Metric response of relative entropy: a universal indicator of quantum criticality
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The information-geometric origin of fidelity susceptibility and its utility as a universal probe of
quantum criticality in many-body settings have been widely discussed. Here we explore the metric
response of quantum relative entropy (QRE), by tracing out all but n adjacent sites from the
ground state of spin chains of finite length N, as a parameter of the corresponding Hamiltonian is
varied. The diagonal component of this metric defines a susceptibility of the QRE that diverges
at quantum critical points (QCPs) in the thermodynamic limit. We study two spin-1/2 models
as examples, namely the integrable transverse field Ising model (TFIM) and a non-integrable Ising
chain with three-spin interactions. We demonstrate distinct scaling behaviors for the peak of the
QRE susceptibility as a function of N: namely a square logarithmic divergence in TFIM and a power-
law divergence in the non-integrable chain. This susceptibility encodes uncertainty of entanglement
Hamiltonian gradients and is also directly connected to other information measures such as Petz-
Rényi entropies. We further show that this susceptibility diverges even at finite N if the subsystem
size, n, exceeds a certain value when the Hamiltonian is tuned to its classical limits due to the rank
of the RDMs being finite; unlike the divergence associated with the QCPs which require N — oo.

I. INTRODUCTION

The highest sensitivity of qualitative properties near
some points in the parameter space is the signature of a
critical phenomenon, classical or quantum. Various the-
oretical methods of determining the nature of critical-
ity in quantum many-body systems have previously been
attempted using ideas like order parameters [1], renor-
malization group theory [2], fidelity susceptibility [3, 4],
concurrence, and some entanglement measures [5-7] to
name a few.

The finite-size scaling (FSS) of fidelity susceptibility or,
more generally, geometric tensor [3, 8-10] has previously
been shown to reflect the universality of quantum criti-
cal phenomenon in spin chains and free-fermion systems.
The ground-state fidelity in such analyses naturally de-
fines a Riemannian metric in the parameter space [8—
10]. For systems with one parameter, its turning points
and value at the critical point is known to be given by
power laws in system size for integrable theories like the
transverse field Ising model (TFIM) [3] and free-fermions
[10] where the ground state can be analytically obtained.
More generally, consider a Hamiltonian of the form

N N
ﬁZZﬁOi—FhZﬁli, (1)
=1 =1

where periodic boundary conditions are assumed, and
N denotes the number of lattice sites. Here, Hg; and
H,y; are non-commuting operators such that tuning the
parameter h to h. drives the system to a quantum critical
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point (QCP) in the thermodynamic limit. Consider the
fidelity defined by

F(h,dh) = |(so(h+ dh)|y(R))], (2)

where [o(h)) refers to the ground state of H for a given
system size N. The fidelity susceptibility is then defined
as

F(h,dh—}()):1—%Xp(h)dh2+"' . (3)
At a QCP, xp ~ N2/ as N > 1 where v refers to the
correlation length exponent.

Here we propose a different model-agnostic measure
to determine the metric response of the quantum rela-
tive entropy (QRE) of a quantum many-body system,
inspired by the geometric interpretation of fidelity sus-
ceptibility and ground-state manifold [4, 8, 10]. We
demonstrate how its finite-size scaling directly indicates
the thermodynamic criticality through the convergence of
its turning points and the divergence of its global maxi-
mum. 'Universal” bears a two-fold meaning here, firstly
as a method that can be used across different models
and secondly as a quantity containing the information
of a certain universality class. The robustness of this
response function lies in its origin in information geom-
etry [11-13] as it can be formally considered a quantum
generalization of the Fisher-Rao information metric.

A concrete notion of how different two entanglement
spectra are, can be established by a geometric distance
between the spectra at their respective parameter val-
ues. Given two density matrices p and &, a measure of
their distinguishability is given by the quantum relative
entropy (QRE) defined as

S(p116) = tr p- (np—Iné)). (4)

Given the ground state |1o(X)) for a generalization of
Eq. 1 such that H = Zﬁl(ﬁol-—i-)qﬁu-i-)\zﬁ%-i-' -+), for
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a lattice with NV sites, a reduced density matrix (RDM)
for p) can be obtained by integrating out all but n sites.
Given such a RDM of any subsystem with a size not

greater than the Schmidt rank of the pure state |¢0(A3>
(such that p~! is well-defined in Eq. 5), we may define
the QRE between RDMs at two infinitesimally separated

parameter values in the following manner:
S(px I Paron) = £ij(X) dX' dN + O(6X?), where

o 1 R R A 1 N ) )
Lij(A) = B} tr[p-0ilnp-0;lnp] = B tr[ p= - 0ip- 95 |
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D0z, = 5;(A). (5)

=0

=

S(psiz 1l P3)

with 9; = 9/9\;. Since the QRE between subsystems
at different parameter values, is (1) a binary function,(2)
non-negative and (3) contains its global minima when

their arguments match, S([)(Xd) [l '{)(Xlﬁs}) >0, V[6A —

0& X € RF , the linear contribution with respect to SA
vanishes in Eq. (5). This naturally endows the param-
eter space with an intrinsic distance ds defined by the
first fundamental form [14]. Eij(X) satisfies all the con-
ditions for locally endowing a Riemannian metric on the
parameter space X and can be viewed as a metric re-
sponse of QRE. The role of Kullback-Leibler divergence
in Fisher information, as studied in non-equilibrium clas-
sical physics [12, 13] and quantum geometric tensor [4, 9]
serve the motivation to seek for an exact susceptibility
of any entanglement spectrum in a general quantum sys-
tem; using a non-perturbative response function rooted
in information theory.

In this work, we will focus on two one-dimensional spin
S = 1/2 lattice models, both of which have a Hamilto-
nian that can be expressed as H given in Eq. 1, where
tuning h = h. drives the QCP. To get the RDMs to de-
fine 3 (second line of Eq. 5), we choose the subsystem to
contain n consecutive spins with n < 3. For such models
with a single parameter, one needs to consider the other
parameters as constants and take the diagonal X,; as
metric response of QRE with respect to the parameter
h. This is similar to the relation between fidelity sus-
ceptibility and geometric tensor [4, 9, 10]; and hence we
dub X, as the susceptibility of QRE. To the best of our
knowledge no study has been made before on the intrin-
sic geometry of thermodynamic QRE and corresponding
finite-size scaling of QCPs, from the perspective of an
information theoretic measure of how sensitive the rela-
tive entropy is in the subsystems. We will show that ¥
develops maxima as a function of A for fixed N where
the turning points approach h. and the peak heights di-
verge as N — oo for any n. The nature of the divergence
of ¥, in the vicinity of h. is controlled by the critical
exponents of the QCP. On the other hand, in the limits
h — 0 and h — oo, Xy, diverges, but with a different
power law, even for finite N for subsystems with a size n
beyond a fixed value.

The rest of the article is organized as follows: Section

IT establishes the general connection of this response to
uncertainty of the entanglement Hamiltonian gradients,
and the one-parameter generalization of relative entropy,
namely the Petz-Rényi relative entropy. Section III elab-
orates the scaling of the susceptibility of QRE at the crit-
ical points using both renormalization group theory and
conformal field theory; by leveraging the consequence of
gapless spectra behind the singularity of the metric re-
sponse of QRE during a quantum phase transition. Sec-
tion IV introduces the quantum spin chain models under
investigation, presenting the integrable TFIM and the
non-integrable three-spin Ising chain with their symme-
tries and solutions including an efficient ED routine for
evaluating the metric response in non-integrable models,
methodically covering the spectrum of many-body quan-
tum systems. Section V presents the concrete route to
constructing the local density matrices using the non-
vanishing local correlations and calculating the metric
response of QRE for the aforementioned models. Section
VT analyzes the effects of local perturbations on dual lim-
its of the two Ising chains and examines the behavior of
nearly-singular density matrices, elucidating the role of
degeneracies in symmetry-broken ground states. Section
VII presents the results on FSS and critical behavior,
demonstrating universal scaling laws and their connec-
tion to critical exponents. Section VIII discusses the
broader implications of our findings, including connec-
tions to strong sub-additivity of quantum entropies and
how this response encodes the geometry of the relative-
entropy landscape before Section IX concludes with a
summary of contributions and future directions. Some
additional technical details are given in the appendices.

II. RELATION OF %¥;; TO OTHER MEASURES

-

The diagonal elements 3;;(\) (Eq. 5) turn out to be the
uncertainty of the gradient of entanglement Hamiltonian

Hpg := —1In p with respect to A;, because whenever p; is
non-singular <8IA{E/8/\1> = Otrp/OA = 0 so that
OHp  /(0Hp\2\ 1. =
A N <( O\ ) > - 52“(”' (6)

This means that the metric response of QRE encodes
the fluctuations of the variation of entanglement Hamil-
tonian with respect to the parameters, which is why it
is the exact susceptibility of entanglement spectra con-
tained within a fixed subsystem. On the other hand
the density matrices are an ensemble of configurations
of the subsystem when information of the rest of the
system is integrated out. Due to being positive semi-
definite and symmetric, the reduced density matrix p4
of a subsystem A is always diagonalizable. We denote
ﬁA |§A7i> = gA,i ‘5A,i>7 where i = 1727"' )dlm(HA)]7
as the eigensystem of pa, i.e., {|{a,)} then spans H4.
So being the ensemble of configurations |£4 ;) € Ha,
the density matrix naturally induces an interpretation



of surprise to the entanglement Hamiltonian HE of
that subsystem because HY = —Inpa (¢f. [12] and
Sec. 2.1.2 of Ref. [15]). Note that, j4 and H% are
simultaneously diagonalizable [16], therefore in the eigen-
basis of pa, eigenvalues of HY are (€a;|HF|¢a, ;) =
—In(€alpaléa, j) = —0i;In&a,; ; establishing that when
€4,; is the probability of [€4,;) € Ha to occur in the sub-
system, its eigenvalue HY |€4:) = (—In€a;) |€a.) of
the entanglement Hamiltonian evaluates how surprising
is its occurrence in the ensemble; while ¥,; is the fluctu-
ation of how the surprise varies with respect to A\; € R
for all j.

Furthermore, the Petz-Rényi relative entropy gener-
alizes the QRE as a one parameter family of entropies
interpolating numerous operational scenarios due to cap-

turing all the moments of a density matrix [17]. It is
defined as

Salplld) = —= e [°5'], a>0,a#1, (7)

and i Su(5113) = S(0]6). ®

Now consider S, (patsrlpr). It is (1) a binary func-
tion, (2) non-negative and (3) has its global minima
= 0 when d\ = 0; thus rendering it sufficient for a
unique metric-interpretation on the parameter space.
Now using generalized binomial theorem (z + y)" =
2" +ram Ly + (r/2)(r— 12" 2 4?2 + O(y?) for any r > 0
and In(1 + y) = y + O(y?) when y — 0, we find for all
a, X that

i Sa(pxysxlPs) _ *Sa(ps.zlloz) _

S (N).
‘5X|H0 (5)\1- 5)\j 8%1 539]' =0 @ ]( )

9)

Recent progress in direct experimental measurement of
Rényi entropy of quantum systems [18, 19] and estima-
tion of quantum relative entropies in quantum computer
[20] paves a plausible route to measuring the metric re-
sponse of QRE in physical setup.

III. SCALING OF %¥;; AT A QCP

Let us now discuss the scaling of ¥ near the QCPs
of models where the Hamiltonian is of the form given in
Eq. 1. We assume that the lattice has N sites and has
periodic boundary conditions in all directions so that the
unique ground state |1g(h)) (given that N is finite) has
translational symmetry on the lattice.

A. Scaling of ¥;; from a renormalization group
perspective

Since local reduced density matrices are composed of
all the non-vanishing correlations within a connected sub-
system, 0;p is composed of all the derivatives of local

3

expectations dj, (O;) due to the following identity for a
subsystem (denoted by 1) of m—local sites of quantum
spin-1/2 degrees [21].

1 [0,2,y,2]
=g 3
{ei}

ul @50 @67, (10

where 3°,(0;) = N (O)) from translational symmetry.

