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WULFF ISOPERIMETRY ON CAYLEY GRAPHS: SUBMODULAR BV,
TEMPERED FOLNER, AND PROFILE RATIO BOUNDS

MAYUKH MUKHERJEE

AsstracT. We develop a discrete BV framework on Cayley graphs that is tailored to anisotropic
geometric analysis. The core analytic outputs are: (i) a sharp discrete Wulff isoperimetric inequality
with the best constant tied to the generating set/stencil S and asymptotic attainment by Wulff
samplers; (ii) a quantitative I'-convergence of discrete total variation to the continuum anisotropic
perimeter (with algebraic rates in crystalline regimes); and (iii) a gauge construction in the Heisen-
berg group that neutralizes shear at the level of the discrete energy, yielding an exact per-edge BV +
shear identity, scale-sharp compactness, and matched I'-limsup/liminf bounds.

As an application we revisit a question of Gromov (2008) on the ratio between the exact
isoperimetric profile and its greatest nondecreasing minorant. We show that this ratio is uniformly
bounded on non-amenable groups and on two-ended groups, and using our sharp Wulff inequality
and I'-convergence, we give a self-contained, constant-tracked proof of profile ratio boundedness
for all virtually nilpotent groups. We isolate a Tempered Folner criterion (TF) (an exhaustion principle
with controlled increment size), which forces bounded profile ratio in general. We verify full
(TF) with explicit constants in two large families: finite-lamp wreath products over (TF) bases and
lamplighters over amenable bases, where we build nested exhaustions with global (TF)(ii) and a
cofinal subsequence of near-minimizers (TF)(ie) (hence full (TF)). For semidirect products Z% x 4 Z
we construct layer-nested sets of logarithmic height that are (A-covariantly) nested, Folner, and
satisfy (TF)(ii) with a constant independent of A € GL(d, Z); within the class of layer-nested
sets they are near-optimal up to constants, and when A is hyperbolic (no eigenvalue on the unit
circle) known L'-isoperimetric lower bounds give (TF)(i.) along these sets, hence full (TF) in
this case. Thus Gromov’s problem is settled in broad regimes, and elsewhere reduced to a clean
structural hypothesis; in this context, we also formulate gap conjectures that would settle the question
for all amenable Cayley graphs. We also present an amenable “cursor-lamplighter” graph model that
exhibits an unbounded ratio when (TF) fails, clarifying the sharpness of our assumptions.

The BV/variational viewpoint has direct spectral and analytic consequences. From the same
inputs we derive Cheeger-type, Faber-Krahn, and Nash inequalities and obtain quantitative heat-
kernel/mixing bounds on finite quotients, with constants depending explicitly on S and the Wulff
constant and tracked throughout [Che70, Bus82, Dod84, Moh89, VSCC92, SC02]. The (TF)
control further yields a tempered form of Property A with scale calibration, leading to explicit
coarse embeddings of Cayley graphs (and box spaces) into Hilbert space with compression p(¢) 2
t1/2 /log t and tracked constants. Finally, we show that (TF) is a robust reflection of bi-equivariant
geometry, and encodes a two-sided regularity principle: on the (I x I')-homogeneous-space graph
the boundary energy splits exactly as the sum of the left and right cuts (Dirichlet forms of the two
regular representations), and in virtually nilpotent classes this doubles the sharp Wulff constant
asymptotically-refining and answering another question of Gromov.

Our techniques-calibration-style proofs for the discrete Wulff bound (cf. [Tay78]), a combinato-
rial Hodge/curl-fitting lemma with explicit constants, a gauge-based shear split on Heisenberg (in
the sub-Riemannian spirit of [Pan82, LM05, LR03, MR09]), and a padding/gluing scheme behind
(TF) (cf. quasi-tilings [OW87], [DH17], [CJK T 18])-might be of independent interest.
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1. INTRODUCTION

1.1. Motivation. Isoperimetry on finitely generated groups sits at the meeting point
of geometric analysis, probability, and combinatorics. In the continuum, anisotropic surface
energies are minimized by Wulff shapes; sharp constants follow from calibrations and BV methods
[Tay78]. On Cayley graphs one seeks a discrete counterpart that

(1) is sharp in the optimal constant determined by S;
(2) is stable under sampling; and
(3) interfaces cleanly with spectral and heat-kernel inequalities.

The tensions are most pronounced in sub-Riemannian geometries (e.g. Heisenberg), where
the relevant exponent is the homogeneous dimension @ and non-Abelian features such as shear
frustrate naive discretizations of continuum heuristics [Pan82, LM05, MR09, AKLDO09]. Our
approach replaces smooth BV by a submodular BV calculus on Cayley graphs and introduces a
discrete calibration adapted to the anisotropy 7s induced by S (the support function of the horizontal
zonotope Zg = Zses+ [— X5, X))

A second, more group-theoretic thread concerns the exact isoperimetric profile I° and its greatest
nondecreasing minorant I .. Gromov asked whether the ratio 1°/I7 . is uniformly bounded
on every infinite finitely generated group [Gro08b, p. 4]. We prove boundedness in several large
and natural families and identify a structural criterion that implies it in general.

1.2. Main contributions. We develop a submodular BV calculus on Cayley graphs and use
it to obtain the following results.

(1) Asymptotically sharp discrete Wulff isoperimetry. Let (I, S) be either Z¢ or a lattice
in a Carnot group of homogeneous dimension (). There exists a constant hg > 0,
determined explicitly by the anisotropy 75 (see Definition 3.2), such that for all finite
YCT,

05Y | > hs|y|@7V/€,
with exponent (d — 1)/d in the Abelian case (Q = d). Moreover, there are Wulff samplers
Y}, for which

105Y%] < (14 0(1)hg|Vi|@™D/Q a5 |V — oo.

This yields a discrete counterpart of the continuum Waulff theory with explicit constant
and asymptotic attainment. (See Theorems 3.25 and 4.1,)

(2) Quantitative I'-convergence with an algebraic rate. For discrete total variation
Per,, 5, on Z¢ sampled at scale h | 0, we prove

L :
Per,, p, - Per with error O(h%),



for crystalline anisotropies (including orthotropic), with explicit a > 0 and rate-tracked
recovery sequences. A new oblique-counting lemma isolates the sampling error arising from
facet orientations relative to the lattice. (See Theorems 5.7 and 5.16.)
Heisenberg shear: constructive gauge and exact BV + shear split. On the discrete
Heisenberg group we introduce a quadratic gauge g (defined in Definition 7.2) that
neutralizes horizontal shear and prove the exact per-edge identity

Perpeis(Y) = Pergy(Y) + Shear,y(Y),

valid for all finite Y, with a quantified cap-loss correction at truncation scales. This
yields compactness at the correct scaling and matching I'-lim sup /lim inf bounds. (See
Theorems 7.11 and 7.15 and Corollary 7.13.)

Gromov’s profile question: bounded ratios in large classes, a Tempered Fglner
criterion, and permanence. Let I°(n) := miny |, [0gY| and I{, ..(n) := inf,,,>, 1°(m)
(the right monotone minorant; it is nondecreasing in n). We prove the bounded ratio
property (BRP), sup,, I°(n)/I3.,.(n) < oo, for all virtually nilpotent groups via our
discrete Wulff two-sided asymptotics. We introduce the Tempered Folner (TF) property
(Definition 9.11) and show it quantitatively forces BRP:

(TF) = sup I{ (n) < A+ AAB (A =15]),

incr(n)

(see Theorem 9.31). Beyond a criterion, we give a constructive route: assuming only
nested near-minimizers (NNM) in edge normalization, our interleaving scheme produces a
single nested chain with full (TF) (under amenability), hence BRP, with explicit constants
(Theorems 9.20, 9.100 and 9.101). We verify this program in three canonical amenable
families with tracked constants: Z? and Carnot lattices (nested Wulff samplers; Theo-
rem 9.30), finite-lamp lamplighters H @ xr (explicit tempered expansion + Erschler
checkpoints; Theorems 9.39, 9.42 and 9.48), and hyperbolic semidirects VA OV (logarith-
mic layer-nested sets + L!-profile lower bounds; Theorems 9.75 and 9.81). Permanence
is established under finite index and finite extensions, and we give a product tensoring
principle that preserves NNM and yields (TF) on direct products with controlled con-
stants (Theorems 9.58, 9.59, 9.61 and 9.63). At the level of minorants, we prove a clean
quasi-isometry comparison (no additive loss) and a scaled transfer of BRP; under a mild
doubling of I2 ., this recovers full Ql-invariance (Theorem 9.90).

Limits and an open problem. We build an amenable (non-vertex-transitive) “balloon-
chain” graph with sup, 1°(r) /I .. () = oo, and we explain why this single-edge-plateau
mechanism cannot occur verbatim in Cayley graphs (a left-Lipschitz trimming obstruction;
Theorems 9.52 and 9.55). This leaves a question: does there exist an amenable Cayley
graph with unbounded ratio? (Question 9.1.)

We now state informal versions of the main results.
Throughout Theorem A, ¢ denotes the directed-edge integrand from the Cl/zonoid model

(Definition 3.2), specialized to the split-pair normalization a; = a,-1 =
Remark 3.4.

1

5, L. = Tg in

Theorem A (Discrete Wulff isoperimetry: sharp constants in the cases of interest). Let Pergy be
the directed edge perimeter (Definition 3.22) and set

D—1
hs = lim n~ 5 inf{Perg;(Y): Y CT, |Y|=n]},

n—oo
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where D is the relevant dimension (D = d for T = 74, D = Q for a lattice in a Carnot group). With ¢
as in Deﬁnition 3.2 and Remark 3.4, the limit exists and

hs = cwur(p).

In particular:
(i) Unimodular axis stencil on Z4. If S = {+£by,...,+bs} with B = [by---bg] € GL(d, Z),
then (&) = STy |(bi.€)] and hs = 2d.

(i) Uniform lattices in Carnot groups (horizontal anisotropy). If T is a uniform lattice in a
Carnot group of homogeneous dimension Q with symmetric S, then

(&) = 15(§) = Z (€, X)), hs = cwa(Ts).

seSt

(iii) Virtually Abelian with basis fiber. If there is a surjection w : T' — Z with finite kernel K of
sizem and S contains a subset mapping bijectively to a unimodular basis of 72, then

hg = ml/dCWulﬁ‘(TS) = 2dm*?.

Moreover, there exist Wulff samplers Yy, such that Pers 1(Y;) < (14 o(1))hg|V;|P~1/P.

Proof pointers. Theorem A is proved in Section 3 via a submodular BV compactness/liminf
argument together with a sampler/phase-averaging limsup (a calibration-style step), yielding the
sharp Wulff constant. Section 5 then quantifies the attainment: for orthotropic and finite-stencil
crystalline anisotropies one obtains an algebraic rate O(h”) (with 8 € (0, 1] tied to the boundary
regularity) of approach to the Wulff value.

Theorem B (Quantitative I'-convergence for canonical/crystalline energies). On Z¢ we treat two
cases.

(i) Orthotropic/canonical axis stencil. If p(€) = 2%, w;|&| and Ey, is the axis-face energy from §5,

1

L
then Ej, % TV,, and for E with C*P boundary and half-open samplers Ay,

|En(Ap) — TV,(xp)| < CRP,

with 8 € (0,1] the boundary regularity (8 = 1 for CY*) and C depending ond, w, ||0E||c1.5, HI "1 (OE).

(ii) Finite-stencil crystalline integrands. Let P C Z \ {0} be finite with weights o, > 0. Fix a
set of representatives Py containing exactly one vector from each antipodal pair in P U (—P) and set

dp = o + a_p (with a_p, := 0 if —p & P). Define

op(v) = > Glvepl,  BR(A) =0T d Y [xau (@4 hp) — xa, (2)].
pEP+ pEP4 T
a:,:erhperlL

1
loc

(Primitivity of p is not required; any length factor is absorbed into a,.) Then E] — TV,
Moreover, if OE € CYP and Ay, are the half-open samplers, then

|EF (An) — TV, (xB)| < Cpph®,

with Cp g depending only on d,{éy}pep, , maxpep, |p|, [|OF| 15, and HI"H(OE). In particular,
B =1 for Y1 boundaries.

Theorem C (Heisenberg: exact BV+shear identity and quantified bounds). I the discrete Heisen-

berg group with generators S = {a*1, b=}, right Cayley action, and the gauge T(z,y, 2) = (x,y, h) with
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h = z — xy, every finite gauge-column-convex Y with footprint E admits the exact undirected-edge
ia'entity

Bs(Y) = > ale)+ Y d(e) + 2 > min{d(t(e)),m(e)}.

eeé‘bd(E) Eegint (E) eegint(E)

:= Pergv (Y) = S(Y)

Here a(e) = €(u) on boundary edges e = (u — u + v), while on internal edges 6(e) = [€(u) — €(u +
v)|, m(e) =min{l(u),l(u+v)}, tle)=h(ut+v)— h(u) + oy (u), with the alignment shifts o,
from Lemma 7.4 and half-open columns I,, = [h(u), h(uw) 4+ £(u) Thefuﬂction d(-) is as in Lemma 7.7.
Moreover, along gauge—column convex stacks Y, with |Y,| =< p* one has compactness and two-sided
bounds at the scale p? p° asin Theorem 7.15, with the cap- -loss error Vamshmg by Proposmon 7.20.

Remark 1.1 (Normalization for Theorem C ). Throughout Theorem C and its proof we use
the undirected horizontal edge boundary Bg(-) (each broken undirected edge counted once). If
one prefers the directed normalization, multiply all Bg identities by 2; cf. Remark 7.25.

Theorem D (Bounded profile ratio in large classes; (TF) as a sharp criterion). Let 1°(r) be the
exact vertex profile and I™° (1) its greatest nondecreasing minorant. Then

I°(r)
su n
7‘211) Imcro (7”)

for each of the following classes:

(1) non-amenable groups (with bound < A/h; here h := infysyc, 1|0sY|/|Y] is the vertex
Cheeger constant);

(2) two-ended groups (Virtually Z) In this case there exist constants 0 < c_(S) < c4(S)
that c_(S) < I°(r) < ¢4(S) for all r; see Remark 9.7 for explicit choices of c+(S);

(3) wirtually nilpotent groups (polynomial growth of homogeneous dimension Q; I°(r) =< r(@=1/Q
and the ratio is bounded by a constant dependmg only on (T, S))

More generally, if (T, S) satisfies Tempered Falner (TF), then

< 00 such

I°(r)
S < A+ AAB,
>11) Ilncro (T) -

with (A, B) the (TF) constants.

Remark 1.2 (Normalization for Theorem D ). Throughout Theorem D we work with the
vertex boundary dsY = SY \ Y and the corresponding exact/increasing profiles I°, '™, The
directed-edge profiles satisfy 1° < T olge < AI° and [inere < Ié‘é‘;o < AT (Lemma 9.15);
hence all ratio bounds are invariant up to the factor A when switching normalization.

Theorem E (Stability of (TF)). Work in the directed-edge normalization; the vertex version follows
from Lemma A.5.

(i) Finite index and finite extensions. (TF) is preserved under finite index passage and finite
extensions. Quantitatively: if H < G has finite index or fitsin1 — F — G — Q — 1 with |F| < oo,
then (TF) holds on G iff it holds on H (resp. Q), with constants changing by a factor that depends only on
the indices and on a bounded change of generators (Lemma A.6).

(ii) Direct products (product generating set). Let (G;,S;), i = 1,2, satisfy (TF) with edge
constants (AE’), BW). Equip Gy x Go with S := (S1 x {e}) U ({e} x S2). Then:
e (TF)(ii) holds on Gy x G unconditionally with

B < BW 4+ B® (up to a factor depending only on Ay, A).
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e If, in addition, both factors admit nested near-minimizers (NNM) at large volumes (Defini-
tion 9.20), then (TF)(i¢) holds along a cofinal subsequence for G1 x Go; hence full (TF) holds on
G1 x Go with

A < C(AM + 4D, B < c(BY +B®),
where C' depends only on (A1, Ag).

(iii) Finite-lamp wreath products over a (TF) base. Let G = H\") x T with H finite, nontrivial,
and equip G with the standard “toggle-+base” generating set. If (I',Sr) satisfies (TF) with constants
(AL, Br), then there exists a nested chain in G with global (TF)(ii) and checkpoints obeying (TF)(ic) with
constants depending only on H and (AL, Br). If, in addition, G admits nested near-minimizers at large
volumes, then full (TF) holds on G.

Corollary 1.3 (Finite-lamp wreaths over a (TF) base: NNM (cofinal) and full (TF)). Under the
hypotheses of Theorem E (iii) (with base (I, Sr) satisfying (TF)), the constructed nested chain in
G = H®) % T admits infinitely many checkpoints obeying (i.) with constants depending only
on H and the base (TF) data. Hence, by Lemma 9.21, G has NNM (cofinal). In particular, full
(TF) follows with constants depending only on H and the base (TF) constants.

Theorem F (Lamplighters: tempered increments, checkpoint control, and sharpness). Let G =
HW®) % T with Hﬁnite, nontrivial, and T' amenable, equipped with the standard “togglc—l—base”genemting
set. Then there exists a nested chain (F},) with

|Frt1 \ Fu| < A|0sF,|  foralln,

i.e. (TF)(ii) holds globally with B = A. Moreover, there is an infinite subsequence of checkpoints (F,,)
along which (TF)(ic) holds with a constant Ac = Ao(H, Sr,S) (Erschler-type near-minimizers). In
particular, (Fy,;) is a Folner sequence in G. Conversely, there exists a finitely generated amenable “cursor
lamplighter” with sup,. I°(r) /1™ (r) = oo when (TF) fails.

Remark 1.4 (Normalization and scope for Theorem F ). Throughout the proof of Theorem F
we will:

o work with the directed edge boundary Bs(Y') := #{(y,s) €Y xS: ys ¢ Y};
e pass to the vertex boundary via the general comparison |9sY| < Bs(Y) < |S| - |0sY |
(see Lemma 9.15);
o use the standard “toggle+base” generating set S = SrUT for G = HT) x T, with ¢ := [T
and ¢ := |H| — 1.
All constants in (TF) stated in vertex normalization are obtained from the directed version by the
factor |S].

Corollary 1.5 (Lamplighters: NNM (cofinal) and full (TF)). In the setting of Theorem F
(lamplighter G = H) x T with H finite, nontrivial), the nested chain (F}) produced there
admits an infinite subsequence of checkpoints (F,;) with

Bs(Fp;) < Ao éﬁg’(]Fnj\) for all j,
hence G has NNM (cofinal) with constant A, = Ay by Lemma 9.21. So G satisfies full (TF) with
constants (A., B) = (Ao, A) in vertex normalization, and the profile ratio is uniformly bounded

by Theorem D .

Theorem G (Z¢ x 4 Z: logarithmic layer-nested sets are nested, Felner, satisfy (TF)(ii) with an
explicit constant, and are near-minimizers within the layer-nested class). Let G = Z9 x4 Z with
the left generating set S described in §9.8, and let K C R? be a convex body with piecewise C* boundary.
Fix any A(A) > p(cof A) = p(A~1) and set

1
ER = FK,R,T(R)? T(R) = LalogRJ, O<a< m
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Then:
(1) The family (Eg) g>2 is nested (Lemma 9.66) and Folner:
Bs(FE
SUER) 0 By(ER) = Buox(En) + Beon(Er).  Beert(En) = 2/ Xo(R)| = RY.
|ER| R—o0

(2) There exist constants cy,c2,c3 € (0,00) depending only on (K, A, S) such that for all R > 2,
aR? < |Xo(R)| < R?,  |Xo(R+1)\ Xo(R)| < ek
(3) (TF)(ii) with an explicit B. For all sufficiently large R,
|[Ert1\ Er| < B- Bs(Eg),

with
B 4co + 03.
2cq
Indeed, if T(R+1) = T(R) then |Egy1 \ Eg| < (2T(R)+1)c3 R4 < £2Bs(ER) since

Bs(ER) > Byat(Er) = 2|Xo(R)| > 2c1R? and, for R large, 2T(R) + 1 < R (recall
T(R) = |alogR]); and if T(R+1) = T(R)+1 then |Egy1 \ Eg| < 2|Xo(R+1)| +
(2T(R)+1)c3 R < 2%+ Bo(Ep).

(4) (Layer-nested near-minimality). In the layer-nested subclass (Definition 9.82), there exists a
constant A¢(A,S) € (0,00) such that, for all sufficiently large R,

Bs(FERr) < A inf{BS(Y) : Y layer-nested, |Y| = ]ER]}.

Equivalently, { ER} R—oo is a nested sequence of near-minimizers within the layer-nested class.
(See Proposition 9.84,)

In particular, clause (TF)(ii) holds unconditionally (no spectral assumptions beyond A € GL(d,Z)), and
the Folner convergence uses only alog A(A) < 1 so that Byor(ER) = O(RA71+a108MA)) = (| Ep|)
while Byert(ER) < R and |ERr| < R%log R.

Remark 1.6 (Hyperbolic upgrade). If A is hyperbolic (no eigenvalue on the unit circle), then by
Corollary 1.7 the logarithmic layer-nested sets (Eg) also satisfy (TF)(ic) unconditionally; together
with Theorem G (iii) this yields full (TF) for G = Z? x 4 Z without the NNM hypothesis. The
proof is deferred to §9 (profile bounds).

Corollary 1.7 (Hyperbolic semidirects: unconditional full (TF)). Let G = Z% x4 Z with A €
GL(d, Z) hyperbolic (no eigenvalue on the unit circle), and let S be any finite symmetric generating
set. Then there exist constants ¢, 4. > 0 (depending only on (4, S)) such that

Ieodge(v) > Clog v

(v large),

and the logarithmic layer-nested sets { Eg} from Theorem satisty
Bs(Er) < Acoy(Brl)  (Rlarge).

In particular, combining this with Theorem G (iii) yields full (TF) for G without assuming nested
near-minimizers.

Beyond the hyperbolic case. The following applies to general A € GL(d,Z) under the nested
near-minimizer (NNM) hypothesis.

Corollary 1.8. If, furthermore, there exist nested near-minimizers at large volumes, then G
satisfies full (TF); in particular the profile ratio is uniformly bounded.
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As a by-product we obtain tracked-constant analytic consequences for the Cayley graph (I', S):
Cheeger-Buser bounds, Faber-Krahn and Nash inequalities, and mixing estimates on finite
quotients, with constants expressed in terms of the relevant isoperimetric data in each regime:
the vertex Cheeger constant h(I', S) in the non-amenable case; the sharp Wulff constant hg
(from Theorem A, directed-edge normalization) in polynomial growth; or, in full generality, the
increasing profile 7T °. The statements below keep vertex normalization and A := |S|.

Theorem H (Tracked analytic consequences). Let (', S) be a finitely generated group of degree
A =S| Throughout we take P to be the simple (non—lazy) random walk on the A—reguiar Cayley
graph and the Dirichlet form E(f, f) = 5% D ey (f(T) = f(y))?, so the A~factors in (H1)-(H4) maich
the stated normalizations.
(H1) Cheeger-Buser / spectral decay. If T" is non-amenable with vertex Cheeger constant h(T', S) :=
infosycg.r % > 0, then for the simple random walk on T,

h(T,S)? h(T,S)?
Al(r)zc(Az), (A2)t>.
For any finite quotient X (with the projected generators), the same bounds hold with h(T,S)
replaced by the Cheeger constant of X, h(X). Uniformity over a family of quotients requires a
(7)-type hypothesis.
(H2) Faber-Krahn at the right scale (general form). For every finite U in a Cayley graph or finite
quotient,

|P, — 7|22 < exp ( —c

Iincro(|U|) 2
ARU)20<—ZEW—>.

In particular, on virtually nilpotent groups of homogeneous dimension Q, where I'™°(r) <
hsr(@=1/Q (Theorem A), one has

ho 2
D S -2/Q
N W) = o) e,

(H3) Nash inequality and heat-kernel smoothing (polynomial growth). If T is virtually nilpotent of
homogeneous dimension Q, then for all finitely supported f withy", f =0,

AN 2
IFI579 < ¢ (=) €D IR,
s
hence | Py||1—00 < Ct=9/2 and py(e, ) < Ct=9/2 with constants tracked through hg and A.
(H4) Mixing on finite quotients. For every finite quotient X,
h(X)?
At

| Py — 7|22 < exp ( —c
In the virtually nilpotent case, using '™ °(r) < hg r(@=1/@ and (H2), one gets

A2
NMX)<C(EJ|XWQ

mix —
S

Here ¢,C € (0,00) are universal constants; all dependencies are explicit and tracked via h(T',S), hg,
I'mere aud A as indicated.

What is new conceptually. Three methodological ingredients underlie these results.

o Submodular BV calculus with calibration. Submodularity allows union/gluing without
leakage of constants. We pair this with a discrete calibration/coarea scheme adapted to
the anisotropy g (the support function of the horizontal zonotope Zg =Y, [— X5, X))
to obtain the sharp discrete Wulff bound with asymptotic attainment.

seSy
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T [e3%
TV,
h Epz Eyja
Waulff sampler on Z4 hlo0
(a) Sharp discrete Wulff with asymptotic attainment ~ (8) Quantitative I'-convergence with algebraic rate
(Thm. A). (Thm. B).
1°(r)

— «l% tle) = Ah+o
2 increasing
[V

exact I°

BS(Y) = Pergy(Y) + Shear(Y) bounded ratio via (T7E)

(c) Heisenberg gauge: exact per-edge BV+shear  (p) Bounded 1°/I5, , in large classes; (TF) criterion
identity (Thm. C). (Thm. D).

Fiure 1. Four pillars of the paper: (A) sharp discrete Wulff isoperimetry; (B)
quantitative I'-convergence; (C) constructive neutralization of Heisenberg shear
and exact split; (D) profile ratio bounds via Tempered Folner.

e Quantitative discrete — continuum with rates. The rate proof isolates a purely combinatorial
oblique-counting error quantifying the mismatch between crystalline facet normals and
lattice directions at scale h; this yields algebraic rates and explicit recovery sequences.

o Edge-level shear bookkeeping in Heisenberg. A quadratic gauge g furnishes an exact per-edge
BV +shear identity, so compactness and sharp bounds follow from bookkeeping rather
than additional structure; the remaining unknown is a single shear coefficient, not a
structural gap.

1.3. Organization of the paper. Section 3 develops the submodular BV framework and
proves the sharp discrete Wulff inequality with asymptotic attainment (Theorems 3.25 and 4.1).
Section 5 establishes quantitative I'-convergence with an algebraic rate for crystalline anisotropies
(Theorems 5.7 and 5.16). Section 6 proves a combinatorial L' curl-fitting lemma (bounding
discrete divergences by controlled curls) that underpins the calibration and sampling arguments.
Section 7 introduces the Heisenberg gauge, derives the exact BV +shear decomposition, and
proves compactness and order-sharp bounds (Theorems 7.11 and 7.15 and Corollaries 7.13, 7.12).
Section 9 treats isoperimetric profiles, resolves Gromov’s question in the classes above, and proves
(TF) = bounded ratio (Proposition 9.4, Theorems 9.31 and 9.32). Section 10 records analytic and
probabilistic consequences (Theorem 10.3 and corollaries). Technical tools and extended proofs
are collected in the appendices.

Appendices. Appendix A: from (TF) we construct canonical, scale-calibrated Property A witnesses
with modulus R(e); in the polynomial-growth/Wulff-sampler regime, R(¢) =< e~ 1. This yields
explicit coarse embeddings into Hilbert with compression p(t) > /2 /polylog(t) (in particular
> t1/2 /1og t in the polynomial-growth regime) uniformly on box spaces, with constants Wulff-
coded by the generating set S.
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Appendix B: for the Cayley-Schreier graph X of the right-left action of I' x T on I" (edge nor-
malization) we prove the exact identity Bx:(Y) = Bs(Y) + Bs(Y "), which implies 2 Iy, (1) <
I % (T) < Igdge
assuming S is symmetric so that Tg is even (hence Wulff sets are inversion-symmetric up to lower-order
sampling error), we obtain I3 (r) = 219,,.(r) + o (r(@=1/@Q). Thus the profile-ratio and (TF)
mechanisms are robust: they reflect genuine bi-equivariant geometry of I', not an artifact of a
purely left-invariant boundary. This refines and answers another question of Gromov [Gro08b,
pp. 38-39].

Appendix D: We establish a quantitative Lindenstrauss theorem: in virtually nilpo-
tent groups our Wulff Folner sets admit tempered subsequences with an explicit constant
T < Dy(',8) D,-1 (I, S), yielding pointwise ergodic theorems and weak-type (1, 1) maximal
inequalities with tracked, generator-aware bounds.

(r) + Ar. For Wulff samplers in our (virtually nilpotent/Abelian-base) setting,

1.4. Unified narrative: from near-minimizers to bounded ratios. We see the following
as a unifying mechanism throughout the paper:

(NNM) = (TF) = BRP | (constructively, with tracked constants).

Here (NNM) means a nested near-minimizer family in edge normalization; (TF) is a single
nested, tempered Felner chain near-minimal at every step; and BRP is the bounded ratio
sup, I°(r)/I"™°(r) < co. The implication (NNM)=-(TF) is given by the budgeted interleaving
(Theorem 9.100); (TF)=-BRP is Theorem 9.31. Each technical block supplies (NNM) in a large
class:

o Abelian/Carnot lattices: discrete Wulff calibrations and samplers (Theorems 4.1, 3.25).

e Step-2 Carnot lattices: shear/curl-fit gives an exact rank-1 identity and sharp two-sided
product bounds (Theorem 8.5).

o Semidirects Z¢ x 4 Z: log-height layer-nested sets + ji (v) < log v (Theorems 9.75, 9.81).

e Finite-lamp wreath products: explicit base+ring expansion (tempered steps) + Erschler’s
checkpoints (Theorems 9.39, 9.42, 9.48).

Remark 1.9. For virtually nilpotent groups, BRP itself is already known and follows here by
Walff alone; the step-2 shear/curl-fit is included to produce constructive (NNM)=>(TF) chains with
per-edge control and tracked constants, which we then use for quantitative analytic consequences
(§10, Faber-Krahn, Nash, mixing).

2. PRELIMINARY DEFINITIONS

Remark 2.1 (Standing conventions and normalization). Throughout, (I',S) denotes a finitely
generated group with a fixed finite, symmetric generating set S = S~1, e ¢ S. We write A := ||
and use right-multiplication: neighbors of x are {zs : s € S}. All energy computations use
directed edges. For a finite group quotient X of (T, S) we identify S with its image in X and
view it as a multiset; loops and multiple edges are allowed, and the degree remains A counted
with multiplicity. Loops never contribute to boundaries or to the Dirichlet form. Unless stated
otherwise, isoperimetric profiles are in the vertex normalization; directed-edge versions carry a
subscript “edge” (see Definitions 2.4 and 2.6).

Definition 2.2 (Word metric, balls and spheres). The word length of g € T'is |g|s := min{k :
g € S}, where S®) := {515, : s, € S}and S© := {e}. We also set S=" := |Jj,_, S®.
The word metric is ds(x, y) := |z~ y|s. The ball and sphere of radius r € N about z are

Bs(z,r) :={y €': ds(z,y) <r} =28=" (right-multiplication), Ss(z,r):={y el : ds(z,y) =1}
We abbreviate Bs(r) := Bs(e,r) and Sg(r) := Ss(e, ).
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Definition 2.3 (One-step S-neighborhood of a set). For Y C I' (or Y C X in a finite quotient)
the closed one-step S-neighborhood is

Ns(YV)=YUYS={ys: yeY, seS}uY.
More generally, for k € N, the k-step neighborhood is Nék) (V) := Y S=F (with S=0 = {e} so

(0)( Y) =Y). We regard Ns(-) as a vertex-set operation; multiplicities from & are used only in
edge counts/energies.

Definition 2.4 (Vertex and edge boundaries). For Y C T (or Y C X), the outer vertex boundary is
Os(Y) := Ns(Y)\Y ={zs: z€Y,seS, zs¢ Y}
The directed edge boundary is
Bs(Y) = #{(z,s) €Y xS: as¢ Y},

Bs(Y) = Y |Y\Ys7!| = 3} |

seS seS

Equivalently,

s0 Bs(Y) equals the (multiplicity-weighted) number of undirected cut edges between Y and Y.

Remark 2.5 (Elementary relations). For every Y one has the pointwise comparison

0s(Y)| < Bs(Y) < Alds(Y)].
If S is symmetric then Bs(Y) = Bs(Y?) by (z,s) — (xs,571), and Ns(Y) \ Y = 8s(Y). We
also have 957 (V) = ds(Yt) and ints(Y) = Y\ 937 (Y), where 9g™ (V) :={x €Y : 3s €
S, xs ¢ Y}.
Definition 2.6 (Exact profiles and increasing minorants). We adopt the verfex normalization for

profiles:
I°(r) == inf{|0s(Y)|: Y CT finite, |Y|=r}, I'mere(r) = inf I°(s), r>1.

s>r
Their directed-edge counterparts are
Fager) = inf( Bs(Y): VI =r), () = inf (o).

We extend these from N to [1, 00) as right-continuous step functions and (when convenient) by
piecewise-linear interpolation on each [k, k + 1]. By Remark 2.5,

I°(r) < Igge(r) < AI°(r),  I™°(r) < Lg°(r) < AT™(r).

The vertex Cheeger constant is gy, (S) := infyyc, 1 |0sY|/|Y]; the directed-edge version is
hCh7edge(S) :=inf Bs(Y)/|Y], and hOCh < hchedge < A hCh

Definition 2.7 (Random walk, Laplacian and Dirichlet form). The simple random walk with
step set S has Markov operator

= 2 fs).

The (normalized) Laplacian is £ := I — P, and the continuous-time semigroup is P := e¢~**. On
a finite quotient X the stationary law is uniform 7(z) = | X|~!. The (normalized) Dirichlet form

fi9) = A ZZ xs) ) (g(zs) — g(z)).

T seS
For indicators 17 one has the identity

£y 1y) = %BS(U).
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For U C X (or U C I) the Dirichlet eigenvalue is

e, 1)

1mn .
20 |IflI3
supp(f)CcU 2

We use counting measure for || - ||z on I" and X. On finite X, [|f[3, = |X|7' >, f(x)? so
Rayleigh quotients for £ are identical under (-,-) and (-, ). When working on T, we take f, g
finitely supported (or in £2); in the Dirichlet eigenvalue, the support restriction makes all sums
finite.

MW U) =

Remark 2.8 (Energy for cut indicators and undirected edges). Let BE4(U) := 1> o |sUAU|
denote the undirected edge cut between U and UC (with multiplicity induced by S on finite
quotients). Then

£(1,10) =  BEIU) = § Bs(U).
Thus the Dirichlet energy is interchangeable with either directed or undirected edge cuts under
our normalization. By Remark 2.5, Bs(U) is comparable to |9sU| up to the factor A.

