CV and m,(H[I]) UF is not (p, R + nR)-Janson, then I C X for some X € X.
(2) For each X € X with |X| > n/(8r), there exists Y C X with
V| > |X|-2"%"1n (81)
such that m(H[Y]) is not (p, R)-Janson.

We are now ready to prove Lemma 5.1.

Proof of Lemma 5.1. The first step is applying Theorem 5.4 with ¢ = 2719r=2 and F = jF,é',é? S0
we must check that these choices satisfy the assumptions of the theorem.

We assumed that F = 3, 5 is (p, R')-Janson and (s + 1)-uniform, and H being s-uniform
follows from its definition and the fact that v(F~) = v(F) — 1. To apply Theorem 5.4 with this
choice of H, we implicitly set

V =U x{0,1}, n=2m and R=2""tpm=2"5%"1pn
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and therefore the value of R coincides in both statements, resulting in the condition 0 < R’ < R/16
also being satisfied by the identical assumption in Lemma 5.1. Furthermore, our choices for the
parameters 0 < ¢ = 271572 < 1/8 and p > 0 satisfy

_ q
P = 59579,4 < 91042,2
because s < k, and we have checked that all the conditions in (78) hold.
We now check that 7 satisfies (79). The first assumption follows trivially from V = U x {0, 1}
and 7 : V — U being a projection into the first coordinate, while the other requirement is Obser-

vation 3.7. This concludes the checking of the assumptions and requirements in Theorem 5.4.

Applying Theorem 5.4, we obtain a family X satisfying (80) and items (1) and (2) in its statement.
The next claim, a simple combination of Observation 5.3, the definition of ¥ and the choice of ¢,
shows that item (1) holds for I = «(G’,G) when G’ € W, where, recall,

UG, G) = {(u,0) :u € Ne(v)} U{(u,1) : u € Nev(v) }.
Claim 5.5. Let G’ and G be graphs and let I = o(G',G). If G[U] = G and G' € Vg, then the
hypergraph m, (’H[I]) U F is not (p, R' + nR)-Janson.

Proof. Recall that the definition of W, (73), implies that G'[U] = G/, so we can apply Observa-
tion 5.3 to conclude that
T (H[I]) UF C jF,G’,Ga (82)
where we replaced F =T & & in (74).
It also follows from G’ € U¢ that Jp ¢ ¢ is not (p, R’ + 1)-Janson, so we can combine (82) with
the fact that being Janson is increasing, Observation 2.5, to deduce that m, (’H[I ]) U F is also not
(p, R’ + 1)-Janson. But now, as we chose

4s
= p4<%> ’ R=2"r""pm, q=2""r"7" and p=2"Bk %4

one can verify that

77R —_ 2_45_57"_1]95(]48771 >1
by m > r*, s < k and C' = 300. We therefore conclude that m, (7—[ [I]) UF is not (p, R'+nR)-Janson,
because being (p, R)-Janson is decreasing in R by Observation 2.3. |

By item (1) in Theorem 5.4 and Claim 5.5, for all graphs G’ and G such that G[U] = G and
G’ € Vg, there exists X € X such that «(G',G) C X. Let

X ={Xex:|xV =m/4r)},
and we will show that there is also X € X’ such that «(G',G) C X.
Claim 5.6. If G[U] = G and G' € Vg, then there exists X € X' such that o(G',G) C X.

Proof. Fix G with G[U] = G and G’ € ¥, and let X € X be such that I = +(G’,G) C X. By the
definition of ¢, we have

Ner(v) =10 ¢ xM and Ng(v)¢ =10 c xO,

and therefore m
(XD > der(v) > (83)

where the last inequality is due to G’ € Ug. We conclude that X € X”. |
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Taking a union bound over choices of X/, we can bound the probability in (72) from above by
P(3G'CG: G € Vg |GUI=G) < ) P(Ng(v)® c X (84)
Xex’
using Claim 5.6 and replacing the event {¢(G’,G) C X} by {Ng(v)° C X(O)}, which it implies by
(75). We now want an upper bound for the probability of this event for each X € A”.

Claim 5.7. For every X € X', we have
m

U\NXO) > —. 85
U\ X0 (55)
Proof. By item (2) in Theorem 5.4, there is Y C X with
n n 1 1
Y= |X| - 2 = (X0 4 | xO] = 5 1 x©® (7_7) 86
Y12 [X] - o = [XO 4 X0 - 5 xO 1 (1~ D )m (56)

such that the hypergraph 7(H[Y]) is not (p, R)-Janson, where we used (83) and n = 2m.
Taking W = YO n YD observe that Jp- e aW] is not (p, R)-Janson. To check that, recall
that the hypergraph w(H[Y]) is not (p, R)-Janson by item (2) in Theorem 5.4. It then follows from

JIp- @ aWl=n(H)[W] C T(H[Y])
by Observation 3.5 and Lemma 3.8 and the fact that being (p, R)-Janson is increasing, Observa-
tion 2.5, that J,_ ~ ~[W] cannot be (p, R)-Janson.
Since we have assumed in the statement of Lemma 5.1 that 3, & &[W]is (p, R)-Janson whenever

W C U satisfies |W| = m/(8r), the fact that choosing W = Y () n'Y() results in a subhypergraph
that is not (p, R)-Janson implies that

Y©ny®| < 8% (87)

Manipulating (87), we obtain
1
Y= [yOuy®+ y©@ny® < (14 8—) U,
r

which combined with (86) yields

X)) < (1 - %)m

and hence (85), as desired. [
Applying Claim 5.7 to each term in (84), we obtain
P(Ng(v)c ¢ X0) = P(Ng(v)c N\ x©0) = @) = 2 I\X O  9=m/(16r) (88)
for each X € X', using that G ~ G(m + 1,1/2). Replacing (88) back in (84) yields
> P(Na(v)® € X ) < ar2-m/(6m),
Xex!

Now, we can bound the size of X’ using (80) and 2qn < m/(2'3r?), where the latter holds by
n = 2m and our choice of ¢ = 27772, to obtain

2qn
IP’(HG’ CG:G eV | QU] = é) < (2) a 9=m/(16r) < gm/(2r)=m/(16r) < o=m/(32r)
q

since r > 2. O
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6. PROOF OF LEMMA 2.8

The purpose of this section is to give a proof of Lemma 2.8, restated below. We begin with an
intuitive and informal overview of the proof, with the purpose of motivating the intermediate results
in the section, and then introduce the details and technicalities in the subsections that follow.

Lemma 2.8. For all k,r € N with r > 2 and for all graphs Hy, ..., H,. with at most k vertices, if
N € N satisfies
N > Okt (11)
fort=>""_,v(H;), then
P(G e B(H) NE(s)) < 27V,
where G ~ G(N,1/2), H = (H;);cy and s = (v(H;))

i€lr]”

Our informal overview of the proof of Lemma 2.8 starts with a statement of our setting and
strategy. We assume that G € B(H) N &£(s), i.e. G admits a “bad” colouring ¢ : E(G) — [r] in
which the copies of H; C G; that are induced in G are not (p, pN)-Janson, even though G satisfies
the inductive assumption, represented here by the event £(s). Our goal is to show that such G are
extremely rare when G ~ G(N,1/2), which we accomplish by applying Lemma 5.1 with G = G[U]
and G’ = ch) [U] for a certain vertex subset U and a specific colour ¢ € [r]. Proving the existence
of this set U is not difficult, and is the main purpose of the intermediate results in this section.

To reach a point where we can apply Lemma 5.1, that is, to show that this set U exists, we
combine Lemma 6.5 and Lemma 6.6. The proof of the former lemma uses the induction hypothesis
to conclude that TJH:G(_C)’G[W] is (p, p|W|)-Janson for all “bad” colourings ¢ and all large W C U.

In the proof Lemma %.6, we (roughly) construct a set U C V(G) vertex-by-vertex, starting from
an arbitrary vertex subset of size 6 N. Adding a vertex v to U increments the Janson parameter of
H; C G;|U] for some colour 4, in the sense that if Jg, g, ¢[U] was (p, R;)-Janson for some R; > 0,
then Jp, ¢, clUU{v}] is (p, R; +1)-Janson. The set U is complete when there are no more vertices
whose addition to U would increase the Janson parameter of H; for some i € [r], and we show that
the final size of U is at most 26 N.

These are the two preliminaries that we require before the proof of Lemma 2.8, which we briefly
and informally discuss now. With U given by Lemma 6.5 and Lemma 6.6, we will apply Lemma 5.1
to the graphs G = G[U] and G’ = ch) [U] for a certain colour ¢ and many vertices v ¢ U when the
colouring ¢ is bad, relying on the independence of these events for each v to obtain the required
bound on their joint probability. These vertices v ¢ U are chosen first to ensure that their degree
to U is not small, so one colour i, € [r] also has sufficiently many neighbours in U. We then select
£ as the majority colour among the i,, and further restrict to those v for which i, = £.

To formally implement this outline, we first address a technicality: we are not able to directly
prove that the final collection of copies of Hy is (p, pN)-Janson, only (p,2~%~1dpN)-Janson>. As
we will see, this is not a problem, because we show in Lemma 6.2, using double counting, that a
hypergraph G that is not (p, pN)-Janson contains a subset S of §2/3N vertices such that G[S] is not
(p,27%r~16pN)-Janson, and we will be able to work entirely inside this set S. The next subsection

3This is because we can only apply Lemma 5.1 for R’ < R/16, where the collection of copies of H, contained in
W is (p, R)-Janson for every W C U with |W/| > |U|/(8r), and the event £(s) only tells us that this hypergraph is
(p, p|W|)-Janson.
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proves Lemma 6.2, and the rest of the section implements the above outline to show that U exists,
and finally to prove Lemma 2.8 in Subsection 6.3.