Importantly, any lattice operator ), O, may be ex-
panded in terms of the coarse-grained ”scaling fields”
at the QCP from the renormalization group (RG) for-
malism. The set of allowed scaling fields that appear
in the expansion are determined on symmetry grounds.
For a generic lattice operator, a singularity develops in
On(>"; O;) at the QCP and is controlled by the scaling
dimension of the most relevant scaling field that appears
in its expansion. Since only operators with (O;) # 0 at
finite h contribute to RDMs, the set of allowed scaling
fields that have a finite overlap with such lattice opera-
tors have the same global symmetries as the ground state
[o(h)) at finite N. On the other hand, lattice operators
with different global symmetries compared to the ground
state have (O;) = 0 for any finite h. Typically, (H1;) # 0
at any h. Furthermore, it clearly has an overlap with at
least one relevant scaling field since h needs to be tuned
to h. to reach the QCP. The behavior of 9y, (H1;) at the
QCP for N > 1 can be understood from the following
argument.

The thermodynamic scaling of the second derivative
of the ground state energy and its universality have been
investigated in a general setting in Ref. [22]. For a Hamil-
tonian H = va Hyi+h va H;; with periodic boundary
condition, where Hy = va Hy; is driving a system across
some QCP at h.; the second derivative of the ground-
state energy xg = —0?Ey/0h?> = N 0 (Hy;) /Oh (for any
i) has a universal scaling given by

8<H1i> 2/v—z—1

oh ~ N , (11)
where v and z are the critical exponent of the correla-
tion function and the dynamical critical exponent, re-
spectively. From the above arguments about scaling
fields and symmetry, we expect J,(0) ~ N?/V=*=1 for
generic operators that satisfy (O) # 0 for finite h. We
will demonstrate this property for both spin chains that
we will study as examples in the later sections.

Since (O) themselves are O(1) at the critical point in
the thermodynamic limit, the thermodynamic scaling of
the metric response of QRE in Eq. 5 is due to the square
of 9,(0), all of which scale identically as long as O is
not finetuned to have the overlap with the most relevant
scaling field to be zero. We therefore conclude that

XE ~ N2/y—z —

Son(he, N = 00) ~ N¥v=25=2 for m < |[N/2]. (12)

The two examples of QCPs that we consider later in
one-dimensional quantum spin chains correspond to an



Ising universality class and a four-state Potts universal-
ity class, for which z = v = 1 and z = 1,v = 2/3,
respectively. This gives ,,(he, N — o0) ~ N9 for the
former case and ¥, (he, N — o0) ~ N? for the latter
case from Eq. 12.

B. Scaling of ¥;; from a conformal field theory
perspective in one dimension

For models with one parameter h, the Hamiltonian
is always H = A + hB for some A and B, where
both A and B are sums of local operators and are
themselves extensive. Assuming non-degenerate ground
state |¢g(h)) with energy Ey(h) and the representation
O;j(h) = (1h;(R)|Op;(h)) for a finite system, using first-

order perturbation theory one obtains

) lont)

[vo(h+ dh)) = |tbo(h Z En(h)

— o) = Y E(,f)_% wa(h). (13

n#0

Therefore, any operator o acting on the Hilbert space
of m-local sites H,, with non-vanishing expectation in the
ground state, contributes in the local description of the
subsystem through p,,(h), but for any of such operators
one has

On (O) = (O (o (h )I)@ Wfo( ) + (o(h)| OO [¢ho(h)))
_ Z BOn ) + BnO(h)OOn(h')
2 (h) — En(h)

(14)

At h., assuming a continuous quantum phase tran-
sition (QPT), there is an accumulation of low-energy
eigenstates near the nondegenerate ground state for any
large but finite N. and the lowest energy gap A (N) =
ming, (E, (he) — Eo(he)) ~ N~% where z is the dynamical
critical exponent of the QCP. Although our analysis to
arrive at Eq. 14 is general so far, we now restrict our-
selves to one dimension where z = 1 QCPs are described
by appropriate conformal field theories (CFTs) in the
low-energy limit and analyze the dominant contribution
to Eq. 14 from this picture.

For QCPs with z = 1 in one-dimensional systems,
low-lying eigenstates (including the ground state) with
E,(h:) — Eo(he) ~ 1/N for N > 1 and PBC are de-
scribed by a CFT through the state-operator correspon-
dence [23-28]. More specifically,

Ea(he) — Eo(he) = 20 (ASFT) £ O(N~),
Fo = o5, (15)

where E = veg|k| for |k| — 0 at the QCP (where k is
measured with respect to the momentum of |¢o(h.))),

4

ko refers to the momentum of the state |E,), > 1 is

nonuniversal while AS¥T s, = 0,41,42,--- are prop-
erties of the specific CFT with
ASFT = (hp + Bp) + (Np + Np)»
Sq = (hp —hp) + (N, — Np), (16)

where (hy, hy) refer to the conformal dimensions of a ” pri-
mary field”, with A, = h, + h, being its scaling dimen-
sion and s, = h, — h, being its conformal spin, while
ASFT and s, with N,, N, € Z* refer to ”descendants”
derived from the primary field denoted by p.

QCPs of lattice models are often described by CFTs
with a finite number of primary fields. The eigenstates
described by Eq. 15 can then be viewed as a tower of
states created by the action of the primary fields and their
descendants on the ground state. One of these primary
fields is denoted by I (identity) with A, = s, = 0. The
action of T on the ground state leaves it invariant while
the tower of states is created by its descendants. All other
primary fields have A, > 0 and may have either s, = 0
or s, # 0, with each such primary field acting on the
ground state to give a different nondegenerate excitation
that acts as a base on which a tower of states arises due to
the action of its descendants. The lightest such primary
excitation has the smallest nonzero A,.

Coming back to Eq. 14, the inverse of E,(h.) —
Eo(h.) acts as a weight of contributions from the ex-
cited states with the least-excited states contributing the
most. Thus, the nondegenerate states produced by the
(non-identity) primary fields give the dominant contri-
butions and the descendants give contributions that are
strictly less relevant. .

Since the lattice operator B in Eq. 14 is translationally
invariant and produces excitations with the same k and
other global symmetries as the ground state, we need to
only consider (non-identity) primary fields with confor-
mal spin s, = 0 and the same global symmetry as the
ground state. This generically picks out the energy den-
sity € to be the lightest such primary field. For example,
for the simplest case of an Ising CFT with central charge
¢ = 1/2, there are only two non-identity primaries, € and
o with Ac = 1 and A, = 1/8 with both being scalars
(se = s = 0). Even though A, < A, ¢ is odd while € as
well as |¢o(h.)) are even under an appropriate Z5 symme-
try. For more complicated CFTs, there may be multiple
primary fields satisfying such symmetry constraints (this
is analogous to the case of multiple scaling fields with the
same global symmetries in the previous subsection), and
we continue to denote the lightest such primary field by
€. For any CFT, the matrix element of a primary field qu
between the ground state and the lowest non-degenerate
excitation that the primary field creates is also universal
and follows

e = () a7

Given that B is extensive and O is local in Eq. 14 and
both have a finite overlap with € (the lightest non-identity



primary field with A, > 0 and the same global symme-
tries as the ground state) assuming a generic case, we
obtain

2T

A
(Ep|B|Eo) ~ Nay (N) :

oty ~ o (%) as)

as the leading behavior at N > 1, where ayp, a, denote
the overlaps of the corresponding local lattice operators
H,; and O; with the primary field e. Using Eq. 15 and
Eq. 18 in Eq. 14, we get

A apa om\ 282
w0~ (¥) 0w

which implies that

1 g\ HA—D)
S~ [ ZX . (20)
22 A\ N

For the Ising CFT, A, = 1 while for the four-state Potts
CFT, A, = 1/2 which gives 3;; ~ N in the former case
and ¥;; ~ N2 in the later case, exactly in agreement
with what we obtained by applying Eq. (12) to these
two QCPs in the previous subsection.

IV. QUANTUM SPIN CHAINS

We will now concentrate on two specific interacting
spin S = 1/2 chains, namely the transverse field Ising
model (TFIM) and another Ising model with three-spin
interaction terms. While the former model is integrable
which allows analytic calculations for N > 1, the latter
model is not and we will resort to exact diagonalization
(ED) on small chains to calculate the response ¥;;. In
the former (latter) case, we calculate ¥;; using n = 1,2
(n = 1,2,3) subsystems to investigate the behavior of
this quantity.

A. An Integrable system: TFIM

Consider the Hamiltonian of N spin-1/2 degrees repre-
senting the quantum Ising chain in transverse magnetic
field. This exactly solvable model is given by the Hamil-
tonian

N
H=-Y[J oot +hoj]. (21)

j=1

This can be mapped to a fermionic system described by
a quadratic Hamiltonian by performing a Jordan-Wigner
transformation connecting the algebra of spin-1/2’s and
spinless fermions [4, 29, 30]. This section makes use of
the Appendices A, B and C in presenting the results of

the ground state for J = 1 as an epitomic analysis of
the quantum phases and their transition in TFIM. Now
for a general Hamiltonian which is quadratic in fermionic
operators, we have

1
H=>[c Ay ¢ + 5 ol Bijjci+He )], (22)
()

with A;; and B;; containing the complete spatial inter-
actions. Now, with Z = (A — B)(A + B) we have

2h 1 1
1 2h 1 0
AZ* . 9
0 1 2h 1
1 1 2h
0 -1 1
1 0 -1 0
B: ’
0 1 0 -1
-1 1 0
+1 —h 0 0 —h
—h h24+1 -—h 0 0
_ 2
7 0 h Rh%2+1 0
0 0 0 h2+1 —h
—h 0 —h K241
(23)

This transforms H into Eq. (A7), which is equivalent to
having the above A and B matrices. These matrices are
sufficient to determine the complete solution of {¢x, ¥k}
due to ¢k(A7B)(A+B) = 612( ¢k and d)k(A+B) = €x Pk

with
- (singk
Wej = cosjk )’

B ((cosk — h)sinkj + sink cos kj)

Vij = (cosk — h)coskj — sinksin kj
1 .
T _
o = 5w |
1 :
b’ = ) (24)

Gk\/]v Vi

With the upper and lower solutions of (u;, vk;) re-
spectively for £ > 0 and k£ < 0. As evident in Eq.
(B2) and the related discussions in Appendix B, these
{¢x, ¥k }’s define the correct canonical fermionic opera-
tors which after going to momentum space one obtains



the following [4, 9, 10, 29, 31],

—sink

—(h — cos k)> T (25)

with

h — cosk)

—sink

- (!
k
_ i i .
> ac (v +le —1),

U, — Ck g’“ 7 sme—’“ ’Yk
k cik i sin%  cos & ’y k

sin k
0, = tan~! [ 2T
kAl (h—cosk)’

€k = j:\/(h — cos k)2 + sin’ k. (26)

In this fermionic language the ground state is given as
a spinless BCS ground state [4, 30]

0 . Ok
| 0 > = ®(COS§ —&—sm?k C%Cik )|Ok>7 (27)
k

so that (0|0) =1, and ~|0) =0.

We note that the original Hamiltonian of a peri-
odic spin chain transforms into the Hamiltonian of free-
fermionic system differently for different parity sectors of
the fermionic spectrum as parity emerges as a constant
of motion of this Hamiltonian, therefore the quantization
of the Brillouin zone is different for even/odd parity of

ground state and even/odd number of sites. They all
can be compactly summed into K5_! Joda 85 in Ta-

ble I. This does not manifest anyway at the thermody-
namic limit since the discrete sum becomes an integral
over k € [—m, 7], but for any finite system any deviation
from the allowed momentum quanta would result in erro-
neous calculation of all the correlations of finite systems
(¢f. Appendix A).

We are interested in the exact correlations in this spin
chain, particularly for one and two sites. The elegant
calculation of long-range correlation in the antiferromag-
netic XY chain in Ref. [29] is the most suitable for
analytically finding the corresponding density matrices
(¢f. Appendix C). In this language, the correlations of
spin-1/2 degrees can be exactly casted into expectation
of fermionic operators, which are often easier to calcu-
late. Due to the Wick theorem in Eq. (C9), the two-
point spin correlations described in Eq. (C11) can be
analytically expressed in terms of the solved {¢x, ¥x}’s
for the model, which are the essential building blocks
of all the two-point correlations in this model due to
Eq. (C10). Symmetry ensures that for the case of
single-site, only m, = (0%) survives as one-body cor-
relation function of TFIM. Due to the same symmetry
again, the only non-vanishing nearest-neighbor correla-
tions are pf* || = (0f'0741), @ = x,y, 2, for the analysis

of ¥5(N, h) for nearest neighbors.