Definition 2.9 (Growth and homogeneous dimension). If (T, S) has polynomial growth, the
homogeneous dimension Q is the exponent for which |Bs(r)| =< 79; in particular on virtually
nilpotent groups @ equals the Bass-Guivarc’h dimension. We use @ only as a parameter in
scale-sharp analytic bounds (Nash, Faber-Krahn, mixing). If T is a uniform lattice in a Carnot
group G, then this @ equals the Carnot homogeneous dimension 3 7%_,; j dim V;.

Remark 2.10 (Wulff constant). The symbol hs denotes the sharp discrete Wulff constant ap-
pearing in the asymptotic (large-volume) isoperimetry for (I, S); its precise construction and
properties are stated in Theorem A. All tracked constants in the analytic consequences (Theo-
rem H) are expressed via hs and A. We emphasize that the vertex Cheeger constant h2, (S) need
not equal hs.

Remark 2.11 (Quotients). All the above definitions carry verbatim to finite group quotients
X of (T',S) by replacing T with X and keeping the same symbol S for the image of the gen-
erating set (viewed as a multiset). If A(z,y) := #{s € S : xs = y} denotes the adjacency
multiplicity in X, then the degree is 3°, A(z,y) = A for all  (counted with multiplicity), and
all boundary/Dirichlet-form quantities are computed with respect to these directed edges. We
regard Ng(+) as a vertex-set operation (multiplicities ignored). Since S = S~ as a multiset, the
random walk is reversible with respect to the uniform law on X (so P is self-adjoint in ¢2).

Standing assumptions. Let G be a Carnot group, i.e. a connected, simply connected, stratified
nilpotent Lie group with graded Lie algebra g = Vi & - - - & V and group dilations (6, ),>¢. Let
Q = Y, j dimV; denote the homogeneous dimension of G. Fix a uniform (co-compact)
lattice I' C G and a symmetric generating set S C I' withe ¢ Sand S = S7L. Set S == S
and write Cay(I",S) for the Cayley graph. Carnot groups are unimodular; left and right Haar
measures coincide. Let y denote (left) Haar measure on G, normalized so that a measurable
fundamental domain F for T satisfies u(F) = 1. We write Vol.(E) := u(E) for Haar volume.
See [AKLDO09] for background on BV and perimeter in Carnot groups.

3. SHARP DiscRETE WULFF INEQUALITY

Nondegeneracy and fundamental domain. We assume that the first-layer directions with
positive weights span V1 (G):

span{ X : a5 > 0} =Vi(G), where X := m(logs) € V1(G).
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Equivalently, the zonotope Y~ ., . as[—Xs, X, has nonempty interior, so the gauge ¢ in (3.1) is
a norm on Vi (G). We also fix a measurable Dirichlet fundamental domain F for T; then u(F) =1
and diamc.(F) < oc.

Working anisotropy (via the Cl/zonoid model). Let log : I' — g be the logarithm in
exponential coordinates and myor : g — Vi(G) the projection. For each s € S, set X, :=
Whor(log S) € Vl(G)

Remark 3.1 (Left vs. right edges in this section). In Section 2 we adopted right-multiplication for
directed edges, i.e. neighbors of = are {zs : s € S} and the directed boundary counts pairs (z, s)
with zs ¢ Y. In this section some discrete sums are written with left--multiplication (e.g. 14(sg))
to align with left Haar invariance in continuum estimates. Since S = S~! and G is unimodular,
the two conventions are equivalent via g — g~ ! and s +» s7!; all constants and statements are

unchanged.

Definition 3.2 (Consistency identity (CI) for anisotropy). Let a; > 0 be weights indexed by
s € S and let X be as above. We say (S, a) is consistent with a convex, even, 1-homogeneous
gauge ¢ on V1(G) if

VEEV(G) s w8 = D as (€ X)) (3.1)

seS

Remark 3.3 (Zonotope representation and polarity). Set the zonotope K := Y s as[—X,, X,] C
Vi(G). Since h{_,, ,;(§) = |(£, v)| and support functions add under Minkowski sums,

S a6 X = hi(§) (€ € Vi(G)).

sES

Thus (3.1) holds iff ¢ = h is the support function of K. Equivalently, the dual gauge ¢° is the
Minkowski functional of K, so the dual unit ball is K and the primal unit ball is K°.

Remark 3.4 (Normalization used throughout; axis case). We keep the directed-edge normalization
for the discrete perimeter, and we encode the corresponding continuum anisotropy by choosing
Weights that are evenly split across undirected pairs:

as = ag1 = 3 for every undirected generator {s,s™'} C S.

With this choice, the gauge appearing in (3.1) is
ms(6) = D [(& X)

vESY

)

where §; C S is any fixed set of undirected representatives. In particular, for the axis stencil on
7% this gives 7(v) = 3%, |uil, so that the continuum Wulff constant equals 2d, matching the
discrete column bound in Theorem A (i). !

Definition 3.5 (Discrete anisotropic perimeter induced by (S,a)). For finite A C T, set

Pers o(A) = Zas Z }lA(sg) - 1A(g)‘.

seS gel

Normalization. We adopt the directed-edge (left) convention throughout. If one prefers undirected
edges, replace Pers , by % Pers , and ¢ by %cp (and hence cwyir by %Cwulﬁ‘); all statements then
remain identical.

Yf one instead takes as = 1 for all directed s, then 7 is multiplied by 2 and so is the continuum constant. We adopt
the split convention to keep constants aligned with the discrete proofs below.
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Remark 3.6 (Symmetry of weights). We assume a5 = a,—1 for all s € S (undirected anisotropy
encoded via directed counting). If a non-symmetric family is given, replacing it by the sym-
metrization ds := (as + a,-1)/2 leaves the gauge in (3.1) unchanged and produces the same
undirected discrete perimeter (up to the factor 1/2 if one switches conventions), so no generality
is lost.

Lemma 3.7 (Bridge to the missing-neighbor perimeter). Let S = S be symmetric and assume
the split normalization a; = a,-1 = % For any finite Y C T,

Persq(Y) = Z ‘{y eY: syé¢ Y}‘ =: Perg;(Y).
seS
Proof- For fixed s, Zg 11y (sg) — 1y (g)| = 2#{y € Y : sy ¢ Y'}. Multiplying by a; = % and
summing over s gives the claim. O

Lemma 3.8 (Edge-to-integral identity (left translation)). Let F' C G be a measurable fundamental
domain for I' ~ G with p(F) = 1. For any finite A C I"'and s € S,

Z‘lA(sg)—lA(g)} = /G‘lAF(Sy)_lAF(y)‘dN(y)'

gerl

Proof- Partition G into |_| gser 9F and change variables y — gy. O

Lemma 3.9 (Directional difference quotient for BV sets (right translation)). Let E C G be a set
of finite horizontal perimeter and X € V;(G). Then

lim ! / 11p(zexp(eX)) — 1g(2)| du(z) = / |VE-X‘d,HQ71.
el € Ja o+ E

Sketch. In a Carnot group one has Ad(z)X = X + 37,5, Z; with Z; € V;. Since the measure-
theoretic normal v is horizontal (vg € V1) and we fix an inner product with V; L i>2 Vis

(v, Ad(2)X) = (vg, X). The claim follows from BV theory in Carnot groups; see [AKLD09,
Thm. 4.16, Thm. 5.2].

Lemma 3.10 (Directional difference quotient (left translation)). Let E C G have finite horizontal
perimeter and X € Vi(G). Then

lim / |Lp(exp(eX) 2) — Lp(2)| du(z) :/ g - X| dHO.
el0 € Jag o*E

Proof. By left invariance of the horizontal fields and of p, the map z + exp(eX) z is a measure-
preserving flow generated by the left-invariant horizontal vector field X. The claim follows from
the Gauss-Green and first-variation formulas for sets of finite horizontal perimeter in Carnot
groups: see Danielli-Garofalo-Nhieu [DGNO07, Thm. 10.1 (integration by parts), Thm. 14.3
(first variation)], and for a BV-level Gauss—Green in stratified groups see Comi-Magnani [CM20,
Thm. 6.7 and Thm. 6.8]; these give; these give

1
lim/’lE(exp(sX)z)lE(z)’d,u:/ lvg - X|dHOL,
0 € Jg OE
For the BV background (rectifiability of 0*E, horizontality of vg, and blow-up to vertical
halfspaces) see Ambrosio-Kleiner-Le Donne [AKLD09, §4-§5]. O

Convention. The measure-theoretic unit normal v is horizontal (vg € V1) and all inner products
vE - X use a fixed inner product on Vi; layers V; (j > 2) are orthogonal to V; in this pairing.

Lemma 3.11 (Tubular neighborhood estimate). There exists C = C(G) such that for every set
E C G of finite horizontal perimeter and every p > 0,

1(N,(OE)) < Cp Per(E).
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Proof. Standard in homogeneous/Carnot groups via coarea and identification of Minkowski con-
tent with horizontal perimeter; see Monti-Serra Cassano [MSCO01, Thm. 5.1 and Thm. 4.2]. For
the BV blow-up to (vertical) halfspaces, see Ambrosio—Kleiner-Le Donne [AKLD09, Thm. 4.16].

O

Lemma 3.12 (First-order transport across higher-layer tails). Let E C G have finite horizontal
perimeter. Suppose g. € G satisfies

logge: = eX + o(e) ing, X € Vi(G),
where the o(¢) term may lie in -, Vj. Then

lim — /}lEg6 —1g(z ‘du :/ }VE-X‘dHQ_l.
el0 € o*E

Proof. Write g. = exp(W:) with W, = X + o(¢) in g, and decompose W, = X + V. with
Ve € @5, Vj and |[|Vz|| = o(e). By the Baker-Campbell-Hausdorft formula there exists R. € G
with log R. = V; + O(e||Vz]|) and

ge = exp(eX) R., dec(e, Re) = o(e).
Set T.(z) := exp(eX) z and S.(2) := R.z. Then
1
8/ 11£(g:2) — 1p(2)| dp < - /\1ETz)—1E )| dp+ = /\1ETSZ)—1E (T.2)| dp.
G

The first term converges by Lemma 3.10 to [, . [vg - X|dH9~!. For the second term, change
variables y = T.z and use left invariance:

Q

i/!lE(Say)—lE(y)\ du(y) = %u(EASglE) < %u(chcc(e,sE)(aE)) < — decle, Se) Per(E) = o(1)

where we used the tubular estimate Lemma 3.11. A symmetric estimate from below (swap the

roles of g. and exp(e X)) gives the matching lower bound, hence the limit is exactly [,. , [vg -
X|dHe . O

Remark 3.13 (Size of the BCH tail). For s € T, logd.(s) = X5 + O(¢?) in g, s0 g- = 5:(s)
satisfies Lemma 3.12. Note dcc(e, 6-(s) exp(—£X;)) = O(¢) in general; Lemma 3.12 avoids any
metric O(¢?) assumption and works directly in g.

Lemma 3.14 (Rescaling identity for the discrete perimeter). For r > 0, set e := 1/r, A, =
' 6,(E), Uy := A, F, and V. := 6.(U,). Then

Pers oA, _rQZas/»lvg 2) = 1v.(2)| du(2)
SES

Proof. By Lemma 3.8, Pers o(A;) = >, as u(U,As7'U,). Apply 6. and use that &, is an auto-
morphism with u(6:(-)) = e9pu(-), obtaining pu(V2AS-(s71)V.). We used pu(VoAS(s71)Vz) =
J 11v.(y) — 1v.(6-(s)y)| du(y) via the change y — d.(s)y, yielding the displayed formula. [

Lemma 3.15 (Phase averaging identity). For any measurable B C Gand s € S,

/GF S 15 (sgt) — 15(gt)| dp(t) = /G}13<sy>13<y>!du<y>

gel
Consequently, for B = §,(E),
/ Pers , (A Z as/ ‘15 y(5y) — 15,(m)( ‘ )| du(y
teF €S

where A" ={gel': gted(F)}
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Proof. Partition G as | | cp gF and integrate in the phase ¢ € I™:

/tEF

The weighted version follows by linearity in s with weights a,. O

> [1s(sgt)~15(gt)| du(t) =Z/F\1B(sy)—13(y)|du(y) =/G|13(8y)—13(y)\du(y)-

gel ger”9

Lemma 3.16 (Phase stability for counts). Let E C G have finite horizontal perimeter, 7 > 1, and
A, :=TnN6.(E). Fort € Fset AAY .= {geT': gt € 6,(E)}. There exists C = C(G, F, E) such
that for all ¢, ¢/ € F,

|AD A AP < 0rQL,

In particular, 14D - |Ar|| < Cr@ 1 forall t € F.

Proof. Let D := diam(F). If g € AYAAY) then one of the points gt, gt’ lies in §,(E) and
the other does not, hence min{d..(gt, 36, (F)), dec(gt’, 36, (E))} < D. Therefore gF intersects
Np(86,(E)). If gF 1 Np(96,(E)) # 2. then gF C Np s dame.(r) (00, (E)). Since {gF : g € T}
tiles G and each gF has measure 1, the number of such g is < #(Npdiame.(#)(99,(E))). By
Lemma 3.11, (N p 4 diam,. () (80, (E))) = O(r®~1), which gives the claim. O

Lemma 3.17 (Tile approximation via the fundamental domain). Let E C G be a set of finite
horizontal perimeter and F' C G a measurable fundamental domain for I' with x(F) = 1 and
bounded diam.(F). For A, :=T N6, (E) and U, := A, F one has

M(Ur A 5T(E)) < Cr@ 1 r>1,
where C depends on E, F' and G only through Per(E) and diam.(F'). Equivalently,
w(61/,(Ur) AE) = o (r — 00).

Idea. A tile gF contributes to the symmetric difference only if gF intersects both 6, (E) and its
complement. Such tiles lie inside a tubular neighborhood of 86, (E) of width < diamc.(F'). By
Lemma 3.11, the measure of this tube is O(r@~1). O

Proposition 3.18 (Compactness and lim inf up to left translations). Let G be a Carnot group
of homogeneous dimension @, I' < G a uniform lattice with fundamental domain F' of Haar
measure 1, and let S and {a;} satisfy (3.1) for the gauge ¢ on V4 (G). For any sequence of finite
sets Y, C I with Y| — oo, set 7y, == |Y3|/Q, Uy, := Y3, F, and V}, := 61/r, (Uk). Then there exist
left translations zj, € G and a measurable E C G with Vol (E) = 1 such that, along a subsequence,

1Zkvk — 1g in Llloc(G)

and
_Q-1
liminf |Yi| @ Persq(Yy) > Pery,(E).
k—ro00

Proof sketch. Set &, := rk_l. By Lemma 3.14,
_ Q-1 1
Yl Persa(V) = Y = [ |14 (0(92) = 10,2 du(o).
seES

Choose z, so that the translates Vj, := 2. Vy, are tight (e.g. maximize mass in a fixed ball); by BV
compactness, a subsequence 1y —1pin Ll with Vol¢(E) = 1. Changing variables w = z;,z

and using left invariance of 4,

L [ 11 6002~ 1@l ) = = [ 15, e 015 ) — 1, 0] ).
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Since z exp(W)z~! = exp(Ad(z ) W) and Ad(z) fixes the Vi -component (adding only higher-layer
terms), we have log (zké (s)z; ') = ex X5 + o(ex) with X € V. Apply Lemma 3.12 and lower
semicontinuity under L}

L. convergence to get
-1
hgggf é‘k/‘l (2102, (8)z;, t w) — 1‘7k(w))du(w) > /8*E|VE-XS|d”HQ .
Summing in s with weights as and invoking (3.1) gives the claim. O

Proposition 3.19 (Verification principle under (CI)). Assume (S, a) satisfies (3.1). Let E C G
have finite Haar measure and finite horizontal perimeter and set A, := ' N §,(E).

(i) (Fixed sampler, lim inf bound)

lim inf 7Per3’a (4r)

im in o1 > Per,(E).

(ii) (Phase-shifted samplers, exact limit) There exists a choice of phases ¢, € F such that

_ Perg (Al 1AM
lim o = Perg(B),  lim =5

where A" == {geT: gt € 6,(E)}.
Proof. Sete :=1/r, U, := A, F, V. := 6.(U,). By Lemma 3.14,

Persalh) 5™ 0 L [ h66)2) - 1) e

seS
By Lemma 3.17, u(V.AE) = O(¢), hence 1y, — 1p in L'. Using log 0. (s) = X, + O(e?) and
applying Lemma 3.12 with lower semicontinuity for L!-convergent BV sequences, we obtain
1
lim inf /}1‘/5 (s)2) = Ly.(2)|dp > / lvg - X dHOL.
el0 o*E

Summing in s with weights a5 and using (3.1) yields (i).
For (ii), averaging in ¢ € F and applying Lemma 3.15 gives

/teF — g dult) =) as - / L5, () () = 15,2 (v) | duy

seS

= Vol.(F),

Rewrite via y = 87 /.2, use log d.(s) = e X, + O(¢?), and apply Lemmata 3.10, 3.12 to obtain
that the average converges to Per,,(E). Hence there exists a phase ¢, with Per‘g,a(A,(ﬂtT)) Jr@1
Per,(E). Finally, by Lemma 3.16 and Lemma 3.17, for all ¢ € F we have | 1AD |~ | A, | | =09
and |A,| = r9u(E) + O(r9~1); hence | A" |/rQ = u(E). O

Definition 3.20 (Continuum sharp constant). The continuum anisotropic isoperimetric constant
associated with ¢ is

P FE
LQ)_I : F C G measurable, 0 < Vol.(E) < OO}‘

Vol.(F) @

Remark 3.21 (Step 1 identification with the classical Wulff formula). If G = R? (step 1), the
continuum Wulff theorem yields that the infimum in Definition 3.20 is attained by the Euclidean
Waulff body W, = {n € R?: ¢°(n) < 1} and

_ Per,(W,)
Cwulff = W

CWulff = inf{

In higher-step Carnot groups an explicit minimizer is generally unknown; our discrete arguments
use only the optimal constant ¢y from Definition 3.20. For the Euclidean anisotropic case, see
Taylor [Tay78, Thm. 1.1].
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Definition 3.22 (Directed S-perimeter on a Cayley graph). Let S be a symmetric generating set
of a countable group I' (so s € S = s~ € S). For a finite Y C T define the directed S-perimeter

Perg (Y) = Z HyeY:sy¢v}
seS

(Each missing neighbor in direction s counts once; for the undirected boundary, see Remark 3.23

below.)

Remark 3.23 (Undirected boundary). If instead one defines Per§!(Y) to count each unordered
edge once, all statements remain valid with constants halved. In particular, in parts (i) and (iii) the
number 2d should be replaced by d, and the lower bounds in the proofs lose the factor 2 coming
from Lemma 3.30.

Lemma 3.24 (Right-translation invariance under the left-edge convention). For any finite Y C T
and any h € T, one has Perg 1 (Yh) = Perg(Y).

Proof {y € Yh: sy ¢ Yh} = {yh: syh ¢ Yh};left multiplication by s and right multiplication
by h commute in counting, so the cardinality is preserved for each s and summing gives the
claim. O

Theorem 3.25 (Asymptotically sharp discrete Wulff principle). Assume (S, a) satisfies (3.1) on a
Carnot group G of homogeneous dimension Q. Then for every E C G with 0 < Vol(E) < oo
and Per,(E) < oo, there exist phases ¢, € F such that

_ Pers (A Per,(E)
Jim, (ta) o = e (3.2)
|Ay | e Vol.(E) @
Consequently,
. o . Pers (A)
C%\llsuclff = hnrggéf | fllTéfF # = Cwulff-
Al=n

disc

Proof. The first display is Proposition 3.19(ii). For the constants, Proposition 3.18 gives {6 >
cwui (liminf bound), while the sampler construction in Proposition 3.19(ii) gives c{is < cwuis
(limsup via samplers). Hence equality. O

Corollary 3.26 (Euclidean/step 1 case). If G = R? (step 1), then (3.2) with E = W,, yields

_ Pers (A")) . Per,(W,,)
lim ——5—" = cwus with ewur = ——— 2.
r—r00 |A£tr)‘QQ1 |W,,|(d=1)/d

Remark 3.27 (Abelian case T' = Z9). If G = R? (step 1), Q = d, and I = Z%, an axis-aligned
anisotropy ¢(&) = % w; |&] is realized under the directed-edge convention by choosing weights

ate, = % (and a; = 0 otherwise), so that (3.1) holds exactly. Then W, = T, [—w;, wi] and
cwuit is explicit [Tay78].

In particular, for w; = 1 this choice yields 7(v) = ", |vs] and ewur = 2d.

Proposition 3.28 (Scaled limit via dense samplers). Let D > 2 denote the ambient homogeneous
dimension (e.g. D = @ in the Carnot setting) and f(n) := inf{Perg 1(Y): Y C I, [Y| =n}.
Suppose there exists a sequence my — oo such that

D—1 D—1

f(mg) < (c+o0(1))m,? and myp —my = O(m, P ).

Then

D—-1
lim n= D f(n) = c
n—oo
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Remark 3.29. In our applications the sequence (my,) is provided by discrete Wulff approximants
(“samplers”), which satisfy mg1 — my =< m,(CD_l)/ D and achieve ¢ = ey (Theorem 3.25 and

its Abelian specialization). In the ambient (virtually nilpotent/Carnot) setting one also has the
uniform upper bound f(t) < 75" for large t by the Wulff upper construction.

Proof- Subadditivity: choose Y; with |Y;| = n; and Perg 1 (Y;) < f(n;) + ¢; right-translate one of

them far in the Cayley graph so that their edge boundaries do not interact, then Perg ; (Y1 UY3) <

Perg1(Y1) 4+ Perg1(Y2). Taking infima and letting e | 0 gives f(n; + ng) < f(n1) + f(n2).
For the limit: let n be large and choose k with mj, < n < mj 1. Subadditivity yields

f(n) < fmg) + f(n—mg).

D-1

By hypothesis, n — my < my1 —my = O(m, P ) = O(n%) Using f(t) < 75" for these
intermediate sizes,

f(n) < f(mk)(n;;k)DDl_‘_ f(n—myg) (n—mk)DDl < (c+0(1))+0(n*%),

D—-1 — D—-1 D—-1
n

n D m,. P (n—my) D
Thus limsup,,_, ., n~P~V/P f(n) < ¢, and the liminf assumption gives the limit. O

Lemma 3.30 (Column-counting for the directed boundary). Let Sax = {*e1,...,+eq} and
Y C Z% finite. For each i let 7; : Z% — Z~! delete the i-th coordinate. Then

d
Pers, 1(Y) > 2 |mi(Y)].
i=1

Proof. Fix i and u € Z%~'. The i-column C;,, = {(t,u) : t € Z} meets Y in a finite union of
disjoint integer intervals. Each such interval contributes exactly one missing +¢;-neighbor and
one missing —e;-neighbor in that column, hence at least 2 - 14¢, , Ay gy directed boundary edges
in the +e; directions. Summing over u and then ¢ gives the claim. O

Lemma 3.31 (Discrete Loomis—Whitney). For any finite Y C Z¢,

d
Yt < [T im@)l.
i=1

Proof. For each i and u € Z371 let C;,, := {(t,u) : t € Z} be the i~th column and m;,, :=
#(Y N C; ) its occupancy. Then |Y| = Y, m;, and |m(Y)| = #{u : m;, > 1}. Applying
Holder to the indicator families {1y,,, ,>13} overi =1,...,d yields V1 < TIL, |ma(Y)], see
Bollobas-Thomason [BT95, Thm. 1] for a direct combinatorial proof. O
Lemma 3.32 (Unimodular change of basis preserves the directed perimeter). Let B € GL(d, Z)
with columns by, . ..,bg and set T := B~ 1. For
S:{ﬂ:bl,...,ibd}, SaX:{:I:el,...,:I:ed},
the map 7' : Z¢ — Z% is a graph isomorphism Cay(Z%, S) — Cay(Z, Sax), and
Perg (Y) = Pers, 1(TY)  forall finite Y C Z%.

Proof. T is a group automorphism sending each S-edge y <+ y +b; to an Sux-edge Ty <> Ty *e;.
Missing neighbors are preserved bijectively, hence the directed boundary is preserved. O

Lemma 3.33 (Fiber-permutation inequality). Let 7 : I' — Z? be surjective with finite normal
kernel K, and let Sy C S map bijectively to {+e;}L,. For a finite Y C T, write f(u) =
Y N7~ (u)| and By := {u € Z¢: 4(u) >t} for t € [0,m), where m = |K|. Then

d m
> S v = tvlo)] = 3 [ 0Bl
=1

seSy gel
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Equality holds when Y is fiber-saturated: Y = w~1(E) for some E C Z.

Idea. Fix i and consider pairs of base neighbors (u,u + ;). For each fiber position k € K,
the contribution of edges parallel to e; at level % is at least |1 ) (u + €;) — 15k (u)|, where
E® = {u: (u,k) € Y}. Summing over k and integrating the layer-cake 1., yields the
right-hand side. Rearranging within each fiber cannot decrease the left side; the minimum is
attained by fiber-saturated sets, where the identity becomes exact. O

3.1. Proof of Theorem A .
Proof of Theorem A (i). For Syx, Lemmas 3.30 and 3.31 imply

d d 1/d _
Perg, 1(Y) = 23 [m(V)| = 2a([]Im(M)1) " = 2a)v| 5"
=1

=1

To identify the continuum constant, note that for 7(v) = 32% | |v;] the Wulff shape is the cube
W = [~1, 1]% and the Minkowski integral formula yields

P(W) = / T(W)dHTY = d|W| = d- 29,
ow

hence ey = Pr(W)/[W|(4=1/4 = 24. By the bridge Lemma 3.7, the discrete functional here
coincides with Perg , for the split weights, so the constants are aligned. For a unimodular basis
stencil S = {+b1,...,+by} with B =[by --- bs] € GL(d,Z), the map T = B~! € GL(d,Z) is
a graph isomorphism from (Z4, S) to (Z%, Sax), so Perg1(Y) = Perg, 1(TY) and |TY| = |Y].
Applying the axis case to T'Y gives the claim for any unimodular basis. O

Remark 3.34 (Value of ey for the axis stencil). For 7(v) = S°0, |vi| the Wulff body is
W = [-1,1]%, hence Per, (W) = [,,,, 7(v) dH*! = d2¢ and |W| = 2¢. Therefore cyugr =
Per, (W) /|W|(@=1/d = 24, matching the discrete bound.

Proof of Theorem A (ii). Let (Yx) be any sequence with |Y;| — oo and set 1y, := [V3,|'/%. By the
bridge Lemma 3.7, Perg1(Y)) = Pers o(Y)) for the split weights. Apply Proposition 3.18 to
obtain, along a subsequence, a set E C G with Vol.(E) = 1 such that (up to right translations of
Y%, which preserve Perg ; by Lemma 3.24)

_Q-1
liminf |Y;| @ Pergi(Yy) > Per,(E).
k—00

By the continuum anisotropic isoperimetric inequality on G, Per, (E) > cwug. Therefore
lim inf [V|~(@=1/Q Perg 1 (V) > cwur, i-e. hs > cwus- The matching upper bound hg < ey
follows from Theorem 3.25 (bridge again). Hence hs = cwuis- O

Assumption for (iii). Let 7 : I' — Z% be surjective with finite normal kernel K of size m. Assume
the symmetric generating set S decomposes as

S = So U Svert,

where Sy C S maps bijectively to a unimodular basis {+e;}¢_; of Z<, and
Syert : = SNK

is a (nonempty) symmetric generating set of the kernel K.

Lemma 3.35 (Uniform vertical Cheeger bound on the kernel). Let kx > 0 denote the directed
Cheeger constant of the finite Cayley graph Cay (K, Syert),

: ‘ a;vert B ’
o#pek min{|B|, [K\ B}’

KK =
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Then for every finite Y C T, if we write the fiber occupancy over u € Z4as £(u) := |Y N7~ (u)| €
{0,1,...,m}, we have

S Y v(sg) —1v(9)] = kx>, min{l(u), m — L(u)}.
s€Svert g€l ucZd

Proof. Because K = ker m is normal and Syery C K, for each u the restriction of left multiplication
by Syert to the fiber 771 (u) is (via 771 (u) = K) exactly the Cayley graph Cay (K, Syert). Hence,
for each u,

Z Z 11y (sg) — 1y (9)| > kg min{]Y na~'(u)|, m — Y Nnx~ " (u)|}.

$E€Svert gem—1(u)

Summing over u yields the claim. O

Lemma 3.36 (Horizontal deficit controlled by partial columns). Let a € (0,1) and m € N. For
any function £ : Z% — {0, 1,...,m} with total mass S := >__ £(u), define

E;:={u: l(u) > t}, ap = |Ey| fort € [k,k+1), k=0,...,m—1,

and the partiality functional

P(6) == Y min{l(u), m — £(u)}.

uezZd
Let E = [S/m]andr =S — Em € {0,1,...,m — 1}. Then
m—1
Y ap = r(E+ 1)+ (m—r)E* — (E+1)" - E*)P(0). (3.3)
k=0

Proof. Let (ag)";' be the nonincreasing sequence ay, := |Ey| for t € [k, k + 1), and let G, be its
equalized version: a, = E+ 1fork <randay = Efork >r. Then Y, ar, =, ar = S and
(ax) majorizes (ag) (every initial partial sum of @ dominates that of a). Since z — 2 is concave
on [0, 00), Karamata’s inequality gives

m—1 m—1
dap < Y ag = r(E+ 1)+ (m—r)E*
k=0 k=0

We now quantify the deficit by counting how many unit masses must cross the threshold between
FE and F + 1 to obtain a from a. Define

m—1
5= (ar—ar)r < Y min{l(u),m—Lu)} = P(0),
k=0 u€Zd

where the inequality follows from the layer-cake representation of ¢ and the fact that each unit of
partiality reduces the count of superlevel sets at most by 1 at a single level. Each time one unit is
moved from level E + 1 to level E, the quantity >, a$ decreases by at most (E + 1)* — E“ (by

the mean value theorem and concavity). Therefore

m—1

S af > 1B+ (m—r)E* — (B+1)°—E®) 6 > r(E+1)2+(m—r)E® — (B+1)°—E) P(0),
k=0

which is (3.3). O

Proof of Theorem A (iii). Strategy. We split Perg; into horizontal and vertical parts. Horizontally,
a fiber-permutation inequality and a layer-cake representation reduce the problem to the Abelian
Wulff bound on Z? for the superlevel sets E;. Vertically, a Cheeger inequality on the kernel
controls the cost of partially filled fibers via the functional P(¢). A quantitative “horizontal
deficit” estimate (Lemma 3.36) bounds how far one is from fiber saturation. Combining the two



23

components and optimizing yields the sharp constant 2d m/?, with upper bound realized by
fiber-saturated lifts.

Let 7 : I' — Z? be surjective with finite normal kernel & of size m, and assume S = So U Syert
as above with Syer¢ generating K.

Layer-cake on the base and Abelian Wulf]. As before set £(u) := |Y N7~ (u)|, By := {£ > t},
ay := |Ey| for t € [k, k + 1). By the fiber-permutation inequality (Lemma 3.33) and the Abelian
Waulff inequality on 7

d m m—1
Z Z 11y (sg) — 1y (g)| > Z/ O sey Er| dt > 2d Z ay, =491
i=1"0 k=0

SESy geT

gﬂ‘

Vertical penalty. By Lemma 3.35,
> D v(sg) — 1v(9)] = ke P,  P0):=)_ min{l(u),m — £(u)}.
SGSvert QEF u
Combine and optimize. Let S = > l(u) =|Y|, E = [S/m|,r =S — Em. By Lemma 3.36,

m—1
Y af = r(E+ 1)+ (m—1)E* — (E+1)*—E*)P(0).
k=0

Therefore
Perg (V) 2 2d[r(E +1)" + (m —1)E%] + (ki — 24((E +1)* = E%)) P(0).

Since v — 1= -1 <0, (E+1)* — E* = 0as |Y| — oo. Hence there exists No = No(d, k) so
that for Y| > Ny the bracket is nonnegative and we can drop the P(¢) term:
Perg (Y) > 2d[r(E+ 1)+ (m —r)EY].
A standard binomial estimate yields
r(E+1)%+(m—r)E* = m'"*S* + O(E*™!) = mt/d ]Y]% + o <\Y\%l> :
Thus
Perg1(Y)

lim inf i
Y| =00 ‘Y‘ d

> 2dm'/1,

Sharpness (matching upper bound). If E C Z¢ is a near-minimizer for the Abelian discrete
Waulff problem (Theorem 3.25), then its fiber-saturated lift Y := 7='(E) has |Y| = m|E| and
Perg1(Y) = m [Ofte, ) E| ~ 2dm |E|“T = 2dm!/4|Y|“T . (Here horizontal edges replicate m-
fold across fibers, while vertical edges vanish for fiber-saturated lifts.) Therefore hg = 2dm!/4. O

Remark 3.37 (Necessity of a vertical generating subset in S). If SN K = @ (no kernel edges
are counted), the vertical penalty is absent and one can spread mass thinly across many fibers
to force [ |E;|*dt < |Y|*, leading only to the lower bound Perg 1(Y) 2 2d|Y|*. Thus the
sharp constant 2d m!/¢

Svert C K as above.

generally requires that S contain a kernel-generating symmetric subset

Corollary 3.38 (Existence of the full limit for hg in Theorem A ). In each of the cases (i)-(ii),
and in (iii) under the assumption on Syert, one has

lim n~ D inf{Perg1(Y): |Y|=n} = cwus-
n— o0

Proof. By Theorem 3.25 (and its Abelian specialization), there exists a sampler subsequence my, with

f(my) < (ewag +o(1)) m,(fol)/D and my1 —mg = O(m,(CDfl)/D). Apply Proposition 3.28. 0
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Remark 3.39 (Discrete vs. continuum constants in the virtually Abelian case). Here the asymptotic
cone is (G, ) = (R%, Tux), 50 cwut = 2d. The discrete asymptotic constant for S = Sy U Syert
is instead hg = 2dm'/¢ (Theorem A(iii)), because |Y'| counts all m elements in each fiber while
horizontal edges replicate m~-fold. Thus the m/4 factor is a discrete multiplicity effect, not a
change of the continuum gauge.

Proposition 3.40 (Periodic discrete calibration suffices). Let S C Z¢ be symmetric. Suppose
there exist rational weights {as}scs and a Z4-periodic divergence-free flow ¢ on directed edges
with ¢(e) € [0, as] on each directed edge e parallel to s, such that for a.e. unit normal v the
support function h(v) = > g s (V- 5)4 equals the anisotropy 7(v) of interest. Then the discrete
isoperimetric constant equals the corresponding continuum Wulff constant: hg = cwu (7).