6.1. Changing to another bad event. First, recall the definition of the bad event B(H).

Definition 2.7. Given a collection of graphs Hj,..., H,, let H = (H;);c,) and let B(H) be the
family of graphs G with the following property. There exists a colouring ¢ : E(G) — [r] such that,
for every i € [r], the hypergraph Jy, ¢, ¢ is not (p, pv(G))-Janson.

As previously mentioned, the first stage in the proof is to show that we can replace B(H) by an
alternative event 5'(H). The main advantage of this change is that it reduces the Janson parameter

by a factor of order r~14, at the cost of assuming that it only holds for a single subset S of size
|S| > 6%/3N.

Definition 6.1. Given a collection of graphs Hy,..., H;, let H = (H;);c[;) and let B'(H) be the
family of graphs G with the following property. There exists S C V(G) with |S| > §?/3v(G) and a
colouring ¢ : E(G[S]) — [r] such that Ty, ¢, ¢[S] is not (p,2~ %~ 16pv(G))-Janson for all i € [r].

It is crucial that the original bad event B(H) is contained in the variant B’(H), which we now
prove with a simple double counting argument.

Lemma 6.2. For every k € N and graphs Hy, ..., H,,
B(H) c B'(H),
where H = (H;)ie|r|-

As we need to work with measures in the Janson property, the following observation, albeit a
trivial consequence of the definitions, will be useful when proving Lemma 6.2.

Observation 6.3. For all s € N and hypergraphs G, if ¥1,...,0s : G — R satisfy

Y= ZS: %,
i=1
then,

e() =Y e() and  dy(L)= dy,(L)
‘ i=1
for all L C V(G).
We can now prove Lemma 6.2.

Proof of Lemma 6.2. Assume that G ¢ B/(H) and let V =V (G) and N = |V|. Let ¢: E(G) — [r]
be an arbitrary r-colouring of the edges of GG, and observe that, by Deﬁnition 6.1, for every S C V
with |S| > §%/3N there exists j € [r] such that Ju;.6,;605 is (p, 27 r~10pN)-Janson. Thus, if for
each j € [r], we define

V; = {S C V1|8 = 623N and Iy, ¢, o[S] is (p, 2 r 16pN)- Janson}
then )
AR
7=1

31



and hence there exists ¢ € [r] such that

1 N

so fix such an i. For each S € V;, as Ty, ;¢S] is (p,27 %~ 16pN)-Janson by assumption, there
exists vg : Iu, q,.c[S] = Rxp satisfying

29

e(vg) =1 and Ap(vg) < 5p]7;7 (90)

by Observation 2.4. Now, define v : Iy, g, — Rxo by

v= Z Vs

Sev;
and note that if ()?
e(v

Ap(”) < pN ’ (91)

then Ty, ¢, ¢ is (p,pN)-Janson and therefore G ¢ B(H) by definition, since ¢ is an arbitrary
r-colouring of the edges of G.
Recall that V' = V(Jn, ¢,,¢) and also that, by definition,

M) = Y a0y = 3 (3 ) M

LCV LCV SeVv;
[L]>2 |L|>2

where the last equality is due to Observation 6.3. Further observe that since vg is supported only

on Jg, ¢,.c[S], then we can only have d, (L) > 0 if L C S. Hence, denoting the subfamily
TLZ{SEVi:LCS}

for every L C V, we have

M) = 3 (X ) 5 < Y T Y dg (027, (92)

LCV SeTy LCcVv SeTy,
ES L]>2

where the last step holds by the Cauchy—Schwarz inequality. Now, note that, as every L in the
sums of (92) satisfies |L| > 2, we can bound |T| for these L by

N -2 N
ITL| < <52/3N B 2) < 643 <52/3N> <63V,

where we used (89) in the last inequality. Substituting this into (92) and using (90) together with
the definition of A, (v) yields

297” |V1|2
Ap(v) <63V D Ap(vs) < r54/3yvi|257N = 297“251/3;07]\[. (93)
SeV;
Note that, since e(rvg) = 1 for all S € V; by (90), it follows from Observation 6.3 that
e(v) = |Vil,

which, replaced in (93), results in our goal, (91),

2 2
9,.2 1/3‘3(1/) e(v)
Ap(v) < 27r%9 N <7p
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where the last inequality is due to our choice of § = =Y. Therefore, the hypergraph Ju,,G,c 18
(p, pN)-Janson, which implies that G ¢ B(H) since the colouring ¢ : E(G) — [r| was arbitrary. O

6.2. Finding a set U to apply Lemma 5.1. Using Lemma 6.2, we can bound
P(G e BH)N E(S)) < ]P’(G e B'(H)N E(S)) (94)

where G ~ G(N, 1/2), which leads us to the second stage in the proof of Lemma 2.8. In it, we will
apply Lemma 5.1 to bound IP’(G e BH)NE (s)), but the setup of this application requires some
work. First we show, with a deterministic argument, that for any graph G € B'(H) with a “bad”
colouring ¢, we can find a set U that satisfy the requirements of Lemma 5.1.

Before describing the concrete properties of U, we establish a correspondence between G € B'(H),
the sets S that appear in Definition 6.1, and these bad colourings c¢. To do that, it will be helpful
to define the common setting for the rest of this section. Fix then £ € N and s1,...,s, € N such
that s; < k for each ¢ € [r]. Further fix graphs Hi, ..., H, such that v(H;) < s; for all i € [r], let
s = (8i)iefy) and H = (H;);¢p), and fix N € N satisfying (11).

Definition 6.4. For a graph G, define the collection S(G) by
S C V(G) with |S| = 6*°N and ¢ : E(G[S]) — [r]
such that Vi € [r], T, ¢, c[S)] is not (p,2”%r 16pN)-Janson .

S(G) = {(5, ¢ :

Recall from Definition 6.1 that if G € B/(H), then there exist S C V(G) and ¢ : E(G[S]) — [r]
such that (S,¢) € S(G). We will next show that if (S,c) € S(G), then for every large subset
W C S, the hypergraph jH.*,Gi,G[W] is (p, p|W)-Janson. To prove that, we will require the event
&(s), whose definition we recall for the reader’s convenience.

Definition 2.6. Given r € N and s1,...,s, € N, let s = (s;);c|;) and let £(s) be the family of
graphs G with the following property. For all graphs Fi, ..., F,. satisfying

T

ZU(E) = Zsi -1 and v(F;) < s; for each i € [r],
i=1 i=1

for every W C V(G) with
5
W\ > —v(G),
W] > 20(0)
and every colouring ¢ : E(G[W]) — [r], there is i € [r] such that Jp, ¢, ¢[W] is (p, p|W|)-Janson.
The following lemma is the only place in the proof of Lemma 2.8 where we will use the event

E(s). Since later we will choose the set U to be a subset of S, the lemma immediately implies that
Iu-.a,.cW!is (p,p|W|)-Janson for every large subset W C U.

Lemma 6.5. For all G € E(s) and (S, ¢) € S(G), the hypergraph Ty - o o[W] is (p, p|W|)-Janson
for every i € [r] and every W C S with |W| > 6N/ (8r).

Proof. Fix an arbitrary ¢ € [r], let F; = H; for all j € [r] \ {4}, and take F; = H; , a choice that

satisfies
,

S elF) =Y - 1 (95)

J=1
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By G € £(s) and (95), for every W C S C V(G) with |W| > dN/(8r), there exists a colour ¢ € [r]
such that Jr, ¢, ¢[W] is (p, p|W|)-Janson. However, as

p|W| > 279~ 16pN,

we conclude that Jr, ¢, ¢[W] is (p, 279~ 16pN)-Janson. Since the Janson property is increasing by
Observation 2.5, it follows that Jg, ¢, ¢[S] is also (p,27 %~ 16pN)-Janson.

Now, recall that Jp; q, c[S] is not (p,27%r 16pN)-Janson for all j € [r] since (S,c) € S(G).
Combining our choice of F; = H; for all j # i with the fact that Jg, g, [S] is (p,27 97" 16pN)-
Janson, the only remaining possibility is that ¢ = i. It follows that, for every W C S satisfying
W[ = 0N/(8r), the hypergraph J,- . o[W]is (p, p[W|)-Janson. Since i was arbitrary, this com-
pletes the proof of the lemma. ' ]

The remaining properties that U will have are all guaranteed simultaneously by the way we
construct it. For each i € [r], the hypergraph Jp, ¢, ¢[U] will be (p, R;)-Janson for some R; > 0,
and Jg, ¢, ¢[U U{v}] will not be (p, R; + 1)-Janson for any v ¢ U. The proof of Lemma 6.6 shows
that we can find such a U with a routine induction.

Lemma 6.6. Let G be a graph. If (S,c) € S(G), then there exist U C S and Ry,...,R, € Z>g
such that

p|U]
297

U|=6N+> R and Ri,....R, < (96)
i=1

which further satisfy, for alli € [r],

(a) Im,.¢.,clU] is (p, Ri)-Janson, and

(b) Ju,c..¢[UU{v}] is not (p, R; + 1)-Janson for allv e S\ U.