Go(h) :== =N Z —cosk),
kek ©
1 1 i
Gii(h) = Y —[(h —cos k) cosk + sin® k],
kGIC
G_1(h) =—— Z (h — cos k) cos k — sin® k].
kEIC

(28)

The above equations are all we need to construct the
exact reduced density matrix of any adjacent sites in both
finite chains and thermodynamically large ones. Further-
more it is easy to make use of Eq. (C11) to calculate all
such correlation functions analytically. The correct dis-
cretizations of the momentum space K should be consid-
ered to maintain the exactness of this analysis (¢f. Table

I) with the identification Gy = (0%), (67 67 1) = G_1,
(67 6Y,,) = Gy and (67 6%,,) = G3 — G1Gi [20].

B. Non-integrable systems: Three-spin Ising chain
and beyond

Most of the systems of real interest are usually not
integrable and therefore their universal features are far
from being analytically tractable. For such systems the
reduced density matrices can be computed using various
known methods but for an exact analysis, we consider
ED. This demonstrates the potential of this measure for
any non-integrable system and therefore further facili-
tates the investigation of universal features and critical
phenomenon of such theories with a measure rooted in
information theory. The Ising model with three-body in-
teractions in a transverse magnetic field is non-integrable
but it has a self-dual point [32-35]. Therefore, even
though the spectrum of Hj is not solvable, the location of
its QCP is exactly known. It is described by the Hamil-
tonian of spins-1/2 degrees in one dimension as

N
ng—Z[JU 07410540 T hoj ], (29)

i=1

with of', a = z,y, z denoting the standard Pauli matrices
at blte j, and we consider periodic boundary condition
so that %, ; = of for all . We fix J = 1 in what
follows. Similar to the TFIM, the three-spin Ising model
also exhibits duality on an infinitely large system [32,
33]. We show this by starting from the original lattice
with sites labeled by an integer j which goes from —oo
to +oo while the sites of the dual lattice also lie at j.
This is in contrast to the TFIM where the sites of the
dual lattice lie at j + 1/2 so that the sites transform
to edges in every dimension. The transformation of the
Pauli matrices going from the original lattice of to the



dual lattice o7 is given by

jod xT ~T ~T =T i z
Oj41 = 0704105 and 034105051 = 07,
oo
_ . S
= H3=-— E (6711 +hGj_157574] (30)
Jj=—00

Here .FNIL; is the Hamiltonian in the dual lattice. Thus
going from Hj3 to Hg, the transverse field i gets mapped
to 1/h. So due to the self-duality (h <> 1/h), if Hs
(and equivalently H 3) has a phase transition it must be
at |h| = 1. The self-dual critical points h, = +1 lie
in the universality class of the four-state Potts model,
different from the Ising universality class for the critical
phenomenon in the TFIM.

The ground state of Hs for a periodic chain is com-
puted by an efficient ED routine by diagonalizing the
smallest possible relevant block of the Hamiltonian us-
ing Alg. (1). When the size is a multiple of 3, Hj has
the (D1, Dy, D3) symmetries, each of which admit (41)
eigenvalues, where D1, Dy, D3 are defined by

N N N
— z z S z z S z z
Dy = ®UAJUB;" Dy = ®UBjUCj7D3 - ®UCJUAJ+1'
j=1 j=1 j=1

The ground state is known to be in (41,+1,41)
sector [32] and also has lattice momentum k = 0.
We want the basis which block-diagonalizes Hs3 in the
{(+15 +17 +1)7 (_1a _17 +1)? (_17 +15 _1)? (+17 _1a _1)}
sectors of (Dy, Dy, D3) operators, and zero momentum
sector using (41) eigenvalue of the translation operator.
To maximize efficiency for exact diagonalization with
finite resources, bitmasking is used to represent the
action of the symmetry operators and it generalizes to
other Ising chains for different extent of locality. Alg.
(1) presents a way to construct the maximally reduced
basis for any finite chain in order to be able to exact
diagonalize largest possible Hamiltonian, given a fixed
machine.

Algorithm 1 Maximal basis reduction via Bitmasking
for efficient exact diagonalization of local Ising chains

Require: System size N, number of sublattices ¢, desired
symmetry quantum numbers {d; }{_, for the D; operators,
momentum k (if applicable), and full integer basis B.
fori=1,...,qdo

=

2: Define pattern P; € {0,1}7 such that only one pair
of adjacent entries multiply to +1 (e.g., for ¢ = 3: P, =
(1,1,0), » = (0,1,1), Py = (1,0,1)).

3: Extend P; to length N:

PN« PP, .- P, P1: (N mod q)]
—_——
|N/q] times
4: Form bitmask:
N-1
M, = Pz(N)
j=0

5: end for

6: Define translation operator 7: For any z € B, let
T'(z) be the circular (periodic) bit-rotation by one site.

7: for each state x € B do

8: fori=1,...,qdo

9: Compute x; + x & M,;.

10: end for
11: if Vi : x; exhibits eigenvalue d; and T'(z) has mo-
mentum k then
12: Include z in the reduced basis B;eq.
13: end if
14: end for
return Bieq and the map {z — {T(z), 2 & M;}!_,}.

Here = & M; performs bit-wise XOR representing the
action of the symmetries D; in o”—basis.

Local correlation functions are constrained by the
symmetry Sssi = {(—0® — o%)a, B, (0¥ —
oY) 4,.B:, (07 = 0%)a,.B;, (09Y7 — 0¥ F), + fori =
1,2,---,N/3]}. In addition to that, the translational
symmetry of a periodic three-spin Ising chain ensures

(of) = <Uy> = 0 = (o] U7,+1> = <Uy‘7§l+1> #

(0F) & (0f07,,) forall0 #h € R & N = 3L € Z. Due
to Onp, derivatives of the non-vanishing correlations are
responsible for thermodynamic singularity of the metric
response of QRE at the critical point due to Eq. (4). We
have further observed that the self-duality of the TFIM
and three-spin Ising chain extends to Ising chains with
any higher degree of locality. Using the maximally re-
duced basis set one is able to run the ED routine for
larger systems in any fixed machine and find the same
trend of criticality in any local Ising chain. We will elab-
orate on this in a future investigation. For this context,
it is noteworthy that representing the symmetries as bit-
masks reduces the O(N?) operations to enact a symme-
try on N sites, to O(1), for all N.



V. METRIC RESPONSE OF QUANTUM
RELATIVE ENTROPY

Density matrices of any subsystem of a quantum sys-
tem is composed of all the non-zero correlations across
that subsystem. So first we calculate all the necessary
correlation functions to construct density matrices of con-
nected subsystems in an integrable theory (TFIM) and
then compute the density matrices by an efficient ED rou-
tine for a non-integrable theory, the three spin Ising chain
- both admitting a continuous QPT. Furthermore, Eq.
(4) naturally defines a Riemannian metric on the param-
eter space such that the absence of any geodesic of finite
length between parameters corresponding to two distinct
quantum phases, characterizes the quantum phase tran-
sition. Appendix E elaborates the simplest of such cases
for a thermodynamic chain of TFIM in one dimension.

A. Integrable case

The free-fermionic solution of the TFIM [4, 29, 36] al-
lows one to analytically calculate all the correlation func-
tions necessary to construct the density matrix for any
subsystem. We use that to calculate the metric response
of QRE for the single-site and nearest-neighbors (n = 1
and n = 2) as in Figs. 1 and 2. Being the smallest local
description of the entanglement spectra in a many body
quantum system, the single site reduced density matrix
is the ensemble of possible configurations for it to be a
subsystem of a given state. So proceeding with the cal-
culation for the ground state, for a single spin 1/2 degree
in a translationally invariant theory, we have

[0,2,y,2]

> t[po) e (31)

[e3

. erH R
p = — p
tr[e—AH]

(€]

N |

In our context, 8 — oo since we will examine the pure
quantum state at T' = 0 without any thermal fluctuation.
The formalism in this section holds equally for finite and
thermodynamically large systems as it requires no more
change than replacing finite sums with integrals in the
expressions of correlation functions. The Hamiltonian
possesses the symmetry Stpiv = {0% — —0%, 0¥ —
—0¥, 0% — 0%}, which is maintained by the ground state
of every finite system, except for the one with infinitely
many spins which spontaneously breaks the underlying
Zo symmetry. This makes the expectation of %Y vanish
in any finite TFIM. The metric response of QRE for a
single site in TFIM for some sizes is given in Fig. 1
corresponding to the following reduced density matrix

1
ﬁsrllz“IM(haN) = 5(12 +m,(h,N) 6% ), where (32)
mz(h,N) = (0% )rrmu = Go.

The ground state |0) is given by the spinless BCS ground
state of free fermions as in Eq. (27). Therefore for

a single-site the only non-vanishing one-site correlation
function Gy, and its derivative are behind the finite-size
scaling and thermodynamic singularity of this response
function.

_ 1(8hmz(h’N))2
2 1-m2(h,N) "’

SN (R, N) (33)

TFIM
Z

FIG. 1: Metric response of QRE for a single site,
SLTFIM(p N), in the TFIM for some small values of N.

Similarly, the nearest-neighbor reduced density matrix
for any spin chain is given by [5]

~(2) | 1

PN = Piitl = tr[ 67 60y 1 68 @674, (34)

a,pB

with {68 | @ € [0, z, ¥y, 2]} spanning the space of operators
acting on the Hilbert space of a single site. For our case
the non-vanishing correlation functions contributing in
this expression are (07), (070 ), (0/0],1), (07071)
because rest of them vanish due to the symmetry Stpiv-
Now directly from Eq. (28) we can read off the nearest-

neighbor reduced density matrix (¢f. Appendix C)

H 1 z z z
p’(I‘QF)‘IM(h):Z[ (07) (0" ®1+1®07)

+ <Uf0f+1> Ur®‘7r+<‘7iy‘7?+1> o ®oY

+ (070i1) 0 ©0" . (35)

This expression is exact for any finite system, and due to
the exact solvability, we can calculate these for very large
systems by doing a sum of O(N) terms. It is also crucial
to use the correct quantization of the Brillouin zone as
in Table I for maintaining exactness of the analysis in
finite systems, even though they are equivalent in the
thermodynamic limit. For periodic chains in the case
of TFIM, the ground state of a chain of even number
of sites is in the even parity sector for all h, while that
parity flips as h changes sign for all chains of odd sizes.
So we use K2, (N). These allow us to exactly determine
the response function using the nearest-neighbor reduced
density matrices as in Fig. 2.
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FIG. 2: Metric response of QRE for two adjacent sites,
SIFIM(p N), in the TFIM for some small values of N.

Although the analysis of the previous section indicates
that the derivatives of all the non-vanishing correlation
functions (07), (0f0f ), (/0! ) and (007, ) within
two local sites scale as N©, the exact results indicate a
divergence with N in finite systems as in Fig. 1 and (2).
An exact analysis later reveals the logarithmic divergence
of the derivatives of the correlations (for example, see
Eq. (58)) due to the massless free-fermionic spectrum at
the critical point resulting from ez ~ k.

B. Non-integrable case

For the non-integrable case, we can exact diagonal-
ize the Hamiltonian in its computational basis, solve for
the eigenvector corresponding to the smallest eigenvalue,
create the projector of it to obtain the density matrix
of the whole theory and then partially trace out all the
sites except m consecutive spins to compute the appro-
priate RDMs at any h (denoted by 2p,,). We do this
for m = 1,2,3 to compute the metric response of QRE
using Eq. (4) by plugging in the 3,,’s for each m as a
function of the parameter i € R. Since this model has a
single parameter, it makes it an an easier platform to test
our hypothesis that the proposed measure is universally
applicable. So we have

3% (N, h) = % tr] 2 pm (O InCpm))? 1. (36)

For ease and brevity, we implemented the aforementioned
steps using an open-source Python package QuSpin for

computations involving exact diagonalization and quan-
tum dynamics [37], [38] using the following algorithm.
In Fig. 5, we present the 3%,,(N,h) for m = 1,2,3
over a range of h around h, = 1. Using the same pre-
scription, one can exactly analyze the finite-size scaling
of this measure for any non-integrable quantum system.