Proof sketch. Max-flow/min-cut duality on the periodic torus yields optimal cuts matching h(v) in
the continuum limit. Because the coefficients are rational, there is a period Q with Qo € N; solve
the torus max-flow with unit capacities repeated Qo times in each s-direction, then average
and lift to Z%. This gives a discrete calibration whose I'-limit is the anisotropic perimeter with
integrand 7, hence hg = ewwg (7). O

4. APPLICATIONS OF THE DISCRETE WULFF PRINCIPLE AND ABELIAN Base BouNDs

Standing conventions. We import the definitions and normalizations from §3 (CI (3.1), boundary
notions, etc.), but the arguments in this section do not use the CI framework itself. We assume
r1 = rank(Tap/tors) > 1. As in §2 we use right multiplication on I': neighbors of y are
{ys: s € 8}, and

Bs(Y)=Y #{yeY:ys¢Y}, A:=IS]
SES

On the Abelian base A ~ Z" we use additive notation u + v.
Multiplicity vs. direction. We distinguish between:

St =1{s€S: map(s) #e}t CS (the multiset of horizontal lifts in T),
and

Shor C A (the ser of distinct base directions in A, symmetric, with e removed).

r

Combinatorial edge counts on I use S, ; the base anisotropy and base edge counts use Sy,

Scope and limitations. The results below give sharp lower bounds for the horizontal component and
then use Bs(Y) > Bgr (Y) to bound the full perimeter. When vertical generators are present,
hor

the vertical contribution may be of the same order; our bounds are sharp for the horizontal part
and provide a base-component contribution to the total perimeter.

Independent combinatorial lower bound via the Abelian base. We record a self-contained
lower bound on the Abelianization using the zonotope anisotropy on the base; it is logically
independent of the CI framework in §3.

Abelian base and its anisotropy (directed). Normalization note. On the base anisotropy we
use unit weights on each element of the ser Sy, of distinct directions; in particular, both +v are
present, so the base gauge
Thor(§) = Z (€, )|
VE€Shor
is twice the split-pair gauge from Remark 3.4. All base constants below use this directed normal-
ization.
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Let A := Tp/ tors = Z" with projection 7, : I' = A and induced anisotropy set S, C A.
Define the zonotope
Koy i= Z [~v,v] C R™,
’Ueﬁhor
so that Ty, = h,,,; since Sy, spans R™, K}, has nonempty interior and its polar unit ball is
Whor = Khor-
Theorem 4.1 (Sharp discrete Wulff on the Abelian base). There is a constant
Per,, . (Wh
Cab(Shor) = %1?)
|Whor’

(depending only on S},,) such that for every finite E C A = Z™,

1

r1—1

n--
Bﬁhor (E) 2 Cab(ﬁhor) |E’ o
Moreover, for E, := pWyor N Z"™ one has |E,| < p™ and

. BS or (Ep)
plggo — = = Cab(Shor)-
|Ep|

Proof sketch. Since myor = hi,,,, the polar gauge is the Minkowski functional of K, hence
Whor = Kpor. If Spor = {&v1,...,%vy}, then By, (E) = 200 By, 1 (E). A discrete-
continuum flux comparison across unit faces yields

r1—1
Bs, (E) = / Thor (V) dH™ 1 + O<\E\1”>’
o o (E+[0,1)"1)

see [Tay78], [Bra02, Ch. 7], [AC04, Thm. 3.3; Thm. 4.1], [BC07, Sec. 2.2, Sec. 3]. The contin-
uum Waulft inequality gives the lower bound; sharpness follows by taking E, = pWhor N Z"™ and
standard lattice-point asymptotics.

Remark 4.2 (Heisenberg horizontal constant (directed edges)). For Sy, = {Fe1, fea} C Z2,
Thor(§) = 2(1&1] +1&l), () = 3lnlloo,

so W = [—2,2]2, H (OW) = 16, Per,, (W) = 2-16 = 32, |[W| = 16, hence c,;, = 32/16'/2 = 8.
(For the undirected convention this value is halved.)

Definition 4.3 (Vertex and directed edge boundaries on I'). For Y C T finite and symmetric S,

Os(Y)i= (YS)\Y,  Bs(V)= Y #{ye¥: ysg Y}

seS
Thus |0s(Y)| < Bs(Y) < A|9s(Y)] (cf. Remark 2.5).
Lemma 4.4 (Vertex-edge comparison). For every finite Y C I' and symmetric S,
0s(Y)| < Bs(Y) < A9s(Y)].
Lemma 4.5 (Layer-cake identity for integer heights, arbitrary steps). Let £ : Z¢ — {0,1,...,m}
and set By := {¢ >t} = {u € Z%: £(u) > |t| + 1}. Then for every v € Z,

Z ‘€(u+v) —E(u)‘ = /Om B{iv}(Et) dt.

uezd
Proof. Write [£(u +v) — £(u)] = [o" [1ge(urv)>t} — L{e()>3] dt and sum over w.
Lemma 4.6 (Elementary symmetric-difference bound on Z). For finite A, B C Z and t € Z,
[AA(B +1)] = [|A] - |BI|.
Proof [AA(B + )] = || + |B| — 2|41 (B + 8)] > |A| + |B| - 2min(| A, | B]) = ||A] - |B|.
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Lemma 4.7 (Projection-sum domination). Let ¢ : T — U be a surjection between finite sets and
letay; > 0fort € T, u = ¢(t). Then

TS SIS TS 93
teT uelU uelU

for any choice of nonnegative b, < ay for all t € ¢~ (u).
4.1. Track C: Central Z-extension.

Standing Assumptions 4.1. Assume a central extension

1 — (=27 — T % 4 — 1,
and fix a set-theoretic section o : A — I. Thusevery g € T can be written uniquely as g = o(u) c"
with (u,h) € A x Z. All dependence on the choice of o appears via explicit offsets; the final
inequalities are section-independent. This track covers key examples such as the integer Heisenberg

group H(Z) and, more generally, step-two nilpotent lattices with center isomorphic to Z.

Definition 4.8 (Column symmetrization on A x Z). Identify I setwise with A x Z via o. For
Y C A x Z, write the column I, := {h € Z : (u,h) € Y} and its height ¢(u) := |I,,|. Define
Y = {(u,h): 1 < h<{(u)}.

Horizontal subset of generators. Recall
St ={s€S: m(s) #e}, Spor C A the set of distinct base directions.

Several distinct s € SI_ may share the same v = m,,(s) € Sy,,; we only use this through
nonnegativity of summands and Lemma 4.7.

Lemma 4.9 (Horizontal edge count with explicit offsets). Let w : A x A — Z be the cocycle
determined by o via

o(uw)o() = o(u+v)®)  (u,0e A).
For each s € S| write v := 71,(5) € Spoy and s = o(v) () with k(s) € Z. Define
0,(u) = r(s)+w(wv)  (ucA)
Then, for every finite Y C T,
ST v(e9) — 1v(9)] = Y| Tu A (Tugo + 05(w)) |,

gel ucA
where T4y + 05(u) := {h+ 0s(u) : h € L1y}

Proposition 4.10 (Column symmetrization with offsets does not increase the horizontal bound-
ary). Let Y C T be finite and Y* := {(u,h) : 1 < h < £(u)} its column symmetrization.
Then

BSF (Y) = Z Z‘IUA(Iu+7Tab(S)+95(U))‘

hor

565}1:01 u€A

> > Y il = Hugnys)l]  (by Lemma 4.6)
Sesll:or u€A

> > > |Hul = Tugol|  (by Lemma 4.7)
veﬁhor u€A

= > Y |LALs| = Bs, (V)
Ueﬁhor ucA

which is the definition of Bg, _(Y”), since in Y’ each column is the contiguous interval [1, £(u)].
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Corollary 4.11 (Direct-product case). If I'= A x Z (so w = 0 and 6, = x(s)), then for all finite
Y CT,

Bs, (Y") < Bgr (Y).
Proposition 4.12 (Lower bound by slicing and symmetrization). For every finite Y C T,

1
0sY] =2 T Bs(Y) =2 { Bgr (V) 2 Zthor(Yb)-

Writing the column heights as £ : A — NU {0}, one has

Bs, (Y’) = Z Z\Avau)\ = /0 Oothor({£>t})dt,

VES},, UEA

where the integrand vanishes for ¢ > max (. Therefore, by Theorem 4.1,

r—-1
™1 dt.

4.2. Track F: Finite-kernel projection.

Standing Assumptions 4.2. Assume 7 : I' — Z< is a surjective homomorphism with finite
kernel K (|K| = m). Let V C Z9 be a finite symmetric generating set contained in 7(S) and
choose Sy C S mapping bijectively to V.

Lemma 4.13 (Fiber-permutation lower bound (finite kernel)). For Y C I finite and u € Z4, set
l(u) ==Y N7~ (u)] € {0,1,...,m}. Then for every s € Sy with 7(s) = v and every u,

Y vlgs) = 1v(9)] = [6(u+v) - £(u)

gem—1(u)

)

hence, summing in u and s € S,
S Y vl - vl = 3D [Avw)].
s€Sy gel’ vEV uezd

Proposition 4.14 (Finite-kernel slicing bound). With the standing assumptions of Subsection
4.2, for every finite Y C T,

1 1
0sY| > EBS(Y) =N Z Z‘lY(QS) — 1y (9)|-
s€Sy gel
Therefore, using Lemma 4.13 and Lemma 4.5,

|0sY| > i/ By ({¢ > t})dt > Q”ZA(V)/ \{E>t}]%ldt,
0 0

where c,, (V) is the Wulff constant associated with the anisotropy /(&) = 3,/ [(€, v)| on R%.

Remark. The two tracks are logically disjoint: results in Subsection 4.1 assume a central Z-
extension and do not use finite-kernel lemmas; results in Subsection 4.2 assume a finite kernel
and do not use column symmetrization with offsets. In applications one typically takes d = ry
and 7 = 7., (finite kernel = tors).
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5. QUANTITATIVE ['-CONVERGENCE

Discretization on a grid. We work in the Abelian model G = R4 with lattice T' = Z%. Fix a
mesh size h > 0 and write Z¢ := hZ? C R% Our goal is to approximate the anisotropic total
variation

TVo(xe) = | plvg) dmt!

by a graph-cut on Z¢ consistent with the anisotropy . Throughout, | - | denotes the Euclidean
norm on R%. We use T'V,,(xg) and Per,(E) interchangeably in RY, since TV,,(xg) = Per,(E)
for sets of finite perimeter; see [AFP00, Thm. 3.59].

Remark 5.1 (Normalization for this section). We work on the Euclidean grid with undirected edges.
Energies are counted once per grid face and scaled by h¢~1. If E}"4 denotes the undirected-edge
energy and E the directed-edge version (counting both orientations), then
E;llnd = %E}dlir7 TVSOund - TVl dir*
3¢

This reflects that each undirected face corresponds to two opposite directed edges; the linear
rescaling leaves I'-limits unchanged.

Setup: edges, weights, and jumps (orthotropic case). Let ey, .. ., eq be the canonical basis of
R? and define the (undirected) nearest-neighbour edge set

En = {{x,x—i—hei} s x ezl z':l,...,d}.

We first consider the orthotropic case
d
e(&) = D wilsl,  wi>0,
i—1

and assign to each edge e = {z, 2 + he;} € &), the weight w, := w; = ¢(e;). Given Ay C /3
with finite edge boundary, write x4, for its indicator and define the edgewise jump (across
e ={z,z + he;}) by

}VXA,J(B) = ‘XAh(x + he;i) — XAh(w)} € {0, 1}.

Discrete energy and its scaling. Each (d — 1)-face of the grid has area k%1, so the correctly
scaled discrete anisotropic TV is

Bn(Ap) = h1 )" we [Vxa,|(e). (5.1)

e€ly

(Using undirected edges means each face is counted once; with directed edges one would insert a
factor 1/2.)

Cells and grid cube interpolation. For x € Z{ let Qp(z) := x + [0, h)? be the half-open grid
cube. Given Aj, C Z¢, define the voxel interpolation u# :RY — {0,1} by u#(y) := x4, (z) for
y € Qn(z). In the orthotropic case one has the exact face identity

d
En(Ap) = Y wi|Diuf |[(RY) = TV, (ujl),
i=1

since ]Dzuh#] is the (d — 1)-dimensional measure of the discontinuity faces orthogonal to e;, each
with area h9~! and density equal to the jump.
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Sampling conventions. For a continuum set E' C R of finite perimeter we use the standard
half-open samplers

ANE) ={z€Zl: Qux)CE}, AP(E):={z€Zj: Qux)NE#0}.
Then X(aimy# — XE and x( Aty = Xp in LlOC(Rd), and the two samplers differ only in a
boundary layer of volume O(h) H4~1(9*E), by the density/Minkowski content characterization

of finite perimeter sets (see e.g.[AFP00, Ch. 3]). * When we write A, = ENZ{ below, we tacitly
mean one of these half-open conventions.

Remark 5.2 (Boundedness). Throughout the quantitative statements below we assume 9F is
compact (e.g. OE € CP), so that HY"1(OF) < oc. This ensures the discrete sums are finite for
the half-open samplers considered. (For unbounded sets one may work in bounded windows and
pass to a thermodynamic limit; we do not pursue this here.)

Remark 5.3 (Narrative and units). The factor A1 in (5.1) is essential: it matches the (d — 1)-
dimensional face area and ensures that Ej, approximates T'V,, as h | 0. This mesh-refinement
scaling is independent of the large-scale sampling considered earlier on a fixed lattice (where one
normalizes by Carnot dilations 7?1 instead).

Lemma 5.4 (Exact face identity). Let o(€) = 3% wil¢;| with w; > 0, and let u# be the cellwise
constant interpolation of Aj, C Z¢ on the half-open grid cubes Q () := z + [0, h)%. Then

d
En(An) = Y wi| Dl |[(RY) = TV, (uf)).
i=1
Proof. Fix i € {1,...,d}. The jump set of u} is the union of those (d — 1)-dimensional faces
shared by adjacent cubes Qp,(z) and Qp,(z + he;) with x4, (z) # x4, (x + he;). For each such
pair there is exactly one face

Fio = {yeQn@)UQn(x+he): yi=xi+h},

orthogonal to ¢;, of (d — 1)-measure Hd_l(E z) = h4~1. Along F; , the approximate traces of
ul on the two sides differ by [u] " — w7 | = |xa, (x + he;) — xa, ()] € {0,1}, and the unit
normal is +e;, so |n;| = 1. Standard BV structure for piecewise constant functions (e.g.[AFP0O0,

Thm. 3.78]) yields

D [(RY) = Y |xay (@+hed) —xa, (@) HH(Fre) = WY [xa, (w+hes) = xa, ()]
z€Z} zeZd

Summing in ¢ with weights w; gives the claim. Faces are counted once by the convention

Yy = x; + h. O

Remark 5.5 (Scope). The identity in Lemma 5.4 is specific to orthotropic integrands ¢ (&) =
> wil&|. For general crystalline ¢» one must use directional differences along p; see Defini-
tion 5.11.

Lemma 5.6 (Orthotropic grid quadrature along C1# graphs). Let ¥ C R be a compact C1#
hypersurface and ¢(v) = S°% | w;|v;| with fixed w; > 0. Let Fj, be the collection of axis faces of
the grid Z¢ whose relative interior intersects ¥, and for F' € Fj, let vy € {&e;} denote the axis
normal of F. Then

\Z@bw’ﬂ“ /w d?—ldl‘<0h5
FeFy

with C depending on d, B, ||| c1.8, Y; wi and HIH(D).

’In particular, £ ((9"E)™) = 2h 1" (0" E) + o(h) as h | 0, where (-)") denotes the h-neighborhood.
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Proof (sketch). Fix i. By coarea, [y |v;|dH4™ = [ HT2(S N {x; = t})dt. Partition R into
intervals [kh, (k+1)h) and approximate each slice by the count of grid faces in {z; = kh} whose
relative interior meets ¥, times the face area h?~1. Since X is C1%, the slice measure varies C*#
in t; hence the Riemann-sum error over each slab is O(h?). Summing in k and then in i with
weights w; yields the claim. O

Theorem 5.7 (Quantitative I'-convergence (orthotropic case)). Assume E C R? has C1! bound-
ary and o(€) = 0| wilé&| with w; > 0. Let A, € {A*(E), A" (E)} be a half-open sampler
and u]" its cellwise-constant interpolation. Then there exists

c=cC (d, w, 0B, %d—l(aE)) >0
such that, uniformly in the choice of sampler,
|En(Ap) = TV, (xg)| < Ch. (5.2)

Moreover, for any sequence A, C Z¢ with u# — xg in Li (R?) and supy, Ep,(Ap) < oo, the
classical I'-liminf inequality holds:

h%%nf En(Ap) > TV,(xE)- (5.3)

Proof By Lemma 5.4, Ej,(A,) = TV,(u]) = Y4, wi|Dyul |(R?). For the liminf, use lower
semicontinuity of anisotropic total variation under L _ convergence (Reshetnyak’s theorem; see
[AFP00, Thm. 2.38]).

For the rate: cover OF by finitely many C™! graph charts with uniformly bounded C'*!
norm. For fixed 4, | D;v| is computed by Fubini along lines parallel to e;; replacing the fiberwise
integral by a Riemann sum with spacing h incurs an O(h) error per chart when v = y and

v = u,’,‘f Summing in ¢ with weights w; and over charts yields (5.2), with C' depending on

(d,w,||0E||c1,1, HT"Y(OF)). The constant is uniform over the two samplers Aihn/ " Finally, Ai®
and A9 differ only on a boundary layer of volume O(h)H4~1(9E), so the same O(h) bound
holds uniformly across the two samplers. O

Remark 5.8 (Topology and domain for the I'-limit). All I'-convergence statements in this section

are with respect to Li (R%) on {0, 1}-valued functions, and we evaluate Ej(-) and E7 (-) on

loc
half-open samplers of continuum sets of finite perimeter. In particular, whenever u# — XE in

Ll

loc

and the lower bounds apply. On {0, 1}-valued maps, L
convergence in measure of the underlying sets.

and sup;, Ep,(ul) < oo (or sup, ET (uff) < o0), the set E has finite anisotropic perimeter

1 . .
Ie convergence is equivalent to local

Remark 5.9 (Regularity = rate). If 9E € C for some 3 € (0, 1], then along each chart the
unit normal is C%# and the graph deviates from its tangent plane by O(h'*#) on h-patches.
The fiberwise quadrature error is thus O(h?), yielding |Ej,(An) — TV, (xg)| < Ch? with C

depending on the C'# seminorm of @, uniformly in the sampler A",

Lemma 5.10 (Chartwise quadrature error). Let OF be covered by finitely many C# graphs
{za = Yal(a)} with [[¢a]lcrs < M in balls of radius ro. Let uf be the cellwise-constant
interpolation of a half-open sampler Ay, € {A(E), AS"*(E)}. Then for h € (0, ho(M, o)) and
for any orthotropic weights {w;},

| TV () = TV, (xi) | < Cldyw, M, HI (OE)) 7.

Proof. On each chart, write the anisotropic surface element as Y, w;|n;| dH?~! with n the Eu-
clidean unit normal. Along fibers parallel to e;, |n;| is C%# with seminorm < M, and the interface
position varies Lipschitzly. Riemann sum error on spacing h at C%# regularity is O(h”) on each
fiber family; integrate over the orthogonal base domain. Summing charts yields the claim. [
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5.1. Finite-stencil crystalline energies: discrete model and quantitative approximation.
Directional stencil and anisotropy. Let P C Z¢\ {0} be finite and a;, > 0. Define the (even,
convex, 1-homogeneous) crystalline integrand

op() =Y aplvopl  (vERY).

peEP

Definition 5.11 (Finite-stencil energy via directional differences; antipodal pairing). Let P C
Z4\ {0} be finite, and let oy, > 0 for p € P. To avoid double counting when both p and —p
occur, fix a set of representatives

Py C PU(-P)
containing exactly one element from each antipodal pair {£p} that meets P U (—P), and set
ap == ap+a_, (witha_,:=0if —p & P).
Define the crystalline integrand and the discrete energies by
¢p(v) == > aplv-pl,  EF(Ay) = 21> a, > xan(@+hp) — xa, (@)].

pEP+ peP+ z€Zg
d
x, x+hp€Zj

With this normalization each undirected p-bond is counted once, and ¢p is independent of the
choice of representatives in P..

Remark 5.12 (Consistency with the axis model). For the axis case pick Py = {ey,...,eq} and
Ge, = wi, so that EP reduces to Ej, from Section 5 and ¢p(v) = S0, wilvil.

Equivalence of definitions. Note that

S dplvepl = D aplv-pl,

peP+ peEP
so the antipodal pairing merely repackages the even integrand without changing its value. In
particular, if both p and —p lie in P with weights «,,, a_,, pairing replaces the two directed
contributions by a single undirected one with coefhicient &, = a;, + «_,; no limit constant is

altered by this bookkeeping.

Lemma 5.13 (Support and cardinality of directional pairs). Let E C R be bounded with finite
perimeter and Ay, a half-open sampler. For fixed p € Z? \ {0}, the set

{z €Z}: xa,(x+hp) # xa,(2)}

is contained in an O(h|p|)-tubular neighborhood of OE; consequently the number of nonzero
terms is

#{-) = hg’ll del(pr(f)E)) + O(h2fd)7

where 7,1 is the orthogonal projection onto p*. In particular, A~ 7 |x 4, (z+hp) — x4, (z)| =
O(lpl)-

Lemma 5.14 (Lattice line density in direction p). Fix p € Z¢\ {0} and h > 0. Consider the
family of lines ¢¢ := & + Rp (p := p/|p|), indexed by ¢ € pt. Among these, the subfamily that
meet the lattice hZ¢ has base density |p|/h?~! in p*: for every bounded Borel B C p*,

Ip|
hd—l

Equivalently, the projection of hZ? onto p™ is a full-rank lattice of covolume h?=1/|p|.

#{ Eg with ¢EeB and 55 N th 7& 0 } — fHd—l(B) + O(h_(d_l))_
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Lemma 5.15 (Directional difference-quotient for finite-perimeter sets). Let F C R have finite
perimeter and p € Z? \ {0}. For the half-open samplers A (E) or A9"(E),

pa—1 Z ’XAh(x+hp)—XAh(m)‘ — / lve - p dH 1 (h {0).
xEZfL ok
If OF € CY¥ for some B3 € (0, 1], then the error is bounded by C |p| h?, where C depends only
on d,||0E||¢1.s and HY1(OE) (hence the bound is uniform over p in any fixed finite stencil).

Proof- Let p := p/|p| and parametrize by lines £¢ = ¢ + Rp, & € p. For a.e. &, the slice of 9*F on
{¢ is finite and

[ #EEnanie) = [ jp-plani.

pt O*E

By Lemma 5.14, the number of p-parallel lines through hZ? per unit (d—1)-area in p= is |p| /h? 1.
Along each such line, for h small and away from grazing contacts, a single transversal jump
contributes exactly one nonzero term to0 3, 74 [xa, (z + hp) — x4, (z)|. Multiplying by hd1

and integrating over ¢ gives the limit
bl [ #@ Bt = [ |voplani
pt O*E

If OF € CYP, local graphs yield an O(h”) error on each chart and the line density contributes
the prefactor [p|, giving the claimed bound. O

Theorem 5.16 (Quantitative approximation for finite stencils). Let P C Z¢\ {0} be finite
with weights oy, > 0 and ¢p(v) = 3° oylv-p|. IfE C R? has C1# boundary and A, €
{AR(E), A% (E)}, then for all sufficiently small A,

| EJ (An) = TV, (xE)| < Cpph”,

with Cp g depending only on d, {&, }pep, , maxpep, [pl, |0E| 1.6, and HIH(OF) (uniformly in

the sampler). Moreover, for any sequence A, C Z¢ withuf — ypin LL_andsup;, EF (A},) < oo,

n%nfE,?(Ah) > TVy,(XE)-

Proof. The quantitative estimate follows from Lemma 5.15 applied to each p € P, and linearity
in {&p}.

For the T-liminf: fix p € Py. Slice along lines £¢ = £ + Rp, £ € pt. For a.e. &, the 1D total
variation on /¢ is lower semicontinuous under L' convergence of slices, hence

liminf A" > " [xa, (z + hp) = xa, ()| > /

ni #(0*ENLe) dH(€) _/ lv-p|dHL.
v er;iL p

L o*E

Multiply by |p| via Lemma 5.14 (i.e. count only those lines meeting hZ?) to obtain [}, ., |v -
p| dH? L. Summing over p € P, with weights &, gives the claim. O

Remark 5.17 (Why the axis implementation must be changed for general P). If one implements
EJ on axis faces with weights Y ,|pi|, the limit is the orthotropic anisotropy

v — Edj(zapm) il

i=1 peP

which in general strictly dominates gp(v) = 37 cp ap|v - p| by the triangle inequality [ - p| <
> i Ipil [vi|. The directional-difference model in Definition 5.11 is the one that converges to
TV,,.
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O(h?) with prefactor depending on |p| and angle

Ficure 2. Directional differences along a finite stencil approximate the anisotropic
facet with error O(h”) (Theorem 5.16); the constant depends on [p| and the local
angle between v and p.

0. Ll CURL—FITTING: ABSTRACT CONSTANT, EXPLICIT GRID BOUND

Goal and link to earlier sections. We prove an L' curl—potential estimate: if a discrete vector field
has small curl (in ¢! on faces), then it is close in ¢! (on edges) to a gradient. This complements the
Wulft/TV results of Sections 3-5 by providing an explicit, computable constant for L' curl-fitting
on grids, with a weighted variant compatible with anisotropies used elsewhere.

Setting and notation. Let K = (V, E, F) be a finite, connected, oriented 2—dimensional cell
complex. We write C*(K) for real k—cochains on K with coboundary maps

d* : CH(K) —» C*TY(K), d = d* when k is clear.
Thus d° sends u : V= R to (d%u)(z — y) := u(y) — u(z) on oriented edges, and d' sends
F € C'(K) to the oriented face—circulation (d'F)(f) := Y., sen(f, e) F(e). Equip C*(K)
and C?(K) with the ¢! norms
IRl ==Y IRE] bl = Y b(F)].
eckE ferF

Definition 6.1 (Curl and its £! total variation). For a 1-cochain F' € C*(K), its (discrete) curl is
dF € C*(K). We set || curl F || oy := [|dF|[p2(7).

Remark 6.2 (Choice of 2—cells). If K is a planar embedded graph it is natural to take F to be
the oriented faces. More generally, any oriented 2—cell structure whose boundaries span the cycle
space of the 1-skeleton yields H'(K;R) = 0 (equivalently, ker d* = im d° over R). All quantitative
constants below (eg. the €' filling constant) depend on the chosen 2—cell structure and on the €' norms on
C(K),C?*(K); the qualitative input is the cohomological vanishing H!(K;R) = 0.

6.1. Abstract result: the ¢! filling constant.

Definition 6.3 (¢! filling constant). Define

R
Fill (K) == sup  inf 1Rl
beim(d) ReCH(K) [[bllo(r)
d'R=b

Notational convention. On grid complexes we write d for the degree—1 coboundary dt.

Remark 6.4 (Finiteness and attainment). Since K is finite, d' : C' — C? is linear between
finite-dimensional normed spaces. Fix any linear right-inverse S : im(d') — C(K) of d'; then
[Sll1=1 = supgz [1Sbller iy /IIbller(7) < o0, hence Filly (K) < ||S]|11 < co. Moreover, for
each b the constrained minimization inf{||R|[;1(g) : d'R = b} is a finite-dimensional linear
program and is attained.
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Theorem 6.5 (Curl-fitting in ¢'). Assume H'(K;R) = 0. Then for every F' € C'(K) there
exists u : V — R such that

IF — dullag < Filly(K) - [|d'Flla ). (6.1)

6.2. Bridge to the grid case: an explicit right-inverse with refined (weighted) bounds.
Rectangular grid, cochains, and norms. Fix d > 2 and let ey, . . ., ¢4 be the canonical basis of
Z. For N = (Ny,...,Ny) € N%, set

d
R:=][{0.1,...,Ni -1} c Z°.

On this grid complex we write d for the degree—1 coboundary, so (dc), denotes the 2-cochain
obtained from a 1-cochain c:

(do)ji(z) = cj(x) + cu(x +e5) — cj(x + ex) — cp(x), 1<j<k<d,

whenever the elementary square {x, z + ¢j,z + ex,  + ¢; + i} lies in R. We write

> ()= > ()

O x:
J x, x+ej, r+ey, r+e;j+ey,€R

for the sum over all (j, k)-faces (with 1 < j < k < d). All sums over edges (resp. faces) are taken
only over those oriented edges (resp. elementary squares) whose endpoints (resp. four vertices) lie
in R. Empty sums are 0 and empty products are 1.

Proposition 6.6 (Discrete Poincaré lemma on rectangular grids). Let R = []%,{0,..., N;—1} C
Z< and consider the 2—skeleton of the cubical complex on R. If ¢ € C!(R) satisfies dc = 0 on every
elementary 2—face, then there exists h € C°(R) such that ¢ = dh. Equivalently, H'(R;R) = 0
for this 2—skeleton.

Proof sketch. Fix (%) € R and define h(x) by summing c along any axis-monotone path from z(%)
to . The hypothesis dc = 0 implies path—independence because any two such paths differ by a
finite union of boundaries of elementary squares; the circulation of ¢ around each such square
vanishes. O

Lexicographic homotopies (basepointed cone). Define H! : C'(R) — C°(R) by

d x;—1
= Z ZC” T, ..., Ti 1, L, 0,...,0), x=(r1,...,2q9) € R. (6.2)
i=1 t=0 —

it ld
Define H? : C*(R) — C'(R) (the “increasing-index” cone) by

Trr—1
(H3D), Z > b, k1, £, 0,...,0), (6.3)
k=j+1 =0 m

and H} : C*(R) — C'(R) (the “decreasing-index” cone) by

]71 Ik—l
( brj(z1,. .., @k-1, ¢, 0,...,0). (6.4)
k=1 1=0 k+1,...d

Proposition 6.7 (Cochain-homotopy identity). For every ¢ € C''(R) one has
¢ — d(H'c) = Hf(de) inCYR).

In particular, d o HY = Id on im(d).
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Proof. Fix j € {1,...,d} and z € R with z,z + ¢; € R. From (6.2) one computes

x;—1
(dH'c);(z) = (H'¢)(z+e;)—(H'e)(z) = ¢; (21, .., wj_1,7;,0,... Z 3 [cz wtej)—ci(u))
i=j+1 t=0
where u; := (21,...,25-1,t,0,...,0). For i > j and such u, the coboundary identity for (7, )

(with j < i),
(dec)ji(ug) = () + ci(ugte;) — cj(urte;) — ci(ug),
rearranges to
ci(ute;) — ¢i(ue) = (de)ji(ue) + [ej(upte) — cjlug)].
Summing int =0,...,z; — 1 yields

Z‘i—l J,‘i—l

Z [Ci(Ut—Fej)—Ci(Ut)] = Z (dc)jl(ut)+c] (xlv sy Li—1, T, 07 ceey 0)_Cj (1‘15 sy Tj—1, 07 05 s O)
t=0 t=0

Plugging back and telescoping the ¢;(+) termsini = j+1, ..., d transforms ¢;(z1, . .., xj_1,2;,0,...,0)
into ¢;(z), leaving
d x;—1
Cj((l)) — (dch)j(SZ}) = — Z Z (dc)ji(xl, cee ,xi_l,t,O, ceey 0),
i=j+1 t=0
which is exactly (H%(dc))](x) by (6.3). O

Lemma 6.8 (Operator bounds for H 2) For all b € C%(R),

||H¢25H51(E(R)) < (N —1) (HNZ) Z|bjk!, (6.5)
1<]<k<d i~k Ojr

IH?bllo (mry) < Np—1) ( Ni) > bl (6.6)
1<k<]<d i>k Og;

Consequently, defining

Ci(R) = Jnax, (N, —1) HN“

i>k
we have the uniform (order-dependent) bound
IHZbllermry) < CH(R) bller (7)) (6.7)
In particular, since d o H? = Id on im(d),
Fill;(R) < Ci(R). (6.8)
Proof. We prove (6.5); the | case is analogous. For any sequence (a;) and M > 1,
M—-1 o—1 M—2
Z ar = Z (M —1- t) Q. (69)
=0 t=0 =0

Fix j < k. By (6.3) and the triangle inequality, summing over all edges parallel to e;,

TEp—1
Z |(H%b)](l‘)} < Z Z ‘bjk(xl,...,$k_1,t,0,...70)‘.
: €T t=0

:
z,z+e;ER z,z+e;ER

Fix all coordinates except z, and apply (6.9) with M = N, to the inner double sum. This yields
the factor (N), — 1). Summation over the trailing coordinates zg1, . . ., 24 (which do not appear
in the argument of b;;;) contributes the replication factor [],., N;. The sum over z1, ..., x5
enumerates the lower—left corners of the (j, k)—faces on that slice and is bounded by >0, bikl-
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subtract

H2
d Uy H2(de) T *

c > dc

T
le = @RS EreRY Tdel

Fiure 3. Cochain homotopies H', H} implement the ¢! curl-fit (Thm. 6.5,
Cor. 6.10).

dh

This proves (6.5). Taking the maximum over k gives (6.7), and (6.8) follows because H? is a right
inverse on im(d) by Proposition 6.7. O

Proposition 6.9 (Weighted ¢! curl-fit). Fix edge weights a1,...,aq > 0 and face weights
Bjk > 0for 1 < j < k < d. Define

d
lelva =05 > le@l  lblls= D B lbn(a)
=T g 1<j<k<d Oy
Then
2 < - :
120l < <1<Ijng,§<d S (%= 1) HN) bl
1>k

Consequently, for every ¢ € C!(R) there exists h : R — R with

< (Ne =1 I DN ) |l .
- <1<Ijn<alz(<d 5yk g H ) Idelve

>k

le =

Proof- Multiply the contributions in (6.5) by c; on edges and divide the face term by 8;, then
sum and take the maximum over (7, k). O

Corollary 6.10 (Quantitative curl-fit on the grid). For every ¢ € C'(R) there exists h : R — R
such that

Z Z l¢j(@) = (M(z +e5) = h(x)| < CHR) D > |(de)ulx)|. (6.10)

J= z, :v+eJGR 1<j<k<d Oy

One admissible choice is the lexicographic potential h := H'e, for which the residual equals
HZ(de) by Proposition 6.7, and hence satisfies (6.10) by Lemma 6.8.

Remark 6.11 (On periodic boundary conditions). On a discrete torus (periodic grid) one has
H' = 0; curl-free fields need not be gradients. The estimate (6.1) holds after projecting F to
the complement of the harmonic 1-cochains (i.e. imposing zero periods along the fundamental
cycles). We restrict here to rectangular boxes with free boundary.