Proof. Observe first that every set U C S of size 6 N satisfies item (a) with R; = 0 for all i € [r],
since I, ¢,.c¢lU] is (p,0)-Janson by definition. Now take U of size 0N + >_._; R; maximising
> i_1 Ri among the choices that satisfy item (a). Note that Jg, ¢, ¢[U U {v}] is (p, R;)-Janson for
every v € S, since Iy, ¢, ¢[U] is (p, R;)-Janson, and by Observation 2.5, so item (b) holds by the
maximality of > 7_; R;. It therefore remains to prove the inequality in (96).

Suppose for a contradiction that R; > p|U|/(2°r) for some i € [r] and observe that

plU| _ opN
R; = 59
1790 7 09y
s0 Jp,.¢..clU] is (p,27 %~ 16pN)-Janson by Observation 2.3. Since U C S, Observation 2.5 implies
that Jp, ¢, ¢[S] is also (p,27%~16pN)-Janson, contradicting the fact that (S,c) € S(G). O

6.3. The proof. Having established that there is a U satisfying most of the requirements of
Lemma 5.1, we will combine the following trivial consequence of the Chernoff bound with a pi-
geonhole argument to find many vertices v whose degree to U in some colour ¢ € [r] is not small.

Observation 6.7. Let G ~ G(N,1/2), let U C S C V(G) and set
S ={veS\U:da(v,U) > |U|/4}.

If 21 < |U| < |S|/4, then
P(19'] < |5]/4) < exp (—27°U]|S)).
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Proof. For a vertex v € S\ U, the Chernoff bound implies that
Pv ¢ S') = P(dg(v,U) < |U[/4) < exp (—|U]/16),

and observe that these events are independent for distinct vertices of S\ U. If |S'| < |S|/4, then
at least |S|/2 vertices of S\ U fail to be in S’. Taking a union bound then yields

S| |U _
_ "") <exp(—2°9U)18)),

I < < 9IS
B(1 < 151/4) < 2 exp (- 211
where last inequality uses that |U| > 210, O

With all of the above, the proof of Lemma 2.8 proceeds by fixing the sets S, U and the colouring
of G[U], all of which we will take union bounds over. We will use Observation 6.7 to find many
vertices whose degree to U in colour £ is not small, and we will then be able to check that the
graphs G’ = Géc) [U] and G = G[U] satisfy all the conditions required by Lemma 5.1. To complete
the proof, it will then suffice to observe that for each v the events bounded by Lemma 5.1 are
independent, and hence the probabilities multiply.

Proof of Lemma 2.8. Recall first that we fixed p = (225k27’4)_1 in (10). We claim that if v(H;) =1
for some i € [r], then trivially we have B(H) = (). Indeed, every non-empty l-uniform hypergraph
is (p, R)-Janson for all p > 0 and R, since A,(v) = 0 regardless of the measure v. We may therefore
assume that v(H;) > 2 for all i € [r].

By Lemma 6.2, we have B(H) C B'(H), and therefore

P(G € B(H)NE(s)) < P(G e B'(H)NEs)),

where G ~ G(N,1/2), here and in every probability statement in this proof. It will also be
convenient to assume that every such graph shares the same vertex set V(G) = [N].

Let U denote the collection of tuples (S,U, (Gi);c[,)) with the following properties. The sets
U C S C [N] satisfy

p|U]
< .
29y

S| >0*#N and |[U|=6N+> R;, with 0<Ri,.... R,
i=1
Moreover, letting
i- o (98)
i€(r]

each tuple (S, U, (éi)ie[r]) € U satisfies, for all i € [r], that V(G;) = U,
(1) jH[,G‘i,G[W] is (p, p|W|)-Janson for every W C U with [W| > |U|/(8r), and
(2) Iy, @, clUl s (p, Ri)-Janson.
This collection is important because of the following claim. Before stating it, define f(G) = (5, ¢)
to map each G € B/(H) N &(s) to a fixed choice of (S, ¢) € S(G).

Claim 6.8. For each G € B'(H)N&(s) and (S,¢) = f(G), there is o = (S,U, (éi)z’e[r}) e U for
which G = GEC) [U] and the hypergraph Ju, ¢, [U U {v}] is not (p, R; + 1)-Janson for all i € [r]
and allve S\ U.

Note that the latter property of U and every v € S\ U in Claim 6.8 cannot be defined only in

terms of (G);e|y|, because it also depends on the colouring ¢ : E(G[S]) — [r] in (5, ¢) € f(G).
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Proof of Claim 6.8. Fix G € B'(H) N &(s) and (S, ¢) = f(G). Let U C S be given by Lemma 6.6,
which implies that it satisfies (97). Further set G; = GEC) [U] for every i € [r]|, and recall that
G = Uier Gi by (98). It follows from item (a) in Lemma 6.6 that this choice satisfies item (2) in
the definition of U and also that Jp, g, ¢[U U {v}] is not (p, R; + 1)-Janson for all i € [r] and all
v € S\ U, where the values of each R; are given by Lemma 6.6.

To prove that this choice also satisfies item (1) in the definition of U, observe first that Lemma 6.5
implies that J— o o[W]is (p, p|W])-Janson for every i € [r] and every W C S with [W| > 6N/(8r).
AsU C S, this conclusion also holds whenever W C U and \W| > |U|/(8r), since |U| = 0N by
(97). The final observation is that

jH.—,éi,é[W] = jH[,Gi,G[W]

k3

by our choice of G; = GEC) [U], so the previous reasoning indeed establishes item (1). [

Now, for o0 = (S, U, (éi)ie[r])> let A(o) be the collection of pairs of graphs G and colourings
¢: E(G) — [r] such that
(a) G;[U] = GEC) [U] = G; for all i € [r], and
(b) the hypergraph Jg, ¢, ¢[U U {v}] is not (p, R; + 1)-Janson for all i € [r] and all v € S\ U.
By Claim 6.8, we know that if G € B'(H) N £(s), then there exists 0 € U and a colouring

¢: E(G) — [r] such that (G, ¢) € A(o). Taking a union bound over choices of o € U, but, crucially,
not over the choices of ¢ : E(G) — [r], then yields

P(GeBH)NEES) < Y PEce P9 (G,e) € Al0)). (99)
oceU

Most of the remainder of the proof will be dedicated to proving the following claim.
Claim 6.9. For ecvery o € U,
P(3c € [r]P(@) 1 (G, ) € Alo)) < 273N, (100)

To prove Claim 6.9, we will modify A(c) until the event(s) whose probability we need to bound
become(s) {IG' C G : (G, G) € My}, where

Moy — {(G',G) - G'U =Gy, der(v,U) = |U|/(4r) and } (101)

Jnec [U U {U}] is not (p, Ry + 1)-Janson

We will then observe that not only the definition of M, ; in (101) corresponds to the event whose
probability Lemma 5.1 bounds if we take F' = H;, R' = R, and G = Gg, but also that the current
setting satisfies the assumptions to apply that lemma.

To make the proof easier to follow, we will first establish several intermediate claims towards
Claim 6.9. Because of that, we will fix o = (S,U, (G’i)ie[r]) € U and abbreviate A(o) = A until
the proof of Claim 6.9.

The first step towards proving (100) is to replace the set S with a large subset S’ C S by
discarding vertices with small degree into U. By Observation 6.7, S contains such a subset with
very high probability. More precisely, let

S =5(G)={veS\U:da(v,U) > |U|/4} (102)
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for every graph G, and define
A ={(G,c) e A:|9'(@Q)] > |5|/4}.

Claim 6.10.
P(3c € r]F9 (G c) € A) < P(Fc € r]F9) (G, c) € A) +exp (—27053N?). (103)
Proof. Recalling (97) in the definition of U and that p < 1, we have
U] < oN + 221 pr\ <ON + ’U‘
which, since we also have |U| > 0N, 1mpheb that
< |U| < 20N. (104)
As 20N < |S|/4, we can apply Observation 6.7 to S and U, obtaining as a result
P(|S'] <1S]/4) < exp (—275U||S]) < exp (- 2706°3N?), (105)
where the last inequality follows from |S| > 6%®N by (97) and |U| > 6N by (104). The claim now
follows from splitting of A into A’ and A\ A" and bounding the latter using (105). [ |

We now focus our attention on bounding the first term in the right-hand side of (103). Recalling
that our goal is to apply Lemma 5.1 and that this lemma requires only a single subgraph, instead
of a colouring, we will restrict our attention to the subgraph G, whose colour ¢ € [r| is the majority
colour of the neighbourhood of most vertices in S’

Claim 6.11.
PEce P9 (G, ed) <> Y <3G’ CG:(G,G) € | Mg and GIU] = é).
Lefr] ACS veEA
EE

Proof. Let G be a graph, and suppose that there exists a colouring ¢ : E(G) — [r]| such that
(G,¢) € A'. We claim that G[U] = G, and that there exists a subgraph G’ C G, a colour ¢ € [r]
and a subset A C S with |A| > |S|/(4r), such that (G',G) € M, for every v € A. Claim 6.11 will
then follow by taking a union bound over the choices of ¢ and A.

To show this, observe first that G[U] = G holds because (G,¢) € A’ C A, where G = Uze[T
was defined in (98). Next, note that for each ¢ : E(G) — [r] and v € S'(G), the colourlng c
partitions the edges connecting v and U into r sets. As each v € S'(G) satisfies

U
d(;( U)>%4|

by the definition of S’(G), (102), there exists a colour j(v) = j € [r] such that
%]
4r -
By the pigeonhole principle and (106), then, there exists a colour ¢ € [r] such that, letting
A=A(G,c)={v e 5(G):j(v) =1},
we have, as a consequence of (G,c) € A, that
/
Sl Is)

r 4r°

de,(v,U) > (106)

Al >
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Letting G’ = Gy be the graph of edges spanned by colour ¢ completes the proof of the claim
because A C S\ U and (G, ¢) € A satisfy item (b) in the definition of the event A, and this is the
last property in the definition of M, , that we had yet to show holds for this choice of G'. |

The final claim that we need before the proof of Claim 6.9 is the observation that the events M, ,
are independent for each v ¢ U when conditioned on {G[U] = G}. This is a simple consequence of
the conditioning causing M, ¢ to depend only on the subgraph G [v, U] corresponding to the edges
between v and U. Although Claim 6.11 has {G[U] = G} as an intersecting event, we can instead
condition on it because its probability is non-zero.