We evaluate all the relevant correlations and their
derivatives numerically using the QuSpin library [37].
Now since the Hamiltonian in Eq. (29) is real-Hermitian
in the eigenbasis of ), 57 any eigenstate can be chosen

to be in R2" because if v is a eigenvector of Hsz with
eigenvalue A then due to \vi = (\v)! = (Hzv)T = Hsof,
one always has (v + of) € R2" as an eigenstate. The
fact that Hermitian matrices are normal is also used
to ensure left-eigenvectors and right-eigenvectors are
identical. Therefore in this basis the expectation of
any purely imaginary operator O;; vanishes due to
(IONY) = (IOl = —(|Ow) = (¥|Ow) = 0. This
ensures that expectation of any Hermitian operator
including an odd number of 67 vanishes. Further-
more the symmetry Ssg; ensures that all the non-
vanishing correlations within three consecutive sites are:
Go = <Uz‘z>anz = <Uz‘zgiz+1>aG20z = <Ufgz‘z+2>,Gzzz =
(0707110712) s Goa = (070710700)  Gyya =
(0} 0l 1070) Gayy, and Gyoy = (0f0f107,,).
These correlations and their derivatives are all that
is behind the metric response of QRE within at most
three sites of three-spin Ising chain. Using Eq. (10), the
RDMs of [1, 2, 3]-local sites for the three-spin Ising chain
are found to be

1
o1 = 5 [12+ Go 7], (37)
1
Yo = [+ Gol6* @1+ 106%) + Gao™ 057,
1
3ﬁ3:§[G0 *211+106°01+101046) +

G.. (6°®5°®141Q6°®6%) + G, 616 +
(Gyya + Gayy) 6 @6Y Q6% + Gyzy 6Y @6° @67+

Gozw 6°R06°® 6%+ G,y 6°R6° Q6% + 1g].

For each of these subsystems, the corresponding re-
sponse functions are unique analytic functions of all the
correlations contained within them. Analytical expres-
sions for m = 1,2 are given below while we omit the long
expression for 3X5 for brevity.
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VI. EFFECT OF LOCAL PERTURBATIONS

We first turn to the analysis of the response as both
the systems are perturbed around a classical spectrum
(ie, h >0 with J =1and J — 0 with h = 1). Asis
clear from both Fig (1) and Fig. 3a, XTF™ remains finite
while STFIM diverges as h=* when h — 0 for the TFIM.
A similar effect can be seen for the non-integrable spin
chain at a fixed size of N = 15 when 3%, (k) is calculated
for different values of h (see Fig. 3b) with m = 1,2 being
finite but m = 3 showing a divergent behavior as h — 0.
The nature of the divergence can be seen more clearly in
Fig. 3c and follows h™* as h — 0. The divergence of the
response as h — 0 in both models appears even at small
N and does not require any large N limit. Using the
RDM of two sites in TFIM in Eq. (35) and the thermo-
dynamic functions of the relevant expectations Gy, G_1
and G 41, one finds that around h = 0,

8 5 135 881h?

STFIM gy = O 4 2 o 199
2 (h=0)=ga+ 55+ 55+ o

+ O(hh).
(39)

However, for subsystems smaller than the degeneracy
of the symmetry broken ground state in the thermody-
namic limit one always finds ¥(h = 0) > 0 and finite.
To see that, we consider the following perturbation as
h — 0,

N N
H2=—Zaf0f+1—hzaf=2Ho+hW7 (40)
i=1 i=1
N N

Hy=-Y ool 00 —hY of =sHy+h W. (41)
i=1 i=1

At h = 0, the ground states of Hy and H3 are two-fold

degenerate and four-fold degenerate respectively, with

energy Fg = —N. For simplicity, we will consider the

ground states given by linear superpositions which are

completely symmetric under the symmetry Z; for Hy and
Zg X ZQ for H3,

Bn) = 5 (oo ) e o)),
e ) b ), (42

in the o”-basis. When h is small, the perturbation W lo-
cally flips the z-component of the spins so that o7 |?1) =

(38)

(

N === ) + |- =4 -2)) = Nig), and,
similarly, o7 |3¢0) =: N |iz). (The N’s denote normal-
ization factors). Therefore, in first order in h, the exci-
tation energy is 4 in the TFIM and 6 in the three-spin
Ising model. Hence the corresponding perturbed ground
states become

N
ok = N[ Wo) + 2 S lia) + 002, (43)
i=1

N

Po(h)) = A [1o) + & D" lish + 0] (44)

i=1

Now, keeping in mind the degeneracy of the ground
states within each of the ground states as h — 0 in both
the models, the corresponding one-site reduced density
matrices and the metric responses of the QRE at O(h)
turn out to be

1, h
)= (251 ,0,) = S0 -5 @

3p1(h) = <§—52 0 h) = Z(h—>()):%. (46)

1l _h
276
In a similar way, the reduced density matrix of two ad-
jacent sites and the corresponding response function for
three-spin Ising model is found to be

i+200 0
3 B 0 10 0 1
pa(h) = 0 01 o = E(h%())—g.
1 h
0 00 :-12

(47)

Let us now consider the other limit where h = 1 and
J — 0 for both the spin models. For the TFIM, while
2%}, is finite as J — 0 (Fig. 3d), 2Xg ~ J~% for n = 2
(Fig. 3g). Similarly, for the three-spin non-integrable
Ising chain, while both 3%; (Fig. 3e)and 3%, (Fig. 3f)
are finite as J — 0, 383 ~ J~* for n = 3 (Fig. 3h).
To examine this feature for the dual limit of TFIM and
three-spin Ising model, consider the following Hamiltoni-
ans with periodic boundaries.

N N
Hy==Y 07 —JY ofoly, = Hy+ JVk, (48)
i=1 i=1

N N
Hj = _Zaf - JZUfoﬂafﬁrg = Ho+ JV3. (49)
i=1 i=1
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FIG. 3: Metric response of QRE "¥,,, where n = locality and m = subsystem size, under perturbations in the case
of deformations around a classical limit for finite-sized systems: (a) TFIM for h — 0, (b) and (c) three-spin Ising

model for h — 0, (d) and (g) for Hj when J — 0, and (e

), (f) and (h) for H5 when J — 0. Plots (g) and (h) show a

good fit to 1/J* for J — 0 in agreement with Eq. (55).

At J = 0, the ground states of both H) and H} are
unique and are given by [1o) = [111 ) in the o*-basis
with energy Fy = —N which is an unentangled product of
qubits. When J — 0 the perturbations V5 and V3 locally
flip the z-component of the spins so that of oy, ; |[vo) =
[T didivr - 1) = [idi1) and of ol 085 [Yo) =
11 didipidive - 1) =t [iditidite). Therefore, to
first order in J, the excitation energy is 4 due to V5 and
6 due to V3. Hence the corresponding perturbed ground

states become

N
(7)) = A [ [0} + 5 Y- Wakirs) + O], 60)

N
lstho(J)) = N[ o) + % Z Nidit1dite) + O(Jz)]
- (51)

Now, due to the Zy symmetry of HJ the single site re-
duced density matrix 2p;(.J) is diagonal in the o*-basis
whereas due to the Zs X Zg symmetry of HY the single-



site and two-site reduced density matrix, i.e., 3p1(J) and
3p2(J) are diagonal in that basis. After fixing a particu-
lar site (z), the contributions in the corresponding density
matrices can be read off of the possible leading configura-
tions of the ground state. Then the normalizer A is fixed
by demanding tr[p] = 1. Therefore the leading behaviors
at O(J?) when J — 0 in the {|1),]}:)} basis are given
by

( 2 o) , 1
)= (1% L) = mus0=1 6

0 5

(1% 0 35, 1
12

Here p is calculated up to O(J?) but due to the pres-
ence of p~! only O(1) contribution in ¥ is correct as
higher corrections in p will change the sub-leading cor-
rections in . So similarly for the neighboring sites
(4,7 + 1) in HY the local Hilbert space is spanned by

{ITitiv1) s Wadir1) s [iTiva) s [Tidig1) } so as before, in this
basis we obtain

J2
-2 0 0 0
0 £ 0 0 2
J) = TR = 3 (J = 0) = =.
ap2(J) 0 0 £ o 2( ) 5
J2
0 0 0 Z

(54)

At J = 0 these reproduce the numerically observed
values in Figs. [3d,3e,3f], all of which come from a sin-
gular density matrix at J = 0 but the leading O(J~2)
contributions of p~! cancel the leading O(J?) contribu-
tions of (9;p)% as J — 0, resulting in O(1) responses
there - even when only one eigenvalue does not vanish as
J — 0 in both the models. However this is not the case
for 935 and 3X3 when J — 0 (¢f. Fig. [3g, 3h]) as they
are singular at J = 0 and diverge as

8
222(J—>0)Nf and 7

J4

The corresponding symmetries do not make the re-
duced density matrices diagonal in these cases, leading
to a more intricate interplay of p=! (9;p)%. We leave
this for a future investigation.

VII. SIGNATURE OF CRITICALITY IN
QUANTUM SPIN CHAINS

A. Scaling for the TFIM

In the following we report the F'SS analysis of the turn-
ing points and the maxima of the metric response of
QRE. For the analysis we will use both the single-site
reduced density matrix 5V (Eq. (32)) as well as the
nearest-neighbor reduced density matrix ,65\2,3\, (Eq. (35)).
The allowed momentum modes are K¢, (N) as we stick
to even sizes (¢f. Table I).

even

12

1.  Numerical results

There is no phase transition for any finite system as
the susceptibility remains finite. For infinite system it
identically diverges at the thermodynamic critical points
h = 41. Starting from smallest sizes XTF™M (N, h) con-
verges to the thermodynamically singular behavior as
h — 1 with its turning points approaching to the QCP,
maxima diverging as In? N and monotonic decrease in
the full-width at half-maxima (FWHM) (Fig (1)). For
a single site, the two turning points near h = +1 cross
the critical point during N = 48 — 50 from the ferro-
magnetic side to the paramagnetic one, and eventually
approaches to the QCP asymptotically as N — oo (Fig.
4a). But for a pair of neighboring sites the finite-size
turning points approach the QCP strictly from the ferro-
magnetic side as in Fig. 4b. Since the analysis is identical
with respect to the sign of h, we stick to the FSS near
h = 1. Then we have

m}?x[leFIM] ~In*N ~ m}?x[ngIM]. (56)

As is evident from Figs. 1 and 2 the maximum re-
sponse scales as In N with an exponent 2 (Fig. 4d). This
is due to the singular contributions of the derivatives of
correlation functions involved as a reduced version of fi-
delity susceptibility has been studied to diverge ~ In? N
in the Ref. [39] (¢f Appendix D). Similarly we can
harness the Eq. (35) to calculate the nearest-neighbor
reduced density matrix gy for any given size N and we
find the same trend as observed in Fig. 4e.

2. Analytical results for the thermodynamic singularity

The derivatives of the correlation functions cause the
metric response of QRE to become singular in the ther-
modynamic limit of N = oo where system changes its
phase at h = 1. However for any N — oo the response
maximizes at hG(NN), so due to the asymptotic conver-
gence hg(N) — 1 the value of the response at h = 1 suf-
ficiently captures its square-logarithmic divergence. For
chains of even sizes, the quantization of Brillouin zone
KQen from Table I transforms Y, — N/(2w) ["_dk
where all correlation functions remain finite at A = 1
but not any of their derivatives because they all contain
poles at £ = 0. Furthermore due to the symmetry of
the correlations Gy, Gya, Gyy and G, around k = 0 the
summation runs twice over K% (N) € [r/N, 7], so in the
thermodynamic limit, integrals with singularity at k = 0
are ill-defined for K% (N = o00); therefore it is neces-
sary to evaluate f:/ ~ dk and then allow N — oo so that
|kmin| = 7/N corresponds to the source of singularity.
Closely investigating the Laurent series of the summands
of the correlations at h = 1 one finds a pole of order 1
as |k| — 0 therefore the first derivatives contribute as
(=In|1/kmin]) ~ InN (¢f. Appendix D) - leading to a
divergence in the thermodynamic limit. TFIM features



13

0.000 = * kK g
= 0.0000 g . \M ! 0.000 t’ A *
S—. e, —0.005 . s 3
Tl + My, &
£ £ -0.0005 + “xy 13 A
A . —0.010 ., ~0.005 A
 ~0.0010 * : *x - A ¢
S + —0.015 ., S oot o
.g —0.0015 + 0020 N 9 *
£ ‘ * £ o015 A
% 0.0020 + oo R ) 8_ . he -1
g ~000%5 * ~0.030 N g o 3 hs—1
é ~0.0030 _|_ hS(N) — 1 ool AN RS(N) =1 . g ~0.025 L ohg—1 ‘
000850 0.01 0. 0.03 0.04 : 0.00 0.01 0.02 0.03 0.04 - -
- .02 0 0 - - - 0 : 0.00 0.02 0.04 0.06 0.08 0.10
1/N 1/N 1/N
(a) (b) (c)
8 e
Linear fit ~ 0.09 (In N )2 +0.3 120f_ Linear fit ~ 2.15 (In N )2 + 18.91 Pl
. A
. . Exact numerics ; . Exact numerics e
— = e
= [T /.J’
T = 115} -~ 1
d 4 ~— ""/
< <
= / — . T 110} (G : :
) Linear fit of exact numerics = e Linear fit of exact numerics
Max(Z;™) ~ (In N )2 " Max(Z,"™) ~ (In N )2
o] 41 42 43 44 45 46 47
20 30 40 50 60 70 80 2
(InN) (INN)
(d) (e)