Remark 6.12 (No “cosmetic” slack; anisotropic vs. uniform forms). The one-dimensional Hardy
weights (N — 1) in (6.5)-(6.6) are exact for the x;, summation. The multiplicative factor [];. . NV;
is the unavoidable replication caused by evaluating b on the zero-slice in the trailing coordinates
k+1,...,din (6.3)-(6.4). For this right inverse H? the coeflicients in (6.5) are optimal: if by, is
supported on a single (j, k)-face in the slice z; = 0, then [[b]|1 (7 (g)) = 1 while | HZb]| 1 (p(r)) =
(N — 1) [ ;s Ni. Hence no order—independent reduction of the uniform constant below C4(R)
is possible within this construction. Determining the exact value of Fill; (R) (the best constant
over all right inverses) remains open in d > 3.
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Remark 6.13 (Order choice and constants). The constant Cy(R) depends on the index order used
in (6.3). Different orders can change C;(R) substantially. For d = 3 and order (N1, Na, N3) one
has the closed form

Cy(R) = max{(N, — 1) N3, N3 —1}.
Placing the two smaller side lengths in the last two positions, with the smaller in the middle (order
(largest, smallest, second smallest)), minimizes this maximum. In d = 2 the formula reduces to
C+(R) = Ny — 1 for the order 1 < 2 (and to Ny — 1 if axes are swapped).

Corollary 6.14 (Uniform 2D bound). In d = 2 one can always choose the axis order so that
Fllll(R) S min{N1 - 1, N2 — 1}

Remark 6.15 (Symmetrizing right inverses (optional)). A convex combination of several index
orders (or of 1,) yields another linear right inverse; its operator norm is bounded by the
corresponding convex combination of the individual bounds, so averaging cannot beat the best
single order in the uniform constant C+(R), though it may reduce anisotropy for specific b.

Remark 6.16 (Dual viewpoint (optional)). The minimization inf{||R||;1 () : d'R = b} is a finite
LP; its dual characterizes Fill; (K) as the least L' (F) — L'(E) operator norm among all linear
right inverses of d'. We do not use this directly, but it clarifies the role of Filly as a best possible
uniform constant over right inverses.

7. CONSTRUCTIVE NEUTRALIZATION OF HEISENBERG SHEAR

Group, generators, and edge convention. We work in the (discrete) Heisenberg group on Z3
with the group law

(z,y,2)- (@ y,2) = (x+2, y+y, 2+ 2 +zy). (7.1)

Let a = (1,0,0), b= (0,1,0) and S = {a*!, b1 }. Cayley edges are by right multiplication: g <+ g s
for s € S. The horizontal perimeter Bg(-) is the undirected edge cut in this Cayley graph with
unit weights (each broken undirected edge counted once; the directed perimeter is twice this).

Remark 7.1 (Orientation and normalization lock). We fix once and for all the following conven-

tions in this section:
(1) Edges: Cayley edges use the right action by S = {a*!, b*1}.

(2) Boundary normalization: Bs(-) counts each undirected broken edge once. If one prefers the
directed normalization, all Bg-identities below scale by 2.

(3) Squares and signs: For coboundaries dc on the base grid Z?, faces are oriented by the
ordered pair (e1, e2), and edges carry their natural orientation (z — x + ¢;). Thus, for a

1-cochain ¢ one has

(dC)lg(:c,y) = C@l(x’y) + 662(.13 + 61)?/) — Cey (a:,y + 62) - 662(x7y)‘

With ¢, (z,y) = y and ¢, = 0 we get (dc)12 = —1.

(4) Half-open columns: All column fibres are treated as half-open integer intervals
[h(u), h(u) 4 £(u)) so that overlaps are counted unambiguously and symmetric-difference
formulae are exact (Lemma 7.7).

These choices match Lemma 7.3 and are used in the combinatorial Lemmas 7.7, 7.9 and in
Theorem 7.11.

Gauge that neutralizes shear on b-edges (right action).

Definition 7.2 (Heisenberg gauge). Define the quadratic gauge ((z,y) := zy and the map
T:7% - 73, T(z,y,2) = (x,y,h), h:=2z—-((x,y) =2z —xy.
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Lemma 7.3 (Gauge offsets under right multiplication). With (7.1), generators a = (1,0,0),
b=(0,1,0), and gauge T'(z,y, z) = (z,y, h) with h = z — zy, one has:

(,y,2)b=(z,y+1,24+2) = W =(2+z)—2(y+1)=h,

(z.y,2)a=(z+1,y,2) = M=z—(z+1)y=h—y.
Thus b-edges have zero h-offset and a-edges shift h by —y.

Lemma 7.4 (Alignment shifts for all horizontal directions). With the gauge T'(z, y, 2) = (z,y, h),
h = z — xy, the alignment shifts along all horizontal steps are:

forv=+es (b): K =h, Otey(w,y) =0,
forv= —ey (b_l) . KW =h, O_ey(w,y) =0,
forv=+e; (a): h =h-y, Oyer (T,Y) =y,
forv=—e; (a™V): K =h+y, O—ei (T, y) = —y.

Column-convex sets and height/offset profiles. Write 7 : Z3 — 7%, 7(z,y, 2) = (z,y), and
for A C 73 set A% := T'(A). We say A is (gauge-)column-convex if each fiber

A = {heZ: (uh)c A} (ueZ?)
is an integer interval I, = [h(u), h(u) + £(u)) for some ¢(u) € Z>o. We call £ : Z? — Z>q the
height profile and h : Z* — 7Z the offset profile. Let E := {u : £(u) > 0} C Z* be the base footprint.

7.1. Combinatorics of interval differences.

Definition 7.5 (Outward boundary edges on the base). For E C Z? finite define the internal and
boundary sets of oriented base edges by

Ent(F) :={(u—=>u+v): u,ut+veFE, ve{e,e}},

Ea(B) ={(u—>u+v): ueE,u+v¢ E, ve{te,xes}}.

Thus, in En (E) each undirected internal base edge is represented exactly once (we fix the orientation
by v € {e1, e2}), and in Eva(E) each undirected broken base edge is represented exactly once by the
orientation pointing from E to EC.

Lemma 7.6 (Edge-height bijection along a fixed base edge). Let A C Z* be gauge-column-
convex with footprint E, column heights ¢(u), offsets h(u), and half-open columns I, =
[h(u), h(u) + €(u)). Fix an oriented base edge e = (u — u + v) with v € {£e;, £tes} and
write the alignment shift o, () as in Lemma 7.4. Set

tle) == h(u+v)— h(u) + oy(u).
Then the number of broken undirected horizontal Cayley edges of A across the base edge e equals
#(Lu A (Tygw + 00 ().

Equivalently-since symmetric difference cardinality is translation invariant-translating both sets

by —h(u) yields
#(Iu A (Iu+v + Uv(u))) = #([O>a) A [t(e),t(e) + ﬁ))’
where o = (u), B = £(u+v) and t(e) := h(u+v) — h(u) + oy ().

Proof. Work in gauge coordinates A* = T'(A), so points are (u, h) with u € Z%, h € Z, and the
right action by v € {+e1, +es} updates

(u,h) — (u+v, h—o,(u)) (Lemma 7.4).
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Fix e = (u — u+ v). A horizontal Cayley edge across e is broken exactly when one endpoint
lies in A? and the other does not. For h € Z,

(u,h) € A¥ = hel,  (u,h)v=(u+tv,h—ocy(u) €A = h—ocy(u) € Luto.
Hence
{ h: edge across e is broken at height h } = I,, A (Lyyy + 04 (u)),

and counting heights gives the claim. Translating both intervals by —h(u) yields the normalized
form with shift t(e) = h(u + v) — h(u) + oy (u). O

Lemma 7.7 (Interval symmetric difference, full proof). For o, 8 € Z>p and t € Z, set I = [0, ),
J =[t,t + ), m :=min{a, 8}, § := |a — (] and

at) = (= (0= B)4), + (—t—(B—a)s),.
Then
#(IAJT) = 6+ 2min{d(t), m}.

Proof. Assume w.l.o.g. o > j3 (the other case is symmetric). Thend = a — 8, (8 — @)+ = 0 and
d(t) = (t —0)4+ + (—t)+. Since
#HUANT) = |I|+|J]=2[INJ| = a+B-2|INJ|,

we compute |[I N J| by cases:

(1)t > a: I and J are disjoint, so #(IAJ) =a+ =56 +28=35+2m. Alsod(t) =t —§ >
a — 0 = 3 =m, hence § + 2min{d(t), m} = § + 2m.

(2)0<t<é JcCIso|lINJ =pBand #(IAJ) = a— 3 = §. Here d(t) = 0, hence
d + 2min{d(t),m} = 0.

(3)§ <t<a:INJ=[ta) hassize a — t, hence

#HUIAN)=a+B-2a—-t)=F—a+2t=—0+2t=056+2(t—9).

Sincet <a,t—d<a—-d=pB=m,s0d(t)=t—0 <mand§+2min{d(t),m} =6 +2(t — ).

(4)t < —pB: I and J are disjoint, so #(IAJ) = § + 2m. Here d(t) = (—t) > 8 = m, hence
d + 2min{d(t),m} = 6 + 2m.

(5) -8 <t<0:INJ=1]0,t+ ) hassize 3 + t, whence

HUIAT)=a+B—2B+1t)=a—f—2t=35+2(—t).
Also d(t) = (—t) < B =m, s0 6 + 2min{d(t),m} = 6 + 2(—t).

This exhausts the cases. O

Remark 7.8 (Degenerate columns and integer arithmetic). If £(u) = 0 we interpret I, =
[h(u),h(u)) = @. The function d(t) in Lemma 7.7 is evaluated for ¢t € Z (integer height
shifts only), and all intervals are half-open so that disjoint unions along a column are additively
counted without overlaps. In particular, #(IAJ) is always an integer and the identity #(IAJ) =
d + 2min{d(t), m} stays valid in the degenerate cases m = 0 or § = 0.

Lemma 7.9 (Per-edge two-sided bounds). Let o, 3 € Z>p, m = min{«a, 8}, § = |a — 3],
A := max{a, 8}, and t € Z. With d(t) as in Lemma 7.7,

2min{|t|, A} —0 < §+2min{d(t),m} < §+2min{|¢|, A}. (7.2)
Proof. The right inequality follows from d(t) < |¢| (since (z)+ < |z[) and m < A. For the left

inequality it suffices to prove
min{|¢|, A} < §+min{d(¢),m}.
Assume a > 3 (s0 A =, m = 3,5 = a — ) and recall d(t) = (t — &)+ + (—t). Consider cases:
(i) 0 <t < §: then min{|t], A} =t < § < § + min{d(t), m}.
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Y
h=z-uay —— W =h—o0,
_ 1):=i:62_: UEZOJ\
! e Y —>v=+e1: 0=y
x
#IAJ) =6 + 2min{d(t), m}
(a) Gauge offsets under right multiplication (v = ;(—ej height
Fep give o = 0; v = +ey gives 0 = y; v = —e;
gives 0 = —y). (8) Interval symmetric difference on a base edge.

Ficure 4. Heisenberg edge-level bookkeeping behind the base term + shear term
split (Thm. 7.11).

(i) § <t < A (= «a): then min{|t|, A} = t, while d(t) = t —§ < m; hence § + min{d(t), m} >
S+ (t—0)=t.

(iii)) t > A (= a): then min{|t|, A} = A =6+ m. Since d(t) =t —§ > A—§ = m, we get
d +min{d(t),m} =5 +m = A.

(iv) t < 0 and |t| < m: then min{|t|, A} = |t| = (—t)+ = min{d(t),m} < & + min{d(t), m}.

(v)t <0 and |t| > m: then min{|t|, A} < A =8+ m < §+ min{d(t), m}.

This proves the left inequality. O

Remark 7.10 (Sanity checks for (7.4)). Let i, 3 € Z>p, m = min{a, 8}, § = |a — B and t € Z.

(1) Ift =0and o > B, then J C I and #(IAJ) = &, matching (7.4) since d(0) = 0.
(2) If |t| > a + B, the intervals are disjoint and #(IAJ) = a + 8 = § + 2m, which again
matches (7.4) because d(t) > m.
(3) If a = Band |t| < a, then #(IAJ) = 2|t|, matching 6 + 2min{d(t), m} = 2 min{|t|, a}
from Lemma 7.9.
These checks cover the nested, disjoint, and “partial overlap” regimes used repeatedly in the global
bounds.

7.2. Exact perimeter decomposition and global bounds. Let Eint(E) and Epq(E) be as
in Definition 7.5. For e = (u — u + v) set a(e) := £(u). For e € &y (F) also set

Ble) == Lutv), 6(e) :=|a(e)=pB(e)], m(e):=min{ale),Ble)}, t(e) := h(utv)—h(u)+o,(u),
with the alignment shift o, (z,y) := y and 0., = 0 from Lemma 7.4.

Theorem 7.11 (Exact horizontal perimeter decomposition). If A C Z? is gauge-column-convex
with footprint E, heights ¢, and offsets h, then

Bg(4) = Z ale) + Z #(Iu A (Tutw +UU(U)))> (7.3)
eeé‘bd(E) ee&nt(E)
—_—
boundary base edges

where I, = [h(u), h(u) + €(u)) and Iy, = [h(u + v), h(u + v) + €(u + v)). In particular, for
e c gint(E)a

#(Ly A (Iyto +00(w))) = d(e) + 2 min{d(t(e)), m(e)}. (7.4)
with d(-) as in Lemma 7.7. Equivalently, by translating both sets by —h(u), this equals
#([0,0) A [t(e),t(e) + B)) with t(e) = h(u + v) — h(u) + oy(u), so (7.4) follows from
Lemma 7.7.
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Corollary 7.12 (Two-sided global bounds). With A(e) = max{a(e), (e)} for € € Eng(E),
Y oale) +2 > min{jt(e)],A(e)} = D d(e) < Bg(A) (7.5)

e€lpa(E) e€€ins(E) e€&int(E)
< Y oa@+ Y de+2 Y mn{le) A@).
eegbd(E) eegint(E) eegint(E)

Truncated and uncapped shear functionals (internal edges). For E C Z? finite define

TruncCurl(E,¢) := inf Z min{|t(e)|, A(e)}, CurlCost(E) := inf Z [t(e)].
mEL o= mESL o=

(7.6)
(Infimum over offsets h; t(e) uses o¢, (7,y) = y and o, = 0.)

Corollary 7.13 (Shear-aware lower bound). For every gauge-column-convex A with footprint
E and heights ¢,

Bg(A) > Z a(e) + 2TruncCurl(E,0) — Z i(e).
eEgbd(E) eegint(E)
Consequently, for any offsets 7 and CapLoss(h) := - ce. () ([t(€)| — A(e))+,
Bs(A) > Z a(e) + 2CurlCost(E) — Z d(e) — 2CapLoss(h).
eeé'bd(E) ee&nt(E)

Edges vs. boundary vertices. Let Bg(Y") denote the undirected edge boundary and dsY the set
of boundary vertices.

Lemma 7.14 (Edges vs. boundary vertices). For any finite symmetric S and finite Y,
Bs(Y) < |8]-10sY] = |9sY] > |S]'Bs(Y).

Proof. Assign each broken undirected edge {y, ys} to its endpoint y € Y (there is exactly one).
Then Bs(Y) < 3 ,couy #45 € S5 ys ¢ Y} < |S] - |0sY]. 0

7.3. Compactness and order-sharp bounds in Heisenberg. We use Carnot dilations
Sp(x,y, 2) = (px, py, p?2) and write u, := 15 v, Carnot dilations scale Haar measure by p@,
where Q = >, i dim V; is the homogeneous dimension; see [FS82, Ch. 1].

Theorem 7.15 (Compactness and order-sharp bounds). Let Y, C Hyz with |Y,| < p* and
p~3Bs(Y,) < C. Then, after left translations and gauge-column symmeirization (which does not
increase Bg by (7.3) with I, replaced by initial segments), (u,,) is precompact in L{. . on H, and
any limit is a vertical stack over a planar footprint.

Moreover, writing E, for footprints and

S* := liminf p—3 CurlCost(E,),

p—00

for any Lipschitz stack profile s — E; C R? on [0, H] with fOH |Es|ds = 1, there exists a recovery
sequence Y}, such that

H
(limsup) p>Bs(Y,) < / Per i (Es)ds + 28* + o(1), (7.7)
0

and, using the exact split (7.3), the base layer-cake identity

doale)+ > be) = /Ooo‘aghor{ﬁp>t}|dt, (7.8)

eGde(Ep) 6€£im(Ep)
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which, by Theorem 4.1, yields the Abelian Wulff lower bound for the base term. Hence
H
(liminf, base) liminf p~3|0sY,| > 1 / Per,, (E;) ds, (7.9)
p—r0 ST Jo

see [AFP00, Thm. 3.40], [FM91]. Here 7 denotes the horizontal surface tension induced by S
via the zonoid model: for S = {+ey, £ep} with unit undirected weights,

75(&) = |&| + |&] (up to the global normalization fixed by our edge convention).

Identifying a shear term in the full liminf reduces, by Corollary 7.13, to showing that Y _(|t(e)| —
A(e))+ = o(p?) along near-minimizers.

Remark 7.16 (Why gauge-column symmetrization does not increase Bg). The right action in
Heisenberg acts horizontally by (u, h) — (u + v, h — 0, (u)) with o, from Lemma 7.4, i.e. by
base translation plus an offset that depends only on the base vertex u and the step v. Therefore the
horizontal broken-edge count across u — u+v is # (L, A (Iyyo + 0 (u) +h(u+v) —h(u))) with
t(e) = h(u +v) — h(u) + oy(u) as in Theorem 7.11. Replacing I,, and 1,4, by initial segments
of the same lengths (gauge-column symmetrization) minimizes each symmetric difference term
and hence does not increase Bg (cf. Proposition 4.10).

Remark 7.17 (Horizontal anisotropy identification). The induced continuum surface tension
from the horizontal edge cut with generators S is the zonoid gauge 75(v) = 3" g, ws [V - X
(sum over an undirected representative set Sy), which for S = {zey, £es} with unit weights
is 7s(v) = |vi| + |vo|. Its Banach dual 7§ is the Minkowski functional of the zonotope K :=
> ws[— X5, X5 (see [Zie95, Sec. 7.2,7.3]). Separately, we will also use the convex-hull integrand
P5(€) = max,cconv(+s) (€, v) (the support function of conv(+S5)). In general K # conv(+5),
so 75 and ¢ g need not coincide. In the axis example S = {+e1, £e2} with unit weights, however,
K = [-1,1]? and conv(£S) = {x : |z1| + |z2| < 1}; their support functions agree, hence

T5() =vs() =" lls,  while  7g(v) = v
All sharp Wulff constants in this section are stated for the zonoid gauge 7.
7.4. Heisenberg lim inf cap-loss via blockwise L' curl-fit. We remain in the gauge
coordinates (z,y, h), and consider gauge-column-convex configurations Y with footprint £
and height profile ¢ : Z? — Zx,.

Block decomposition. Fix a block size L = L, € N and tile Z? by disjoint L x L squares Q. For
a given footprint E, C Z? define the core of a block

Core(Q) = {u€ QN E,: distp(u,Z*\ Q) > 1},

and the skeleton 3 := E, \ | Core(Q) (a width-1 network along block interfaces and 0E,). Let
Eint(E,) be split into three disjoint classes:

Ecore ={e=(u—u+v):u,u+v e Core(Q) for some Q}, Eguel = {€:u,u+v e X},
Ecross = {6 : {U7U + U} N COFG(Q) ?é @, {U,U + U} nx 7& @}

Shear cochain. Let ¢ be the shear 1-cochain on base edges, defined by c., (z,y) = y and ¢, =0
for the oriented edges (z,y) — (z + 1,y) and (z,y) — (z,y + 1), respectively. We extend ¢ to
negative edges by

clu—=u—v) = —c(u—v—u) (v € {e1,ea}).
With the face orientation from Remark 7.1, one computes
(dC)IQ(x7y) = Cey (xa y) + CEQ(x + e, y) — Ce (%3/ + 62) - Cez(x7y) = -1,

i.e. the curl is a constant —1 on every elementary square. This sign choice is what drives the
blockwise L' curl-fit (Corollary 6.10) used in Proposition 7.20.
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Lemma 7.18 (Constant face curl with the chosen orientation). With c., (z,y) = y and ce, =0
on oriented edges (z,y) — (z + 1,y) and (z,y) — (2,y + 1), and with the face orientation set
by (e1,e2) (Remark 7.1), one has

(dc)lg(x,y) = Cel(xay) + 052(1’ + 61,y) - 661(:1:73/ + 62) - Cez(xvy) =-1

Remark 7.19 (Sign normalization for curl-fit). The L! curl-fit inequality is invariant under
(F,u) — (—F, —u), hence

Since t = ¢ + dh, we adopt the “+” convention uniformly below.

Proposition 7 20 (Cap-loss bound via blockwise L' curl-fit). Let (Y,) be gauge-column-convex
with |Y,| < p* and p=3Bg(Y,) < C. Write E, for footprints and ¢, for heights. There exist
offsets h, : E, — Z such that

CapLoss(h,) == Y (Itp(e)l = Ap(e)), = o(p?).

Gegint (Ep)

In fact, taking L, = | p'/?| yields CapLoss(h,) < p°/2, and more explicitly

3
CapLoss(h,) < Cp <Lp P+ 2)
p

for some absolute constant Cy (coming from Corollary 6.10).

Proof. Core fit. On each block @, apply the rectangular L' curl-fit (Corollary 6.10 in §6) to
(de) = —1 to obtain a potential h¢g with

Z lc(e) + (dhg)(e)| < (max i — 1)) Z |(de)(f)| < L-L? = L3,  (7.10)

e€€coreN(QX) fcQ

since here N1 = Ny = L and #{faces in Q} = L?. Covering E, by O(p*/L?) blocks gives the
core contribution < C L p?.

Skeleton fit. Decompose ¥ into its connected components Z,, (width 1, ¢!-diameter < p) and
apply Corollary 6.10 on each ¥, to get hy,, with

> ele) + (dhx,)(e)| < Cp-#{facesin T},

eegskelﬂ(EaX)
Summing over « and using #{faces in X} < p?/L yields
P
D e(e) + (dhx)(e)| < Co (7.11)
eegskcl

Synchronization on interfaces. For each block @ choose a constant Ao € R (depending on Q) and
define the global potential

hu) = hg(u) + Ag, u € Core(Q),
hy (u), u € .

The next lemma controls the cross sum in terms of boundary rings and a strip of faces.
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Lemma 7.21 (Interface synchronization via cyclic BV control). There is an absolute C such
that, for each @ one can choose A\ with

Z |c(u, v) + (dh)(u, v)|

(u—=u4v)EEcrossN(QX)
< C( Yo @)+ (dho)(e)] + > le(e) + (dhs)(e)| + (dc)(f)),
eCAQ (core ring) eCN(Q) (skel. ring) feS(Q)

(7.12)
where 0Q is a fixed O(1)-thick core boundary ring in @, N(Q) is an O(1)-thick skeleton
ring adjacent to 9Q), and S(Q) is the unit—thickness annulus of faces between the two rings

(IS(@) < L).

Proof. List cross edges along the interface of @ in cyclic order ¢; = (u; — v;) and set a; :=
c(e;) + hx(vi) — hg(u;). Choose Ag to be a median of {a;}. The discrete median—variation
inequality on cycles (Lemma 7.23) gives Y, |a; — Ag| < >, |ai+1 — a;|. By Lemma 7.22,

Ait1 — Q; = *(C + th)(Uz — ui+1) + (C + dhz)(’vl — Ui+1) + Z (dc)(f)
fER;

Taking absolute values, summing over i, and noting that each ring edge and each face in S(Q) is
counted O(1) times yields (7.12). Finally, observe that for a cross edge e; = (u; — v;) we have

|e(ei) + (dh)(ei)] = |e(es) + P (vi) = (hg(w) + AQ)| = |ai — Ag

so the left-hand side is exactly the sum over cross edges. O

)

Lemma 7.22 (One-step telescoping across an interface). Let ¢ be a 1-cochain on a rectangular
strip and hq, hx: two scalar potentials defined on adjacent rings (core and skeleton). For consecutive
cross edges e; = (u; — v;) along the interface (cyclically ordered) set a; := c(e;)+hx (vi) —hg(u;).
Then

Aiy1 — Q; = —(C + th)(ul — ui+1) + (C + dhg)(vz — /U/L'Jrl) + Z (dC)(f),
fER;
where R; is the unit-width strip of faces between (u; — ;1) and (v; — viq1).
Proof. Expand a;11 — a; and use the discrete Stokes identity on the strip R;: c(u; —
Uit1) + cleir1) — c(vi = viy1) — c(ei) = 32 eg, (de)(f). Rearranging yields c(e;1) — c(e;) =
> rer (de)(f) — c(ui = wit1) + c(vi — vit1). Substituting and grouping terms gives the stated
identity with ¢ + dhg and ¢ + dhs. O

Lemma 7.23 (Discrete median—variation on a cycle). Let (a;)M; be a cyclic sequence and A be a
median of {a;}. Then

M M
Z |ai — Al < Z |aiv1 — ail (an+1 := a1).
i=1 i=1

Summing (7.12) over @ and noting that each ring edge and each face in S(Q) appears O(1)
times across neighboring blocks, we obtain

> Je—dh| < c( Y le—dhgl + Y le—dhs| + ZS(Q)).
Q

e€E€cross e€€core e€&skel

Using (7.10), (7.11) and ", |S(Q)| < (p*/L?) - L = p? /L gives

3
> Je+dh| < C(Lp2+’;>.

e€&cross
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Conclusion. Combining the core, skeleton and cross estimates,

> ko + @) < (L2,

eGSint(Ep)
Since min{|¢|, A} = |t| — (|t| — A)+ and pointwise |t,(e)| = |c(e) + (dh)(e)|, we obtain
3

Z ([tp(e)[=Ap(e))+ < Z lto(e)| = Z lc(e)+(dh)(e)] < C<Lp2+pL>'

eGSint(Ep) €€€int(Ep) €€8int(Ep)
Balancing at L, = | p'/2| gives CapLoss(h,) < p°/2 and hence o(p?), as claimed.

Integer offsets. The construction above chooses real interface shifts A € R. Replace each A\g by its
nearest integer. This does not change tangential differences on the core or skeleton and changes
each cross edge by at most 1. Since the number of cross edges is O(p?/L), the total increase in
>ece., le = dh|is O(p*/L). With L = [p*/?], this is O(p*?) = 0(p?), so the stated cap-loss
bound CapLoss(h,) < L p* + p3/L remains valid with h, : E, — Z integer-valued. O

Corollary 7.24 (Heisenberg liminf with shear). In the setting of Theorem 7.15, after gauge-
column symmetrization and along a convergent subsequence of stacks E, ,, one has

H
lirginf p? Bg(Y,) > / Per, (E;s)ds + 2S™.
pP—00 0

Consequently,

o 1 [ 2

h[])rglogf p?10sY,| > ]S|/0 Per, (E,)ds + ES .
Proof. Start from Corollary 7.13 and divide by p3. The cap-loss vanishes by Proposition 7.20.
The base term follows by column slicing/coarea on the Abelian base and the discrete Wulff lower
bound there (cf. §3). Finally use Lemma 7.14. O

Proof of Theorem C . The exact identity stated in Theorem C is precisely (7.3), with the interval
symmetric difference evaluated by Lemma 7.7 and the alignment shifts o, from Lemma 7.4.
The edge-height bijection is Lemma 7.6. The two-sided per-edge bounds (7.2) yield the global
bounds (7.5).

For the “quantified bounds” part: along gauge-column-convex stacks Y, with |Y,| < p%, the
lower bound at scale p? follows from Corollary 7.13 together with Proposition 7.20 (cap-loss
o(p*)), while the complementary upper bound is given by the recovery/stack construction in
Theorem 7.15. All statements are in the undirected normalization for Bg; the directed version is
obtained by multiplying every identity by 2 (Remark 7.25). O

Remark 7.25 (Directed vs. undirected in this section). All statements in §7 are written for the
undirected horizontal boundary Bg. If one prefers the directed edge count By, simply multiply
each identity and inequality by 2. This applies verbatim to Theorem 7.11, Corollary 7.13,
Proposition 7.20, and Theorem 7.15.

8. SHEAR CALCULUS ON STEP—2 CARNOT LATTICES: EXACT IDENTITY (RANK 1) AND SHARP BOUNDS
(GENERAL)

Algebraic set-up. Let G be a step—2 Carnot group with stratification g = Vi @V and [V, V3] C V4
central. Fix a uniform lattice ' < G and a Malcev basis so that in (integer) coordinates we can
write I' & Z4 x Z™ with multiplication

(z,h)- (@', W) = (z+2', h+H +w(z,2)), (8.1)
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where w : Z? x Z% — Z™ is a fixed biadditive (bilinear) 2-cocycle. We further assume (after an
ordered choice of the horizontal basis (e1,. .., eq)) the upper—triangular normalization

w(e;,e;) =0, w(ej,e;) =0 for j > 1, (8.2)
i.e. only entries with first index < second index can be nonzero (Hall/Malcev collection; changing
coordinates affects constants only).

Let S = {zey,...,%eq} be the horizontal generators (unit steps in V;; compare S in §7), and
let Bs denote the undirected horizontal edge boundary on the Cayley graph with right action (as
in §7; the directed version is obtained by multiplying by 2).

Gauge. Define the (quadratic) gauge
((z) = Z zixjw(e;,e;) € 2™, T(z,h) = (=, Wt = h—{((z)). (8.3)
1<i<j<d
Right multiplying (z, k) by e, sends (x, h¥) to
(z + ek, h* + 0e (7)), O, () = w(z,ep) — (C(z+ex) — (). (8.4)
From ((z) = >, _; ziwjw(e;, e;) we have
C(zter) — C(z) = inw(ez‘, er) + Z%‘ w(ek, ej), (8.5)
i<k k<j

so, using w(x, ex) = Y, x; w(e;, ex),

Oe, () = inw(ei,ek) - ij w(eg, e;)

i>k >k
= Z:z:j (wlej, en) —w(ek, €5)) + zpwlek, ex). (8.6)
i>k

Under (8.2) the diagonal term vanishes (w(ey, ex) = 0), hence

O, () = —ij w(eg,ej) € 2™, (8.7)
>k
and o_., (v) = —0o¢, (x — ey,) (this latter identity uses (8.2)). In particular, o, = 0. All identities

below use the right action convention in (8.4).
Gauge—column convexity. For A C I write A* := T'(A). We say A is gauge—column—convex if for
each u € Z< the fiber

Al = {WFez™: (u,h¥) e A%}
is an axis—aligned box (half-open rectangle) of the form I,, := [[7L, [ hj(u), hj(u) + £;(u) ) with
lj(u) € Nand hj(u) € Z. Define the footprint E := {u : []; £;(u) > 0} and the height vector
L(u) = (€1(u), ..., Ln(u)). All counts below use the half~open convention.

8.1. Per-edge bookkeeping and global identities.

Definition 8.1 (Oriented base edges). Asin §7, let Ene(E) == {(u = u+v): w,u+v € E, v €
{e1,...,eqt}tand Eq(E) :i={(u > u+v): u€E E, u+v ¢ E, v € {*er,...,+eq}}, so that
each undirected broken base edge appears exactly once by choosing the orientation v — u + v
withu € Fandu+v ¢ E.

Lemma 8.2 (Edge-height bijection in the step-2 gauge). Let A C T be gauge—column—convex
with fibers I,, as above. For e = (u — u + v) define the normalized relative shift

7(e) == h(u) — h(u+v)+o,(u) € Z™. (8.8)

Then the number of broken undirected horizontal Cayley edges of A across e equals

#( Lo & (Lo = 0u(w) ) = #([0.6) & (0. £(u+v)) = 7€) ),
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where [0, £) := ]}, [0, ¢;), and the second equality uses a common translation by —A(u) (which
preserves symmetric-difference cardinality).

Remark 8.3 (Sign bridge to §7). In §7 we used the representation (u, h) — (u+ v, h — oy(u))
and the shift 7,,,, + o, (u); here we use (u, h*) — (u + v, h* + o, (u)) and the shift I, 1, — o, (u).
The normalized parameters satisfy 7(e) = —t(e) relative to {7, so the 1D identities coincide after

this sign change.

Lemma 8.4 (1D half-open symmetric—difference identity). Let a,b € N and 7 € Z. Write
A:=a—-b, A :=max{0,A}, A_ := max{0,—A}, and z; := max{0,z}. Then

#(10,a) A ([0,b) — 7)) = |A] + 2 min(min{a,b}, (r—A_)y + (—T—A+)+). (8.9)

Proof- Let I :=[0,a) and J := [0,b) — 7 = [-7,b — 7). Putd := #(IAJ) =a+b—2#(INJ).
A direct computation gives
#(INnJ) = (min{a,b— 7} — max{0, —7'})+.

Case 7 > 0. Then #(I N J) = min{a, b — 7}. There are three regimes:

(1) 7>b:#(INJ)=0,s0d=a+b.

2 b—a<T<b:#{INJ)=b—T7,50d=a+b—2(b—7)=a—b+27.

(3) 0<7<b—a:#(INJ)=a,sod=a—b.
On the right side of (8.9), when 7 > 0 we have (—7 — A;); = 0and (7 — A_); = max{0,7 —
A_} = min{7, min{a, b}}. This reproduces exactly the three values above.

Case T < 0. By swapping the roles of a, b and sending 7 — —7 we reduce to the previous

case. For completeness: #(I N J) = min{a + 7,b};, and the same trichotomy holds with

(a, b, 7) replaced by (b, a, —7). Substituting into (8.9) with A1 unchanged proves the formula for
T <0. O

Theorem 8.5 (Exact identity for rank-1 center; sharp two-sided bounds in general). Let A C T’
be gauge—column-convex with footprint E (edge orientation as in Definition 8.1, counts taken with
the right action convention (8.4)).

(i) Rank m = 1 (Heisenberg—type). Writing ¢(u) € N and I, = [h(u), h(u) + £(u)), set for
e=(u—u+wo)

Ale) :==0(u) — l(u+v), A4 (e) == max{0,A(e)}, A_(e):=max{0,—A(e)}.
With the normalized shift 7(e) € Z from (8.8), the exact undirected boundary identity holds:
Bs(A) = Y {(u)

e€&pa(E)

+ > <|A(e)| + 2 min (min{0(u), £(u+0)}, (7(e) = A(€)), + (—7(e) = Ay(e)),,) )
e€Eint(F)
(8.10)
where 2 := max{0, z}. Exactness uses the half~open convention and Lemma 8.4.