Claim 6.12. For any set A C U, we have
p(aa’ CG:(G,Q) e (| Mus ] GU] = G) - 11 IP(HG’ CG:(G,G) e My, ‘ GU] = G)
vEA vEA
Proof. First recall that M, ¢ is defined in (101) as
G'[U] = Gy, der(v,U) > |U|/(4 d
Mmé:{(G/,G):ﬁ [ ] 12 G‘(U7 ) | |/( T) an }
Jn,c.c[UU{v}] isnot (p, Ry + 1)-Janson

Now, observe that after conditioning on G[U], the existence of a subgraph G’ satisfying the three
properties in the definition of M, ¢ depends only on the edges of G[v,U]. Since these edges are
chosen independently for each vertex v € A, the claim follows. [ |

We can now combine the previous claims to prove Claim 6.9.
Proof of Claim 6.9. Fix o = (S,U, (éi)ie[r}) € U and let A = A(o). By Claim 6.10, we have
P(3c e [r)PD . (G,e) € A) <P(Tc € 1D 1 (G, c) € A) +exp (—2705°3N?). (107)
Claim 6.11 then implies that the first term in this right—hand side is at most

PEce (]9 (G e A) <Y Y B(3G' GG ﬂMM] |=G), (108)

te[r] AcCS vEA

Az 121

where we moved the non-zero probability event {G[U] = G} from the intersection to the condition-
ing, so each probability term inside the two sums of (108) satisfies

P(HG’ CG:(G,G) e [ My ] GlU] = é) - 11 IP’(HG’ (G, G) € Myy ] GlU] = é) (109)
vEA vEA
as a consequence of Claim 6.12.

We now want to apply Lemma 5.1 to obtain an upper bound for the probabilities on the right-
hand side of (109), recalling that (101), the definition of M, 4, corresponds to the event whose
probability we bound in (72) if we take F = Hy, R’ = R, and G’ = Gy. To check that the choice of
parameters for this application is admissible, first observe that s = v(Hy) — 1 by assumption, that

]U\ ON > orCt+t) > pCk

because t > 1, C = 300 and § = =Y, and also that v € U by v € A C S\ U. It follows from
(S,U, (éi)ie[r]) € U and the definition of U that not only

plUl _ R

29 16
38
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by (97) and our choice of R = 2757 1p|U| in (71), but also that Gy C G by (98). Finally, again by
the properties of the tuples in U, we have that

(1) Jy,¢,¢lU] is (p, Re)-Janson, and
(2) JH[ a,.aWlis (p, R)-Janson for every W C U with [W| > |U|[/(8r), because

p|U
piw > 2 5 00 = R

and the Janson property is increasing (Observation 2.3),

so we can apply Lemma 5.1.
Applying Lemma 5.1, we then obtain, for fixed ¢ € [r] and v € S\ U, that

P(3G' € G:(G,G) € My |GIU = G) < 2710V,
which, replaced in (109), yields

<3G’ ca: e [ Mo ‘ é) < 27 IUIA @)  9—8%/AN2/(27r%) (110)
vEA

by |A| > |S|/(4r) = 6*/3N/(4r), where A € S\ U, and |U| > §N. Substituting (110) in (108) and
bounding the number of choices for £ and A respectively by 7 and 2V then yields

P(3c € [P : (G, c) € A') < r2No 07PN/, (111)
To deduce the claim, we combine (107) and (111) to obtain

P(EC c [T]E(G) : (G’ C) c A) < 7,,2]\72755/3]\72/(271ﬂ2) 1 exp ( . 27655/3]\[2) < 2787“52]\[2

by 7 > 2 and our assumptions that N > r¢*+t) and § = . |
We now apply Claim 6.9 in every term of (99) to obtain
P(G € B'(H) < ) oEnt (112)

celU

To bound the right-hand side of (112), we count the number of tuples o = (S U, (G; )iep)) in U.
There are at most 22V choices for both S € V and U C V, and at most 2IUI choices for each Gj.
It follows from |U| < 20N in (104) that there are at most

2T|U|2 < 24r62N2
tuples (éi)ie[r}7 which replaced back in (112) yields
IP’(G € B/(H)N 5(s)) < 92N+4r6°N?—8rs>N? < 9—3d2N?

because we assumed that N > rCE+t) and § = 90, O
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7. CONTAINERS FOR NON-JANSON SETS

In this section, we prove our main technical result, and with it complete the proof of Theorem 1.2.
The statement of Theorem 5.4 has three components that differ from Theorem 4.1: another hy-
pergraph F, which is (p, R')-Janson by assumption, a function 7 and a vertex v not in the set
U = V(F). Recall that when applying this theorem, we will take F to correspond to copies of F’
completely contained in U, and 7 to be the projection from U x {0, 1} onto U. To explain the role
of v in the statement of Theorem 5.4, recall Definition 5.2,

0,6 ={EuU{v}: Eeg},

the edge-wise inclusion of v in a hypergraph G.

Rather than obtaining containers for sets L C V such that H[L] is not (p/q,nR)-Janson, The-
orem 5.4 provides containers for sets L C V such that m,(#[L]) U F is not (p, R' + nR)-Janson,
where 7, = 0, o m. Another difference between this theorem and Theorem 4.1 is in the properties
of the containers X € X. Previously, we concluded that H[X] was not (p, R)-Janson, but we were
not able to establish the same thing here due to vertices with high-degree. Instead, what we show
is that whenever X C V has linear size, we have a set Y C X containing almost all elements of X
such that 7(H[Y]) is not (p, R)-Janson.

Theorem 5.4. Let n,r,s € N withn > s and r > 2, and let q,p, R, R',n € R satisfy

4s
R=2"5%"1pn, 0<R < % and n= p4<%) . (78)
Further let F be a (s+ 1)-uniform hypergraph with vertex set U that is (p, R')-Janson, let H be an

s-uniform hypergraph with vertex set V', where |V| =n, and let m: V — U satisfy

1 q
0<g<>, 0<p<——,
q 8 P 2y g2

L
|m(L)| > |2’ for every LCV and |7(E)| = |E| for every E € H. (79)

Finally, let v be a vertex not in U. There exists a family X C 2V with

) 2gn
X< | — 80
x<(2) (50)
such that the following hold.

(1) If I CV and m,(H[I]) UF is not (p, R + nR)-Janson, then I C X for some X € X.
(2) For each X € X with |X| > n/(8r), there exists Y C X with

Y| >|X|-28%"n (81)
such that w(H[Y]) is not (p, R)-Janson.

We now highlight differences between the proof of Theorem 5.4 and the one in Section 4. The
first one is already in the auxiliary hypergraph 7', which is defined here by

J = {L CVim(H[L)UFis (p, R + nR)-Janson}.

Note that, as the Janson property is increasing by Observation 2.5, each L C V for which the
hypergraph 7, (H[L]) U F is not (p, R + nR)-Janson is also an independent set in J'.

The start of the proof of Theorem 5.4 is analogous to the proof of Theorem 4.6: we apply
Theorem 4.3 with G = J', define C}, = (Cr)=s for each T" € T, and apply Theorem 3.4 with
G = C/. This application of Theorem 3.4 also provides our candidate containers X, and the bulk of
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the argument is proving that they fulfil the conclusions of the theorem, in particular that w(H[Y])
is not (p, R)-Janson for some large Y C X.

Towards determining that H[X] was not (p, R)-Janson for fixed X € X, in the previous proof
we took an arbitrary measure v : H[X| — R and showed that

(113)

by considering two cases, depending on whether e(v’) was sufficiently large, where v/ was the
restriction of v to C/.[X]. Our goal in item (2) of Theorem 5.4 is to establish something like (113)
for measures p supported on m(H[Y]) for some large Y C X. In order to do so, we will need to
introduce some additional machinery, which will allow us to relate Janson properties of H and those
of m(H).

To reason about the Janson properties under the effect of w, we define the pullback of a measure
¥ with respect to m. The resulting measure, denoted by ¥ 6 7, distributes the mass of E € 7(G)
equally among edges that are entirely contained in its pre-image.

Definition 7.1. Let G be a hypergraph, U be a set, and let 7 : V(G) — U. If 9 : 7(G) — Ryp is a
measure, then 9 67 : G — R is defined by
I(m(E))

1967T(E) = HE’O €qg: 7T(E0) = W(E)}‘

(114)

for all £ € G.

The crucial property of pullback measures is that, using them, we can show that for any hyper-
graph G, if 7(G) is (p, R)-Janson, then so is G.

Lemma 7.2. Let R > 0 and p > 0. Further let G be a hypergraph, U be a set, w: V(G) — U be a
function satisfying
|m(E)| = |E| for every E € G,

and 9 : 7(G) — Rsg be a measure. If

then
Ap(Wom) <
In particular, if 7(G) is (p, R)-Janson, then so is G.
As the proof of Lemma 7.2 is just checking that the definitions fit nicely together, we will
postpone it, and the proofs of intermediate results that we require, to Appendix C. Nevertheless,

we reference two of those results, Observation 7.3 and Lemma 7.4, because they will also be useful
in the proof of Theorem 5.4.