FIG. 4: Turning points of the metric response of QRE (a) single site, (b) neighboring sites in TFIM with
Nw([22,150], {u, 2}), (c) local sites of sizes m € [1,2, 3] in three-spin Ising chain for Ny ([9,27], {u, 3}), (d) scaling of
the global maxima of the metric response of QRE max[X“T¥™(N)] with N, using Ny ([102,10%], {u, 72}), and (e)
scaling of the global maxima of the metric response of QRE max[S3F™(N)] with N using Ny ([102,103], {u, 14}).

n-th order pole at k = 0 for any n-th derivative of a corre-
lation function when n-is odd, but admits an (n — 1)-th
order pole when n-is even, so all of them diverge. For
a single site with A > 0, only non-vanishing correlation
(0%) takes the form of Eq. (E1) with J = 1. This leads to
dm,/dh|p—1 ~Inlh —1|/7 and m.(1,00) = 2/m. There-
fore using Eq. (33) one can obtain the singular contribu-
tion of the response of QRE as

In? | — 1

TFIM
= 2(m2 —4)°

h — 1, Oo)sing = (57)

For finite but large N, the singular contributions can
be estimated by the making use of the divergence from
the derivative of correlations and the thermodynamic val-

ues of the correlations at A = 1.

h=1 2 h=1 2
O‘ = (E = (58)
N=o0 ™ =00 ™
h=1 2 h=1 16
ny‘ = T 5 zz = 32
N=o0 3T N=o0 3T
d Go‘hzl N d Gy h=t
dh N —o00, sing o ™ o dh N—o00, sing’
d Gy, [P=1 N dG..pp=t 16N
dh N—o00, sing - ™ dh N —o00, sing o 37’(’2

Therefore the divergence of this response function is
solely due to the logarithmic divergence of the first
derivative of relevant correlation functions.

STFM(h =1, N — 00)sing
YIFM(h =1, N — 00)sing

Ay (InN)?,

Ay (InN)2, (59)
with A; =~ 0.085 and Ay ~ 1.819. Away from the critical
point, both |h — 1| and N < oo manifest non-trivially.
In the divergence of the metric response of QRE in
a single site, the leading role is played by the singular
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contributions of (9,Gp)? in Eq. (D11) (¢f. Appendix
D). It diverges as In? N and turning points approach the
QCP at h. = £1 from the ferromagnetic side as

m2In N 1

hn(N) = 1= 5= + O(55). (60)

However, even though the denominator o< 1/(1 — G2)
remains regular in the thermodynamic limit, its presence
in the response of a single site introduces another layer of
intricacy, as now the turning points approach the QCP
from the paramagnetic side of |h| > 1 because the denom-
inator has maximum change within the full-width at half-
maxima of (9,Go)?. This causes the maxima of the re-
sultant STFM ghift towards |h| > 1, thus resulting in the
observed FSS in the Eq. (56). Linear fit in log-log scale of
the shift of turning points from h = 1 resulted in mono-
tonically decreasing exponent for larger window of sizes,

lower-bounded by (—2); reassures the floating nature of
the exponent as in Eq. (60). Note that for a single site
the turning point h$(N) is the solution of 9,XTF™ =0
or the Eq. (D16) such that 92XTFIM(h$(N), N) < 0 for
all N. Therefore by making use of the singular contribu-
tions near h — 1 for systems with N — 0 we find (cf.
Egs. (D14), (D15), and (D17)) that

472 In® N 72In N 1
e +O(ﬁ). (

M) =1t g e

61)

Similarly the analysis of floating exponents for a pair
of neighboring sites is straightforward but is immensely
involved due to the presence of a 4 x 4 reduced density
matrix resulting in a combination of four non-vanishing
correlation functions and their derivatives in the corre-
sponding metric response of QRE; we leave this for future
investigations.



B. Scaling in three-spin Ising chain

Here we present the finite-size behaviors of the turning
points and the maxima of the metric response of QRE
in a non-integrable theory, namely the three-spin Ising
model [32] described by the Hamiltonian Eq. (29). As
is evident from Figs. 5g, 5h and 5i, we can calculate
the response and make a polynomial fit very close to the
positive critical point h. = 1 which we know to con-
tain exactly one extrema. For our analysis we consider
m = 1,2,3 to be the number of local sites for the re-
duced density matrices. Unlike for integrable models,
determining the reduced density matrices of higher rank
is computationally simpler due to fewer number of trace
operations over the remaining sites; but for determining
the metric response of QRE ®%,, (N, h) the final tracing
ensures that working with reduced density matrix of any
m is computationally equally costly. Numerics indicate
that the turning points for finite sizes, cross the ther-
modynamic critical point from below without touching
it and then turns back to approach to the h. = 1.0 as
in Fig. 4c. This is reminiscent of what we observed in
TFIM for small systems when the turning points cross
he =1 for N = 48 — 50, shown in Fig.4a.

The underlying symmetry Ssg; ensures that only
(0f) # 0 # (0f0},,) for a subsystem with n = 2, there-
fore O (0f) and O (ofof, ;) cause the responses for a
single and two sites to diverge. The ED analysis for sizes
N = 6,9,12,15,18,21, 24,27 display monotonic growth
in derivative of the correlations, resulting in the diver-
gence of the metric response of QRE in local subsystems.
The source of the divergence in the smallest few local sites
are captured as, one-site: Fig. [5a] — [bg], two-site: Figs.
[ba, 8a] — [bh] and three-site: Figs. [5a,8a,8b,8¢c,8¢,8]
— [5i]. It has been studied before that local entangle-
ment measures diverge due to containing the susceptibil-
ity of the most relevant operator driving the critical phe-
nomenon in the sense of RG [40], which for Hamiltonian
in Eq. (29) is 6% and the corresponding susceptibility
is Op, (07). Translation symmetry makes the site-index
1 immaterial here. Even though the disconnected two-
point correlation function (0707, ;) = (0707,4)_ + (07)?
contributes in the response of two-site while its derivative
causes the response to diverge; the derivative of the con-
nected two-point correlation function, i.e., Op (0707, 1),
too, diverges monotonically near the QCP. A .

We note further that for a Hamiltonian H = A + hB
the ground state energy Ey = (A) + h(B) where the
expectation is taken in the ground state. This along
with 9, Ey = (B) due to nondegenerate first-order per-
turbation theory one has d), (A) = —hd), (B). For the
Hamiltonian of three-spin Ising chain in Eq. (29) one
has A = —3,696%,6%,5,& B = —Y,67. Thus
due to translation symmetry O, (6767, ,167,5) (h,N) =
—h Oy (67) (h,N) for all N.

For a larger subsystem with three consecutive sites,
Gyyzs Gayys Gyzy, Gaae do not have any disconnected
component and still their derivatives diverge (c¢f. Figs.
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8e and 8f). Eq. (14) promptly generalizes a finding of
Ref. [40] where the authors pointed out that every local
operators can be expressed as a linear combination of the
scaling operators, therefore all of which will contain sin-
gular contributions, resulting into the divergence of their
derivatives.

In fact, we can numerically compute a measure of the
"overlap” of a lattice operator of the form O; with Z = o7
by calculating 9y, (0) /9, (Z) which equals 0(z) (O) since
<Z ) is a monotonic function of & for a fixed N and seeing
its behavior in the vicinity of h. as N grows larger. If

07y (O) — a as N — oo, where a ~ O(1), then a is the

overlap between the local operators O and Z , while if a =
0, then the scaling fields that contribute to O are strictly
less relevant compared to the most relevant scaling field
that contributes to Z. The behavior of different d;zy (O)
for the allowed non-zero (O) in a n = 3 subsystem is
shown in the panels (b) to (f) of Fig. 5 from which it is
evident that the overlap with Z is nonzero in all these
cases. Since 0(z) (6767 167 5) = —h from the previous
discussion, so this operator has been omitted from the
panel in Fig. 5.

However, the derivatives of all correlation functions
do not contribute to the thermodynamic singularity.
At the critical point of the three-spin Ising model, the
symmetry-preserving relevant primary operator in the
four-state Potts model has conformal dimensions (h, h) =
(1/4,1/4) so that A.|zsy = h + h = 1/2. Therefore the
metric response of QRE scales as X, ~ N? at the crit-
ical point due to Eq. (20). The field-theoretic descen-
dants have higher scaling dimensions as Agra = p+ A4y
for the p-th spatial derivative, making them increasingly
more irrelevant. As representative examples consider
O, = (Ug03+10g+2 *0?02’110512) =07071079(0707 1 —
0i0fy) & Oy = (0f0f o —0707,,) in the three-spin Ising
model where the presence of one spatial derivative tells
Ap, = Az+1 = Ap, = 3/2 which is relevant but strictly
less relevant than either of their parts (¢f. Figs. [8e, 8f]
— [8¢] and Figs. [8a,8b] — [8h] in Appendix F). Again
according to this perspective another spatial derivative,
say O3 = 0707, 3 — 20707, 5 — 0707, would render it ir-
relevant as Ap, = Az +2 = 5/2 > 2. The noticeably
weaker divergence of 9y, (O3) compared with 9p, (O2) in
the —ve y direction reflects that even for smallest systems
(cf. Figs. 8h and 8i in Appendix F). It also demonstrates
the limitation of Eq. (14) where O3 would render a O(1)
number after the sum over all the excited states so that
concluding about divergence of any local operator is sen-
sitive to the detail of the theory and the corresponding
operator as that amounts to identifying the relevance of
it in RG sense because there is nothing that guarantees
an absence of sign fluctuation of the numerator in Eq.
(14).

However operators involving spatial derivatives in a
lattice theory can scale differently in the thermodynamic
limit than are anticipated from a field theoretic point of
view because only for the £k = 0 will a spatial deriva-
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derivatives of correlation functions which contribute to
every local reduced density matrix of sizes m =1,2,3 in
the three-spin Ising model, as shown in Figs. 5 and §;
with X;,Y; & Z;’s as respectively the Pauli operators
of,of & of.

tive take the form 00 = (O;41 — O;) such that it scales
consistently under rescaling of the coordinates. As an
example consider in a lattice theory with PBC, the op-
erator O = Zj Oj(0j+1 — OJ) = Ek(elk — 1)Ok0—k~
Here © — bx = k — b~ 'k reproduces the correct field
theoretic scaling dimension for the mode & = 0 but for
the modes with k& # 0, (e’ — 1) — (e™*/* —1) ~ O(1),
therefore actual scaling of the operator defined on the
lattice theory will vary depending on the most dominant
momentum mode behind the thermodynamic singular-
ity. The three-spin Ising model is known to have gapless
modes at k = 0 as well as at k = 27/3 and k = 47/3 at
h¢ in the thermodynamic limit.

Turning points of all the correlation functions approach
the critical point h, = 1 from the ferromagnetic side of
|h| < 1 as in Fig. 6a, while the absolute values of their
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extrema becomes a straight line in log — log scale with a
strictly positive slope as in Fig. 6b. This demonstrates
the role of singularity of the expectations of scaling opera-
tors in all the non-trivial correlation functions in any con-
tinuous QPT, anticipated from Eq. (14). This is respon-
sible for the divergence of the maxima of the response
function which displays a power-law in system size IV,
unlike the power-law in In N as in the case of TFIM (Figs.
(4d) and (4e)). This strongly indicates that the underly-
ing universality class manifests in the nature of this di-
vergence. Using the critical exponent of the correlation
length v = 2/3 for the three-spin Ising chain [32], the
scaling collapse is presented in Figs. [5g, 5h] — [7b,7c]
for a range of smallest few system sizes. Note that the
scaling of the turning points he(N,s) ~ 1 — a(s) N~
has the tendency of faster convergence to thermody-
namic criticality for reduced density matrices of higher
rank. But the scaling of the maximum of this response
max(®%,,) ~ ¢(m)N¥™) and it does not display such a
simple tendency which makes it more mysterious. Never-
theless the exponents b(m) and d(m) € RT. The location
of the peaks do not display a power-law for small sizes
due to the limitation of ED on finite machines. The re-
duced density matrices of m = 3 and 4 nearest-neighbor
sites also display similar scaling, and turning points ap-
proach faster for higher s, but since inversion of a nearly
singular density matrix has different qualitative behav-
ior in the ferromagnetic region of |h| < 1 resulting from
singular density matrices (c¢f. Fig. 3b).