(i) General rank m > 1 (product boxes). For e = (u — u + v) and each coordinate j define
Aj(e) :==4j(u) —lj(u+v), Aji(e):=max{0,+A(e)},
and the one-sided truncated shear addendum
Sj(e) = 2 min (min{fj(u),fj(u +v)}, (r5(e) — Aj,,(e))Jr + (—m5(e) — Aj,+(e))+).
Let

AQle) 1= [T maxtlu), tuutv)}, AL (e) == [T #(10, )10, br(utv)) =a(e)) ).
k#j k#j
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Then

S IT6w + > [Z e) + 5;(e) AY(e)
j=1

CEde(E) Jj=1 e€&ing (E

< Bs(4) (8:.11)

< Y I+ > [Z e)| + S;( ))Agn;x(e)]. (8.12)
e€&pa(E) j=1 e€€ing(E) Lj=1

Proof of Theorem 8.5(ii). Fix an internal base edge e = (u — u + v) and abbreviate a; := ¢;(u),
bj :=Lj(u+v), 7= T1ie),
Lj=100,05),  Jp=1[0b) =7 Xji= L\ Jp, Y=\

By Lemma 8.2, the contribution across e equals
# ( IS ) :
j=1 j=1
Upper bound. Use the exact telescoping identity (pointwise on Z™):

1H[—1HJ_Z< H11k> (1, — 1) - (Hle>-

7=1 k<j k>j

Taking absolute values and summing over Z™ yields

#(HIA HJ> Z #(LAT;) | [ max{#I, #Ji}.

k#j
By Lemma 8.4, #(I;AJ;) = |Aj| + Sj, and #11, = ay, #Ji = by. This gives the single—edge
upper bound with AY)., and summing over e € Ey(E) proves (8.12). For boundary edges
e € Epa(E) the contribution is []; a;, as stated.
Lower bound (disjoint witness cylinders). Define the j-witness cylinder

S = (X x [[@n i) u (Vi x [JUTen Ji)).
k#j k#j
Every point of S; lies in [T IAT] J (it differs in the j-th coordinate and agrees in the others),
hence Ui, S; € [[ZAT]J. Moreover, the sets S; are pairwise disjoint: if = € S; NSy, with j # k,
then z, € I N Ji, (from z € S;) and 2y, € I AJj, (from 2 € Si), a contradiction. Therefore,

#(HIA HJ) > #(Qsj) Z#sj = Z #X;+ #Y;) [[ #en Jo)-

k#j

Again #X; + #Y; = #([;AJ;) = |Aj| + Sj by Lemma 8.4, and [],_; #(Ix N Ji) = AY).
Summing the single-edge estimate over e € iy (F) and adding the boundary term [[; a; gives
(8.11). O

Remark 8.6 (On Ay, vs. An in the lower bound) The proof shows that the correct cross—
sections for the lower bound are the acrual overlaps Am () = [Tz # (I N Ji), coming from the

cyhnder construction. One always has AY) < Afnm := [[}; min{ag, by }; hence replacing AY
by Amm would claim a strictly stronger (and in general false) inequality. In regimes where the

non-witnessed coordinates overlap substantially (e.g. under near-minimizing sequences where all

|7%| are small compared to ag, by), A AY and AY) are asymptotically equivalent, and that heuristic

min

becomes accurate. All compactness and I'-bounds below use the An version proved above.
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Lemma 8.7 (Constant face curl). Define the shear 1-cochain on oriented base edges by
NG

Then, for the standard square face orientation, the 2—cochain dc is constant and equals the skew
part of w:

(de)ij = wlei,e;) —wlej,e;) € Z™ (1<i,j<a).

In particular, under (8.2) this simplifies to (dc);; = w(e;, e;) for i < j, while (dc);; = 0.
Proof. From (8.6),

O () = wpwler, ex) + Y wr(wler, er) — wler, er)),
r>k
SO

Cep () = —0¢, (x) = —xp w(eg, ex) + Zxr (wlek, e;) — w(er, ex)).
r>k

Hence, for i # j,

w(e;,e;) —wlei,e), J>1, w(e;,e) —wle,ei), 1> 7,
Aejcei(x) = { ( ’ ]) ( I l) ] . Aeicej (CU) — { ( J Z) ( ¢ ]) . ‘7
0, Jj <i, ' 0, i< j.

Therefore for all 4, 5,
(dc)ij = Dejce; — Dejce; = wlei, e5) — wleyg, €;),
independently of the diagonal values w(ey, ex). Under (8.2) the second term vanishes for i < j,

giving the stated simplification and (dc); = 0. O

8.2. Interface synchronization across blocks. We keep the set-up and notation from
the proof of Theorem 8.5(ii), and fix a large scale p. After discarding an O(L)-thick outer layer
of the footprint (absorbed in the boundary term), we may assume the base footprint is a disjoint
union of d-dimensional blocks

QecQ = {0,....,n—1}4, n:=|p/L],

each @ a discrete cube of side L, with the obvious adjacency graph G = (Q, F) whose edges
F are unordered adjacent block pairs @ ~ @'. For a fixed coordinate j € {1,...,m} and an
interface (hyperface) F = Q | Q' € F orthogonal to ¢;, write £(F) for the set of base edges
crossing F in direction e;. Recall the per-edge normalized shifts 7;(e) from (8.8), and the weights

a(e) = TT #(10,:(w) 1 ([0, e+ v)) = 78(e)) ).
k#j
Define the face weight
waF) = Y a¥e).

ec&(F)
Under the bulk assumptions |Y,| < p% and p~ (@Y Bs(Y,) < C, we will use the crude bound
WO(F) < 14, (5.1
uniformly over F and j (the implied constant depends only on (d,m) and the data of w).

Lemma 8.8 (Microscopic interface control: detailed telescoping). After the blockwise interior
construction (anchoring i = 0 at the chosen block roots), there is a constant Cy = Cy(d, m,w)
such that for every interface edge e = (u — u + ¢;) € E(F) and for every j,

|Tj(6)| S Cl L.
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Proof (explicit telescoping via discrete Stokes). Fix F' = @Q | Q' orthogonal to e;. Choose the block
roots g € Q and rgr € Q' so that 7o = r¢ + e;, and normalize h(@)(rg) = R(@) (o) = 0. Let
u € F N Q be arbitrary. Take any ¢'-monotone path in the face from r¢ to v,
ViU =TQ, Ukr1 =V + €5, (sp€{1,...,d}\ {i}), k=0,...,0—1,
with ¢ < Cd L.
For each step k, consider the elementary (i, s;)—plaquette with lower left corner vy and
boundary (positively oriented)

€ sy —e€; “Csi,
ORy : v —> Vp+€; — Vgr1+€; —> Vpr1 — V.
Define the cochain
a; := hj+c.; on interior edges (within @ or Q’), a;(e;Qx) := 7;(z — x+e;) on interface edges.
Since d(6h;) = 0 and dc is constant (Lemma 8.7), we have for every k
> ajle) = (de)is,, ;- (8.14)
e€ORy

Summing (8.14) over k = 0,...,¢ — 1 gives

~

-1

~
—

(Tj(’l)k)—Tj(Uk+1)) + [ Z aj(e) — Zaj(e)} = (dc)ismj' (8.15)

k=0 ecy+e; ecry

e
I
o

By definition of a;; and the normalization at the roots,

> ay(e) B Do)+ Y i) = i P ) + Y e (e)

ecy ecy €

o
2

and similarly >° . .. «a;(e) = hé»Q/)(u +€i) + X eer e, C-j(€). Insert these into (8.15), use the
definition 7;(ve) = 7j(u) = h§-Q) (u) — hg-Q/)(u + €i) + Ce; j(u) and 75(vo) = 7(rQ) = ¢e,,5(rQ)
(since both roots have h = 0), and rearrange. The h—terms cancel, and the c—terms collapse to
Ce; i () — e, j(rq) by discrete Stokes on the tangential strip ~y (they encode the sum of A, c, ;
along ). We obtain the identity

-1

7i(uw) = 7i(rQ) = Y _(de)is,.s-

k=0
Taking absolute values and using ¢ < CyL gives
7 (W] < [75(rQ)l + CaLllde]|oo-
Finally, under (8.2) the explicit formula for ¢ in the proof of Lemma 8.7 shows

7i(rQ) = ce,j(rQ) = Z(TQ)T (w(ei, er) —w(er, ei))j,

>0

whence |7;(rq)| < C,, L. This yields the claim with C := Cy||dc||« + Ci. O
Definition 8.9 (Weighted (integer) median on a hyperface). For F' € F and fixed j, a number
mU)(F) € Z is a weighted media'n of the multiset {7;(e) : e € E(F)} with weights (A9 (e)} if ic
minimizes ¢(s) == Y oce(p AY (¢) |7j(€) — 5| over s € Z.

Lemma 8.10 (Hyperface median reduction). For each F and j, let mU) (F) be a weighted median
as in Definition 8.9. Then

Z A(a) ‘Tj (j)(F)‘ < Co LWY(F),
ecE(F)

with Cy = C3(d, m,w), and moreover |mW(F)| < C1L by Lemma 8.8.



51

Proof. By optlmahty of the (integer) weighted median, - AY) 7, —mW| <3 AY mine, |7 —
s| <3 AY \TJ| Apply Lemma 8.8 and the definition of W) (F). O
Lemma 8.11 (Tree synchronization). Fix a spanning tree T of G. There exist block constants
a(Q) € Z™ such that, if one sets the inter-block increments on every tree face F = Q | Q" € T
by
AdY(F) = aD(Q) — aD(Q) = —mU)(F),

then the total weighted L' cost over all tree faces satisfies

>y ZA e)|ri(e) + Aad(F)| < CL > ZW ptm=1,

FeT ec&(F) j=1 FeT j=1

where the last bound uses |T'| = |Q| — 1 < n? and (8.13).

Proof- Define a on the vertices of T' by fixing a at one root block and extending uniquely along
T with the displayed increments. On F' € T, the residual on £(F) equals 7j(e) — m) (F); the
bound follows from Lemma 8.10 and (8.13). O

Lemma 8.12 (Cycle residual). Let F € F\ T and let €' (F) be the unique simple cycle obtained
by adding F' to T'. Then, for each j,

Z mW) (F)

F'e%(F)

< C37’LL < 03[)7

with C5 = C3(d, m,w). Consequently,

3 ZAJ) (€) + AdD(F)| < Cyp iW(j)(F).

ecE(F) j=1 j=1

Proof. By construction, Aa)(F') = —mU)(F') on F' € T and AaV)(F) is determined by
compatibility around the cycle ("), whence the residual on F" equals the sum of m) around
% (F). The cycle length is O(n) and |mW) (F")| < C1 L by Lemma 8.10. O

Proposition 8.13 (Interface cost bound). With a chosen as in Lemma 8.11,

d+m

DY ZA e) |75(e) + AaD(F)| < pHmt 4 ”T

FeF ecg(F) j=1

In particular, for all 1 < L < p the right-hand side is o(p@~1).

Proof. Split faces into T and F \ T. The contribution of T'is $ Y pep L 3-; WW(F)<n?.L-
Ld=1pm=1 = pd+tm=1 by ] emma 8.11 and (8.13). For F \ 7', use Lemma 8.12 and (8.13):
d+m

m
Z ZCng(])(F) 5 p-‘}—‘-Ld_lpm_l - p-nd-Ld_lpm_l _ pT
FT j=1

U
Remark 8.14. The proof uses only the constancy of de (Lemma 8.7), the blockwise interior

control, and weighted L' median properties on hyperfaces; no hidden assumptions are introduced.
The tree term is O(p?*™~1), and the off-tree term is O(p?*™/L); both are o(p?~1) for 1 < L < p.

Corollary 8.15 (Cap-loss control and sharp scaling). Let (Y,) be gauge—column—convex stacks
with |Y,| < p? and p~(@=YBs(Y,) < O, where Q = d + 2m. Then there exist offsets h, (i.e
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choices of integer fiber bases h(u) for each basepoint u, not a single global central translate) such
that the cap—loss

CapLoss(h,) == 3. > Si(e) A (e)

e€&ing(E) j=1
satisfies

d+m
CapLoss(h,) < Cp (Lp pttm=l 4 pL) ; L,= LP1/2J,
p

and hence CapLoss(h,) = O(p*m2) = o(pQ1).

Proof. Write the internal contribution over edges as in Theorem 8.5(ii). For e = (u — u +v) and
coordinate j we have

Sj(e) = 2min <min{aj, bit, (17— Aj )4+ (—75 — Aj7+)+),

with 7; = 7j(e) = h;(u) — hj(u + v) + ¢, (u), where c.; is the j—th coordinate of the shear
1-cochain ¢ from Lemma 8.7. Thus, up to truncations (which only help), CapLoss is controlled
by the weighted ¢! norm of the coboundary 6h + c:

ST ST ERe) + ceyw) | - AD(e).
7j=1

e€&nt(E) J

The interior block construction yields the bound L p?*™~1, with weights < p™~! on the bulk.
Gluing interfaces by Proposition 8.13 adds p#+™~1 + p¢+™ /L. Choosing L = L, = [p'/?]
balances the last two terms and gives the stated estimate. O

Remark 8.16 (Terminology and consistency with §7). In §7, “CapLoss” referred to an excess
term of the form > (|t| — A)4. Here, for rank m > 1, we use “CapLoss” for the rruncated shear
contribution >~ S;(+) AY(.), which is the multi-rank analogue entering the two-sided bounds.
Both quantities are controlled via the same blockwise L' curl-fit mechanism and vanish at scale
o(p?~1) along near-minimizers.

Remark 8.17 (Consequences). Theorem 8.5 and Corollary 8.15 give the exact decomposition in
rank 1 via the one-sided truncated shift in (8.10), and sharp rwo—sided control for all step-2 lattices.
In particular, one obtains order—sharp compactness and I'-lim sup /lim inf bounds at the scale
p%~1 for arbitrary step-2 groups, with anisotropy encoded by S through the zonotope gauge
on Vi and by the skew tensor dc in Lemma 8.7. The lower bound in (ii) uses disjoint witness
cylinders, eliminating a spurious 1/m factor and strengthening the estimate.

Corollary 8.18 (Step-2 Carnot lattices: BRP via shear). Every uniform lattice in a step-2 Carnot
group admits (NNM) (Theorem 8.5 and Corollary 8.15). Hence it satisfies full (TF) (Theo-
rem 9.100) and sup,~; 1°(r)/I"™*°(r) < oo (Theorem 9.31).

9. ExacT-VOLUME PROFILE, MONOTONE MINORANT: BOUNDED RATIOS AND THE TEMPERED
F@LNER CRITERION

Standing conventions and normalization. NEW Throughout Section 9 we work with connected
Cayley graphs of finitely generated groups with a fixed finite, symmetric generating set S not
containing the identity. We denote A := |S| the (directed) degree. Unless stated otherwise, 1°()
and I™7°(+) are in the verfex normalization; for directed-edge counts we write I, cdge and I ég‘g;o
(cf. Definition 9.9). The pointwise comparison

0sY| < Bs(Y) < AldsY] (9.1)
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(Lem. 9.15) converts all statements up to a factor depending only on A. We also use the undirected
edge boundary Bs(Y) = 33, ¢ [sYAY] in Subsection 9.6, with conversion to the directed
normalization costing a universal constant by Lemma 9.15.

For a finite Y C T, the (vertex) S-boundary is ds(Y) = SY \ Y. Recall

I°(r) :==inf{ |0s(Y)| : |Y|=1r}, mere(p) = inf I°(s),

s>r

with piecewise-linear extension in r. Set A := |S|. Our aim is to understand the ratio R(r) :=
I°(r) /I (r) (cf. [Gro08a]), with the convention R(r) = 1 if I'**°(r) = 0.

9.1. Three structural tools: Lipschitz, tail trimming, subadditivity.
Proposition 9.1 (Lipschitz in r). For all integers r > 1, one has |I°(r + 1) — I°(r)| < A.

Proof FixY C T'with |Y| =randz ¢ Y, and set Z := Y U {z}. Then 9sZ C (0sY \ {z}) U
(Sz\ Z),s0 |0sZ| < |0sY |+ A. Taking the infimum over |Y| = r gives I°(r +1) < I°(r) + A.

For the reverse inequality in the vertex normalization, we in fact have I°(r) < I°(r + 1) + 1
deleting one vertex y from a set Z can create at most the single new boundary vertex y itself, since
S(Y) C S(Z) whenY C Z (and hence 8sY C 9sZ U {y}). In the directed-edge normalization

this becomes Iy, (1) < I, (7 +1) + A. O

Proposition 9.2 (Tail trimming). For all integers s > r > 1,
I°(r) < I°(s) + (s—r) (vertex normalization).
Consequently, for any s(r) € argmings, I°(t),
I°(r) < I™°(r) + (s(r) —r).

In the directed-edge normalization one has the same statements with the additive constant 1
replaced by A = |S].

Proof. Vertex case. Let Y be any finite set of size s. Remove one point z and write Y := Yy \ {z}.
Then 95(Y) C 9s(Yy) U {z}, hence |9sY| < |8sYo| + 1. Iterating s—r times and taking infima
over |Yp| = s yields the claim.

Directed-edge case (direct proof). Write Bs(Y) := #{(y,s) €Y x S: sy ¢ Y}. f Y =Yp \ {x}
then when deleting « we remove all pairs (x, s) and potentially add at most one new boundary pair
for each s € S, namely (s7', s) if s7'z € Y. Thus Bs(Y) < Bs(Yp) + A. Iterating s—r times
and taking infima gives I, (r) < I5;,.(s) + A(s — 7).

We emphasize that the trimming estimate here is at the exact-set level (one vertex at a time), not
only at the profile level; this is what we will use repeatedly inside the TF interleaving schemes. [

Proposition 9.3 (Subadditivity). If I is infinite, then for all integers r1,7o > 1, I°(r; +12) <
IO(Tl) + IO(T'Q).

Proof. Fixe > 0. Choose A, Bwith |A| =71, |B| = rpand |0sA| < I°(r1)+e, |0sB| < Io(rg)—i—
As T is vertex-transitive and infinite (and S is symmetric), the finite set {ab™!, sab™!
A,b € B, s € S} is proper; pick g € T outside it. Then dists(A4, gB) > 2, so @S(A u gB)
9sA U g(0sB) and |0s(A U ¢gB)| < |0sA| + |0sB|. Since |[AU gB| = 11 + 12, I°(r1 + 12)
I°(r1) + I°(r9) + 2¢; let e | 0.

S

OAN ™ o



54

9.2. Three large classes with bounded ratios; initial remarks and sanity checks.
Proposition 9.4 (Nonamenable, two-ended, virtually nilpotent). We have the following quanti-
tative upper bounds for R(r):

(a) If T is nonamenable with vertex Cheeger constant
|0sY |

= in > 0,
DAY Cgnl |Y|
then
I°(r) < A
su n -
7“211) Ilncro(r) - h

(b) If T has two ends (equivalently, is virtually Z), then there exist constants 0 < ¢_(S) <
c+(8) < oo such that

e (S) < ™ °(r) < I°(r) < e (S)  Vr>1,

hence sup,~; 1°(r) /1" °(r) < c4(8)/c—(S).
(c) If T has polynomial growth of homogeneous dimension @ > 2 (virtually nilpotent), then
SUp;>1 Io(r)/Iincro(r) <cr,Ss).

Proof. (a) For every finite Y, |0sY| > h|Y|, hence I'™"°(r) = infy>, I°(s) > infe>, hs = hr.
Also [0sY| < A|Y|, 50 I°(r) < Ar. Therefore I°(r) /I °(r) < A/h.

(b) The Cayley graph is quasi-isometric to a uniformly bounded-width strip. Choosing ¥ as a
tubular segment of length r shows I°(r) < ¢, (S). Conversely, every nonempty finite Y has at
least one neighbor outside, so I°(r) > 1 =: ¢_(S). (Sharper c_(8) exist but are not needed.)

(c) Let @ > 2 be the homogeneous dimension and set @ = (Q —1)/Q € (0, 1). By our discrete
Waulff theory (Theorems 4.1 and 3.25) there exist Ry < oo and constants 0 < ¢, < Cy < 00
(depending only on (T, ) and the normalization) such that for all integers s > Ry,

e 8T < I°(s) < O s™. (9.2)

Indeed, the lower bound follows from the asymptotic Wulff lower bound (liminf) by choosing
e > 0 small and taking R so large that I°(s) > (hg — £)s® for s > Rp; the upper bound follows
from the existence of Wulft samplers Y, with [0sY;] < (14 o(1))hg s®, then hitting the exact
volume by padding (Lemma 9.13), which changes the boundary by at most A per vertex and is
thus o(s%).

For r > Ry, since I™°(r) = inf>, I°(s) and s — s* is nondecreasing,

incr o > i o «
I (r) > ;Izlic*s T,
while I°(r) < C,r® by (9.2). Hence

) _ G
Iincro(,r) T ey

(7" > RQ)

For the finitely many 1 < r < Ry, set Cj := maxi<,<g, I1°(r)/I™"°(r), which is finite because
Imere(p) > [inere(Ry) > (. Therefore

1° C
: (r) < max{—*, Cg} < 00,
r>1 Imcro(r) Cy

which proves (c). O

Remark 9.5 (Vertex vs. edge normalization). If Ig,,, and I35 ° denote the profiles in the (directed

or undirected) edge normalization, then I° < I odge < AT° and I"re < [ égcggo < A I'nere with
A = || (cf. Lemma 9.15). Hence the boundedness of the ratio is invariant up to a factor depending

only on A.
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Remark 9.6 (What our Wulff theory adds, precisely). The classical literature provides global
two-sided isoperimetry in virtually nilpotent groups (e.g., [VSCC92, SC02]). Our contribution
is different in nature: we obtain asymprotically sharp constants and constructive near-minimizers
adapted to the horizontal anisotropy 7g. Concretely, there exists Ry < oo such that for all
Y| > Ry,

Q— Q—
0sY| > (hs — o)) Y] 2,  3yVT. |95y V| < (14 o(1) hgr @ .

These asymptotics suffice to deduce bounded ratios (Proposition 9.4(c)) by combining with a
finite small-volume window. We do ot claim a uniform lower bound for all volumes from Wulff
theory alone; the global two-sided inequalities remain an independent analytic input when one
wants uniform statements at every scale.

Remark 9.7 (Explicit two-ended bound). Let I' be two-ended. Fix an infinite cyclic subgroup
(t) < T of finite index and a transversal T of the left cosets of (t). For L € N, set Yz, = | J=' Tt
Then |Y;| = LI : ()] and only the two ends contribute up to bounded width (depending on S),
SO

0sYL| < CL(S)[I': (t)].
Hence I°(L [T : (t)]) < C(S) [[' : (t)], and the general upper bound follows by padding/Lipschitz
(Proposition 9.1).

9.3. Tempered Fglner increments and a decoupled route to (TF).

Lemma 9.8 (Tempered increments by expansion). There exists a nested sequence Y; C Y2 C
of finite subsets of T" such that for all n,

’Yn+1\Yn| < lasyn‘-

Proof. Start from any nonempty Y;. Given Y,,, pick any subset A,, C 9sY,, andlet Y, 1 := Y, UA,,.
Then |Y,11 \ Yo| = |An| < [0sYnl. O

Definition 9.9 (Vertex and directed-edge profiles). For finite Y C T, write
Bs(Y) :=#{(y,s) €Y xS: sy¢ Y} (directed edge boundary).

Define the exact and increasing directed-edge profiles:
cdge(T) = 1Inf{ Bs(Y) : [Y| =1}, oo (r) = landge( )-

Remark 9.10 (Edge vs vertex TF). We formulate (TF) both in vertex and directed-edge normal-
izations. As |9sY| < Bs(Y) < A|9sY|, any (TF) statement in one normalization converts to the
other with constants modified by a factor of at most A.

Definition 9.11 (Tempered Folner property (TF)). (I',S) has (TF) if there exists a Folner
sequence (F,) and A, B > 1 such that:

(i) 0s(Fn)| < AT™ (| F));

(ii) [Fr1 \ Fr| < B0s(Fn)l.

Definition 9.12 (Tempered Felner property - directed-edge normalization). Write Bs(Y) :=
#{(y,s) €Y xS : sy ¢ Y} for the directed edge boundary. We say (T',S) has (TF) in edge
normalization if there exists a Folner sequence (F,) and constants A., B > 1 such that

(ie) Bs(Fn) < Ac Igee(|Fnl) for all n;

(i) |Fny1 \ Fu| < B Bs(F,) for all n.

Here I50:°(r) := infy>, infly|—, Bs(Y') is the increasing minorant of the exact edge profile.

Lemma 9.13 (Padding by & points). Forany finite Y and k > 0, thereis Z D Y with |Z| = |Y|+k
and 95(Z)] < [0s(Y)| + EA.
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Lemma 9.14 (Attainment of exact profiles). For every integer r > 1 there exist finite sets
Y,, E, C T with |Y,| = |E,| = r such that

|0sY,| = I°(r) and Bs(Er) = Iegge(r)-

Proof. Fix r. For any Y C T with |Y'| = r we have 0 < |9sY| < Arand 0 < Bg(Y) < Ar, so
Ve ={|0sY|: |Y|=r}cC{0,1,....Ar}, & ={Bs(Y): |Y|=r}C{0,1,...,Ar}

are nonempty finite subsets of N. Hence min V, = I°(r) and min &, = I3, (r) are achieved. O

edge
Lemma 9.15 (Vertex-edge comparison). For every finite Y C T,

0sY| < Bs(Y) < A|dsY]. (9.3)
Consequently, for all » > 1,

I°(r) < Iggge(r) < AT°(r), rere(py < éﬁ‘é@o(r) < ATPO(r).

Proof- Define @ : {(y,s) € Y xS : sy ¢ Y} — 9sY by ®(y, s) = sy. It is surjective and each
fiber has size < A, which gives (9.3). The profile inequalities follow. O

Remark 9.16 (Directed vs undirected). In all inequalities above one may replace directed edge
counts by undirected edge counts, at the price of a universal factor 1/2. We keep the directed
normalization in profile statements, and switch to undirected edges only when convenient in
specific constructions; constants are converted by a fixed factor once.

Proposition 9.17 (Weak TF(i) from a bounded edge ratio). Assume there is Cy < oo with

Ieq (7)
ge
sup Iincro S CO‘
r>1 Loqge (r)

Then there exists a sequence of finite sets E, with |E,| = r such that

0SBy < Iogelr) < CoIiEo(r) < CoAI™ () Vr>1.

In particular, TF(i) holds along some (not necessarily nested) sequence with A = Cj A in vertex
normalization.

Proof. Choose E, attaining 12

edge(r); then apply Lemma 9.15. 0

Lemma 9.18 (Canonical tempered expansion). For any finite nonempty ¥ C I' set Y :=
Y UOdsY. Then

YT\Y| = [0sY], |0sYT| < (1+A)[0sY].
Consequently, the nested chain F,, 1 := F, satisfies TF(ii) with B = 1.

Proof- Since OsY NY = @, YT\ Y| = |0sY|. Adding vertices of dsY one by one changes the
boundary by at most A per addition; hence [9sY | < (1+ A)[dsY|. O

Remark 9.19 (Folner behaviour of S-ballooning). By contrast with the tempered step ¥ +—
YUY, the “ballooning” chain F}, 1 := SF, need not be Falner, even if T is amenable (e.g. balls
are not Fglner in many amenable groups of exponential growth). In virtually nilpotent groups,
however, balls are Fglner for any finite generating set.

Definition 9.20 (Nested near-minimizers (NNM)). We say (I, S) admits nested near-minimizers
if there exist Cy < 00, 19 € N, and a nested family (W,.),>,, with |[W,| = r such that

Bs(W,) < Collise(r)  forallr > ro.

Remark. In many arguments it suffices to have the same inequality along a cofinal subsequence of
volumes.
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Lemma 9.21 (Checkpoints = NNM along a cofinal subsequence). Let (F,) be a nested family
in edge normalization. Assume there exists an infinite subsequence (n;) and A, > 1 such that

Bs(Fn,) < AcINeC(|1Fy,l) Vi

Then (F,,) is a sequence of nested near-minimizers along a cofinal subsequence.
Proof- Immediate from the hypothesis and nestedness. O

Remark 9.22 (On (NNM) in our scope). (i) Z<¢ (axis stencil): discrete Wulff approximants W,

can be made nested and satisfy Bs(W;)/r(@V/4 — c_ hence Bs(W,) < C 13er°(r) for large 7.

(ii) Uniform lattices in Carnot groups: inner/outer samplers are nested in the scale and have
by == Bs(-) ~ Per.(E)r?"; after volume interpolation we get nested W, with Bs(W,.) <
Col éﬁ;"( r) for large 7.

Proposition 9.23 (Tempered chain from (NNM)). Assume (T, ) admits nested near-minimizers:
there exist Cy < 00, rg € N, and a nested family (W,.),>,, with |W,| = r such that

Bs(W,) < Cjy éﬁ;ﬁzo(r) Yr > 1.

Then there exists a nested sequence (F,,) and A = Cy A such that, for all n,
Fup\Fa < [0sF]  and  |9sFa| < AT"(|E,))
If, moreover, I is amenable, then (F},) can be chosen Felner; consequently

su pIo(()) < CoA(1+A).

r>1 IIHCI‘ [¢] r

Proof. Define F,, := W, with r,+1 :=ry, +|0W,, |; then |F,41 \ F,| = |0F,| gives TE(ii) with

B = 1. For TF(i), use |0F,| < Bs(Fy) < Co IS (|Fy|) < CoA T (|Fy|). If I (r) /r — 0

(amenability), we get |0F,|/|F,| — 0. O

Corollary 9.24 (Felner clause under amenability). Under the hypotheses of Proposition 9.23
and amenability, the nested sequence (F),) is a Falner sequence. In particular, (TF) holds:

e in edge normalization with (A, B) = (Cp, 1), and
e equivalently, in verfex normalization with (4, B) = (CHA, 1).

Definition 9.25 (Confined canonical step). Given nested NNM (W,.), >, and current F C W,
with 7/ > | F|, define

(FU@SF) N W,
Lemma 9.26 (Interleaved smoothmg, TF(ii) with B = 1). Fixrg <71 <73 < --- and set

Fno 7= Wro, Fmi1 1= { 71/[;/](}?7%)7 iﬂ?ﬂ; i :j:’(check int)
v | =1 point),
then move to level 7j41. The chain (F,) is nested and satisfies
Fre1 \ F| < |0sFn|  (TE(ii) with B = 1).
At checkpoint indices m with F,,; = W, one has TF(i) with the NNM constant.

Proof- Nestedness: F C FUQF and F C W, imply F' C T,/(F). Intersecting F'UJF by W,s can
only reduce the increment, so |Fy, 41 \ Fn| < |0F,|. At checkpoints TE(i) holds by NNM. O

Lemma 9.27 (Right-Lipschitz for 1" °). For all integers s > r > 1,
0 S IincrO(S) _ IincrO(T) S A (S _ ,r_).
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Proof- Let s > r. Forany u > r,sett := u+ (s —r) > s. By Proposition 9.1, I°(t) <
I°(u) + A(s — r). Taking infima gives I'™°(s) < I'™T°(r) + A(s — r). Monotonicity is
clear. O

Definition 9.28 (Budgeted levels). Fix ¢ € (0,1]. Define a level schedule by 7j1 := r; +
[9 1 °(r;)]. On level j, evolve by the confined step F — T, ., (F) until F = W, then
move to level j + 1.

Proposition 9.29 (TF(i) at every step under scheduled interleaving). Assume (W) are nested
near-minimizers in edge normalization with Bs(W,) < Co I2:°(r). Run the budgeted-level
scheme of Definition 9.28. Then the resulting nested chain (F,,,) satisfies TF(ii) with B = 1, and
for every m,

05Fl < (Co + (CoA? + 1)9) I™r°(| ).
Proof. TE(ii) with B = 1 is Lemma 9.26. Fix a step with F C W, on level /. Tail trimming
yields |0F| < [0W,/| + def(F; '), and [0W,| < CoA I (r'). By Lemma 9.27, '™t (y/) <
It (|F|) + Adef(F;r'). By construction of the schedule, def(F;r") < 9 I'°"(|F|). Combine
these to get the displayed bound. O

Theorem 9.30 (Interleaving in Z¢ and Carnot lattices). Let (I, S) be (i) Z with an axis stencil,
or (ii) a uniform lattice in a Carnot group of homogeneous dimension @ > 2. There exist
nested Wulff samplers (W,.),1 and constants Cy, A, B < oo such that the interleaved chain of
Lemma 9.26 satisfies, for all large steps,

| Frs1 \ Fin| < Bl|0sFn| (here B = 1), 0sFy| < A T™T°(|F,|) for every m.
One may take A = CoA + (CoA? + 1) 9 with Cy the NNM constant and any fixed 9 € (0, 1].

Proof idea. Nested Wulff near-minimizers with tracked constants are available in these settings,
and I°(r) =< r(@=1/Q 5o 1™ has the same order. Apply Lemma 9.26 and Proposition 9.29. [

Theorem 9.31 ((TF) = bounded ratio). If (T, S) satisfies (TF), then sup,., I°(r) /1™ °(r) <
A+ AAB.

Proof. Fix r and choose n minimal such that |F,,| > r. Then |F,_1| < r < |F,|. By (i) and
monotonicity, [9s(Fu_1)] < AT (r). By (i), r — |Fa_i| < |Fa| — |Fo_1] < B |9s(Fa_)].
Apply Lemma 9.13 to obtain Z D F,_; with |Z| = r and

|0sZ| < |0sFn_1|+A(r—|Fu_1]) < (1+AB)|0sFn_1| < (A+ AAB)T™°(r).
Taking the infimum over |Z| = r completes the proof. O

Proposition 9.32 (Examples of (TF)). (TF) holds for:

(a) Virtually nilpotent groups (use Wulff-type approximants and nested dilations).
(b) 7 with nearest-neighbor generators (concentric boxes or discrete balls).
(c) Finite direct products of groups satisfying (TF) (with product generators).

Proof of Theorem D . Items (1)-(3) follow directly from Proposition 9.4. For the Tempered Folner
(TF) clause, assume (T, S) satisfies (TF) with constants (A, B). The padding lemma with TF(i)
gives a set Z of cardinality r whose boundary is at most (1 + AB)|9sF),—1|, where n is minimal
with |F,,| > r. By (TF)(i) and monotonicity we then obtain

I°(r) < |0sZ| < (14 AB)|0sE,_1| < (1+AB)AI™°(r),

which is Theorem 9.31. O
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9.4. Lamplighters: (TF) via explicit expansion and known isoperimetry. Let H bea
finite nontrivial group and (T, Sr) a finitely generated amenable group. Consider the lamplighter
G := H") x T with the generating set

S=5 UT,

where each o € T toggles the lamp at the current base position and Sp acts by left translation on
the base. Let t := |T| and ¢ := |H| — 1. We use the directed boundary Bs(-) for exact counts and
recall the pointwise comparison |9sY| < Bs(Y) < A|9sY| (Lemma 9.15).