Observation 7.3. Let G be a hypergraph and let w : V(G) — U for some set U. Further let
¥ :7(G) = Rxg be a measure. If E' € 7(G), then

> vew(E)=9(E).
Eeg
m(E)=E'
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Observation 7.3 almost immediately implies the second useful result about pullback measures
that we use in the proof of Theorem 5.4.

Lemma 7.4. Let G be a hypergraph. For all m:V(G) — U and ¥ : m(G) — Rxp, we have
e(¥om) =e(0).

With the definition of the pullback measure and its crucial property, we can state the main
inequalities in the proof that w(H[Y]) is not (p, R)-Janson. We will start with a simplified view of
the proof, and add details as we proceed. For technical reasons, it will be useful to assume instead
the converse of our goal, i.e. we will fix one X € X such that, for all large Y, the hypergraph
m(H[Y]) is (p, R)-Janson, and reach a contradiction. In particular, 7(H[X]) is (p, R)-Janson, so
there is a measure p : m(H[X]) — Rxp such that

A < 115
o) < 25 (115)
and the pullback v = p 6 7 satisfies
e(v)’
A <
P(V) R

by Lemma 7.2.

Recall that a critical step in the proof of the simpler version of our container theorem was the
inequality
Ele(v))? | Vg € Z(97T)]

nR ’

established in Claim 4.9 via the characterization of independent sets in J. The analogous statement
here depends on the definition of 7', which implies that when I C V(J’) is independent, then
Ty (H[I]) UF is not (p, R’ +nR)-Janson. To avoid too many technical details at once, let us assume
that R’ > 0, and that we have m(-) instead of m,(-). These simplifications mean that = (H[I]) U F
is not (p, R’ + nR)-Janson when I € Z(J").

In this simpler setup, we now use the assumption that F is (p, R')-Janson and R’ > 0 to choose
p:F — Ryo with

E[Ap/q(yg) |V, € I(QTJ)] Z (116)

2

Ap(p) < e(g,) .

A case analysis, the same as in Claim 4.7 in the proof of Theorem 4.6, will allow us to focus on
H' = H[X]\ C, so we define pg : m(H[X]) = Rxo by

a(E) = - ME;(WE(? n wE),

(117)

where we will choose v = /81 and
PyE) =P(E € n(H'[V]) | Vq € Z(2rT"))-
The definition of H’ will allow us to assume that

g\ &l
FE) > (3) )
cf. (62), so g is well-defined.

42



The inequality corresponding to (116) in this simplified overview of the proof will then be
E[e(p+ 1)* | Vy € Z(@7T")

R +nR '
which, note, has A, instead of A/, due to some still undiscussed numerics related to the fact that,

E[Ap(p+ 1g) | Vg € Z(07T")] = (118)

in this case, the value of n is much smaller here than in Theorem 4.1. In the other direction, we
would ideally like to show that

E[Ap(p+ 110) | Vo € @07 < Aplo) + 20/ (o)) +22(1) My, (19)

and
Ele(p+p)* | Vy € Z@0rT")] = (elp) +7e(m)’, (120)
both of which, when combined with (115), (117) and our choice of ~, yield
Ele(p+ 1q)? | Vg € Z(9rT")]
R +nR
a direct contradiction of (118). Although we can establish inequalities resembling (119) and (120)
with methods similar to those in Section 4, we have not justified some of our assumptions.

E[Ap(p+ pq) | Vg € Z(07T")] <

The first detail that we overlooked in the preceding overview is the assumption that R’ > 0. In
the case R’ = 0, we can simply take p = 0. To handle both cases together, we use Observation 2.4
when R’ > 0 and assume instead that

e(p) =vVR  and  Ay(p) <1,

which is sufficient for our purposes.

The other omission in our discussion so far is that we simplified the definition of J’. The
correct definition means that, to satisfy something like (118), we require a measure supported
on m,(H[I]) U F, instead of m(H[I]) UF, where I € Z(J’). To address this change, we extend
i m(H[X]) = Rxsp to a measure fi : 7, (H[X]) = R by setting

i(EBU{v}) = u(E)
for all E € w(H), recalling that v € U D w(V).

Adjusting for this seemingly innocuous change requires some technicalities. To prove the appro-
priate version of (118), with fi, replacing p,, we now need an upper bound for ZUGW(X) du(u)2.
This is how we use Lemma 7.5 below, and is the main reason why we prove item (2) in Theorem 5.4
for a large Y C X instead of all of X € X'; it is also why it is simpler to prove that same item by
contradiction. When we account for this term in the final version of (118), it dominates the term
for A,(v), so a simpler bound for the latter suffices, and we do not need to consider A, /q-

The proof of Lemma 7.5 is straightforward: we simply restrict the measure to avoid vertices with
high degree. If we were only dealing with hypergraphs then implementing this idea would be a
triviality, but working with measures involves a few tedious calculations, so we postpone the proof
of this lemma to Appendix C.

Lemma 7.5. Let s € N, R, p,3 > 0, and G be an s-uniform hypergraph. If for every W C V(G)
with |W| > (1 — B)v(G), we have that GIW] is (p, R)-Janson, then there exists u: G — Rxo with
252 ()2

_ e(p)’®
e(u) = VR, Ap(p) < —— and Z du(v)? < 50(G)

Ia (121)
veV(G)
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We are now ready to prove Theorem 5.4; for ease of reference, let us restate Theorem 4.3.

Theorem 4.3 (Campos and Samotij [7, modified Theorem E]). Let G be a hypergraph with vertex
set V. For all a,q € R satisfying 0 < ¢ < o < 1, there exists a family T C 2V and a function
¢ :Z(G) = T such that:

(a) For each I € Z(G), we have o(I) C I.

(b) Each T € T has at most qn/a elements, where n = |V|.

(c) For every T € T, there exists a hypergraph Cr with vertex set V that covers G and satisfies

P(L CVy | Vg € Z(979)) > (1 — a)Hg (44)
for all L & Cr; moreover, for all I € Z(G) such that T = ¢(I), we have I € Z(Cr).
Proof of Theorem 5.4. Apply Theorem 4.3 with G = J’, where
J' = {L CVim(HL)UFis (p, R + nR)-Janson},

and parameters ¢ and o« = 1/2 to obtain 7 and ¢. Now, for each T' € T, there is Cr satisfying
item (c) in Theorem 4.3, so we let C/» = (Cr)=s be the edges of (Cr) of size s. Since C}. is s-uniform
and p < 1/(2'1rs?) by assumption, we can apply Theorem 3.4 with G = C}, and ¢ = 27871, Asin
the proof of Theorem 4.6 we obtain ¢, ¥, ¢ that satisfy

(i) For each I € Z(J'), we have ¢p(I) C I C r(pr(1)), for T = p(I).

(ii) Each S € St has at most 2! rps?n elements.

(iii) For every S € Sr, letting X = ¢ (5), C;-[X] is not (p, 27 %r~1p|X|)-Janson.
Setting f(I) = X = ¢p(S) for T = ¢(I) and S = ¢ (I), we define

X = {f(I):IGZ(j)},

which, by item (i) and the fact that I was arbitrary, is a definition that satisfies item (1) in
Theorem 5.4.

As in the proofs of Theorem 4.1 and Theorem 4.6 (cf. (54), (55) and (57)), to show that the size
of X is suitable, we count X € X by choosing T' € T and then S € Sp. We therefore obtain

X< ISl < 211§% (Z) 221175 <TZ> < <3>2qn (122)

TeT m=0 t=0

combining item (ii) above with item (b) in Theorem 4.3 and
21 rps?n < 2gn < %
The bound in (122) matches (80) in the statement, so it only remains to show that item (2) holds.
Now, assume by contradiction that there exists I € Z(J') such that
f(I) = X € X satisfies | X| > n/(8r), and
m(H[Y]) is (p, R)-Janson for every Y C X with |Y| > |X| - 2% n. *)

This is the converse of item (2) in Theorem 5.4, so contradicting it will complete the proof.
We want to apply Lemma 7.5 with G = W(H[X]) and = 2721 To do that, we first verify
that this hypergraph satisfies the assumptions in the lemma.
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Claim 7.6. For all
Wcn(X) with  [W|>(1-2"2%"Yr(X)] (123)
the hypergraph m(H[X])[W] is (p, R)-Janson.
Proof. Fix W satisfying (123) and observe that letting Y = 7= 1(W) N X, we have
m(HY]) € m(HIY]) W] C 7 (H[X])[W]

where the first containment holds because m(E) C W, for all E C Y, by our choice of Y C 7~ 1(W)
and the second holds since ¥ C X.
As m(X\Y)=n(X)\ W and we assumed that |L| < 2|7(L)| for every L C V, we have that

V] = [X| =X \Y|>[X] - 2n(X\ V)| = |X]| = 2|7(X) \ W] > |X| - 275 "'n. (124)

It follows from (124) and () that 7(H[Y]) is (p, R)-Janson, but this is an increasing property by
Observation 2.5, so 7(H[X])[W] is also (p, R)-Janson. [ |

Applying Lemma 7.5 with ¢ = m(H[X]) and 8 = 27%r~!, we obtain p : 7(H[X]) — Rxo
satisfying