One can write an efficient ED routine with Algorithm
(1) to determine the scaling of the response of QRE in
the subsystems of Ising chains of any higher locality. Us-
ing that we also observed the critical features in Ising
chains of up to 10-local interactions. Although for 2—
and 3— local interactions the quantum phase transition
at |h| = 1 is known to be second order, and for > 4 is
known to be first order, it is unknown for the case of 4—
local interactions [32]. This measure has the potential to
shed light on the nature of the phase transition in such
systems; we leave this for future investigations.

VIII. DISCUSSION

An important feature of quantum entropy that plays

a key role here is the monotonicity of relative entropy

(Eq. (3) in [41]) which directly implies the strong sub-

additivity (SSA) of quantum entropy. In general, for any

completely positive, trace-preserving map N : B(Hap) —
B(H ) [42] ensuring that [41]

S(plle)=S(N@) Il N(o)).

(62)

It is also known as data processing inequality in the quan-
tum information literature [43—45]. Since taking the par-
tial trace preserves the positivity and the trace of den-
sity matrices as T = Iy, ® Try,, the QRE of a smaller
subsystem is smaller due to a lesser number of distinct
available modes of entanglement, at every point in the
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parameter space. That is exactly why the response of
the QRE scales up as we partially trace out the degrees
of freedom complementary to larger and larger subsys-
tems. This is evident from Fig. 3b and Figs. [5g < 5h <
5i] for all h.

The measure is equally applicable for any n-site re-
duced density matrix [30, 46, 47] depending on the nature
of the order parameter of the model under investigation,
because all that is required is an assignment of reduced
density matrices at each point in the parameter space,
which can always be obtained by either analytical solu-
tion [4], or numerical methods [2]. Note that the single-
site reduced density matrix used to analyze two cases of
quantum criticality requires only the (¢7) for any site
1. Therefore given any arbitrarily large periodic TFIM
chain with even number of spins N one can estimate the
size of the system by looking at the scaling fit of a single-
site observable across the parameter space. This means
that with the information of the critical properties of this
indicator one can experimentally observe any subsystem
and still determine the range of entanglement across the
entire system; but that would require some kind of exper-
imental access to the metric response of QRE of a phys-
ical system. For Integrable systems that can be mapped
to non-interacting fermions, any reduced density matrix
can be analytically calculated in practice using Eq. (C11)
and utilizing the available symmetries to reduce to the
minimal set of distinct correlation functions, required in
the operator product expansion of a reduced density ma-
trix as in Eq. (C1).

This response encodes the geometry of the landscape
of relative entropy, coordinatized by the driving param-
eters. With the metric response of QRE taken as a Rie-
mannian metric, the singularity at the quantum phase
transition translates to an absence of any finite-length
geodesic joining two points of different quantum phases.
The simplest of such cases with an analytical solution is
the TFIM in one dimension and this has been elaborated
in the Appendix E. Although the conclusion is general,
an analytical demonstration for theories with at least two
parameters remains to be addressed in future investiga-

tions.

IX. CONCLUSIONS

In summary, an intrinsic measure, namely, the metric
response of QRE (X), serves as a universal identifier of
a quantum phase transition in the thermodynamic limit
for any subsystem. The scaling of ¥ is universal near
a quantum phase transition as has been proved using
both renormalization group theory and conformal field
theory. It has also been demonstrated analytically in
the TFIM and computationally in the three-spin Ising
model. A rank-deficiency of local density matrices can
lead to a non-universal divergence for subsystems beyond
a fixed size, even for very small systems, but this is a
consequence of the degeneracy of the symmetry-broken
ground states and is not related to a gapless energy spec-
trum. The calculated turning points and maxima of X
respectively converge to the QCP and diverge in the ther-
modynamic limit as the derivative of the most relevant
operator causes the thermodynamic singularity.

Both analytical and computational methods of calcu-
lating % presented respectively for integrable and non-
integrable models directly generalize to many-body quan-
tum systems composed of arbitrary degrees of freedom
and interactions. This enables further investigations on
the geometric description of phase diagrams in complex
quantum systems. Due to its information geometric foun-
dation and model-agnostic definition, 3 deserves to be in-
vestigated for (1) quench or linear /periodic drive or other
solvable protocols across a QCP for understanding its dy-
namical behavior, (2) characterizing a topological phase
transition, and (3) defining a field theoretic response of
QRE of a bounded region in space-time with a given field
content. These not only hold the potential to reveal a
novel class of protocols for optimal/desired control with
the knowledge of the entire landscape of relative entropy
at hand, but also open doors to examining the response
of the QRE of quantum fields defined on space-times.

Hence this framework demands greater investigations



both for a deeper understanding of quantum critical
phenomena and for an information-theoretic pursuit of
renormalization group theory. This would simultane-
ously deepen our understanding of universality and pave
routes for many possible implications in modern quan-

18

tum technologies.
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10.1103/PhysRevA.3.786 (1971). specific Eq. C-5 is derived for the XY chain, defined in
[48] [29] presents a general method of calculating the two-site Eq. 2.1 therein.
correlations of a free fermions in one dimension, but the

Appendix A: From spins to fermions and back

The first two of the subsections will follow a similar route taken in [29] making use of the derivation of Eq. C-5
therein; but for our context of the quantum Ising chain in transverse magnetic field[48]. Spin chains defined by the
Hamiltonian like Eq. (21) and Eq. (26) can be mapped to theories of non-interacting fermions where in general
only quadratic interactions in the fermionic degrees of freedom, contribute [4, 29, 30, 36]. Such a Hamiltonian can
be analytically diagonalized to obtain the entire spectrum of the theory so that calculations of correlations are often
simpler in fermionic language [29].

A class of many-body Spin—% systems is solved by a transformation from spin-% degrees of freedom to spinless
fermionic ones, known as Jordan-Wigner transformation [4, 29, 36]. Here the fermionic version of Eq. (21) is derived
as it elucidates the transformation between different quantum degrees of freedom, and also sheds crucial light on the
calculation of the two-point correlation function required for our analysis. In this section we exhaustively establish
the momentum quantizations for all the fermionic parity sectors for both even and odd sizes of periodic TFIM. The
calculations will be done for a periodic spin chain to maximally harness the translation symmetry throughout the
analysis. We start with the spin Hamiltonian

H=-Y[J oot +hoj, with (A1)

j=

10 01 0 —s 1 0
o) = (0 1) =19y, 0} = (1 0) =of, o= (z Oz) =0/, o= (0 _1> =o}. (A2)

To find the spectrum of this system exactly we first consider the raising and lowering operators

—

of =a; + aj, ol
{ai,aj} =1, (a,)?=0=(al)? for i=1,2,---,N, and [a;r,aj] = [a;,a;] = [af,al] =0 for i#j.

i Rl

=i(a; — aj), 07 =1-2d"a,

This implies

N N
H=- Z J {(ajai_H + aIaEH) + H.c.} + hz (1- 2a;fa,-). (A3)
i=1 i=1

They partly resemble bosonic operators for different sites but act like fermions on the same site. Therefore it is not
possible to diagonalize H directly with a canonical transformation. They are also known as hard-core bosons [31] due
to the constraint (aj-)2 |t)) = 0 implying no more than one boson per site. To resolve this Jordan and Wigner came
up with an elegant way of defining fermionic degrees of freedom with the appropriate properties as

i—1 i—1
{ci = a;} : ¢ =explir Za}aj] a;, and ¢ =al exp[—ir Za;aj}, (A4)
j=1 j=1
i—1 i—1
{a; = ¢} ' a; =exp[—ir Zc;r-cj] ci, and a;f = c;r explim Zc}cﬂ, (A5)
j=1 j=1
{ci7c;}:6ij, (ci)2:0:(c;r)27 and {ci,cj}:O:{cI,c}} for 4,7=1,2,---,N.

So that now these {¢;}’s and {cj}’s are fermionic operators. Now for the case of open boundaries we have

L—1
HOBC _ _ Z {J (c;fci_‘_l + cjc;r_H) +He +h(1- QCICi):| . (A6)

i=1
But the Hamiltonian for the periodic spin chain does not simply translate to the periodicity in the fermionic degrees,
rather displays a non-trivial dependence on the fermionic parity of the dual state of a many-body spin state. This
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does not manifest in any the thermodynamic consequences, but results in different quantization rules for the Brillouin
zone. Periodic boundary condition in the original spin system requires 0%, = of' for @ = z,y. Correspondingly the
boundary terms in the hard-core boson Hamiltonian transform in fermionic language in the following way,

N N
- N ~ 1
alai = —clei - exp(inN) # chyei,  alal = —clyel - exp(inN) # elyel, where N = Zc}cj =3 Z(l —of).
j=1 j=1
— HPBC = gOBC L gB  where H® = |(ce1 +yelyel) + H.c.} (e”N + 1) : (A7)

With N = the size of the periodic spin chain, and N = (gs|A|gs) = number of fermionic excitation in the ground
state. HPBC is the Hamiltonian of our interest. Note that even though the number of fermions N is not conserved
by Hpgc, the parity of a state P = eimN — (—l)N is a constant of motion with eigenvalue +1 [31]; for even parity
p = 0 and or odd parity p = 1 of any state under investigation. For a periodic spin chain, 6% ,; = 6{ so that it either
maps to anti-periodic boundary condition (ABC) of the fermionic spectrum where N' = even = cyy1 = —c1 or to
periodic boundary condition (PBC) of the fermionic spectrum with A'=o0dd = cy11 = ¢1. The projectors on the
subspaces with even and odd number of particles are

Pryen = %(e”N +1) =Py and Py = %(1 — ™y = P, (A8)
With these projectors one can define two fermionic Hamiltonians acting on the 2V ~! dimensional even/odd parity
subspaces of the full Hilbert space.

. . . . A H 0
Hy =Py, Hppc Py and H, = P, Hpgc PP = Hppc = % . (A9)
1

Now to incorporate the information of parity in a Hamiltonian that acts on the entire Hilbert space, consider

H, = Hopc + (—1)PJ [(c;[\,cl + c}r\,ci) + H.c.} ,
A N N
= Hp—(0,1} = —JZ (c}cﬂ_l + c}c}_H + H.C.) + hz (1 — 20}@) . (A10)
j=1 Jj=1

In this way the boundary terms are compactly treated as ¢V *1 = (—1)P*1¢; for both the fermionic parity sectors. For
a finite-sized translationally invariant system, the momentum is quantized differently for different parity sectors and
where the allowed momentum values become a set K of equally distant N angles between [—m, 7] . Due to the sym-
metry, translation and the Hamiltonian is simultaneously diagonalizable. This defines a Fourier transformation in the
momentum space with the standard definition of Dirac-delta function. Periodic boundary allow us to translationally
invariant modes to define the Fourier transform as

N N
1 ijk 1 —ijk - .2
ck:—chj e’ and cj:—#che I with ke K — ek(h,'y):\/(h—cosk)2+81n k. (A11)

Now depending on the parity sector and the size of the system, the index set of allowed momentum quanta changes
for all finite systems, nevertheless converges in the thermodynamic limit. So in order for the Fourier transformation to
be well-defined for both finite systems with correct convergence for the thermodynamically large system, the following
is required for all the combination of fermionic gs parity and sizes of spin chains.