Lemma 9.33 (Exact edge split in one block). Let U C T be finite of size n := |U],and 0 < M < n.
Define

M
F(U,M) := {(f, z) € HDXT : 2 € U, supp(f) C U, HfHoSM}, S(n, M) ::Z(Z,L)qﬂ

=0
Let
= Z#{xEU: xzs ¢ U}.
SEST
Then
B (F0.0) = B @) =nn) + o] (") o (0.4

Proof. A right-step by s € Sp moves z — xs and keeps f unchanged, exiting iff zs ¢ U; summing
over z and admissible f gives the first term. For o € T, toggling at = € U exits iff f(z) = 1 and
| fllo = M; this gives the second term. O

Lemma 9.34 (Exact count of ring-enlargement exits). Let U C T be finite and let U’ € SpU
with ring R := U’ \ U, 6 := |R|. For integers m, ¢ > 0 set

= {(f,x) s x e U, supp(f) CU', #(litin U) <m, #(litin R) < E}.

Foreach a € T, let £, (Y7) be the set of directed a-edges from Y} that exit by toggling an

ring,o

unlit ring site x € R when the ring budget is exactly saturated, i.e. #(lit in R) = ¢. Then
§—1 (UN
Brnga 1) = [€itga] = 17 (")) X (") a1
=0~/
and Bring(n) = ZaET Bring,a(n) =t- Bring,a(n)-

Proof- Count choices of z € R (must be unlit), ring pattern (choose  lit sites in R\ {z} and
values), and a U-pattern with < m lit; each yields one exiting directed edge for a. O

Definition 9.35 (Ring-step operator). With U C T finite and U’ C SpU, define R := U'\ U
and, for m, ¢ > 0,

- {(f,x) Lz e U', supp(f) C U’, #(licin U) < m, #(litin R) < 5}.
For a € T define the a-ring exits

e a(Yo) == {((f,x),oz) €Y, x{a}: z€R, zisunlitin f, and #(litinR):E}.

ring,o

Define the single-step ring increment

R(Yy) = Yo U {(fix)a : ((fi2),0) € Eag(Y0) }y &g = || Eingae

acT
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Lemma 9.36 (Exact count and tempered bound for a single ring step). With the notation of
Definition 9.35 one has

[ROD\Ye| = |&0, (Y| < Bs(Yy) < AlosYil

ring
Consequently, the ring step is tempered in the TF(ii) sense with constant B = A (vertex
normalization).

Proof. The map ((f, ), ) = (f, z)cvisabijection from £ (Yz) onto R(Y7)\ Y. The inequalities
follow from Lemma 9.15. 0O

Lemma 9.37 (Tempered base enlargement). Let U C I be finite, set U’ C SpU and R := U’ \ U,
and fix m > 0. Define the base-first enlargement with ring lamps forbidden

ybase . {(f, z):x e U, supp(f) C U', #(litin U) < m, #(litin R) = o}

and
F(U,m) := {(f,x) cx € U, supp(f) C U, #(litinU) < m}

Then ‘Ybase \ F(U, m)| < ELU)X(|U|,m) and E_(U)X(|U|,m) < BgruT(F(U,m)) <
A |0sF (U, m)l, so the base step is tempered with the same B = A.

Proof. Count cursor exits across the base caps exactly as in (9.4) and apply Lemma 9.15. O

Remark 9.38 (Monotonicity and bookkeeping across steps). Each base or ring single step replaces
Y by Y U E, where E is the image of a set of exiting directed edges under the action map, so the
chain is nested by construction, and

Y AY| = [Eng ase (V)] < Bs(Y) < AJdsY].

Theorem 9.39 (Tempered chain for lamplighters: single-step construction). Let G = H x T
with generators S = Sp U T, and fix a nested exhaustion Uy C Uy C -+ of I with U1 C SpUy.
Fix 0 € (0,1) and set My, := |0|Uy|]. Construct a nested chain (F},) by concatenating, for each k&,
one base step F(Uy,, Mj) — Y2 and then M}, 1 — Mj, ring steps. Then

|Fri1 \ Fr| < A|0sE,| for all n.
Remark 9.40 (Normalization). In the lamplighter subsection we use the vertex boundary in

TE(ii) and the directed edge count when exploiting exact splits. The comparison in Lemma 9.15
transfers bounds between them up to a factor A.

Proof. Each link is tempered with constant A by Lemmas 9.37 and 9.36. O

Theorem 9.41 (Folner checkpoints for finite-lamp wreaths). Let (I, Sr) be finitely generated
and amenable, let H be finite nontrivial with ¢ := |H| — 1 and toggles T (¢ := |T|), and consider
G := H") x T with generators S = Sp U T. Fix a Falner exhaustion U; C Uz C --- of T with
Ug+1 C SrUg and ny, := |Ug|. Let p := q/(1 + q) € (0,1) and set My, := [png]| and

Then, in directed-edge normalization,

Bs(Fy)
|

— 0 (k — o00).

Proof. From (9.4), Bs(F(U, M)) = E_,(U) X(n, M) + tn(";')¢™ and |F(U, M)| = n X(n, M).
Folner of (Uy) gives E_,(Uy)/ny — 0. With My, = [pny] and p = ¢/(1 + q) (the median of
Bin(ny, p)), the local CLT/Stirling gives (”ﬁzl)qu/E(nk, M) = O(n;1/2). Hence the fraction
tends to 0. (See e.g. Erschler [Ers03, Ers06] for lamplighter profile asymptotics.) O
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Theorem 9.42 (Near-minimizer checkpoints and TF(i) on a subsequence). References: Er-
schler [Ers03, Thm. 1], [Ers06, Thm. 1, Sec. 3]; see also [SCZ18]. Let G = HT) x T as
above, and checkpoints F} := F(Ug, My) with My, = |0|Ux||, 6 € (0,1). There exists
Ay = Ag(H,Sr,S) € (0,00) such that for all sufhiciently large £,

BS(F]:) < AO : gdge(|Fl:|)‘

In particular, aligning checkpoints to record minima of the minorant and passing to vertex
boundary gives a subsequence {k;} with

0sFf| < AT °(|FL]), A= AgA.

Remark 9.43 (On the minorant alignment). Since I'™°(r) = min>, 1°(s) is attained at some
record scale s(r), we may choose | F}f| near such scales; bounded padding/trimming changes |0s|
by at most A per vertex, absorbed in TF(ii).

Definition 9.44 (Checkpoints for TF). A family {E;} will be called checkpoints for (TF) with
constant A > 1 if

0sEj| < AI™°(|Ey|)  forallj.

Equivalently, in directed-edge normalization, Bs(Ej) < A. Iiie°(|Ej|) for some A, =4 1.

Remark 9.45 (Record-minimum alignment). One may always thin a near-minimizer family to
record minima of the increasing minorant; these are canonical checkpoints.

Definition 9.46 (Canonical checkpoints for lamplighters). For G = H) x T with |H| = h > 2,
set p 1= % Given a nested exhaustion U; C Uy C - -- define

Ff = F(Up, Mi), M= [p|Usl]
By Theorem 9.42, there exists a cofinal subsequence {k;} and Ay < co such that

Bs(E) < Ao Ldge’ (IFF )

hence {7 } is a family of checkpoints for (TF) with A = ApA.

Corollary 9.47 (Lamplighters: TE(ii) globally, TF(i) along checkpoints). Under Theorems 9.39
and 9.42, the chain (F},) satisfies

[Frg1 \ Fu| < Al0sk| (Vn),
and there is an infinite subsequence of indices {n;} (checkpoints) for which
0sFy,| < AI™°(F, [), A= AgA.

Theorem 9.48 (Lamplighters satisfy the decoupled (TF) scheme). Let G = HT) x T with finite
H and finitely generated I". With the single-step chain (F},) of Theorem 9.39 and the checkpoint
bounds of Theorem 9.42, one has TF(ii) globally with constant B = A, and TF(i) along an
infinite subsequence of checkpoints with constant A = Aj A.

Remark 9.49 (Fglner checkpoints). By Theorem 9.41, the checkpoint family F} is a Folner
sequence in G.

Remark 9.50 (On constructivity). The expansion mechanism (TF-ii) is explicit via single
steps. The profile control (TF-i) relies on deep results for wreath products; we isolate this
non-constructive input.
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9.5. Balloon chains (amenable graphs), a no-go observation for Cayley graphs, and a

question. We record a simple, self-contained graph example where the exact-vs-increasing

isoperimetric profile ratio blows up, and then explain why the mechanism of that example does

not port verbatim to Cayley graphs. We conclude with a concrete question for amenable groups.
Throughout this subsection we work in the undirected edge normalization

B(Y) = %Z]SYAYL I°(r) := nf{BY): |Y|=r}, e () = igf[o(s).
s€S =T

Conversion to vertex or directed-edge boundary costs only a fixed multiplicative factor by
Lemma 9.15.

A balloon-chain amenable graph with unbounded ratio. Let { E}; };>1 be a sequence of finite,
connected, d-regular graphs (d > 3) with a uniform edge Cheeger constant hg > 0:

0, Al = ho min{|A], |Ex| —|A]} (0 # AC Ej).

Write Ny, := |Ej| and assume Nj41 > 3Ny, (e.g. pass to a sparse subsequence). Pick vy, € V(E})
and connect the E};’s by single bridge edges {vy,, vi41}, obtaining a connected graph G of maximum
degree d + 1. Set

n
So = JEx n>1L
k=1

Then |S,| = > p_; N and B(S,,) = 1.

Proposition 9.51 (Amenability). G is amenable:

Proof. Immediate from B(S,,) = 1 and |S,| — oo. O

Theorem 9.52 (Unbounded profile ratio on an amenable graph). There is ¢ = ¢(hg) > 0 such
that for all n and all
roe | [Spo1|+ AN, [Sha]+ %Nn],
one has
I°(r) > ¢N, and  I™O(r) < 1.
Hence sup,. I°(r) /1™ °(r) = oo.

Proof. For the minorant, use I'™°(r) < I°(|S,|) < B(S,) = 1 when r < |S,,|. For the lower
bound ix Y C V(G) with |Y| = r and write Y}, := Y N Ej, Ay, := |Y}|. Since bridges only add
nonnegative contributions,

B(Y) > Z |8EkYk‘ > h() Zmin{Ak, Nk - Ak}
k>1 k>1

Let A =1 — [Sy_1| € [E Ny, 2N,]. If Ay, > LN, then min{A4,, N,, — 4,} > 1 N,,. Otherwise
A, < %Nn and
Because Ny 41 > 3N, we have ), Aj < %Nn+1 < %Nk forall k > n, so min{Ag, Ny — Ay} =
Ay, for k > n, whence

Z min{Ag, N — A} > %Nn — A,

k>n
In either case Y7, min{Ag, Ny — Ap} > Ny, giving B(Y') > (ho/3) Ny, and the claim. [

Remark 9.53 (Context). The balloon-chain graph is intentionally non-vertex-transitive. It
cleanly exposes the spike/plateau mechanism behind large oscillations between I° and I™° in a
transparent setting.



63

A no-go observation for Cayley graphs. The balloon mechanism relies on two features that do
not carry over verbatim to Cayley graphs: (i) extremely sparse volumes at which I° is uniformly
tiny (here, B(S,) = 1), and (ii) extremely cheap interfaces (single edges) separating huge regions.
In Cayley graphs, two elementary facts constrain how “spiky” I° can be between such cheap
volumes.

Lemma 9.54 (Left-Lipschitz trimming). Let X be a bounded-degree graph with maximum
degree A. For any finite £ C V(X) and any ¢ € {0,1,...,|E|} there exists E/ C E with
|E'| = |E| — t and
B(E") < B(E) + At.
Consequently, if 1°(sg) < By for some sg, then for every r < s,
I°(r) < By + A(so—r1).

Proof- Delete vertices one by one; removing a vertex can introduce at most A new broken edges,
so the boundary increases by at most A at each deletion. The consequence follows by applying
the bound to a minimizer at size sg. O

Corollary 9.55 (No verbatim “balloon plateau” in Cayley graphs). Let X be a Cayley graph of
degree A. If along a sequence (sy) one has I°(s;) < By (with By independent of k), then for each
kandall r € [sy, — | Bo/A], si), I°(r) < 2By. Thus arbitrarily long gaps of the form [sy, si41)
cannot be “expensive” all the way up to sj1: near each cheap point sy, there is a uniformly wide
interval of uniformly cheap volumes.

Proof. Apply Lemma 9.54 with ¢ < By/A. O

Remark 9.56 (What this does and does not say). Corollary 9.55 does o rule out large oscillations
of I° in Cayley graphs; it only shows that the exact “single-edge plateau with arbitrarily long
expensive ramps” of the balloon chain cannot occur verbatim. In particular, if cheap volumes
are dense (as in many amenable Cayley graphs), the left-Lipschitz control significantly limits
how steep spikes can be patched between them. For several amenable Cayley families (virtually
nilpotent groups; finite-lamp lamplighters H 1 Z; semidirects 7% x4 Z with hyperbolic A; finite
products/extensions), two-sided asymptotics or our (TF) scheme give bounded ratios 1° /1™ °
(see §9 and references such as [Ers03]).

A question. Motivated by the toy model above and the constraints just discussed, we isolate a clear
target for future work.

Question 9.1. Does there exist a finitely generated amenable group whose Cayley graph satisfies

IO
sup L)

[ S ?
r>1 Iincro(r> 0

Remark 9.57 (Known positive and negative evidence). For classical amenable families, the ratio
is known or shown here to be bounded: virtually nilpotent groups (two-sided Wulff asymptotics),
finite-lamp lamplighters over Z (two-sided r/log r bounds, e.g. [Ers03]), and hyperbolic semidi-
rects Z% x4 Z (our (TF) interleaving). The balloon chain shows that unbounded ratios occur
easily in non-vertex-transitive amenable graphs. Whether this can happen in the Cayley world
remains, to our knowledge, open.

9.6. New verifications and closure properties for (TF). Unless stated otherwise, in this
subsection we work with the undirected edge boundary

Bs(Y) := §) [sYAY].
seS

Comparisons to directed/vertex boundaries cost a universal factor by Lemma 9.15. All statements
in this subsection use this normalization unless an “edge” subscript (-)eqge is present.
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9.6.1. Stability under finite index and finite extensions.

Proposition 9.58 (Finite index invariance). Let H < G be of finite index and equip G, H with
Cayley sets Si, Sy with Sy C 8% and S C S¥. Then G has (TF) iff H has (TF). Moreover,
if H has (TF) with (4., B) (in edge normalization), then G has (TF) with constants depending
only on (A., B,m,n, |G : H|,Aq,Ag).

Proof. (TF(ii)) Fix a right transversal T C G for H\G, |T| = [G : H] =: q. Assume (F,,),>1 in H
are nested and satisty |Fj, 1 \ Fy| < B Bg,, (Fy,). Set

E, = |JtF, CG.
teT
Then E,, C Ep1, |En| = ¢|F,|, and |[Enqq \ En| = ¢q|Faq1 \ Ful. By bounded change
of generating sets (Sy € S%, S¢ C S}) and bounded coset overlaps, there exist constants
c1,¢2 € (0,00) depending only on (m,n, Ag, A, q) such that

C1 BSH(Fn) < BSG(ETL) < e BSH(Fn)'

Hence
|Ent1\ En| = q|Fap1 \ Fu| < ¢BBsy(Fn) < (¢B/c1) Bsg(En),
so TF(ii) holds in G with Bg := ¢B/c;.
(TF(ic)) Suppose Bsy, (Fy) < Ae Iiiex; (| Fyl) for all n. Then By, (En) < coAe 105 % (|F).
By quasi-isometry invariance of profiles (Theorem 9.90 applied to the Cayley graphs of H and
G), there exist a,b > 0 depending only on (m,n, Ag, An, q) such that

cdgerr () < aldglg(br)  Vr>1.
With |F,| = |E,|/q we get
BSG(En) < ad. égge?G(b |En‘/Q)

Finally, by the right-Lipschitz property of the increasing minorant (Lemma 9.27 in vertex
normalization; the edge version is analogous), changing the argument by a fixed factor changes
the value by at most a fixed multiplicative/additive constant. Absorbing these numerical factors
yields

Bsg(Ep) < A Lgge (| Enl),
with A., depending only on (A¢, m,n, Ac, A, q). The converse direction (G = H) is analogous
by restricting to a coset and using the other generator inclusion. O

Proposition 9.59 (Finite extensions). Let 1 — F — G = Q — 1 be exact with F' finite. Then
G has (TF) iff @ has (TF). Constants change by factors depending only on | F'| and the generating
sets.

Proof. (TF(ii)) If (F},) in Q witnesses TF(ii) with constant B, choose a section s : Q — G and
define

E, = s(F,)F CG.
Then E,, C Eni1, |En| = |F||Fp), and |Eny1 \ En| = |F| |[Fyy1 \ Fa|. Each broken edge in Q
lifts to at most | F'| broken edges in G, and conversely Bs, (En) <|p| Bs, (F,,) (bounded change

of generators between the quotient and the lifted set). Thus

|Ent1\ En| < |F]| Bq BSQ (ﬁn) S|F| Bs, (En),
proving TE(ii) in G. The reverse direction projects a TF(ii) chain in G to Q and uses the same
comparability.

(TF(ic)) If Bs, (Fy) < Ac 11355 (|Fy|), then

Bsg(En) Sip| Ae Ligeg(1Fnl).
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By quasi-isometry invariance of the increasing minorant between G and @ (Theorem 9.90),
there exists a > 0 such that I35, (1) < aI3%%(r) up to a bounded change of scale (again

absorbed via right-Lipschitz). Hence Bs,(Ey) < A, Il (| Exl) with A} depending only on

(Ac,|F|) and the generators. The converse direction is similar. O

9.6.2. Direct products.

Proposition 9.60 (Products and (TF) increments). For the product generating set on G1 x G2
and finite U; C G},

Uy x Uy) C (0Uy) x Uy U Uy x (0U3).

Consequently, if U; have (TF) increment bounds B;, then Uy x Uz has an increment bound of
the form B < By + Bs (after a fixed normalization conversion).

Theorem 9.61 (Direct products: TF(ii) unconditionally; TF(i.) under NNM). Let (G;,S;),
i = 1,2, satisfy (TF) in edge normalization with constants (4D, B, Equip G := Gy x G2 with
the product generating set S := (S; x {e}) U ({e} x S2). Then:

(a) TF(ii), unconditionally. 1f (FT(LZ)) witness TF(ii) with B(®, then
E, :=F" x F?
is nested in G and satisfies
|Ens1\ En| < BBs(E,), B < BY+BY.
Indeed, in the (undirected) edge normalization one has the exact split
Bs(Ey) = Bs, (FV) |EP)| + |EV| Bs, (F?),

since each product generator acts in exactly one coordinate.
(b) TF(i.) along a cofinal subsequence, assuming NNM in each factor. Assume each (G;, S;) admits
nested near-minimizers (Definition 9.20) with

Bs,(W{) < ¢ e, (w)  (u>1).

Let R; := {u: I %, (u) = I3, (u) } be the record volumes of the factor minorants. Then
along any cofinal sequence (u;,vj) € R1 x Ro and with

Z; = W x w2
J Uj vj 0
one has
Be(Z.) < C(l) 0(2) incr o 7.
S( J) = ( 0 + 0 ) edge,G(‘ ]‘)

In particular, G satisfies TF(i¢) along a cofinal subsequence with A, < C’(()l) + 082).

Lemma 9.62 (Checkpoint tensoring for products). Let G = Gy x G2 with the product generating
set and assume nested near—minimizgrs in each factor: Bgi(qul)) < C(()l) I :(lfgreoGz (u) for large
u. Let R; be the record volumes of I35t . For any cofinal sequence (uj,v;) € R1 x Ra, the

product sets

satisfy
Bs(Z)) < (C§V +CP) e (ujv;).
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Proof. For the product generating set,
Bs(A1 x A2) = Bs, (A1) |A2| + |A1] Bs,(A2).

Hence
(1) incr o (2) incr o
BS(Zj) < CO Uj Ledge,Gi (U’J> + CO Uj Ledge,Ga (Uj)'
Since u; € R1, vj € Ra, we have Iég‘gefGi (ug) = Iggge.c, (1) and similarly for v;. Now upper-
bound the product minorant by testing with exact minimizers at uj, v;:

incro o

edge,G (ujvj) < Iedge,G’ (ujvj) < Uy Igdge,Gl (u]) + Uy Igdge,GQ (Uj)7

using the product boundary identity. Combining the two displays yields the claim. O

Corollary 9.63 (Direct products satisfy full (TF) under NNM). In the setting of Theorem 9.61(b),
assume each factor admits nested near-minimizers (NNM), and let (u;, v;) € R1 x R be a cofinal
checkpoint sequence as in Lemma 9.62. Define the product checkpoints

Wy, = qujl) X WTE]_Q), Tj = U;Vj.

Then there exists a single nested chain (F;,)m>m, in G (built by the confined step 7y, between
successive levels r;; see Definition 9.25 and Lemma 9.26) such that:

(TF(ii)) |Fot1 \ Fm| < BBs(F,,) with B =1 (edge normalization),
(TF(i.)) Bs(Fn) < Ac I3 6 (|1Fyl)  for all sufficiently large m,

with

A = (N + ) + ((CV + Py ag+1) v,
for any fixed 9 € (0, 1] chosen in the budgeted-level schedule (Definition 9.28). In particular, G
satisfies full (TF).

Proof. By Lemma 9.62 the product checkpoints W, satisty Bs(W,,) < (C’(()I) + 052)) 12 (ry)
along a cofinal subsequence of volumes. Between successive levels 7; < 7;41, evolve by the
confined canonical step 7, (Definition 9.25); by Lemma 9.26 this produces a nested chain (F},,)
satisfying TF(ii) with B = 1, and TF(i.) at each checkpoint index m with the checkpoint constant
for W,

Now run the budgeted-level schedule (Definition 9.28) with any fixed ¥ € (0, 1]. Proposition 9.29
applies verbatim (using the checkpoint inequality only at the selected levels ;) and yields, for all
intermediate steps m on level r;,

Bs(Fn) < ((C§7 + ) + ((CV +CF) B +1) 9) 1555 (1P

This proves TF(i.) eventually (hence TF(i) in vertex normalization, with constants multiplied by
A¢ via Lemma 9.15), while TF(ii) holds globally with B = 1. Thus (F,,,) witnesses full (TF) for
G. O

9.7. Wreath products over (TF) bases (finite lamps).

Theorem 9.64 (Finite-lamp wreaths over (TF) bases: decoupled scheme). Let (I', Sr) satisfy
(TF) with constants (AL, Br) and let H be finite nontrivial with toggles T (¢ := |T|, ¢ := |H| —1).
For G := HT) x T with & = Sy U T there exists a nested chain (F},) such that

TE(ii) holds globally with B < Cy (Br + 1),
and
TF(ic) holds along an infinite subsequence with A, < Cjy AL

where C'yr depends only on |H| and ¢. If, in addition, (G, S) admits nested near-minimizers at all
large volumes, then full (TF) holds with the same type of bounds on (4., B) up to Cy.
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9.8. Semidirect products Z? x 4 Z: A-covariant layer-nested sets, zero interior drift, and
tempered Fglner chains. We consider

G=7%x,2, (z,k) - (y,0) = (x + AFy, k+0),
with the left Cayley generating set
S = {sfl,...,sjl,til}, si-(x, k) = (x4 e, k), t-(x, k)= (Az,k+1).
Undirected edge boundary is used throughout this subsection.

9.8.1. A—covariant layer-nested sets and exact cancellation of interior drift.

Definition 9.65 (A—covariant layer-nested set). Let K C R be a bounded measurable set and
let R >0, T € N. Set
T
Xo:= ((RK)NZY),  Xp:=A"X, (-T<k<T), Fgrr:= ] (Xxx{k}) CG.
k=-T

Lemma 9.66 (Nestedness of A-covariant layer-nested sets). If Ry < Ry and T'(-) is nondecreasing,
then Fie g, 7(ry) € FK,Ro T (Ro)-

Lemma 9.67 (Zero interior vertical drift). For every A € GL(d,Z) and Fx g1 as above, the
vertical boundary across each interior interface vanishes:

| X, AATYX | =0 (-T<k<T).
Hence the total vertical boundary is only the two caps:
Byert(Fr,rr) = | X_7| + |X7| = 2]X0].
Lemma 9.68 (Uniform slice sizes). For all k, | Xy| = |Xo| = |(RK) N Z%|. In particular,
\Frrrl= (2T +1)|Xo| <k (2T +1) R%.

Lemma 9.69 (Unit-thickness annulus bound). If K C R? is a bounded convex body with
piecewise C! boundary, there exists Cx < oo such that for all R > 1,

| Xo(R+1)\ Xo(R)| < CkR™,  Xo(R):=(RK)NZ"
9.8.2. Horizontal boundary: cofactor growth and the logarithmic height regime.

Lemma 9.70 (Horizontal boundary at level k). Let K C RY be a convex body with piecewise C*
boundary. There exists Cx < oo such that forall R > 1 and k € Z,

Bhor(Xk) < CK Rdil H COf(Ak)

)

where cof(+) is the cofactor matrix, and || - || is any operator norm on R%*<.

Proof idea. Let Per, denote the anisotropic perimeter associated with the axis stencil at height
k. If E C R%is smooth, then Per;(A*E) = [, | (cof A¥)n||dH% < | cof A¥|| Per,(E).
Discretizing via the standard BV-graph perimeter comparison (coarea + lattice approximation of
RK) yields Bhor(Xy) < || cof A¥|| R4=1 wich the implicit constant depending only on K and the
stencil. O

Lemma 9.71 (Two-sided cofactor growth). Let A € GL(d,Z). Forevery A > max{p(4), p(A~1)}
there exists C'y < oo such that

| cof (AR < CA Al (ke z).
Remark 9.72 (Cofactor identity for GL(d,Z)). For all k € Z, cof(A*) = (det A)*(A~*)T. Since

det A = +1 for A € GL(d,Z), the growth of || cof (A*)|| is governed by ||A~*||, which justifies
the choice of A > max{p(4), p(A~1)} in Lemma 9.71.
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Corollary 9.73 (Total horizontal boundary). There exist C4 x < oo and A(A4) > max{p(A), p(A~1)}
such that
Bhor (FK,R,T) < 01/4’}( Rd_l A(A) T.

We now choose the height to grow logarithmically in R:
1
T = |al —_.
(R) := |a log R/, O<a<logA(A)
Proposition 9.74 (Log-height layer-nested sets are Falner and have tempered increments). For
Fr := Fk pr(r) one has:

(1) (Folner) Bfg f) o

(2) (TF)(i)) There exists B < oo such that for all large R, | Fry1 \ Fr| < B Bs(Fg).
Proof. (1) Vertical: Byet(Fr) = 2|Xo(R)| <k R% and |Fr| <k (log R)R%, so Byert/|Fr| — 0.
Horizontal: Byo(Fr) S R*IATH) = p=1talsh /100 R — 0.

(2) f T(R + 1) = T(R) the increment is (2T(R) + 1) | Xo(R + 1) \ Xo(R)| < R 'log R. If
T(R+1) =T(R) + 1, two new slices add < R®. Since Bs(Fr) > Byert(Fr) < R%, both cases
give the bound. O

Theorem 9.75 (Tempered Folner chains for Z<¢ x4 Z). Let A € GL(d,Z) and K C R? convex
with piecewise C! boundary. Then the sets

Er = Fxrrmw),  T(R)=lalogR|, 0<a<1/logA(A),

form a nested Folner sequence and satisfy the tempered increment bound (TF)(ii) in the undirected
edge normalization:

Bs(ER)
|ER| R—o00

0, |Ers1\ Er| < B-Bs(ER) for all large R.

Lemma 9.76 (Explicit increment size). With Er = Fi g 1(r) and T(R) = |alog R] as above,
there exists C' = C(A, K) such that for all large R,

|Egy1\ Eg| < C(R*'logR+ R* Lir(ren=r(r)+1}) < C' R

Proof. If T(R + 1) = T(R), the difference is a unit-thickness annulus within each of (2T'(R) + 1)
slices: the bound follows from Lemma 9.69. If T(R + 1) = T(R) + 1, we add two slices of size
= | Xo(R +1)| < R4, plus the annulus cost; combine to conclude. O

Definition 9.77 (L'-profile). Let X be a bounded-degree graph. Its L!-isoperimetric (Nash)
profile j;(v) is the best constant J such that for every finite E C Vx with |E| < v and every
function f : Vx — R supported in E,

Y @ —mfE) < T Y If@) -l

el {z,ytek!
where m(f, E) is a median of f on E and E! is the (undirected) edge set of X. (See [SCO02,
Ch. 5].)

Lemma 9.78 (Nash/L! profile vs. edge isoperimetry). Let X be a bounded-degree graph with
maximum degree A, and let j1(v) be its L'-(Nash) profile as in Definition 9.77. There exist
constants ci, ¢ € (0, 00) depending only on A such that for all v > 1,

c1 sup < ji(v) < ¢ sup “ (9.5)
1<u<o Logge(w) 1<u<v Logge(t)
In particular,
edge(V) > av for all v > 1. (9.6)
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Proof and references. The two-sided equivalence (9.5) is classical (a discrete Maz’ya inequality);
see Varopoulos-Saloff-Coste-Coulhon [VSCC92, Thm. VI.3] and Saloff-Coste [SC02, Ch. 5-6].
Since sup,,<,, /19,0 (1) > v/I2,.(v), the lower bound in (9.5) implies (9.6). O

Remark 9.79 (Normalization). The lemma is written for the directed edge profile I, .. In the
undirected normalization, all displayed inequalities hold with an absolute factor 2. Passing to
vertex boundary costs a factor depending only on A (Lemma 9.15). All such constants can be

absorbed into ¢1, 3.

Corollary 9.80. If j;(v) < logv (e.g. for G = Z¢ x4 Z with A hyperbolic), then
v

Theorem 9.81 (Hyperbolic semidirects: global near-minimality up to constants). Let G =
Z¢ x4 Z with A hyperbolic and S finite symmetric. Then there exists A, > 0 such that for all
large R,

Bs(Er) < Aclegge(|ER]).

Proof. For polycyclic groups of exponential growth such as G = Z¢ x4 Z with hyperbolic A,
the L'-profile satisfies j1(v) =< loguv; see, e.g., [VSCC92, Thm. VI.3] and [SC02, Ch. 6]. By
Lemma 9.78 this implies Iy, (v) 2 v/logv. On the other hand, for our sets Er we have

~

|Eg| < R%log R and Bs(ER) < R? by Theorem 9.75 and Lemma 9.76. Therefore

BS(ER) < ’ER’ < 70

—_— E
~ log]ER] ~ edge(’ R’)?

as claimed (absorbing implicit constants into A.). O

9.8.3. Layer-nested class: lower bound and order-optimality.

Definition 9.82 (A-covariantly layer-nested sets). A finite set Y C Z¢ x4 Z is A-covariantly
layer-nested if it is of the form Y = | |[_ ;. (X; x {t}) for some T € N and finite X; C Z%, and if
the pulled-back slices

X; = A7'X; c 74
satisfy symmetric nesting: X/, C X/ fort > 0, X;, C X/ fort < 0. Remark. The A-
covariant sets Er = Fi p 7(g) are in this class, since X; = A*Xq so X = X for all .

Lemma 9.83 (Lower bound in the A-covariantly layer-nested class). Let Y be A-covariantly
layer-nested with slices {X;}7__ and pulled-backs X; = A~*X;. Then

2
Y.
2T+1||

Moreover, there exists ¢;, = 5 (A, S) > 0 such that the horizontal part obeys

Bs(Y) = Byen(Y) = 2[Xg| >

T

Buo:(Y) > ¢en Y Perr, (X)),
t=—T

where 74 is the anisotropic gauge on R induced by the pulled-back axis stencil {+A47te;}4 ;.
Proof- For each vertical edge, (z,t) <> (Az,t + 1) lies inside Y iff 2 € X; and Az € X;44. In
pulled-back coordinates u = A", this is u € X; N X/, ;. Hence the number of broken vertical

edges across the interface t — t + 1 equals [ X} \ X}, | for t > 0 (by nesting), and similarly
| X1 \ X{| for t < 0. Summing telescopically and adding the two caps gives

Byert(Y) = (IX5] = 1X70) + (1X5] = 1X2p]) + [X7[+]X7p| = 2|X].
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Since X is the largest pulled-back slice by nesting, | X§| > TIH S X = %, proving

the displayed vertical bound. The horizontal inequality is the standard discrete anisotropic
perimeter lower bound for each layer (coarea + calibration for the pulled-back stencil), summed
over t; the constant depends only on (4, S). O

Proposition 9.84 (Logarithmic layer-nested sets are near-minimizers in the A-covariantly lay-
er-nested class). Let Eg = Fi g gy with T(R) = [alog R], 0 < o < 1/log A(A). There exists
Ac(A,S) € (0,00) such that for all large R,

Bs(ERr) < A, inf { Bs(Y) : Y A-covariantly layer-nested, |Y| = |ER] }
Proof. By Lemma 9.83, for any competitor Y with Y| = |Eg| and 2T + 1 layers we have

2
Bs(Y) > Y| =
s(Y) = 2T+1’| 2T + 1

For Ep, the vertical boundary is exactly 2| Xo| = 57+ |Er| by Lemma 9.67, while the horizontal

boundary satisfies Bhor(Er) = o(R?) by Corollary 9.73 with our choice of T(R). Since |Eg| =<
R%log R and (2T +1)~! < 1/log R, we have Byo,(Er) = o(|Eg|/(2T + 1)). Therefore

|ER|.

2 E . .
Bs(ER) = T |Er|+o0 (Q‘T i‘1> < (1+0(1)) inf{Bs(Y) : Y A-covariantly layer-nested, |Y| = |ER|}.
Absorbing the o(1) into a fixed constant for large R gives the claim. O

Remark 9.85 (Why this class). The A-covariant nesting compares like with like: it tests against
families whose slices become nested after conjugating by A~*, which is the natural frame for the
vertical edges (z,t) <+ (Az,t + 1). In this class the vertical contribution has the exact formula
Byert = 2|X{|, and the benchmark lower bound depends only on the total volume and the height
(2T 4 1). Our sets Er belong to this class and achieve the height-dominant lower bound up to
o(1), which is precisely what one expects in the logarithmic regime.

9.9. Quasi-isometry invariance and a constructive route from bounded ratio to (TF).
We write I°(+) for the exact vertex profile of a bounded-degree graph X and ™ for its greatest
nondecreasing minorant. Throughout this subsection we work in the vertex normalization;
constants in comparisons depend only on quasi—isometry data and maximum degrees.
Roadmap. This subsection has three logically independent parts:

(1) Quasi~isometry (QI) stability: we prove a clean, additive-free comparison for the increasing
minorant under QI and deduce a robust transfer of BRP (in a scaled sense).

(2) An auxiliary “local attainability” tool: a parametrized (LA, ) notion yields tempered in-
crements TF(ii) without any near-minimizer input. This tool is not used in the main
(NNM-only) interleaving, but can be helpful when near-minimizers are known only
sparsely.

(3) Main construction: from (NNM) alone we construct a single nested chain with full (TF)
(under amenability). This yields the characterization result in this class. No (LA,) is
required for Theorem 9.101.