) = VR A <1 (125)
and
9 2526(#)2 2107,526('[02 214T2526(u)2
A v/ e s T e 20

uen(X)
where the last inequality follows from the assumptions that |L|/2 < |x(L)| for every L C V and
| X| = n/(8r).
Let v : H[X] — Rxq be the pullback measure of  with respect to m, i.e. v = pém. As 7 satisfies
|7(E)| = |E| for all £ € H[X] C H
by (79), we can apply Lemma 7.2 with G = H[X] and ¥ = p to conclude that
e(v)’
7

Now take T' = ¢(I), and recall that C. = (Cr)=s, where Cr is the cover given by item (c) in
Theorem 4.3. Let ¢/ be the restriction of the measure v to H[X]|NC/}[X], that is, for each E € H[X],

let
{I/(E) it £ e Chh[X],

Ay(v) < (127)

0 otherwise.

e(v
e(V) < 2)
Proof. Indeed, we have
2 8 72 2
e(}”%) > A0) 2 A (V) 3 2 ;T)(a) > 48(;)
first by (127), second because v > v/ and A,(-) is monotone increasing, then since the hypergraph
Ch[X] is not (p,278r~!p|X|)-Janson by item (iii) of Theorem 3.4 and our choice of ( = 278771,
and finally because R = 2~ %~!pn by assumption. |
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We now define the measure v/ = v — v/, which corresponds to the restriction of v to the hyper-
graph H' := H[X]\ C}. = H[X] \ C[X]. By Claim 7.7, we have

e(V) =e(v) —e(V) > M. (128)

Also define y” to be the restriction of p to m(H’). Applying Observation 7.3 with ¥ = u and
v = p o6, then using (128) and Lemma 7.4, yields

S ouE= 3 Y wE) Y e(v) _e(p)
6([///) = Z/N(E) = 6(1/,/) > T = T (129)
Eenm(H’) Een(H') (L%)E)HE EcH’
m(Eo

With the goal of defining a random measure j, let, for all E € 7(H'),

PI(E) =P(E e n(H'[Vg]) | Vg € Z(07T")). (130)
Claim 7.8. For all E € n(H'),
PUE) > P(Bo C V, | Vy € T(07T")) > (%) (131)

where Ey € H' is fived and satisfies w(Ey) = E.

Proof. The first inequality in (131) follows from the fact that if Ey C V; for Ey € H', then we have
m(Ey) € m(H')[Vy]. Also notice that, by the same argument used to establish (62), the hypergraphs
H' and Cp are disjoint. Therefore, we can use (44) in item (c) of Theorem 4.3 to obtain

P(Eo C Vy |V, € T(007") > (£)”

Now, let v = /81 > 0 (a choice made with foresight) and py : 7(H') — Ro be defined by

i) = () L o Ly

Also define the extension fi; supported on 7, (H'[X,]), where X, =V, N X, by
fig(EU{v}) = pg(E) for all £ € m(H'[X,)).

Our goal now is to show that analysing ,u ! for our choice of v contradicts I € Z(J").
To reason about properties of 7', we define a measure p supported on F. If R’ > 0, then we can
apply Observation 2.4 with G = F and y = V R/, since F is (p, R')-Janson, to obtain p : F — Rxg

satisfying
2

Ap(p) < () and e(p) = VR (132)

/
If, on the other hand, R’ = 0, then we t.ﬁ(e the measure
p=0. (133)
Regardless of the value of R', or the choice of p as either (132) or (133), we have
Ay(p) <1 and e(p) = VR, (134)

which, together on being supported on F, are the only properties that we will use of p.
Our goal is to obtain inequalities bounding A, (p+ fig) from e(p+ﬂ'q/)2, so we start easily, relating
the expected value of e(fiy) to e(u”).
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Claim 7.9.
Ele(fig) | Vg € Z(97T)] = ve(u").
Proof. The definitions of e(fiy), fiy and py,

- X wEue) - 3 e HEST

EU{vienm, (H') Een(H')
imply that
Ele(y) |V € Z0rT)) = > " (E) = ve(u"),
Een(H')
since, for all E € w(H'), we have that
E[L[E € s} V)] | Vi € T@0rT)] = F(E) (135)
from the definition of P,(E), (130). [ |
Combining Claim 7.9 with (129), we have
E[e(d]) | Vy € T0,57)] > 422 (136)

Recall that the definition of d,(L) for any set L C U is
()= 3 o)
LCEeF

As p is supported over F, we have p(E) =0 when E ¢ U = V(F). We can use this observation to
obtain the expansion

Mplp+iig) = Y dp(L)*p M 423 " dp(L)dpy (L)p™H 4+ Y7 dp (L)*p " (137)
LcU LcU LCUU{w}
|L]>2 |L|>2 |L|>2

where the first two terms range over L C U instead of L C UU{v} because if v € L, then d,(L) =0
as v € V(F) by assumption. The first sum in (137) is now exactly A,(p), which we can immediately
bound with (134), but we need some simple claims before we analyse the other two sums. We start
with an observation that relates the degrees dﬂg to the degrees dui{'

Claim 7.10. For all L C U U {v}, we have
dig (L) = duy (L\ {0}).
Proof. Let E, = E'U{v} for each E € m(H'). The definitions of dyy and fig imply that, for every
L c Uu{v},
dgg(L)= " Y mgB)= > pgBEN{o) = D> pg(E) =duy(L\ {v}),
LCE,emy(H') LCE,emy(H') L\{v}CEen(H')
where the last equality is the definition of dyy (L \ {v}). [

We can now use Claim 7.10 to relate Ay (fy) and Ap(py).
Claim 7.11.

M) = (14 ) M) + 5 3 g (139)
uelU
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Proof. First, recall the definition of A, (i),

MG = (L)l
LCcUU{v}
IL[>2

Splitting that sum according to whether v € L or not, we obtain
_ - - 2 |-
Mp(ig) = D dg (Lo MY dyp (w)?*p ™2+ Y dgy (LU {o}) p M7 (139)

LCU uelU LCU
[L]>2 |L[>2

where the second term corresponds to L = {u,v} for u € U, that is, the case v € L and |L| = 2.
Applying Claim 7.10 in the third sum of (139) and using the definition of A,(uy) yields (138). H

"
q

this bound, like the analogous one in Section 4 (cf. Claim 4.10), since that will not be necessary in

Now, we prove a deterministic upper bound for A,(y)) in terms of A,(p”). We do not optimise

this proof.

Claim 7.12.
" 2( 4\ % "
M) <4*(5) T A,
Proof. Recall that
q S
FiE) > (3)
for all E € w(H’), by Claim 7.8, so by definition of d%/ and ,u;’ , we deterministically have that

. T / 2 —2s

2
LCEen(H')

holds for all L C U, by ignoring the indicators. The inequality in the claim now follows from the
definition of A,(+):

_ q —2s _ q —2s
M) = 3 (DM < () X d P =22 (5) T A
LCU LCU
s L2 n

We will now combine the bound given by Lemma 7.5 for the sum of the square of the p-degrees,
(126), with Claims 7.11 and 7.12 and another simple calculation to complete the proof of a determ-
inistic inequality relating Ap(fi)) and e(u)?.

Claim 7.13.

—1
Ap(lu’q) < 2\/ﬁ

Proof. Repeating what we did in (140), we have
2 2 4\ 2 2 4\ 2
Sdg@? < (5) D dw@? < () Y dulw) (141)
uclU uelU uelU

where the last step is using that u” < p. Now, recall that the support of p is w(H[X]), so if an
edge E C U is not fully contained in 7(X), then u(E) = 0. As so, d,(u) =0 if u ¢ 7(X) and thus

> dyu(u)® = dyu(u).
uelU uem(X)
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We conclude that (141) is at most

>’ < (3) " S =7(5) " T o <r(5) TEETUE ey

n
uelU uelU uem(X)
where the last step is
914,242 (/)2
Y du(w)’ < n(#)’

uen(X)
the inequality in (126).
Combining (142) with Claims 7.11 and 7.12 thus yields

2\ % 1 2My2620(1)2
Ap(l) < 2 (q) ((1 ) A + pgn(‘” ) . (143)
Also recall that we chose
q 1 —6,.—1 4( q )48
< — — = = —_—
PSS, <3 R=2""r""pn, and n=r{3y) >

in (78), and that

e(p)

7 and e(n) = VR

Ap(p") < Ap(p) <
by p” < pand (125), so (143) is at most
2\ % 1 28ps2 2\ %% 21042 2
Ap(fig) < 72<> <1 + =+ > < v2<> <
q p p q p 2y
as desired. m

Replacing the bound of Claim 7.13 in (137) and then taking the conditional expectation with
respect to {V, € Z(0pJ')} yields

—n / E[dﬁ;’ (L) | Vg € Z(97T"))] 2
E[Ap(p+ fig) | Vg € Z(07T")] < 1+2LCZUdp(L) s + o
L2

In particular, this inequality motivates our final claim.
Claim 7.14. If L C U, then
E[dgy (L) | Vg € Z(7T")] = vdyun(L).
Proof. Note that v ¢ L if L C U. It then follows from Claim 7.10 and the definition of dy; (L) that
v-1[E € n(H'[V))]

dy(L) = dyy(D) = Y '(E)

/ )
LCFEen(H') P‘I(E)
so taking the conditional expectation yields, for all L C U,
Eldu(L) |V € Z(0pT)] = Y. "(BE) = ~du(L)

LCEen(H')
since
E[1[E € n(H'[V])] | Vy € Z(07T")] = P,(E),
(135), holds for all £ € w(H’). [ |
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Substituting the bound in Claim 7.14 in the middle sum of (144) and applying the Cauchy—

Schwarz inequality, we obtain
d,(L)d,» 12 d
P HH
> \L| ( Z |L| ) ( . P ) TV Ap(P)y/ A1) <,
LCU
|L[>2 |Z|>2

LCU CU p

which, replaced back in (144), yields

2
B[As(p + ) | Vy € T@r )] < 14274 5o (145)

Now, to bound the expected edge mass of the measure p + ﬂfl’ , observe that

Ele(p+ig) | Vo € Z(0rT")] = elp) +Ele(iy) | Vg € Z(07T")] = VR + Vgﬁ

where the last inequality is due to (134) and (136). Jensen’s inequality thus implies that

2

VR\?2 R
Ele(p+fiy)? | Vy € Z@rT"] = (VE + 152) > (1449 (B + 1) (146)
because R > 16R’ by assumption, and we can choose v < 1/4. We fix v = 1/8n, which is less than
1/4 because
4 2)45 i
m=r (2 < or

This choice, replaced in (145), implies that

(L+49)(R ++°R/8) _ Ele(p+7g)* | Vg € Z(0rT")]

EA iV, e (O / 1+4~ = X
[Ap(p+ fig) | Vy € Z(07T")] < 1+ 4y R R R +1R

and the last step is (146).