The recurring feature to be noticed here is the presence of k = 0 and k = +m. Except for these three, every k-mode
is paired with its counterpart for —k with the same energy, thanks to the symmetry e_j(h,y) = ex(h,7). To complete
the notations compactly, let us define K = {k € K : k # 0,+7} and KT = {k € K : k > 0} for all the four K’s.
This way, for all the {k, —k} pairs, that are not at the center or the boundary of the Brillouin zone, the terms in the
Hamiltonian can be grouped together where the evolution of each mode is generated by the Hamiltonian

Hy = (h— J cos k‘)(czck — c_kcik) +iJsink (c_pex — c%cik). (A12)

Now the boundary of the Brillouin zone contributes by either ﬁg‘, ﬁf‘ or ﬁ_Bﬁ, depending on the fermionic parity
and the size of the spin system. For all the combinations, the Hamiltonians take the following forms.
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JW: TFIM— H( © N = even size of spin chain N = odd size of spin chain

free

kN _ _q kN _ _q

CN4+1 = —C1 — € CN4+1 = —C — €
N = even gs parity | = kN = (2m — 1)1 € KQyen, for some m € Z| = k = (2m — 1)7 € K244, for some m € Z
’Cgven = {Wme [_%—'—1?%} CZ} ’ngd = {wme [_N2_1?¥] CZ}

CN41 =C1 — RN =1 CN41 =C = RN =1
N = odd gs parity = k=2mn € Klyen, for some m € Z = k= 2mn € Klyq, for some m € Z
Keven == {2%% :me -5 +1, 5] CZ} Koaa := {25 :m e [- 8, X1 c 7}

TABLE I: Allowed momentum quanta for TFIM of all sizes and ground state fermionic parity

JW: TFIM— H(C <) N = even size of spin chain N = odd size of spin chain

free

N = even gs parity Ho = HY qyen = 2> g0+ Hy Ho = Hf gaa + Hbaa = 2> kot Hy+HB,

even

N = odd gs parity |Hi = Hf even + Hiltven = 2 g1, Hi + (HY + HP)| Hy = HY yqq + Hlogq = 2 g1 Hy, + HY

even

The notation emphasizes the paired terms in the fermionic Hamiltonian and the unpaired terms, which arise from
the center or the boundary of the Brillouin zone. The unpaired terms are as follows,

HY = —h (1-2hg) +2J cos¢ g = 2(h+ Jcos )iy — h, where ¢=—m,0,m.
= H(]J3 = 2(h + J)ng —h, and lffj]ir =2(h — J)fier — h. (A13)
We now note two important consequences.

1. The presence of only {CLCT_M C_kCh, chk, cT_kc,k} when k € KT, ensures that excitations can arise only in
pairs at the symmetric momentum values around k = 0 therefore considering only the paired terms minima of
the ground state energy is achieved by even number of fermionic excitations in the ground state; and

2. The boundary contributions only care about the number of fermions at that mode which can only be 0 or 1,
which can only increase the number of electron by at most 1, flipping the overall fermionic parity.

Together these simplify the ground state energy from the previous table, which are as follows.
1. For N even and N even : Boundaries or the center of the Brillouin zone do not manifest anyway,
2. For N odd and NV even : we must have fig = 0 due to the presence of flg’ in order to preserve even parity,

3. For N odd and N odd : we must have 2, = 1 due to the presence of ﬁf’ in order to preserve odd parity, and
lastly,

4. For N even and N odd : both the boundary terms at k = 0 and k = 7 contribute so that they can be written
as

HE + HE = (2(h + J)hg — h) + (2(h + J)ivg — h) = 2h(fg + 11 — 1) + 2J (Ao — 7). (A14)

For h > 0 this is minimized by n, = 1 and ng = 0. Hence the additional unpaired fermionic mode contributes
by the presence of a unpaired fermionic excitation at the boundary of the Brillouin zone so that the ground
state energy receives the corresponding contribution

SEY . =min®>0 (AP + HP) = -2/, (A15)

whereas for h < 0 this is also minimized by n, = 1 and ng = 0 which makes a different contribution to the
ground state energy given by

SEy g = minfl ((Hy + HEP) =2(h—J). (A16)
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The above equations essentially reproduce Eqgs. (43) and (71) from Ref. [31], also extending it further for momentum-
space quantization of odd chains. Therefore, a TFIM with even IN has the fermionic representation

H=2Y" H. (A17)

ks
K%t

Appendix B: Diagonalizing free-fermionic Hamiltonians

A general Hamiltonian which is quadratic in fermionic operators has the form

1
H=>Y[clAjjc; + 5(chMc} +H.c.)], (B1)
2]

where the cj and ¢; are fermionic creation and annihilation operators. The Hermiticity of the Hamiltonian requires
that A;; = Aj; while the anti-commutation of the {c¢;}’s require that B;; = —Bj;. In our case of Eq. (21) and Eq. (26),
A and B are real. Now diagonalizing this in terms of fermionic degrees amounts to finding the linear transformation

Ve = Z (gkici + hkicz) , and 7,1 = Z (gkicj + hkici) . (B2)

(2

Hence the Hamiltonian becomes

H = Zek 7};% + constant, requiring [nx, H] = Ax nx, (B3)
k

just as in Eq. (26). This restricts the possibilities of the {gr; and hg;}’s because

Aigri = Z(gijji — hgjBji) and  Ajhyg = Z(gijji — hijAji). (B4)

J J

They are simplified by introducing the linear combinations ¢g; = gg; + his and ¥g; = gg; — his- In terms of these the
coupled equations become ¢ (A — B) = Apthy, and (A + B) = Aggg. They are decoupled by using

¢u(A —B)(A+B)=Aj¢, and ¢y(A+B)(A - B) = Ay (B5)

Since A is symmetric and B is antisymmetric, we have (A + B)T = A — B. Hence both (A — B)(A + B) and
(A 4+ B)(A — B) are symmetric and at least positive semi-definite. Thus all the Aj’s are real and it is possible to
choose all the ¢;’s and ;’s to be real as well as orthogonal. If the ¢;’s are normalized vectors (3, ¢7, = 1), then
the 1y’s are also automatically normalized when Ay # 0 or can be so chosen when Ay = 0. This ensures that

Z(gkigk’i + hiihii) = Ok and Z(gkihk’i — gwihwi) = 0. (B6)

K2

which are the necessary and sufficient conditions that the n;’s and 7, ’s be canonical Fermi operators. Therefore, from
the specifics of the theory, as in case H, A and B matrices will encode the spacial interactions across the system,
which will provide the solutions of {¢g;, ¥r;} guaranteeing the exact diagonalization.

Appendix C: Two-point correlations in TFIM

The two-point correlation functions are required to construct the two-site reduced density matrix of any quantum
system defined discretely, i.e., on lattices or graphs. In the language of operator product expansion any two-point
correlation function of a many spin—% system can be expressed as (see Eq. 18 & 19 in [5] for more detail)

N ~ 1 ey ~ .. . AoAan PN
pij = try(p) = > Pap 68 @67 for i j=1,2,-- N with pag = tr(p;;6767) = (67 6%), (C1)
a,3=0

and {6 | @ € [0,1,2,3]} is the basis of the space spanning the Hilbert space of a single site. Therefore to obtain the
basis of the Hilbert space spanning K Spin—% degrees of freedom, in general one needs to take the linear combination
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of 4% -many tensor products of the {5#} bases, weighted by the expectation value of the corresponding operator since
we are interested in correlations of nearest-neighbor spins, we call (65 67, ,) (for a € {z,y,2}) the NN-correlations

for brevity. The NN-reduced density matriz A&& is a special case of p;; when j =i+ 1, therefore

~(2 ~ 1 AQ A A ~
P%xnzr = Piit1 = g Z (67 6i%1) 63 ®Uf+1- (C2)
a,3=0

Now, to completely obtain the NN-reduced density matrix, many of the correlations vanish due to symmetry for our
case of H. We first note that the only non-vanishing single-site correlation is (o*) and for the two-site correlations,
non-vanishing ones come in the form of (6{* 69, ;) for o € {x,y, z}. This is solely due to the presence of the global
invariance of H under {¢* — —o®} and/or {¢¥ — —o¥}. A widely accepted measure of long-range order in 1-
dimensional quantum spin chains as been proposed in [29] in which the two-point correlations are derived for an
antiferromagnetic XY chain using

Plm = <\I/0|Sl : Sm|\IIO>a (03)
= = (WoloFal | W) = (Wo|(af + ar)(af, + am)|Wo),
pl = (WoloV ol |W) = (Wo|(a] — ar)(al, — am)|o),

plm = <\P0|UIZG§1‘\IIO> = <\I’0|(2a}al - 1)(2aina’m - 1)|\I’0>
We now consider pj,, written in terms of fermionic operators ¢;’s as

m—1

U <\I/0|(cz[ +¢) exp(im Z c;cj) (el 4 cm)|Wo). (C4)
j=l
We now observe that exp(iwcTc]) = (cT + c])(c; — ¢;). This readily allows us to break the correlation functions into
T
€

chains of alternative terms of (c +¢;) and (¢} — ¢;j). Hence defining

A = c; +c¢; and B, = c;» —¢j. (C5)
allows us to express the correlations in the following way,
= (Uo|Br Ai41 Biya Aiys .o  Am—1 Bt Am|%0). (C6)

Further observing that exp(iwc}cj) = —(c; - cj)(c; + ¢;) we find that

p;}m = (—l)m—l<\IIO|Al Bl+1 Al+2 Bl+3 B Am—l Bm|\p0> (07)
Finally using 2afa; — 1= —(af + a;)(a] — a:) = ~(c] +¢)(c] - i) we find

To evaluate these expectation values we make use of the well-known Wick theorem in quantum field theory to reduce
the computation of vacuum expectation values because only the pair-contractions contribute because the operators
anti-commute with themselves. In general if O1, s, ... Os, are such operators then [29]

(To|O1 O ... O9,|Tg) = Z (=P H contractions of the pairs, (C9)
pairs pairs

where the contractions are defined as (O; O,) = (¥|0; O;|¥y) with p being the signature of the permutation, for a
given pairing, necessary to bring operators of the same pair next to one another from the original order. This simplifies
the computation of the correlation functions substantially as the only relevant correlations required to calculate the
Py ’s are

)= ki bk = 0i; = —(BiB;) Zwkl Ui, and  (BiA;) = —(A;B)) Z% drj = Gij.  (C10)
k

An important property of G;; for a cyclic problem is that G;; = G;_;; this will be used later. The most straightforward
pairing contributing to pf,, is of the kind (B;Ai11)(Bi41Ai4+2) - - - (Bm—1Am). All other pairings can be obtained from
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this one by permuting the A’s among themselves with the B’s fixed. Be/cause the number of crossings of B’s by A’s is
then always even, the sign associated with a given permutation is (—1)? , where p’ is the signature of the permutation
of the A’s. Thus pf, = Zp(*l)p,Gl,P(lH) -Gy, p(m)- Similarly p} and pj,, can be calculated using the Wick
theorem to obtain

GrLiv1 Grive -+ G Giy1g Gisrg+r - Gigim—1
T . . y . .
Plm = : : g Pim = : : ) (C11)
Gmfl,l+1 e Gmfl,m Gml e Gm,mfl

and
Pim = ((AiB1) (B Br,) — (AiBm) (AnB)) = G% — Gm—1Gi—m, for [ <m < N.

Thus, both pf and pj ~are particular sub-determinants of det G. Now it is immediate that the NN-correlations are
only the simplest of these general two-point correlations. In case of that, we simply need to consider what happens
when m = [+ 1 for all I. As discussed in Eq. (C2) we are interested in pi* ;,, = (67" 6744), « € {z,y,2} for our
analysis. But the technology can be used to calculate any correlation function of any system that can be mapped to
a theory of quadratic fermions. We then have

pi +1 = GH—LZ = G_l, pg{ I+1 = Gl7l+1 = G+1 and pi +1 = G% — G_1G+1, for [ = 1,27 e ,N. (012)

This is the main object of our interest. From the detail of a given model, say in our case of H, the matrices A and
B are determined for th Eq. (B1) which gives the solution of {¢;x, ¥ }’s as in Eq. (B5). These then determine all
the basic correlations of the theory using Eq. (C10).