Definition 9.86 (Bounded ratio property (BRP)). A bounded-geometry graph X has the bounded
ratio property if
IO
sup ﬂ
r>1 0o (r)
Definition 9.87 (Quasi—isometries). A map f : Vx — Vi is a quasi—isometry if there exist A > 1,
€ >0, Ry > 0, and a coarse inverse g : V3 — Vy such that

)\_ldX(.’E,LE,)—G < dY(f(:E)a f(l‘,)) < )\dx(CC,IL‘/)—FG, dx(gf(x),.’ﬂ) < RUa dY(fg(y)ay) < Ry.
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Lemma 9.88 (Controlled thickening and boundary under QI). Let f € QI(X,Y) with data
(A, €, Ry), let R € N. For every finite A C Vy define B := Ng(f(A)) C Vy. Then there are
constants cy, ¢/, cp depending only on the QI data and degrees such that

Bl<ev|Al, JAI<¢ B, |9vB| < cploxAl

Proof. Volume bounds: balls have uniformly bounded growth in bounded-degree graphs, and g
maps B into an R'-thickening of A, giving the two inequalities with ¢y, ¢|,. Boundary bound:
for each Y-edge broken by B, connect its endpoints to f(A) by paths of length < R and pull
back via g; this associates to each broken Y-edge a broken X-edge with uniformly bounded
preimage multiplicity depending only on (), €, Ry) and the degrees, yielding c5. O

Lemma 9.89 (Boundary of a thickening). Let G be a bounded-degree graph (degree A). Then
for every finite S C V(G) and R € N,

|ONR(S)| < CA7R‘8S| with Car = 2A? (A—l)R_l.

Proof. Every edge broken by Ng(S) projects along a shortest path of length < R to a broken
edge of S; the number of such lifts is bounded by the number of nonbacktracking paths of length
< R times a degree factor, which is < 2A2(A — 1)%-1, O

Theorem 9.90 (QI comparison for minorants and BRP transfer). Let X and Y be bounded-
degree graphs that are quasi—isometric. Then there exist a,b € (0,00) and A > 1 depending only
on the QI data and degrees such that, for all » € N,

[rre(ar) < AIRT°(r)  and  IPT°(br) < ALPT°(r). (9.7)
Consequently:
(i) (Scaled BRP transfer) If X has BRP with constant C'y, then
IO
sup v () v

r>1 I%}lcro(lﬁ“) B
for some k > 1 and Cy < oo depending only on the QI data, degrees, and C.
(i) If, in addition, I° is doubling in the sense that Ii2T°(2r) < D I3 °(r) for some
D < oo and all large 7 (this holds in the classes used elsewhere in the paper), then Y has
BRP in the original sense:

IO
>1 I%}lcro (7,)

Proof. For (9.7): Fix R and f € QI(X,Y) as in Lemma 9.88. Given r, choose s > rand A C X
with |A| = s and |0x A| = I%(s); set B := Ng(f(A)). Then |B| < cys and |0y B| < ¢yl (s).
Taking the infimum over s > r yields

I%}‘C“’(cvr) < cafi)?cro(r).

< o0.

This gives the first inequality in (9.7) with a = ¢y and A = ¢y. The second follows by symmetry
using the coarse inverse g (with possibly different constants), which we absorb into (b, 4).

For (i): let Cx witness BRP on X, i.e. I < Cx I¥°. Fix r and apply Lemma 9.88 to a
minimizer A of size [r/cy] in X to getaset B C Y with |B| < r + ¢y and

Iy (r) < |0yB| < coI%([r/ev]) < coCx IR ([r/ev]).
By (9.7), I2°([r/cy]) < AI°(kr) for some k > 1 depending only on the QI data
(absorbing the rounding and the additive ¢y via monotonicity of the minorant). Combining,
Iy (r) < (cogCxA) LT (k).

Taking the supremum in 7 proves (i) with Cy := cyCx A.
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For (ii): if 7i2*° is doubling, then Ii1er°(kr) < DMeg2#1inere(p) for large 7, and the finitely
many small 7 are absorbed into the constant. Hence sup, I3 (r) /I °(r) < oc. O

9.9.1. An auxiliary local attainability tool (not used in the main interleaving).

Definition 9.91 (Local Attainability with factor ). Let k € [1,00). A bounded—degree graph
X satisfies (LA,) if there exists Cp,a € (0, 00) such that for every r € N there exists

s € [r, v+ CpaI¥To(r)] with I%(s) < KIBTo(r).
Lemma 9.92 (BRP = (LA,) with x = C). If X has BRP with constant C (i.e. I°(r) < C I'™°(r)
for all 7), then X satisfies (LA,) with kK = C (and any Cpa > 0): take s = r.

Lemma 9.93 (One-step padding). Let X have maximum degree A. Given a finite £ C Vx and
t € N, there exists £’ D F with |E’| = |E| + t and

|OE'| < |0E| + At.
Proof. Add vertices one by one; each addition increases the boundary by at most A. O
Lemma 9.94 (Minorant vs. boundary). For every finite E one has
reee(gl) < I°(1B) < |9E].
Proof. By definition of the infima. O

Proposition 9.95 ((LA,,) yields tempered increments and checkpoints). If X satisfies (LA,;), then
there exists a nested sequence (F),) with |EF,, 41 \ Fy,| < Cpa |0F,] for all n; and there is a cofinal
sequence of volumes (s;) and minimizers E; with |E;| = s; such that I°(s;) < & I™(s;).

Proof. Given F,, withr,, := |F,|, pick s, by (LA, ) and pad using Lemma 9.93. Then |F,, 11\ Fy,| <
Cral™(r,) < Cra|OF,| by Lemma 9.94. Iterating (LA,,) yields the checkpoints. O

Remark 9.96 (On usage). We will not use (LA,;) in the main TF construction below; it is recorded
as a flexible device to obtain TF(ii) even when near-minimizers are only sparsely available.

9.9.2. Interleaving from (NNM) alone: full (TF) under amenability. Recall (NNM) (Definition 9.20):
there exist Cy < 00, r¢ and a nested family (W,.),>,, with |[W,.| = r such that, in edge normaliza-
tion, Bs(W,) < Cy I éﬁgeo(r). By Lemma 9.15, in vertex normalization

|OW,| < CoAI™(r) (r >rp). (9.8)
Definition 9.97 (Budgeted levels). Fix ¢ € (0,1]. Define a level schedule by 7;1 := r; +
[9 1 °(r;)]. On level j, evolve by the confined step F — Ty, (F) (Definition 9.25) until
F =W,,,,, then move to level j 4 1.
Lemma 9.98 (Interleaved smoothing: no (LA,;) needed). The chain of Definition 9.97 is nested
and satisfies TF(ii) with B = 1:
Fpii \ Fol < [0Fn|  (all m).

Moreover, along any step with F' C W, one has the deficit control

def(F;r') = o' — |F| < 91" °(|F)),
and at each checkpoint F = W,., |0F| < CoA I'™°(|F)|).
Proof. Nestedness and B = 1 are as in Lemma 9.26. For the deficit bound, note that on level
j we have v/ = rji 1 = rj + [ (r;)| and |F| € [rj,7j4+1), hence def(F;r') < rjy1 — 1 <
O I (r;) < 9 I'"(|F|). The checkpoint bound is (9.8). O
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Proposition 9.99 (TE(i) at every step from (NNM) alone). In the chain of Definition 9.97, for
every step F' (not only at checkpoints) one has

0F| < (CoA + (CoA? + 1) 9) I™°(|F).

Proof. Fix a step with F© C W,... Tail trimming (Prop. 9.2) gives |0F| < |0W,/| + def(F;r’). By
(9.8), |OW,.| < CoA I'™* (1), By Lemma 9.27, I'™ (') < '™ (|F|) + A def(F;r’). Combine
and use Lemma 9.98 to bound def(F; ') < 9I™(|F|), obtaining

|0F| < CoA(I™(|F]) + Adef(F;r')) + def(F;r') < (CoA + (CoA? +1)9) I (|F)).
O

Theorem 9.100 (Full (TF) from (NNM) under amenability). Assume X admits (NNM) as above
and is amenable, i.e. I'™*(r)/r — 0. Let (F},) be the chain of Definition 9.97. Then:

[0F |

|Foi1 \ Fru| < |0Fn| (TE(i) with B = 1), Yo

— 0,

and there exists 4 < 0o (e.g. A = CoA + (CoA? + 1)¥) such that
0F,| < AI™(|F,|) forevery m.
Hence (F,;,) is a nested Falner sequence satisfying full (TF).

Proof. TE(ii) is Lemma 9.98. The TF(i) bound is Proposition 9.99. Since I'™(|F},,|) /| Fyn| — 0
by amenability, the TF(i) bound implies |0 F,,|/|Fy| — 0. O

Theorem 9.101 (Characterization under (NNM)). Let X be a bounded-degree Cayley graph that
admits (NNM) and is amenable. Then X satisfies full (TF) (Theorem 9.100), and consequently X

has BRP (Theorem 9.31). In particular, within this class, (TF) and BRP are equivalent properties
(both hold).

Remark 9.102 (On the role of (LA, )). The interleaving in Theorem 9.100 uses only (NNM)
(plus amenability) and does not invoke (LA,). The latter is kept as an auxiliary device that
independently yields TF(ii) and cofinal checkpoints when (NNM) is known only sparsely; it is
not needed for the main equivalence in the (NNM)+amenable class.

Remark 9.103 (Why (NNM)? Conceptual gain over direct (TF)). The (NNM) hypothesis isolates
the purely geometric content: existence of near-minimizers (often along a cofinal subsequence)
in the most convenient normalization (directed edges). By contrast, (TF) demands a single nested,
tempered chain that is near-minimal ar every step. Our interleaving scheme turns any (NNM)
input into a constructive chain satisfying full (TF) with explicit constants; in particular, we obtain
tempered Folner sets without further analytic input.

In the classes of interest, (NNM) is typically easier to verify than (TF) itself:

e Abelian/Carnot: discrete Wulff calibrations yield nested Wulff samplers with sharp
anisotropic constants, i.e. (NNM) for all large volumes.

¢ Hyperbolic semidirects Z¢ x 4 Z: A—covariant layer-nested sets provide near-minimalicy
(up to constants) at the natural logarithmic heights; L'—profile bounds give the required
lower envelope.

e Lamplighters: Erschler’s profile asymptotics furnish canonical checkpoint volumes (me-
dian lamp budgets) at which the exact edge boundary is within a fixed factor of the profile,
i.e. (NNM) along a cofinal subsequence.

Moreover, (NNM) is stable under finite index/finite extensions and admits a checkpoint tensoring
principle for products, so it propagates through natural constructions where building a global
tempered chain directly is delicate. Thus (NNM) serves as a geometric black box: once verified,
our interleaving ensures a single nested, tempered, near-minimal chain witnessing full (TF).
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Remark 9.104 (Checklist to verify (NNM)). A practical route to (NNM) is: (i) an anisotropic
perimeter lower bound via calibration/BV for the chosen stencil; (ii) explicit samplers (Wulff
approximants, covariant sets, median-budget slices) with Bs(-) matching that lower bound up to
a fixed factor; (iii) volume interpolation (padding/trimming) and record-minimum alignment
to populate a cofinal family; (iv) nestedness by scale (dilations/layer-nested sets). This produces
nested near—minimizers with tracked constants in edge normalization, which our scheme then

upgrades to full (TF).

9.10. Towards all amenable Cayley graphs: a Gap-NNM program. We outline a
route to full (TF) (hence a bounded profile ratio) for amenable Cayley graphs based on two inputs
developed earlier: (i) a checkpoint chain chosen among record minima of the increasing minorant
(see Remark 9.45) or among nested near-minimizers when available (Definition 9.20, Rem. 9.22);
and (ii) the confined canonical step and its tempered control (Definition 9.25, Lemma 9.18), as
well as the interleaving scheme (Lemma 9.26, Prop. 9.29).

Standing notation. Let X = Cay(T',S), A := |S|. Write I°(-) for the exact vertex profile and
I'ere for its increasing minorant. A checkpoint chain {W,, } consists of finite sets with |W,., | = rg,
|OW,,| = I°(ri) and Wy, € Wy, (cf. Remark 9.45). Set the gap Gap(k) := riq1 — 7.

Gap hypotheses for a checkpoint chain. We consider the following properties:

(C1) Uniform gap: there exists G < oo such that Gap(k) < G I'™*°(ry,) for all large .
(C2) Positive density of good gaps: there exist C > 0 and 1 > 0 such that

liminfi{{l <k<m: Gap(k) < Clincro(rk)}} > n.

m—oo M

(C3) Integrated gap: there exists Ciyy < 0o such that for all large K and all M > 1,

K+M-1 K+M-1
S Gap(h) < G S I7T(ry)
k=K k=K

These are logically related only in the forward directions used below: (C1)=-(C2) and (C1)=-(C3)
(with constants depending on G). In general, (C2) and (C3) are independent (neither implies the
other), and neither implies (C1).

Consequences. If either (C2) or (C3) holds for some checkpoint chain, then combining the
padding estimate (Lemma 9.13) from the last good checkpoint with the confined/interleaving
steps (Definition 9.25, Lemma 9.18, Lemma 9.26, Prop. 9.29) yields (TF) with explicit constants
(A, B) in the vertex normalization; in particular, Theorem 9.31 then gives a uniform bound on
IO/IlnCr O.

Model families: how a gap hypothesis is verified using earlier constructions. In the principal classes
treated elsewhere, the gap hypotheses can be checked from the explicit near-minimizer families
constructed there together with trimming/padding; the A-Lipschitz control [I°(r +1) —I°(r)| < A
(Prop. 9.1) is used inside these arguments but is not the sole input.

e Virtually nilpotent / Carnot lattices. Sharp Wulff samplers (Theorems 4.1, 3.25) provide
nested near-minimizers at all large volumes with 1°(r) < r(@=1/Q. Choosing checkpoints
cofinal in this nested family and applying the interleaving scheme (Lemma 9.26, Prop. 9.29)
yields an integrated control of the padding cost between checkpoints; hence (TF) with
tracked (A, B) (cf. Theorem 9.30) and bounded ratio.

e Hyperbolic semidirects Z? x4 Z. Logarithmic layer-nested sets {Exr} from §9.8
form a nested near-minimizer sequence at a log-spaced set of volumes with B(ER) <
|ER|/log|ER| (Theorems 9.75, 9.81, Prop. 9.84). Taking checkpoints along this sequence
and padding within each window gives an integrated bound; hence (TF) with explicit
constants and bounded ratio.
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e Finite-lamp wreath products over polynomial-growth bases. For lamplighters, the
single-step expansion (Theorem 9.39) provides global tempered increments, and the
checkpoint family {F}} (Theorems 9.41, 9.42) sits on the v/ log v scale. Padding from
F} to intermediate volumes and concatenating with the single-steps yields an integrated
control across windows; thus one recovers the (TF) structure recorded in Corollary 9.47
and Theorem 9.48, and hence a bounded ratio via Theorem 9.31.

Remark 9.105 (Vertical Lipschitz versus horizontal spacing). The bound |I°(r+1) — I°(r)| < A
(Prop. 9.1) controls vertical oscillations of the exact profile. By itself it does not preclude long
horizontal deserts between record minima. In the families above, spacing of checkpoints (in the
sense of (C2)-(C3)) comes from the explicit near-minimizer chains (Wulff samplers, logarithmic
layer-nested sets, lamplighter checkpoints) combined with trimming/padding, rather than from
the Lipschitz estimate alone.

Strategies toward general amenable Cayley graphs. Three complementary routes target (C2) or
(C3).

e Finite-volume parametric stabilization. On each finite induced subgraph, inclusion-
minimal minimizers of B+ )| - | are laminar in A with equal-size optimality at breakpoints
(standard submodular calculus). A local stabilization of such minimizers along an exhaus-
tion would produce a laminar checkpoint chain on I' and yield an integrated gap bound by
the same padding argument.

e Quantitative BV/coarea levels. Construct a function with small total variation on large
sets whose level sets realize |0E| < I'™(|E|) at a positive density of levels; choosing
checkpoints among these levels gives (C2) and hence (TF).

e Fglner function control. A doubling property for the Felner function, Fol(e/2) <
D Fol(e) for small e, would imply a short-desert phenomenon for record minima, i.e.
(C1) with G = O(D), and thus (TF) with (A4, B) = (1 + AG, 1).

Permanence. The product construction and boundary splitting (Theorem 9.61), together with
finite index and finite extension stability (Prop. 9.58, Prop. 9.59), preserve the gap-driven (TF)
conclusions above (with constants scaled by bounded factors). Consequently, bounded profile
ratio passes to these closures by Theorem 9.31.

10. ANALYTIC CONSEQUENCES: SPECTRAL PROFILE, HEAT KERNEL, AND MIXING

Input used here. All analytic bounds depend on a single isoperimetric input-an L' profile of
order r(@=1/@ with tracked constant. In our classes this input is supplied either by discrete
Wulff (Abelian/Carnot) or, constructively, by the shear-produced (NNM) combined with the
interleaving (which yields the same order at the relevant scales).

Throughout this section we work on the undirected Cayley graph associated to a symmetric finite
generating set S; in particular the graph is A-regular with A = |S| and the (continuous-time)
simple random walk generator is L = I — P with P = L A self-adjoint.

For a finite U C T, let AP(U) be the first Dirichlet eigenvalue of the continuous-time simple
random walk (generator L = I — P with P = % A) killed outside U, and define the Dirichlet
Faber-Krahn profile

AD(r) = inf (AP (U): Ul =1}
Sections 3 and 5 provide (in virtually nilpotent/Carnot settings) sharp discrete Wulff isoperimetry

and quantitative samplers; Section 9 records the (TF) mechanism for bounding 1°/1™m<re.

Lemma 10.1 (Vertex/edge comparison). For every finite Y C T on the A-regular Cayley graph,
Ds(Y)] < 05 (V)] < AlDs(Y).
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Here |05°(Y)| counts undirected edges with exactly one endpoint in Y. Consequently,
Looriex (1) < I0,0(1) < ATSeiex(r) and heqge < Avertex-

vertex edge vertex

Remark 10.2. All analytic bounds stated with vertex boundary translate to edge boundary up to
factors of A via Lemma 10.1; exponents are unchanged. In borderline dimension Q = 2 the classical
spectral /mixing estimates carry a logarithmic correction; see, e, [VSCC92, SC02].

Organization and scope. The analytic narrative used here is: (i) isoperimetry = Cheeger/Faber—
Krahn and Nash on T} (ii) two-sided on-diagonal heat kernel bounds (upper from Nash, lower
from (VD)+(P1)); (iii) conditional spectral-profile mixing bounds on finite quotients, assuming a
global FX (or spectral profile) input on the quotient. We emphasize that our descent arguments
yield only local FK on quotients (for sets with diameter < inj(G)). Global FK on G is an additional
hypothesis which generally fails to follow from local injectivity alone. When available, Wulff-coded
constants from Theorem 4.1 enter only through a single isoperimetric constant Cis,. When we
track generating-set dependence explicitly it appears only via A = |S| and the Wulff constant hg;
other implicit constants (e.g. from (VD)+(PI)) depend only on coarse-geometric data and we do
not attempt to encode them in (A, hg).

Theorem 10.3 (Cheeger, Faber-Krahn and Nash from isoperimetry). Define the global vertex
Cheeger constant
05 2|

ho =
otzcr |Z]

€ [0,A],

and, for a finite Y C T, the localized Cheeger constant

e 19sZ]
o#2CY |Z|

ho(Y) =

Let Bs(Z) = |{(z,8) € Z xS : sz ¢ Z}| denote the (inside-to-outside) directed edge boundary.
On an undirected Cayley graph, each crossing edge (z, sz) with z € Z, sz ¢ Z corresponds to a unique
such pair, hence

Bs(Z) = [05%(2)|. (10.1)
Then for every finite Y C T,
1 1
A(Y) > —— ho(Y)? > —— h2 10.2
1( ) - 2|S|2 ( ) - 2|S‘2 o ( )

Consequently AP (r) > h2/(2|S|?).
If, for some @ > 1 and Cis, > 0, the isoperimetric profile satisfies

0s7] > Ciwo |Z]°@  forall Z c T with |Z] <, (10.3)
then the Dirichlet Faber—Krahn profile obeys
C?
D > iso 72/Q_ .
AL (r) > TSE r (10.4)
In particular, on Abelian groups (@ = 71), Theorem 4.1 and Lemma 10.1 yield Ciso > ca1(S)/|S],

hence )
D Cab(5)2 —2/r
)\1 ('I’) Z 2 ‘S|4 T / 1 .

Moreover, whenever (10.3) holds at all relevant scales, one has the Nash inequality

17159 < (@) (EL) ef, N IAIY? for initely supported £, (10.5)
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Sketch. Let @y := ming,zcy fss\i(é\) be the (normalized) Dirichlet conductance on Y. Cheeger’s
inequality for the normalized Dirichlet Laplacian (equivalently, for the continuous-time generator
L = I — P on a A-regular graph) gives AP(Y") > &% /2; see [Dod84, Moh89]. Since Bs(Z) >
|0sZ|, we have @y > ho(Y)/|S|, yielding (10.2). If (10.3) holds up to scale r, then for |Y| = r one
gets By > (Ciso/|S|) r~1/? and (10.4) follows. The Nash inequality (10.5) is standard from scale-
invariant Faber-Krahn; see [VSCC92, SC02, BGL14]. If (10.3) holds only beyond some large
scale 79, one obtains a Nash inequality that yields the corresponding long-time ultracontractivity
and heat-kernel upper bounds (see Theorem 10.4). O

Theorem 10.4 (Two-sided on-diagonal heat kernel). Let (T',S) have polynomial growth of
homogeneous dimension @ > 1. (Lower bound) Assume volume doubling (VD) and a scale-
invariant Poincaré inequality (PI) (these hold in virtually nilpotent groups). (Upper bound) Assume,
in addition, the (possibly large-scale) isoperimetry

0sY| > Cio Y@ V/Q  for all sufficiently large finite Y C T.

Let V(r) = |B(e, )| be the volume growth. Then for the continuous-time simple random walk
there exist thresholds

tiow = tiow(VD, PI), tup = tup(Q, scale of isoperimetry)

and constants
c_ = Cf(VD,PI) > 0, C+ = C+(Q) >0
such that for all ¢ > ¢y := max{tiow, tup }»

¢_(VD, PI) IS|\@ _
s S weo £ 6@ (&) e (10.6)

If (10.3) holds at all scales, one may take t,, = 0 and the upper bound holds for all ¢ > 0. In
particular, since Ciso > ¢, (S)/|S| by Theorem 4.1 and Lemma 10.1,

2
pe(e,e) < CL(Q) <ca|f(’S)>Q 92 (> t).

Proof sketch. The upper bound follows from Theorem 10.3 via the standard Nash = ultracontrac-
tivity route: || Pi||1500 < C(Q) (%)Qt_Q/ 2; when the isoperimetry holds only beyond a large

scale 7o, this yields the estimate for ¢ > r. The lower bound follows from (VD)+(PI) = parabolic
Harnack, hence Gaussian on-diagonal lower bounds [VSCC92, SC02]. O

10.1. Descent to finite quotients: intrinsic locality windows.

Definition 10.5 (Local injectivity radius). For a quotient 7 : I' — G = I'/N of Cayley graphs
with the induced generating set, define inj(G) to be the largest R € N U {oo} such that for
every x € I the restriction 7| g (, g) is a graph isomorphism onto its image (i.e., it is bijective on
vertices in the ball and preserves adjacency among vertices in the ball). We refer to this as the
local graph-isomorphism radius.

Lemma 10.6 (Covering by lifts under large injectivity). Let G = I'/N be a quotient with
injectivity radius inj(G) as in Definition 10.5. If W C G is connected and diam(W) < R < inj(G),
then there exists a connected W C T' with Tl W — W a graph isomorphism of induced
subgraphs (in particular, [W| = |W] and AD"T (W) = ADC ().

Proof. Pick wg € W and lift to wy € I'. Since W C Bg(wo, R) and 7 is a graph isomorphism
on balls of radius R, there is a unique induced-subgraph lift W C Br (i, R) with 7|5 a graph
isomorphism. The Dirichlet operator on W is I — (1/A) Ay acting on £2(W); induced-subgraph
isomorphism implies A>T (W) = AP ¢(w). O
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Lemma 10.7 (Quotient descent for balls). Assume AP (1) > x |U|~%/? for all induced U ¢ T
with diam(U) < R. If G = T'/N satisfies inj(G) > R, then for every induced W C G with
diam(W) < R,

APCW) > k|W|Te

Proof. Apply Lemma 10.6 to lift W isometrically and use the FK bound on w. O

Corollary 10.8 (Abelian tori: local FK). Let G = Z%, with standard generators. There exists
k(d) > 0 such that for all U ¢ G with diam(U) < m/3,

ACEU) > k(d) UYL

Sketch. For the standard generators, balls of radius R < |m/2] in G are isomorphic to the
corresponding balls in Z<, so inj(G) > [m/2] — 1. Combine the discrete Wulff (axis-aligned)
isoperimetry on Z? (Theorem 4.1) with Theorem 10.3, then use Lemma 10.7 on the torus for
diam(U) < m/3 < inj(G). O

Proposition 10.9 (Componentwise-local descent to quotients). Assume (I', S) has polynomial
growth of homogeneous dimension @ > 1. Fix R > 1 and suppose that for all induced W C T
with diam(W) < R one has \P(W) > «|W|~%/?. Let G = T'/N be a finite quotient with
injectivity radius inj(G) > R. Then for every U C G whose connected components {U;} all
satisfy diam(U;) < R,

AC W) > kU9

Proof. Bach Uj lifts isometrically to U; € T; AYC(U;) = AP (Uh) > w|Ui|~2/9. Since the

Dirichlet first eigenvalue on a disconnected union is the minimum over components,
AVEU) = min AP C(U) =k min|Ui| /9 = & (max |U]) 9 >k |U]9,

since max; |U;| < |U]|. O

Remark 10.10 (Scope of descent). The componentwise local descent above is the only general
consequence of injectivity we use. In particular, a global FK profile on G,

AW z Ut (1< Ul <Gl/2),

does not follow from local injectivity and must be supplied separately on a case-by-case basis (e.g.
from direct isoperimetry or an explicit spectral profile on G).

Lemma 10.11 (Relaxation-time lower bound). For continuous-time, reversible Markov chains

on a finite state space,

log 2
tmix(1/4) > o8
Al

This is sharp up to constants; see, e.g., [LPW09, Sec. 12.3].

Theorem 10.12 (Conditional mixing under quotient FK). Let G = I'/N be a finite quotient of
(I',S) with |G| = N and degree A = |S|. Assume the global quotient Faber-Krahn profile

AEU) > kU (1< U< NJ2), (10.7)
for some @ > 1. Then the continuous-time simple random walk on G satisfies:

Upper bound (spectral profile, L>). There exists C;+(Q) > 0 such that the uniform mixing
time obeys

N2Q  Q>2,
X { N, Q=2
N2, Q=1

T (1/4) <
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By monotonicity of distances, the total-variation mixing time satisfies tl(g))((l /4) < 7{9(1/4) and
thus inherits the same asymptotic upper bounds.

Caveat for @ = 2. The FK-based profile yields 7., < N/x (no logarithm). For the simple random
walk on the two-dimensional torus, the rotal-variation mixing time is < N log N; obtaining the
extra log requires refined spectral/separation information beyond the FK-level profile (e.g., explicit
Fourier analysis or evolving-sets), while the L> profile on product tori yields 7o, < N.

Lower bounds. Always, by relaxation, tfgi(l /4) > (log2)/A1(G). Moreover, if the quotient
family inherits (VD)+(PI) uniformly at local scales (e.g. virtually nilpotent quotients with inherited
generators and uniform local graph-isomorphism radius), then the on-diagonal lower bound
from Theorem 10.4 holds up to times comparable to the square of the local injectivity radius;
in particular, whenever the family has V(1) < @ up to r < N'/%, one gets the structural lower

bound
9 1/a) z N9,

Walff-coded prefactor. If the isoperimetry (10.3) holds on the quotient up to r = N/2 with constant
Ciso» then by Theorem 10.3 one can take r < (Ciso/A)% (For @ = 2, a sharp Nlog N rotal-
variation upper bound on tori requires a refined input beyond FK/Nash.)

Proof of the upper bound. Use the spectral profile inequality (e.g. [GMT06, MP05]): for 7, := 1/N
on a regular Cayley graph,

Too(1/4) < /1/2 ds A(s) := min (D)
> = Jr sA(s)’ © o ulssy ! '
Under (10.7), A(s) > & (sN)~2/?, hence #@) < %/Q s%/Q=1 . Integrating s/ 9~! from 1/N

to 1/2 yields the displayed cases. In two dimensions, this gives 7o, < N/k. The sharp Nlog N
for rotal variation on square tori requires refined spectral/separation input beyond the FK-level
profile. O

Remark 10.13 (On the descent hypothesis). The key assumption (10.7) is not automatic for
arbitrary quotients. What one always obtains from injectivity is the componentwise-local version: if
inj(G) > R and each connected component of U has diameter < R, then )\?’G(U) > k|U|72/€Q
by Proposition 10.9. Natural families where useful versions of the bound do hold include:

(i) Abelian tori G = Z%, with the standard generators: locally (i.e. for diam(U) < m) by
Corollary 10.8; in dimension d = 2, global spectral/mixing behavior carries the standard
logarithmic correction and one should not expect a uniform (scale-free) FK bound at all
sizes.

(ii) Nilpotent (box-like) quotients where isoperimetry (or FK) is established directly on G.

Throughout this subsection, inj(G) is the local graph-isomorphism radius from Definition 10.5.

Corollary 10.14 (Abelian tori: mixing (special case)). Let G = ZZ, with the standard generators
and N = m?. For the continuous-time simple random walk:

tﬁi(1/4) = {mz’ d=>3 (eqUiValently N2/d)’

m?logm, d=2 (equivalently NlogN).

Here =< is in the sense of matching upper and lower bounds up to d-dependent constants. The
upper bounds follow either from explicit spectral analysis or from the spectral-profile method
with the known profile on product tori; the lower bounds follow from relaxation and on-diagonal
heat-kernel lower bounds.
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10.2. Quantitative Poisson boundary consequences with Wulff-coded constants.

In this section we isolate consequences for random walks that make explicit the dependence on
the generating—set data (hg, A) supplied by our discrete Wulft theory and the analytic estimates
of §10. Throughout, y is a symmetric, finitely supported, generating probability measure on
(T, S) with full support on S (i.e. p(s) > 0 for all s € S), and P, f(z) = Y g p(s)f(sz) is the

associated Markov operator (in continuous time we use P} = e tU=F)). We write

9 = ZX- i O 1
" ggnu(ﬁ € (0,1]
SO that the Dirichlet fOI‘InS are comparable as

£ = 3> uls) — f(s2))? > 0, Esrw (S, f), (10.8)

zel seS

where Esrw (. ) = 55 .y (F(@) = f(s2))”. We set

Knasn (L', S, p) = S:j(;i)z’

where Cj € (0, 00) is the absolute constant from Theorem H (H3) (the SRW Nash inequality;
equivalently, the Nash inequality for P = %A). In what follows, @ denotes the homogeneous
dimension in the virtually nilpotent case (so Q = d + 2m).

10.2.1. Nash = ultracontractivity with tracked constants. We first record an ultracontractive bound
with its full dependence on (hg, A, 6,,).

Lemma 10.15 (Ultracontractivity with Wulff-coded constants). Assume the Nash inequality
of Theorem H (H3) in the form

171579 < Knasn(T, S, 1) E(f, ) 111179

Let P} := e~*/=P4) be the continuous-time semigroup. Then there exists a constant Cy € (1, 00)

depending only on @ such that

AN@

1P 1500 < Co Knash(T, S, 1) ¥/279/% = CoCF% 0,9/ (,7) 92 (t>0).
S
(10.9)

Proof. Set u(t) := | P/*f |3 Then /(1) = —2&,(PIf, PIf) < —(2/Kas)
|P“fu;4/‘°? HfH;“/Q by Nash and || PY'f[}1 < | . This yields || P/ < cq gt~/ [I/]1?
for a dimensional constant cg. By self-adjointness and || P}'||22 < 1, we obtain ||P}'|[152 <

2 — 2 — 2,
(coKL2 )2 4@/ and || P|a 500 < (cqE /2 )12 179/, Hence || P10 < co K2 17912,
which implies (10.9) with Cg := max{cg, 29/2¢cq}. O

Remark 10.16 (Discrete time from continuous time). From the Poissonization identity P}’ =

e Y k0 %(P#)k, positivity of (P,)* and Stirling yield, for n € N,

n!
1P oo < € 2 (1P oo < Cse v/ 1B 100,
where Cg; is universal. Combining with (10.9) (at t = n) gives

n —(Q- - ANQ oo
1(P)" oo < CéQKNash(Fasvﬂ)Q/2n (Q-1)/2 _ Cé)Cl?/QeuQ/Z (h75> n—(@-1)/2
(10.10)
In particular, p,(e) = p*"(e) < ||(Py)"||1-00 satisfies the same bound. For SRW on virtually

nilpotent groups one may improve the decay to the sharp n—Q/2 using known heat-kernel bounds;
we do not need this refinement here.
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10.2.2. Quantitative Liouville on virtually nilpotent groups.

Theorem 10.17 (Liouville with explicit entropy bound). Let I' be virtually nilpotent with
homogeneous dimension @, and let 1 be symmetric, finitely supported and generating. Then the
Poisson boundary of (T, i) is trivial. More precisely, for all n > 2,

- A
Zu*” ) log p™" )§Q21 hs)+§21

logn+Q log ( og(g )+ Con(L,S),

I

(10.11)
where Cent(T, S) = log(CP) COQ /%) and C¢, depends only on Q. In particular, the asymptotic
entropy h := lim, %H(,u*") =0.
Proof. By (10.10), p,(e) < Ag 9;Q/2 (A/hg)@n~@~D/2 with Ag = C'(’QC'(?/2. Hence
e < Ag Q,IQ/Q (A/hs)?@n~(@=1/2 Among probability vectors with || - |c < @,
the entropy is maximized (up to an additive constant < log2) by the near-uniform vec-
tor on [1/a] points, giving H(p*") < log[l/a] < log(l/a) + 1. Applying this with
a=Ag H,IQ/Q (A/hs)@n~(@=1)/2 yields

Q Q

H(p™") < 2_1 logn + @ log (hAS) + 510g (;ﬂ) + logAg + 1,

which gives (10.11) after absorbing universal constants into Ceyt (T, S). Finally, the Kaimanovich-
Vershik entropy criterion (for finitely supported measures) implies trivial Poisson boundary from
H(p*™) = o(n). O
Remark 10.18 (What is tracked). The right-hand side of (10.11) isolates the dependence on
the generating set only through A and the sharp Wulff constant hg. The dependence on the step
distribution p enters only through the single comparability parameter 6,, € (0, 1] from (10.8). All
other constants (Co, Cf,, C7y) are dimensional (depending on Q but 1ndependent of I' within the
virtually nilpotent class) and arise from the Nash=rultracontractivity argument.