To reach a contradiction, observe that if V; € Z(9;J') then V, € Z(J’) follows from Observa-
tion 4.5, and hence 7, (H'[V,]) UF is not (p, R’ +nR)-Janson, by the definition of [7'. In particular,
it follows that

e(p + iig)?
R +nR

since this measure is supported on m,(H'[V,]) U F, so we cannot have

Ele(p + fig)* | Vg € Z(97T")]

Ap(p + fig) >

E[Ap(p+ i) | Vy € T(07.T")] <

R +nR
like we previously established, and we have a contradiction. We conclude that item (2) in The-
orem 5.4 holds, and the proof is complete. O
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APPENDIX A. PROOF OF THEOREM 4.3

This section is dedicated to the proof of Theorem 4.3, which we restate for the reader’s conveni-
ence.

Theorem 4.3 (Campos and Samotij [7, modified Theorem E]). Let G be a hypergraph with vertex
set V. For all o,q € R satisfying 0 < ¢ < a < 1, there exists a family T C 2V and a function
w:Z(G) = T such that:

(a) For each I € Z(G), we have ¢(I) C I.
(b) Each T €T has at most qn/a elements, where n = |V|.
(¢) For every T € T, there exists a hypergraph Cr with vertex set V' that covers G and satisfies

P(L C V| Vy € Z(97G)) > (1 — a)lHgl" (44)
for all L & Cp; moreover, for all I € Z(G) such that T = ¢(I), we have I € Z(Cr).

The following proof is essentially a subset of the corresponding argument in [7], but the exact
statement of Theorem 4.3 admits a simpler, self-contained proof that in particular does not assume
the result of Campos and Samotij.

Proof. Given I € Z(G), let T' C I be maximal with respect to
P(T C Vy | Vg € Z(9)) < (1 — o) Tlg"l. (147)

Set o(I) =T and T = {p(I) : I € Z(G)}. We claim that these choices satisfy the requirements of
Theorem 4.3. Notice that item (a) trivially holds, since ¢(I) is defined as a subset of I.
Now, take an arbitrary T' € 7. We have, on one hand,

(L= q)" Mg =P(V = T) <P(T C Vy AV, € Z(G)), (148)
where the inequality is using that T' € Z(G), and, on the other hand,
P(T C VA Vg €Z(G)) S P(T C Vg | Vg € (G)) < (1 — ) Tlg"! (149)
due to (147). Combining (148) and (149), we obtain
(1 —q)" g™ < 1 — a)Tlg,

which, as  — (1 — z)'/* is decreasing on (0, 1), implies |T| < gn/a. But we took T arbitrarily, so
the above establishes item (b).
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To show that item (c) holds, take any 7" € T and set
r ={LcV(@): P(LCV, |V, eT(0:9) < (1-a)HlgHl}. (150)
Observe that not only Cr is a cover of G, but also G C Cr: for all E € G, we have
P(E C V| Vg € Z(07G)) =0,

because V, € Z(07G) and E C V, together imply (E\ T') € Z(97G), which directly contradicts the
definition of 97G. The definition in (150) also immediately implies that, for all L ¢ Cr,

P(L C V|V, € Z(97G)) > (1 — a)lHgl"

holds, and that is exactly (44) in item (c). It remains only to establish the “moreover” part of
item (c).

Our goal is to show that for all I € Z(G), if ¢(I) =T, then I € Z(Cr), so we take L € Cr and
must determine that L ¢ I. Note that L ¢ T follows from L € Cr, as otherwise

P(L CV, | Vy €Z(97G)) =P(L C V) = ¢* > (1 — a)lFlgl |

because {V; € Z(97G)} and {L C V,} are independent when L C T.
We claim that

P(LUT C V| Vy €Z(G)) =B(T C Vy | Vg € Z(G)) P(L\T C Vg | Vy € Z(97G)).  (151)
First, observe that we can reveal T, =T'NV, and then Vq’ =V, \ T, obtaining as a result
P(LUT CV, | Vy €Z(G)) = B(T C V, | V, € Z(G)) B(L\T C V} | T € V, AV, € Z(G)).
But {T' C V;} = {T, = T} and V,; € Z(G) are together equivalent to V, € Z(97G), so we have
P(L\T CV,\T | T CVaAVa e Z(G)) =P(L\T C V, |V, € Z(8,G)),

and therefore

P(LUT CV, |V, e () = (T C V, |V, e (@) P(L\T C V[ |V} € T(0,0)).  (152)
Finally, L\ T and V,; \ V; C T are disjoint and Ty, is independent of {V, € Z(97G)}, so
P(L\T C V; | V] € Z(87G)) =P(L\T C V, | Vy € Z(87G)) (153)

and substituting (153) in (152) yields (151).
Now, partitioning L according to its intersection with T', we have

P(L CVy | Vy € Z(979)) =P(LNT C Vy) B(L\T C Vq | Vg € Z(979))
because {LNT C V,} and {L\T C V,} are independent, and so are {LNT C V,} and {V; € Z(9G)}.
Therefore,
P(L\T C Vy |V, € Z(979)) = B(L C Vy | Vy € Z(97G))a . (154)
Combining (154) with (151), we obtain
P(LUT CV, |V, € Z(G)) = P(L C Vy | Vy € Z(97G)) B(T C Vy |V € Z(G)) g * 771,

and now we can use that our choice of T satisfies (147), and L satisfies (150) to obtain

IP’(L uT Cv, ’ V, € I(g)) <(1- a)|T\+|L\q\T\+|L|—|LmT\ <(1— a)|LuT\q\LUT| (155)
because 0 < o < 1.
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Taking T" = L UT, it is obvious that T'C T'. We have picked T' C I to be maximal satisfying
(147), so it follows from (155) that if 7" C I, then we would have picked it instead of T'. Therefore,
T ¢ I and thus L ¢ I. As we took L € Cp arbitrarily, we conclude that I € Z(Cr) and so item (c)
holds, completing the proof. O

APPENDIX B. PROOF OF THEOREM 3.4
We recall the statement of Theorem 3.4 for the reader’s convenience.

Theorem 3.4 (Campos and Samotij [7, modified Theorem Al). Let G be an s-uniform hypergraph
with n vertices. For all0 < ¢ <1 and 0 < p < (/(8s?), there is a family S C 2V(9) and functions

$:2(G) =S and ¢:8—2"09 (27)

such that:

(i) For each I € Z(G), we have ¢(I) C I C P(o(1)).
(ii) Fach S € S has at most 8s?pn/( elements.
(iii) For every S € S, letting X = ¢(95), G[X] is not (p, (p|X|)-Janson.

To prove it, we need one of the container theorems of Campos and Samotij [7, Theorem A],
which we state below as Theorem B.1. Recall from [7] that when C is a hypergraph and 0 < p < 1,

wp(€) = D pl*

EeC

we denote by

what is called the p-weight of C.

Theorem B.1 (Campos and Samotij [7, Theorem A]). Let G be an s-uniform hypergraph with n
vertices. For every 0 < p' < 1/(8s?), there exists a family S C 29 and functions

$:I(G) =S and :8— 2V (156)

such that:

(A) For each I € I(G), we have ¢(I) C I C P(o(1)).
(B) Each S € S has at most 8s*p'n elements.
(C) For every S € S, letting X = (S), there exists a hypergraph C on X with

wy (C) < p'|X]| (157)
that covers G| X| and satisfies |E| > 2 for all E € C.