Appendix D: Thermodynamic singularities of correlation functions and metric response in TFIM

The exact solution of TFIM allows us to determine the singular contributions of the correlation functions and their
derivatives. Since we focus on correlations contained in a single site and a pair of adjacent sites in a translationally
invariant TFIM, results at A~ = 1 for finite but large N would allow us to determine the square logarithmic divergence
of this response function. Now since the correlation functions remain finite, the derivatives of the correlations are
solely responsible for the divergence of the metric response of QRE. All the summands being symmetric around
k = 0, the singular contributions are due to f:/ ~ dk/k in the derivatives of the correlations because they identically

diverge at k = 0 making the analysis ill-defined. So making use of Y, — (N/m) [ dk for the correlations, and
Yo = (N/m) f:/N dk for their derivatives, we find in the limit N — oo,

h — cosk h=1 2

1
Go = (07) (h,N) = — = -z D1
0= {oi) ) Nke%): V1+h2 —2hcosk O Nzco m (D1)
; 1 (h — cos k) cos k — sin® k h=1 2
Gyz = (0707 h,N)=—— G = —, D2
< ) ) Nke; V1+h2 —2hcosk N=co T (D2)
1 (h — cos k) cos k + sin® k h=1 2

w = (070700) (. N) N ke%‘; V1+h? —2hcosk Y| N=co 3’ (D3)
G _ z _z N _G2 G G _ 2\ 2 x __x y_ Yy G h=1 _ 16 D4
22 =(070711) (B N) = Gj = GaaGyy = (07)" — (07 0714) (07071 1) = Gz Neoo  3n2° (D4)

Also for the derivatives of these correlations, we can expand around k& = 0 to isolate the singular and regular
contributions to exactly derive the logarithmic divergence of those derivatives. We note that all the integrands are
symmetric around k = 0, therefore the series expansion contain |k| instead of k, but since we are integrating from
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7/N — 0 to 7, we omit the absolute value symbol for brevity. We then obtain

dGy =1 1 cos? £ 1 /ﬂ 1 5k 67k3  19K°
— = lim — —2 = dk - - =4 — + Ok |,
dh |Nsee NS N ke;gm 2sin k| "1 Jon [ k 21 " 5760 193536 O\
singular part regular part
dGq |h=1 1 (™ dk 1 T In N dGg |h=1 5T 1 1
Rll == [ S )= 2 and 220 =T ) 10—,
dh N—o00, sing ™ /71'/N k ™ n[ﬂ'/N] ™ ;o at dh N—o00, regular 48( + N2)+ (NS)
(D5)
AG y |h=1 i 1 Z cos? & 1 /’T ik [ 1 5k N 67k3 19k° +(’)(k7)]
= 1im — —_—~ — — _ — _—— y
dh IN—soc N—oo N heKD.. 2| sin §| T Jx/N k 24 5760 193536
singular part regular part
dG ., =1 1 (™ dk 1 ™ In N dG  |h=1 5T 1
zT _ = helb | _ d e = —(—1 — ). D6
dh N—o00, sing ™ /71'/N k ™ . 7T/N] ™ ;oA dh N—o00, regular 48( + N2) ( )
d h=1 1 2cos? k k—1 1 [ 1 29 k1747 k? kS
Gyy ~him L Z cos —|.—czs N 7/ i [ 1 29 n 747 k0 30839 +O(k7)},
dh INs~ N—oco N o 4]sin 5 T Jx/N k 24 5760 967860
even singular part regular part
G, |h=1 1 /“ de 1. 7, IN G, =1 207 1 1
—_— = — —_— = 71 = d vy e — _1 _ 0 _
dh N —o00,sing ™ /N k ™ n[ﬂ'/N} ™ » an dh N —o0,regular 48 ( + NZ) + (N?’),
(D7)
dG h=1 h=1 dGo h=1 h=1 dG,,, 1h=1 h=1 dG.... |h=1
finall 2 - ’ il G i 7 - Dran DS
P T Ivsee T 0 s TdR TN Nooo  dh INsee WINse dh INGeo (D8)
dG,, |h=1 16Iln N dG,, =1 14 14 + o 1 ) (DY)
= an =—— - — —).
dh N—o00, sing 32 ’ dh N—o00, reg 9 9N2 N3

To obtain the thermodynamic singularity of the metric response of QRE in one and (neighboring) two sites of
TFIM with finite but large size, the singularity caused by the k = 0 pole of the derivative of correlation functions
are sufficient. Such poles of the correlation functions come with a coefficient o< |h — 1|, therefore all the correlation
functions are regular at the QPT. Therefore to determine the singular contributions of the metric response at h = 1,
the correlation functions can be replaced by their thermodynamic values while allowing finite size to manifest only in
the divergence of the derivatives of correlation functions.

For a single site in the TFIM, Eq. (33) implies that

h=1 \2
dGo
STFIM(, _ | N—>oo):1 (dh NHOO) _ (572 — 481n N)? _57T2(57r2—481nN) (L)
! ’ 2 h=1 N2 7 4608 (—4 +72) 2304 (—4 + 72) N2 N3
I
N=o0
TFIM 2 48?
—— El (h = 1, N — OO)Sing = A1 In N, where A1 = m ~ 0.0851846. (D].O)

For the case of two neighboring sites in the TFIM, the density matrices defined in Eq. (35) introduce all the
non-vanishing correlations in that range, which along with their derivatives, make the formal expression of the metric
response lengthy. Hence we present the singular and leading regular contributions at h = 1,

55 ™M(h=1,N — o)
(=1 + N?)27%(—15424 + 20617%) — 96N2(—1 4+ N?)72(—1184 4+ 9972) In N + 2304N*(—64 4+ 972) In> N
1152N4(256 — 11272 + 974)

6.23672 (4.88654 + In N) 1
e +0(553)

= 53"™M(h =1, N — 00)sing = 1.819711n* N. (D11)

~ 1.81971 (8.37385 + 3.42731In N + In* N) —

To understand the nature of the divergence near the vicinity of critical point of large systems, O(Jh—1|) contributions
play the leading role since the momentum modes k = £7/N dominate the finite-size behaviors.

dGo (h=1  —12(=1+ h)*(=1+ N?) + (73 — 90h + 33h*)n? In N
dh |IN—c 1671’3 '

(D12)
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Therefore to determine the turning points h,,(N) of (9,Go)?, this limit is sufficient.
_ 4—4N?4157°InN 7721nN+O( 1 )
 4—4N2 4+ 1172In N N2 N4
In the same way the floating exponents of the response function for a single site in TFIM can be explained. For
that notice the summand within 9;,Gy and 0,216'0 takes the following form near h =1,
sin® k N 2sin® k(cosk — 1)(h — 1)

(2 —2cos k)3/2 (2 —2cosk)5/2

B (V) (D13)

oGy = Z Sk, where S =
kek9

even

+ O(|h - 1|2)7

3sin? k(cosk — 1) 12 sin? k(=3 + 5cosk)(h — 1)
(2 —2cosk)>/? (2 —2cosk)7/?

0iGy = Z S, where S; =
keKxy

even

+O(lh — 1.

Due to the singularity at k = 0, contributions nearest to it dominate its behavior when N — oco. Therefore taking
into account only the singular contribution we find

5—3h (5—3h)In N

sing _ _ sing — D14
Sk 5’“‘;@40 2k > OnGo or (D14)
, 1—h  33h—45 ; 3(4(h — 1)(N? = 1) + (15 — 11h)x2In N)
!/ sing _ of _ 2cysing
é;k :;k ks 3 k3 4_ 8k; — é?h(;o 87T3 . (I)15)

Since the response function for a single site in TFIM is ©7F™ = (1/2)(8,Go)?/(1 — G2), its peak location is the
solution of the equation

Go(0nGo)® . 0,Go 023Gy
(1- G%)z 1-— G%

When N — oo, only the derivatives of correlation functions are singular and therefore the values of the correlation
function can be replaced by their thermodynamic values, i.e., Gy — 2/7 and all the derivatives can be replaced
by their corresponding singular contributions as in Eq. (D14) and (D15). The solution near h = 1 represents the
asymptotic behavior of that peak location of for N > 1 with the following expression

(372 =12 —4In N)In N 1 47 N 72InN 1

3(m2 —4)N? + O(ﬁ) =1+ 3(w2 — 4)N? T TN2 +0(53)- (D17)

=0. (D16)

hS(N) =1

Appendix E: Intrinsic geometry of relative entropy in TFIM

The local description of the quadratic form S(py || py,) in the parameter space endows it with a Riemannian
metric with the standard parameters as local coordinates that encapsulates the uncertainty of how the entanglement
Hamiltonian varies - revealing the intrinsic geometry of entanglement spectra. The relation between the more well-
known fidelity susceptibility and Fubini-Study metric comes from the local description of 1 — ([t)5,) which satisfies
the conditions (1,2,3) (¢f. discussion after Eq. (4)). Such a scheme of constructing a metric response may serve as
a non-perturbative measure of fluctuations of entanglement spectra in complex quantum systems. Therefore when
sufficient smoothness of the eigenspectra are guaranteed, the parameter space can be considered being a Riemannian
manifold locally described by the intrinsic line element ds = |/3;; dA; d)\;. The corresponding first fundamental form
ds? is made up of all the fluctuations with respect to individual parameters as ;;d\? and cross-fluctuations between the
parameters as X;«;dA\;\j. Near a QCP the entangled modes in complementary subsystems are expected to fluctuate
significantly under negligible change of the parameters; thus making any subsystem maximally distinguishable between
infinitesimally separated points near the QCP. So one can ask how deep-rooted is this geometric view of the fluctuations
of entanglement spectra.

We focus on the case of thermodynamically large TFIM to facilitate an analytical description with the simplest
fundamental consequence of the intrinsic geometry of QRE and to examine its behavior during the QPT. Now
Symmetry ensures (c%) =0 = (g¥) # (0*) so the single-site reduced density matrix takes the form of Eq. (32) where
the transverse magnetization is given by

1 ™ dk (h — cosk)
thermo — o o \/h2 +1—2hcosk
(h+ DE(grkss) + (h — DK (i)

=sign(h + 1) — .

m, = (o)

(E1)
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Here K(z) and E(z) are the complete elliptic integrals of respectively first and second kind, also sign(h + 1) doesn’t
manifest non-trivially since the response is a function of m?2 and (9,m,)?. For the paradigmatic TFIM with one
driving parameter parameter h, the one-dimensional line element can be thought to rescale an abstract distance with
respect to any change of that parameter for a thermodynamically large system, therefore defining a distance between
corresponding points in the parameter space.

1 (ahmz)Q
D B g = ds= /X dh,

1 [
= d(h1,he) = — \/ STFIM dh, (E2)
\/i h_ !
where hy = max(hy,hs) and h_ = min(hy, ha).

Due to the fundamental theorem of calculus the anti-derivative exists only when the integrand /X71¥™ is a
continuous function on the closed interval [h, h_]. But in the thermodynamic limit, $T¥™ is discontinuous at || = 1
which is indicative of the second order QPT between paramagnet <> ferromagnet (cf. Fig. 1 whose extrapolation for
N — oo diverges as h — h, = £1). Therefore d(hq, hg) is defined if and only if the interval [hy, ha] does not contain
h = £1. For any such interval excluding the QCP, one has the following expression for the distance function which
satisfies the three necessary conditions of a distance, i.e., (1) non-negative, (2) symmetric, and (3) satisfying triangular
inequality, i.e., d(a,b) < d(a,c) + d(c,b) (for one dimension, (3) is trivially satisfied, by becoming an equality). Hence
we obtain

d(hy, hy) = % sin ' [m,(hy )/ 1 —m2(h_) —m.(h_)y/1—m2(hy)]. (E3)

Note that this expression only works when h, = £1 ¢ [h1, ho], and due to the boundedness of —% < sin™'(z) < Z
for any x € [—1,1], d(h1,h2) is also bounded for parameters residing in either of the quantum phases. This is a
consequence of m,(h) € [—1,1] for all h. Numerically summing up the integrand over a domain including either of
the critical points h. = £1 diverges since XT¥™(h — h.) — oo due to the gapless spectra at any second order QPT
such as this. Therefore due to the non-analyticity of the response function XT¥™ at h = £1, two different sides of
it denote points in the parameter space corresponding to two different quantum phases; points between which do not
have a well-defined analytical distance - uniquely identifies the distinct quantum phases as disjoint subspaces of the
parameter space.

For a TFIM with a finite number of sites, the distance between points on the entire parameter space of h is well-
defined without any restriction, further re-affirming the absence of any QPT for finite systems. Also the formalism
allows one to explore the richer intrinsic geometry QRE of models with arbitrary number of parameters, potentially
characterizing QPTs as geometric singularities in the entropy-landscape; we leave this for future investigations.

Appendix F: Derivatives of local expectations in the three-spin Ising model

In a many-body quantum system near a QCP, operators that have non-zero overlaps with the primary operators of
the underlying CFT display singularities in the thermodynamic limit in their derivatives with respect to the driving
parameter. The generic local operators that contribute in the construction of corresponding reduced density matrices
overlap with the primary operators [26, 27] as has been observed in Fig. 5 because 0% is the most relevant operator
driving the QPT in both the TFIM and the three-spin Ising model [40]. However Eq. (14) results in either a strictly
slower divergence or an O(1) number for the operators that only overlap with derivative descendants of the underlying
CFT.

In the following, Fig. 8 presents this discrepancy, for the general local operators in the three-spin Ising model that
constitute the local reduced density matrices of 1, 2 and 3 consecutive sites, and operators that correspond to lattice
derivatives in the thermodynamic limit which are strictly less relevant operators than the most relevant one.
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FIG. 8: (a-f) Derivatives of some local correlations which contribute to each local reduced density matrix of size
m = 1,2,3 for the three-spin Ising model. (g-i) Derivatives of the expectation values of operators with respect to h
which only overlap with the derivative descendants in the four-state Potts model. Here X;, Y; and Z; denote

respectively the Pauli operators of, ¢! and o7.
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