Proof of Theorem 3.4. We apply Theorem B.1 to G with parameter p’ = p/¢ < 1/(8s%) and obtain
¢, ¥ and S. Items (i) and (ii) in Theorem 3.4 are direct consequences of items (A) and (B) in
Theorem B.1, so it remains only to show that item (C) implies item (iii). Fix § € S and the
corresponding X = 1(5), and let C be the cover of G[X] given by item (C) in Theorem B.1, and
notice that by (157) we have
wy (C) < p'|X] = plX|/C. (158)
We can use (158) and combine the assumption ¢ < 1 with the fact that every edge in C has size at
least 2 to bound the p-weight of C from its p’-weight:
wp(€) = o1 =D w/QPICF <Y (/O = Cuy () < (pIX. (159)
EeC EeC EeC
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To show that G[X] is not (p, (p|X|)-Janson, take any measure v : G[X] — Rxq, so our goal is to
establish that

e(v)?
8> ey

Observe first that

Apw)= > (L)’ p =D a, ()t (160)
LCV(H), LeC
|L|>2

since every edge in C has size at least 2 by item (C) in Theorem B.1 and all the terms in the sum
are non-negative. Massaging (160), we can apply the Cauchy—Schwartz inequality to obtain

Ap(v) > w;(C) (Z dV(L)2p—|L|> <ZPIL> > wpl(C) (Z dl,(L)> . (161)

LeC LeC LeC

Now, note that, as C is a cover of G[X]|, we have
dd(L)=) > vE) = Y v(E)=e@). (162)
LeC LeCLCE Eeg[X]
Combining (159) and (162) with (161), we obtain
e(v)?
A,(v) > ,
)2 X
which completes the proof because v was arbitrary. O

APPENDIX C. PROPERTIES OF MEASURES

C.1. The pullback measure. The main goal of this subsection is to prove Lemma 7.2, which we
restate for convenience. Observe that Lemma 3.6 is a direct corollary of this statement.

Lemma 7.2. Let R > 0 and p > 0. Further let G be a hypergraph, U be a set, w: V(G) — U be a
function satisfying

|m(E)| = |E| for every £ € G,
and 9 : 7(G) = Rsg be a measure. If

then .
Ay(Wom) < M'
In particular, if 7(G) is (p, R)-Janson, then so is G.

The missing proof of Lemma 7.2 is a trivial combination of Lemma 7.4, which says that e(dom) =
e(?), and Lemma C.2, which establishes A, (¥ 6 7) < A,(¥). Towards these two lemmas, we recall
the statement of Observation 7.3 about pullback measures.

Observation 7.3. Let G be a hypergraph and let © : V(G) — U for some set U. Further let
¥ :7(G) = Rxg be a measure. If E' € 7(G), then

> ven(E)=9(E).
Eeg
m(E)=E'
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Proof. Fix E' € m(G). We have by (114) that

. _ I(E) g
2, demE)= 3, \{Eegzw(E):E’}]_ﬁ(E)

Eeg Eeg
m(E)=E' m(E)=E'

O
We can now prove Lemma 7.4, an easy consequence of the definition of the pullback measure.
Lemma 7.4. Let G be a hypergraph. For all w:V(G) = U and 9 : 7(G) — Rxq, we have
e(¥om) =e().

Proof. Expanding the definition of e(«) 6 7r) and using Observation 7.3, we obtain

= > 9E)= > > vén(E)
E'en(G) E'en(G) E€G
m(E)=E'

But each £ € G appears on the right-hand side exactly once, only when E’' € 7(G) satisfies
7(E) = E'. Therefore,

Z Z von(E 219077 e(¥ o)

E'en(G) E€G Ecg
w(E)=E'

as we wanted to show. O

The next lemma requires an assumption about 7, motivating its appearance in the statements
of Lemma 7.2 and Theorem 5.4. The proof is easy, and follows from expanding the definitions
and a simple counting argument. It also requires defining the uniformity-preserving pre-image of

L' c m(V(G)), the set

T(L)={LCV(G):n(L)=L"and |L| = |L'|}.
Lemma C.1. Let G be a hypergraph, let m: V(G) — U satisfy
|7(E)| = |E| for every E € G,
and let ¥ : m(G) — R be a measure. For all L' C w(V(G)), if \ =9 o, then
> da(l). (163)
Lew (L)

Proof. Fix L' C w(V(G)). The definition of dy(L’), combined with Observation 7.3, yields

dy(L)= Y IE)= > doOANE) = D> AE), (164)

L'CE'en(G) L'CcFE'en(G) E€G EegG
w(E)=E' L'cn(E)

where the last step holds because each E € G with L' C 7n(E) appears exactly once in the second-
to-last sum. On the other hand, the right-hand side of (163) is, by definition, equal to

Yo od@= Y > AE). (165)
Lew (L) Les (L) LCEeg
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We also know that |L| = [L/| for all L € 7(L'). It then follows from |7(E)| = |E| for all E € G
that 7|p is a bijection, so there is a unique L C E satisfying n(L) = L’ and |r(L)| = |L|. The

Do DL AE = Y B
Ee

LG;(L’) LCFEegG

conclusion is that

g
L'cr(E)

which, together with (164), (165) and the fact that L’ was arbitrary, completes the proof. O

The proof of Lemma 7.2 will be complete once we establish Lemma C.2, which also admits a
simple proof from Lemma C.1.

Lemma C.2. Let R > 0 and p > 0. Further let G be a hypergraph, © : V(G) — U be a function
satisfying

|m(E)| = |E| for every E € G.
For all Y : w(G) — Rxo, we have
Ap(Vom) < Ap(0).

Proof. Let V=V (G), A =9 67 and recall (8), the definition of A,

Ap@) = > dy(L)p L.
L'cn(V)
[L'[>2

As |m(E)| = |E| for every E € G, we can use Lemma C.1 to conclude that

2
ApW) = > ( > @(L)) p = 3T N an)p M (166)

L'ca(V) " Lex (L) L'ca(V) Le (L)
|L|>2 |L'|>2
where the last inequality uses that dy(L) is always non-negative and that |L| = |L/| for L € ;(L’ ).
Now, whenever dy(L) > 0 for L C V, we know that there is L’ C (V) such that L € 7(L'). We
conclude that the rightmost part of (166) is at least

A@) = Y Y @)= ) da@)p I = A0
L'cn(V <7_r ’ LCVvV
sy LEmE) L2

where the last step is the definition, and the proof is complete. O

C.2. General properties. Now, we prove Lemma 7.5, which, despite its length, is as simple as
restricting the original measure to another that zeroes the mass of edges containing high degree
vertices.

Lemma 7.5. Let s € N, R,p,3 > 0, and G be an s-uniform hypergraph. If for every W C V(G)
with [W| = (1 — B)v(G), we have that GIW] is (p, R)-Janson, then there exists p : G — R with

25% (1)’

_ e(p)’®
e(u) = VR, Ap(p) < —— and Z du(v)? < 50(G)

veV(G)

(121)
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Proof. Observe that taking W = V(G), we conclude that G = G[W] is (p, R)-Janson by assumption.
Therefore, we can apply Observation 2.4 to obtain p : G — R such that

_ e(p)?
e(p)=VR and  Ay(p) < = (167)
Take such a p minimizing 3,y (g d,(v)?, and assume by contradiction that
20,2
3 du(w)? 2‘;%’“‘) (168)
veV(G) 'l)( )
Now, take

W ={veV(G):du(v) <se(p)/(Bv(9))} (169)

observe that it satisfies [W| > (1 — 3)v(G) since G is s-uniform, and therefore G[W] is (p, R)-Janson
by assumption. We conclude that there is a measure p’ : G[W] — R which satisfies
2

Aty < )

again by Observation 2.4 applied with y = v/R > 0. Moreover, we claim that setting

and (i) = VR, (170)

p'=0=7)u+,

for a suitable 0 < 7 < 1, also yields a measure satisfying

2
M < 6(‘;)7 ) =V am
and
> du( Z d,u( (172)
veV(G) veV (g

If 1" satisfies both (171) and (172), it contradicts the mlnlmahty of our original choice of p.

We start the proof of our claims by showing that (171) holds. The equality e(u”) = VR follows
by linearity of e(-) and the fact that both p and p/ have edge measure equal to v/R. Expand A, (u")
as

Ap(') = (1= 1) Ap(m) +2r(1—7) Y dy( p 4 220, (). (173)

LcV(G)
|L[>2

Applying the Cauchy—Schwarz inequality to the second term in (173), we obtain

, 2\ 1/2 T2\ 1/2
3 du<L>du<L><< 5 du@)) ( DL <L)> = /M. (T

[Z| IZ| IL|
LCV(G) p LCV(G) p LCV(9) P
|L|>2 |L|>2 |L|>2

Replacing (174) back in (173) and simplifying yields
Ap(") < (1= ) Ap(p) + 27 (1= 1)/ Ap () Ap (1) + 72y (1) = (1 = T) AR ()2 + 745 (1)),
which, by (167) and (170), establishes (171):

e "\2
M) < & (1= 7)el) + re(u)? = LT

58



Towards establishing (172), we expand

Y dw(v)’=(1

veV(G)

Y duw)

veV(G)

—1—27'1—7' Z dy(

Zd

veV(G) veV (G

an expression whose terms we will bound separately. Recall that d,,(v) = 0 for v € W, so

> du(v)dy (v

veV(G)
but now, (169) implies that

> du(v

veW

)= > du(w)dy (v)

veW
_ selw) _ el
< 5u(0) 2% = (@)

2 (175)

(176)

since G is s-uniform and e(u') = e(u). Using (168) in (176), we obtain, for the second term,

> du(v)dy (v)

veW
The s-uniformity of G and e(u)

> dw(

veV(G) veV (G

(Zd 0) = (w9’ <

Zd

veV(G

Zd

veV(G

(177)

= e(y') also imply an easy bound on the third term in (175):

(v)%, (178)

where the first inequality holds because d; is always non—negatlve, and the second is (168).

We can now replace (177) and (178) in (175) and use that 7 is positive to obtain, after simpli-

fication, that

Z du”( )

Choosing 7 to satisfy

(1 -7+ pv(G

) > duw

veV(G)

1
O<T<min{1,7}

results in

Zd/,

veV(G)
which contradicts the fact that g minimises |

Bu(G)

< Y dul
veV(G)

vev(g) @ . (v)? and completes the proof.
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