10.2.3. Volumetric strips from logarithmic layer-nested sets in Z% x4 7. We record a purely geometric
by-product of Theorem 9.75 that is useful for strip/ray criteria in Poisson boundary theory. It
cleanly separates the volumetric input (from our layer-nested sets) from the probabilistic step
(which we do not reproduce).

Proposition 10.19 (Subexponential volumetrics of layer-nested sets). Let G = Z? x4 Z and Eg
be the logarithmic layer-nested sets of Theorem 9.75. There exist ¢1, c2, c3 > 0 (depending only
on (A, S, K)) such that for all R > 2,

c1 RogR < |Eg| < eaRlogR,  Bs(Eg) < c3RY.

Consequently, forany n € N, the family S, := E|,, satisfies |Sy,| < C(A,S) nlogn = exp(o(n))
and the boundary size is O(n?), both with tracked constants from Theorem 9.75.

Proof. By Lemma 9.68 (uniform slice sizes), Lemma 9.67 (vertical boundary equals caps), and Corol-
lary 9.73 (horizontal boundary bound), together with T'(R) = |alog R] from Proposition 9.74,
we have |Eg| = (2T(R) + 1) | Xo(R)| with | Xo(R)| < R? and Bs(ER) = Byert(ER) + Bror(ER)
with Byert(ER) = 2|Xo(R)| < R and By, (Er) = O(RI~1HalogMA)) — o(RY) by alog A(A) <
1. This gives the claimed bounds. O

Remark 10.20. Many strip/ray criteria (e.g. Kaimanovich’s) require a family of sets whose
cardinalities grow subexponentially in time. Proposition 10.19 provides exactly this volumetric
input with explicit constants for the canonical layer-nested sets E; any additional probabilistic
verification (e.g. that typical sample paths spend enough time in such strips under additional
moment/drift assumptions) can be taken from the existing boundary literature for semidirect
products. We do not invoke those results here.
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APPENDIX A. TEMPERED PROPERTY A AND QUANTITATIVE COARSE EMBEDDINGS (EDGE
NORMALIZATION)

We record a quantitative upgrade of Property A that interacts directly with our Tempered
Folner (TF) hypothesis and yields explicit coarse embeddings into Hilbert space with tracked
compression. Throughout this appendix we work with a finite symmetric generating set S and in
the edge normalization: for Y C T,

Bs(Y) := #{undirected Cayley edges with one endpoint in Y and one in Y}.

(Equivalently, Bs(Y') counts inside—soutside directed pairs (y,s) withy € Y, s € S, sy ¢ Y; for
symmetric S these two counts coincide.) When needed, we pass to the verfex normalization via
the standard comparison (recall Lemma 10.1 in the main text):

0s(Y)| < Bs(Y) < Afos(Y)],  A:=|[S]. (A.1)
Throughout we view Cay (T, S) via left multiplication y — sy.

Definition A.1 (Isoperimetric profiles and increasing minorant). For v € N define the equal-size
edge and vertex profiles

cdge(V) == Inf{Bs(Y) : [Y| = v}, Iortex (0) :=nf{|0sY]| : |Y| = v}.

vertex

We extend I° piecewise-constantly to [1,00) by I°(r) := I°(|r]) and define the increasing
minorants (greatest nondecreasing functions dominated by the exact profiles) by

edge (1) =100 Loge (), Lapten(r) = 106 Lo (1)

By (A.l), Igdge(v) > J° (U) and hence Jincre > Jincro while Jincro < A Jincro

— “vertex edge vertex’ edge vertex*

A.1. Tempered Property A.

Definition A.2 (Tempered Property A). A bounded-geometry metric space (X, d) has tempered
Property A with modulus R(e) if for all sufhiciently small ¢ > 0 there exist finitely supported
probability measures a5, € ¢1(X) such that
supp(a’) C B(z, R(¢)), sup |lag —agl <e.
d(x,y)<1
If R(e) < Ce* we say X has strong tempered-A,,. Convention: by replacing R with an equivalent
minorant we may (and do) assume R(e) is nonincreasing in e.

Remark A.3 (Relation to standard Property A). On graph metrics (e.g. Cayley graphs) the
step-1 control implies the usual step-R control by chaining along a nearest-neighbor path of
length R: supy(, ,y<g lla; — ajlli < Re. More generally, on bounded-geometry spaces one may
pass to a uniformly locally finite 1-skeleton (or a geodesic discretization) without changing the
large-scale class, and the same chaining estimate applies. Thus tempered Property A implies
standard Property A (with a linear loss in the oscillation parameter).

A.2. (TF) in edge form and canonical witnesses. We state (TF) in edge normalization
(equivalent to the vertex version up to factors of A by (A.1)).

Definition A.4 ((TF) (edge form)). A Cayley graph (I',S) has Tempered Folner (TF) if there
exist finite sets F,, C I" and constants A., B > 1 such that:

(Folner) B“SlgnFn) —

(ic) Bs(Fn) < Ac Lo (|Fyl) for all n;

(ii) |Fn10F,| < B- Bs(Fy) for all n.

bl
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Here 13" ° is the increasing minorant of the edge isoperimetric profile. (If the family is nested,

F,, C Fopq, then (ii) implies | Fy1 \ F| < B Bs(Fp).)

Lemma A.5 (Normalization equivalence for (TF)). Let (T', S) be finitely generated with A := |S]|

and Bs(Y') the edge boundary (inside—outside count, equal to undirected crossing edges). Then:
(1) If (TF) holds in edge normalization with constants (A, B), i.e.

Bs(Fn) < Ae ércllcgio(‘Fan |[Fn1AFR| < B Bs(Fy),

then (TF) holds in vertex normalization with constants A = A. A, B’ = B A, since
0sY| < Bs(Y) < A|0sY|and I'B&° < A Jincro

edge vertex*
(2) Conversely, if (TF) holds in vertex normalization with (A, B), then in edge normalization

it holds with A, = AA, B’ = B, because Bs(Y) < A|9sY| and [!%¢° > incro

edge vertex*

Lemma A.6 (Bounded change of generators: profile comparability). Let S, T be two finite
symmetric generating sets of I'. Assume there exist m,n € N with § € 7™ and T C S”. Then
there exist constants ¢;, ¢z € (0, 00) depending only on (S, 7, m, n) such that for all finite Y C T,

a1 Br(Y) < Bs(Y) < e Br(Y),

and hence, for all r,

o o incr o incro incro

a1 Igdge,’T(r) < Iedge,S(r) < e Iedge,’T(r)7 €1 edge,’T(T) < edge,S(r) < e edge,T(T)'
Sketch. Fix representative words over 7 of length < m for each s € S. If y € dsY then d(y, (I'\
Y)) < m, hence y € NS (87Y). In a bounded-degree graph, \NSD ()] < C(m, A7) |U| with
C(m, A7) < Ar(A7 — 1)™~L, Therefore
0sY| < C(m,A7)[07Y].
Using Bs(Y) < Ag|dsY|and |07Y| < Br(Y) gives
Bs(Y) < AsC(m,A7)B7r(Y).

The converse inequality follows symmetrically from 7~ C S™. This proves the stated comparability
with co = AsC(m, A7) and ¢; = (A7C(n,As)) L. O

Per-generator directed counts. For s € S and finite F C T, set

Dy(F):=4{ye F: sy ¢ I'}.
Then
Bs(F) =Y Dy(F), |FAsF|=Dy(F)+Ds1(F) < 2Bs(F). (A.2)
seS

Lemma A.7 (Canonical (TF) witnesses for A (left-action version)). Let F;, C I be finite and
define

1
(n) . _— 1
ay,’ = 1.r, el (F)

Then, for every z € T'and s € S,

_ |FuAsEy | Dy(Fy) + Dyi(F) _ 2Bs(Fa)
|l |l TR

laf —a{||s (A.3)

and supp(ag(gn)) C B(z, Ry,) with

R, :=rad(F,) := max{d(e,g) : g € F,,}.
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Proof. For s € S (so d(z, sz) = 1), left-invariance of the Cayley metric gives

o) — a2, = EERsTFnl _ [Fulol

Fl R
The identity |FAsF| = Ds(F') + Ds-1(F) is immediate from the definitions, and the inequality
follows from (A.2). The support claim follows since d(z,zf) = d(e, f) < Rp. O

Lemma A.8 (Anchoring/telescoping bounds). Let (X, d) have tempered Property A witnessed
by {a&”)}m at scales (£5, Ry), i.e. SUDg(y <1 Haé’” — ag,n)Hl < &, and supp(aggn)) C B(z, Ry).
Then for all z,y € X,

laf =i < dlz,g)en, [V = \al I} < d(z,y)en.
In particular, for a fixed basepoint zy,

ST w2l Vel — ol 1B < dlw,x0) Y wlen,

n>1 n>1

soif Y, w2 e, < oo, then B, wn(\/ aé”) — 1/ agé)) converges in ¢? for every z.

Lemma A.9 (From L'-profile to edge profile). Let (T',S) be a finitely generated group with
edge boundary Bs (undirected normalization). Let jr1(v) denote the L! isoperimetric profile in
the sense of [Tes13], i.e.

. I[f1lx
jra(v) == sup sup .
‘ﬁ|c<r FeLi(A), f£0 2oses IIf = A(s)fll

Then for all v > 1,
v

o > .
edge (U) = 9 jl",l (v)

Proof. For any finite A C T,
S 11— ALl = 34254 = 3 (Dy(A) + Dyor (4)) = 2 Bs(A).

seS seS seS

Hence, with f = 14, jr1(JA]) > S ||]Uic!\1(8)f||1 > 2;?214). Taking the supremum over [A| = v
yields jr1(v) > v/(2I5,.(v)), which is (A.4). O
A.3. (TF) = tempered Property A.

Proposition A.10 ((TF) = tempered-A (edge)). Assume (TF) in the form of Definition A.4.
Then the families {a™} from Lemma A.7 witness tempered Property A with
_ 2Bs(Fy)

mo ‘Fn’ n—»00

0, R, := rad(F,),

ie. [la — ag,")Hl < e, for d(z,y) < 1 and supp(al™) C B(z, Ry). Remark: only the Fglner
clause €, — 0 is used to produce tempered-A; the additional (TF) clauses (i) and (ii) are not
needed here.

If, in addition, there exists Q > 1 and constants ¢, C' > 0 such that

¢R? < |F,| < CR?,  ¢R9' < Bs(F,) < CRY!, (A.5)
then ¢, < R;;! and hence I" has strong tempered-A; (namely R(e) < e 1).

Proof. The variation/support statements follow from Lemma A.7; the Folner clause gives £, — 0.
Under (A.5), &, = 2Bs(F,,)/|Fn| < R; ', s0 R, < &L, O
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Remark A.11 (Where (A.5) holds). In virtually nilpotent (Carnot) groups, for F,, chosen as the
discrete Wulff samplers built in §3, the asymptotics (A.5) hold with the homogeneous dimension
@ and constants depending only on (T, S).

A.4. Quantitative Hilbert embeddings from tempered-A.

Theorem A.12 (Quantitative coarse embedding with explicit compression). Let (X, d) be of
bounded geometry and have tempered Property A with witnesses at scales (¢, Ry,). Define
2

of = /ol € 2(X) and choose weights w, > 0 with > w2, < oo (for instance, w2 :=
1/(n%e,) for indices with ¢,, > 0; indices with &, = 0 can be discarded). Then

=P wn m): X —H:=PHAX

n>1 n>1

is a coarse embedding with
) 1/2
o)~ 2@I* £ Yuden ey <1 o) - o) < (Suie)de)

and
o) —2@)I* > > 2w
2Rp<d(z,y)
If R(e) < Ce™® (strong tempered-A,), choose &, = 27" and w2 = 2"/n?. Then for all
sufficiently large d(z, y),

d(z,y) 2
P(z) - > —
o) - 2] 2 Sl
Quantitative counting. With R,, < €29, if m := [a ™! logy %5 d(x’y ], then 2R, < d(z,y) for all

n < m. Hence

n d(z,y 1/a
o) — 2@ > Y2y = 2y = BT
n<m (IOgd(l'ay))

giving the stated lower bound after taking square roots.

Proof. Well-definedness. By Lemma A.8, for each z,
downllof? =N < dlwwo) Y when < oo
n>1 n>1
so ®(z) is well-defined.
Upper bounds. For d(z,y) < 1, ||v§;n)—v3(/n)H§ < Hag(c")—az(,n)Hl < &p (since (vVu—+/)? < [u—0|
pointwise). Summing over n gives the first bound. For general z, y, chain along a nearest-neighbor

path of length d(z, y) and apply the triangle inequality in H to obtain

d(x,y) -1

Jo@) - @@l < > 119() — (i)l < da,y)(Dwden)

k=0

1/2

Lower bound. 1f d(z,y) > 2R,,, the supports of al™ and o are disjoint, hence [of —o{M|2 = 2.
Summing over n with 2R,, < d(z,y) gives the stated lower bound.

Compression under strong tempered-A,. The explicit counting is given in the theorem statement.

O

Remark A.13 (Compression optimality and the log loss). The lower bound ||®(z) — ®(y)|| 2
d(z,y)/ %) /log d(z,y) is a uniform output of the tempered-A construction. It is not claimed to
be sharp in every group. Two guiding cases: (i) For Abelian groups Z, a direct linear embedding
into a Euclidean subspace yields compression exponent 1 (no logarithm) with constants depending
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on d; see, e.g., [NP08]. (ii) For non-Abelian nilpotent groups (e.g. the discrete Heisenberg group),
Hilbert compression exponent > 1/2 is impossible; known upper bounds match 1/2 up to lower-
order losses [Tes11, LN06, NPO8]. In this regime, the bound above is within a logarithmic factor
of the best possible exponent, and the log factor is a standard artefact of multi-scale square-root
embeddings governed by ° w2e,, < co. For background on obstructions to L; embeddings and
related differentiation phenomena, see [CK10].

Corollary A.14 (Shaving the log with heavier weights). Under strong tempered-A,, the same
construction with &, = 27" and w2 = 2"/n!*" (y > 0) yields

d(x,y) >
(logd(z,y)) *"
for all large d(x, y). Letting n | 0 gives d*/?®) /(log d)/2+°().

[@(x) — @)l =2

Corollary A.15 (Iterated-log compression via lacunary scales). Under strong tempered-A,,
choose a super-geometric &, and weights w2 := 1/(n’e,). Then:

(1) With &, = ™", one gets | ®(z) — ®(y)|| = d(z,y)"/?Y /(logd(z,y))"/2.

(2) With e, = e=", one gets ||®(x) — ®(y)| = d(z,y)"/?) /loglogd(z,y).

(3) More generally, using k-fold iterated exponentials yields a denominator log™® d(z, y).
In each case Y, wZe,, =Y, 1/n* < o0, so the Lipschitz bound is preserved; by Lemma A.8 the
map P is well-defined for all .

A.5. A tracked /t/log(1 + t) compression from a (TF) chain. We now specialize
to Cayley graphs and build a deterministic embedding with explicit constants that depend on no
growth hypothesis beyond the Fglner condition (hence do not require strong tempered-A,).

Proposition A.16 ((TF) = quantitative £>~compression with tracked constants (edge)). Let
X = Cay(T,S) be a Cayley graph (edge normalization) and assume X has (TF) in the sense of
Definition A.4. Write

Bs(F,
" ‘rszg |n) o O Beoi= rad(F) S oo,
n

There exists a subsequence (n;);>1 such that
bo, < 27U and 27 < R, < 277L (A.6)
For z € T set i, := |, |1 Lor,, and define

, . 6 27 >
=V —deem, o= S 0@ = Do)
j=1

J

Then for all z,y € I with ¢t = d(x, y) (natural logarithm),
V3 1n2 Vit
. < ||® —&® < A7
B0 i < @ —ewl < v (A7)
In particular, X coarsely embeds into Hilbert space with a fracked lower compression

V3 1n2 Vi
227 1+log(1+t) "

Proof- Since d,, — 0 and R,, — oo, a diagonal choice yields a subsequence (n;) with (A.6). For
neighbors d(z,y) = 1,

p(t) >

B, SsFy| _ 2Bs(F,)

— 25 < 2-U+d),
| P, | T |Fy "=

I, — il =
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By chaining along a geodesic of length ¢ = d(z,y) and using (v/u — v/v)? < |u — v| pointwise,

i (2) =513 < Nud — gl < 2270 (A.8)
Summing with the weights a; gives the Lipschitz upper bound:
, t 6 1 t
2 29—(j4+3) _ —
[®(z) —@(y)]lz < tZQjQ Ut3) = gﬁZF =3
Jj=1 Jj=1
hence the right-hand inequality in (A.7). A A
For the lower bound, if 2R,,; < ¢ then the supports of 1 and 1, are disjoint, hence [|9;(x) —

Vi3 = I\ 1 — /1113 = 2. Let J be the largest index with 2742 < t. By (A.6), for all j < J
one has 2R, < 2772 <272 <t 50

J J o
1227 12 27 6 2/
2 2 o _ _
[®(z) —2(y)l; = ;%"2 = WQ];]Q > S 9p a2 g
Since 2772 <t < 2773, we have 27 > t/8 and J < logy(1 + t). Therefore
6 t 6 t 3(In2)? t
() — d 2 s 27 . = . .
2@ —®Wl: =2 557 2 = SA om0+ 07 272 (1+log(l+1))2
Taking square roots yields the left-hand inequality in (A.7). O

A.6. Uniform control for box spaces.

Definition A.17 (Uniform tempered-A). A family {X;};c; has uniform tempered-A (edge) with
modulus R(¢) if for each ¢ there exist witnesses a, ; on X; with supy(, ,y<q lla5; —aj ;i < ¢
and supp(a5, ;) C B(x, R(¢)), and R(e) is independent of i (we may take R nonincreasing in &
uniformly in i).

Proposition A.18 (Box spaces). Let I be residually finite with a chain of finite-index normal
subgroups {NV;}, and set X; := I'/N; with the quotient generating sets (degrees are uniformly
bounded). Suppose that, for each i, there exists a family (F{)}, € X; satisfying (TF) in edge
form with constants A., B independent of i, and with growth bounds (A.5) holding uniformly
in ¢ for some @ > 1. Then the coarse disjoint union | |, X; has uniform strong tempered-A; and
admits a coarse embedding into Hilbert with compression p(t) > ¢/2/logt (uniform constants).
In the construction of ® we fix a basepoint z(; € X; for each component. Moreover, by applying
Definition A.17 at a dyadic schedule £y = 27* with the uniform modulus R(e), we obtain
witnesses and weights that are uniform in i; Theorem A.12 then applies componentwise with
constants independent of i. (As usual for a box space with N; N; = {e}, diam(X;) — cc.)

Proof. Apply Proposition A.10 uniformly in ¢, then Theorem A.12. O

Remark A.19 (Operator-algebraic context). Property A and coarse embeddability into Hilbert
(uniform embeddability) were introduced to attack major problems in topology and operator
algebras: the coarse Baum-Connes conjecture and, via controlled K-theory, the Novikov con-
jecture [Yu00]. For broader background see Higson-Roe [HR00] and Nowak-Yu [NY12]. The
quantitative, scale-calibrated witnesses developed here can be inserted into those frameworks to
track constants (e.g. quantitative K-theory or stability thresholds) and, more importantly for this
paper, they mesh with the isoperimetric-lag machinery to deliver two distinct outputs-bounded
profile ratios and constructive embeddings-with one geometric input (TF).

Remark A.20 (Scope of quantitative embeddings and the role of the step-2 analysis). The results
of this appendix take a Tempered Falner (TF) chain as input and produce tempered Property A
and a quantitative coarse embedding into Hilbert with tracked constants (uniformly on box
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spaces). We obtain such TF input, with explicit constants, in several nonabelian families by
different mechanisms: (i) in all virtually nilpotent groups (any step), via discrete Wulff samplers;
(i) in hyperbolic semidirects Z¢ x 4 Z, via log-height sets and the L' profile ji(v) =< logv;
(iii) in finite-lamp lamplighters H") x T, via an explicit base+ring expansion and Erschler’s
checkpoints; and then by quantitative permanence under finite index, finite extensions, and direct
products. The step-2 shear/curl-fit block is indispensable in the first nonabelian nilpotent regime:
it supplies a local TF chain with per-edge control in lattices of step-2 Carnot groups, where naive
layered averages fail due to commutator shear. Once TF is available by any of these engines, the
embedding theorems of Appendix A apply verbatim, with constants that track the generating set
and the structural data of the group.

ApPENDIX B. LEFT-RIGHT HOMOGENEOUS-SPACE PROFILE vs. CAYLEY PROFILE (EDGE
NORMALIZATION)

In this appendix we quantify the relation between the (edge) isoperimetric profile of a finitely
generated group (I, S) on its left Cayley graph and the isoperimetric profile of I' viewed as a
homogeneous space under the right/left action of ' x I". We work throughout with edge boundary.
For the left/right Cayley graphs we count each uncolored undirected edge once. For the ¥ -graph
introduced below we use a colored edge boundary: each color o € ¥ defines its own adjacency
and we count an undirected o-edge once per color. (Thus, a “colored edge” is an unordered pair
together with its color label; distinct colors are different edges even if they connect the same two
vertices.) This convention makes the colored-sum identity exact. When needed, vertex/edge
comparisons are recovered by the standard inequalities

0sY| < Bs(Y) < Asl|osY],  As:=|[S],

(see Lemma 10.1; here and below Bs denotes the left edge boundary B). For the X -graph the
(colored) degree is constant and equals Ay, := |Z|, and we similarly have

05, (V)| < Bs(Y) < Ag|0s, (Y)]. (B.1)

Asymptotic Wulff constants and sharp growth exponents for virtually nilpotent groups are recalled
in Sections 3 and 10; we use them only to state asymptotic corollaries below.

Bridge to the main results. The (I' x I)-homogeneous-space graph on I' generated by left
and right steps is the natural bi-invariant analogue of a Cayley graph; it appears when one mixes
left and right regular actions (e.g., in random walks, bimodule constructions, or bi-invariant
smoothing). The colored-sum identity below shows that its edge boundary splits exactly as a sum
of left and right Cayley boundaries. Two concrete payoffs that plug back into the paper are:

(i) Analytic constants (Section 10). In polynomial growth, the left-right profile has the same
sharp exponent and exactly fwice the Wulff constant (Cor. B.7 below). Feeding this into
Theorem 10.3 improves the Faber—Krahn prefactor by a factor 4 (%)2 (equal to 4
when S has no involutions), hence strengthens Nash/heat-kernel/mixing constants with
no change of exponents.

(ii) Tempered A and (TF) (Section A). Since Bx(Y) = B%(Y) + BX(Y 1), (TF) witnesses built
from Wulff samplers automatically transfer to ¥ with the same radius scale, giving uniform

tempered-A for the bi-invariant geometry (Remark B.8).

Setup and notation Let S = S~! C T be a finite symmetric generating set, and assume e ¢ S.
To avoid double counting of undirected edges by inverse within each side (left or right), fix a subset
S4 C S containing exactly one representative from each inverse pair {s, s7'}. (The constructions
below are independent of the particular choice of S;; see Remark B.1.) Write B%(Y) (resp.
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BR(Y)) for the edge boundary of Y C I in the left (resp. right) Cayley graph:
Bs(Y):=#{{g,s9} :9€Y,s€S,sg¢Y},  BEY)=#{{g,9s} :g€Y,s€S,gs¢ Y}

We view I as a homogeneous space of T' x I" under the action (g1, g2) - := g1 2 g5 . In particular,
the color (s, e) maps x — sz and the color (e, s) maps z — zs~ 1. Let

Yi = {(s,e) : s€S;} U {(e,s) : se€ Sy} CcI'xT,

so that the ¥ -adjacency on I is the disjoint union (by color and inverse-pair choice) of left- and
right-S-adjacencies. Denote by

Bg(Y) = Z #{undirected o-edges with one endpoint in Y and one in Y}

oceEX 4

the (colored) edge boundary in this homogeneous-space graph. Finally, define the exact edge
profiles

I (r) = inf {B§(Y) : [Y|=r},

I (r) = inf {B&(Y) : |Y] =71},

I3(r) == inf {Bs(Y): [Y]| =r}.
For brevity we sometimes write X for ¥} when no confusion can arise.

Remark B.1 (Counting convention; directed and uncolored alternatives; independence of S..).
The choice of S ensures each undirected left/right boundary edge is counted exactly once within
that side among the corresponding colors. For X we intend to count per color: if a single pair
{z,y} is both a left- and a right-S adjacency (with possibly different colors), it contributes twice
to By, (once for each side). Equivalently, one can keep the full symmetric S and count directed
edges; then B5/ (Y) = 2(Bg(Y) + BZ(Y)), and all identities below hold after dividing by 2. If
instead one collapses colors to a single uncolored graph on I, only the inequality

simple
By"™(Y) < B§(Y) + BS(Y)

holds in general (with possible strict inequality when overlaps occur). Finally, the quantity Bx,(Y)
is independent of the particular choice of representatives Sy: changing representatives only
relabels colors, and each undirected left/right S-edge is represented exactly once on its side in the
colored sum.

B.1. Right-left inversion and the colored-edge identity.

Lemma B.2 (Right-left inversion). The inversion map ¢ : I' — I, o(z) = z~!, is a graph
isomorphism between the right and left Cayley graphs:

{g:95} = {g7(gs)™} = {g7"s7g™}  (s€9).
Consequently B2(Y) = BX(Y 1) forevery Y C T.

Proof. If {g, gs} is a right-S edge then {g™!, (95) '} = {g7 ', s7 g '} is a left-S edge (we used
S = 871). Boundary edges are preserved bijectively under inversion, proving the equality of

counts. Il
Corollary B.3 (Left and right profiles coincide). For every integer r > 1, I(:C’ng{e(r) = Igé]ée(r)'

Proof- By Lemma B.2, BE(Y)) = BX(Y ') and |Y| = |V ~}|. Taking infima over |Y'| = r on both
sides yields the claim. 0

Proposition B.4 (Colored-sum identity). For every finite Y C T,
Bx(Y) = B3(Y) + B3(Y) = Bg(Y) + By(Y ™). (B.2)



90

Proof. By construction the X -edges are the disjoint union (by color) of left-S edges and right-
S edges, each counted exactly once on its side because we sum over ;. Summing the two
contributions gives the first equality; the second is Lemma B.2. O

B.2. Two-sided comparison of profiles.

Theorem B.5 (Two-sided comparison). For every integer r > 1,

o, o o,L
QIe(;lge(r) S IE(T> S Iedge(r) + AS r. (B.3)

Moreover, if there exists a left-minimizer Y, with Y,~! also left-minimizing (e.g. any inversion-

symmetric minimizer), then I3(r) < 2 Iséze(r).

Proof. Lower bound. For any Y with |Y| = r, (B.2) and Lemma B.2 give

— o,LL o,LL o,LL
Bs(Y) = Bs(Y) + Bg(Y ™) > Lo (r) + 15 (r) = 215, (7).

Taking the infimum over such Y yields I3 (r) > 21;11;(3 (r).

Upper bound. The set {B%(Y) : [Y| =r} C {0,1,..., Agr} is a nonempty subset of N, hence

has a minimum by well-ordering; choose Y with |Y| = r attaining BX(Y) = Igc’ée(r). Then

o,L o,LL o,LL
Bs(Y) = Igie(r) + BS(Y) < I (r) + As|Y] = I (r) + Asr,

since at each g € Y there are at most A right-S edges exiting V. Therefore I3 (r) < I gc’ée(r) +
Z&37ﬂ

Symmetric minimizers. If one can choose Y, with B%(Y,) = I2 (r) and BE(Y,~1) = I3h (r)

edge edge
(e.g. Y; = Y,71), then By(Y;) = 215y (v), whence Ig(r) < 21330 (r). O

Remark B.6 (Sharpness, attainability, and the source of asymmetry). The lower bound is
attained whenever a left-minimizer can be chosen inversion-symmetric (for instance on Z? one
can use origin-centered Wulff approximants). The upper bound I9(r) < I :&Iée(r) + Agr is
optimal in general: no uniform improvement to 2[2(’1;6(1") is possible without an extra symmetry
hypothesis, since B2(Y) = B%(Y 1) need not be close to B5(Y) for an arbitrary left-minimizer
Y. Conceptually, the gap measures the failure of the collection of volume-r left-minimizers to be
stable under inversion: if inversion does not preserve the minimizing family, min{B%(-)} and
min{BEZ((-)7!)} are realized at different sets and the colored sum cannot collapse to 2[5&26(1”). In
nilpotent settings with even anisotropy (Sections 3, 5), calibrated Wulff samplers are naturally

inversion-symmetric and the gap closes.

B.3. Asymptotics in virtually nilpotent classes. Let I' have polynomial growth of
homogeneous dimension @ and let ¢y (S) denote the sharp Wulff constant for the left Cayley
graph (Section 3). Then

Ih(r) = ew(S)r@ V@14 0(1))  (r— o),

and, choosing (asymptotically) inversion-symmetric Wulff samplers, Theorem B.5 yields the
homogeneous-space profile

I2(r) = 2ew(S)r@1/Q (1 +0(1)). (B.4)

Thus, in the virtually nilpotent setting, passing from the left Cayley profile to the I' x I'-
homogeneous-space profile doubles the sharp constant while preserving the exponent.

Corollary B.7 (Bi-invariant walk: Wulff-coded upgrade). Assume the setting of Section 10
with polynomial growth @ > 1. Replacing S by the bi-invariant generator X yields a (colored)
degree bound

S0 = 218] = S| 411, T:={seS:s=s"}.
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In particular [¥| = |S| whenever S has no involutions (e.g., the standard +e; generators). By
(B.4), the isoperimetric constant doubles asymptotically. Consequently, the Faber—Krahn lower
bound of Theorem 10.3 improves by the factor

151\ ( 15| )2
4(\E+l) = A srm)

which equals 4 when I = @. Equivalently,

2Cis0)? _ S| \* ¢z,
D > ( iso 2/Q _ iso 2/Q
A T i) “aisE”

and the Nash/heat-kernel/mixing constants in Section 10 improve accordingly (exponents un-
changed). The proofs in Section 10 apply verbatim to our colored multigraph, as they use only
the Dirichlet form with counting measure and a uniform degree bound.

Remark B.8 (Transfer of TF/tempered-A to X). If the (TF) witnesses in Section A are built
from (asymptotically) inversion-symmetric Wulff samplers-as in the virtually nilpotent/Carnot
setting-then By;(F,) = BZ(F,) + B%(F,; ') ~ 2 B%(F,) and rad(F,,) is unchanged. Hence the
same families certify (TF) for ¥ (up to constant factors), and the tempered-A/quantitative coarse
embeddings of Section A carry over with the same radius scale and logarithmic compression.

B.4. Consequences and variants.

e Cheeger constants. If the (left) edge Cheeger constant satisfies B%(Y') > h|Y|, then by (B.2)
we get By,(Y) > 2h|Y], hence I3(r) > 2hr; the homogeneous-space graph is “at least
twice as nonamenable.” (For the uncolored-collapsed model one only has h3™'® > h.)

o Vertex normalization. All statements above translate to vertex boundary up to factors of
the relevant degree via [0s(Y)| < Bs(Y) < Ag |0s(Y)| and (B.1) (with Ag replaced by
Ay, = |24 for the ¥ -graph).

o Weighted colorings. One may weight left and right colors differently (say, with weights
a, B> 0); the identity becomes B, 3(Y) = a B%(Y) + 8 B%(Y 1), and the bounds scale
accordingly. If the corresponding random walk chooses colors with total masses « (left)
and S (right), then the Dirichlet form rescales by « + 3 and the degree parameter in the
Nash/Faber-Krahn normalization is (a + 8) |Sy| = O‘—;B |24

Summary. The homogeneous-space colored edge boundary for the (I" x I')-action with generator
set X splits exactly as the sum of left and right Cayley boundaries, so that the corresponding
profile satisfies the robust two-sided estimate (B.3). In virtually nilpotent classes the asymptotics
(B.4) hold with the sharp Wulff constant from the left Cayley profile, yielding a clean and explicit
relation between the two geometries and slotting directly into the quantitative analytic bounds of
Section 10 and the tempered coarse-embedding framework of Section A.

APPENDIX C. TECHNICAL APPENDIX: DISCRETE BV/COAREA AND ANISOTROPIC COUNTS

Conventions. We adopt N = {0, 1,2,...}. We work on the base grid Z™ with a finite, oriented
horizontal stencil Sy, C Z™ \ {0}: for each undirected pair {£v} we include exactly one
representative v € Spop. For v € Sy write the forward difference (A, f)(u) == f(u +v) — f(u).
A v-edge is the undirected edge {u,u + v}, recorded with the chosen orientation u — u + v, so
that every undirected edge is counted exactly once. For E C Z let 8)(E) be the set of v-edges
with exactly one endpoint in E, and

Pergiq(E) := Z 100 (B)| (undirected edge perimeter via the fixed orientation).
’UEShor
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When an orthotropic anisotropy with weights w; > 0 is present and we take the axis orientation
Shor = {€i}i,, we also use the weighted discrete perimeter

1
Perl) (B) := Y w; [0 (). (C.1)
=1

Unless explicitly stated otherwise, every finitely supported function on a subset of Z" is extended
by 0 to all of Z" before taking differences or applying coarea. All horizontal perimeter counts
here coincide (up to fixed factors depending only on degrees) with the undirected edge boundary
used in §9-10.

Morphological notation. Write Qoo := [—1,1]™ and Boo(p) := [—p, p]™* for the £>° unit cube
and ball. For A € R" and ¢ > 0 the (continuum) ¢*° inner parallel is A6tQx := {7z : T+tQu C
A}. For E C Z™ and m € N, the (discrete) > inner parallel set is
ECm = {ueZ™: u+keEforallk € Z" N By(m)}.
We also use the discrete > distance to the boundary
distds¢(u, OF) = max {m € N: u+k e Eforal k € Z" N By (m)},
so that {u : dist2™(u,0E) > m} = EC™. For F C Z™ we set F2 := J,,c p(u + [0, 1]™).

Lemma C.1 (Discrete coarea on the base grid). Let £ : Z™ — N have finite support. Then for
each v € Shors

> Jautw] = [ (e > )| at

u€eZ"1
and summing over v yields

Z Z ‘Avf(u)‘ = /OOO Pergrid ({E > t}) dt.

VEShor UEZT

Proof. Fix v € Shor and set K := max, £(u) < oo. For a,b € N we have the pointwise layer-cake
ia'entity

K
|CL - b| = Z ‘ 1{a2k} - 1{bZk} ‘ (C2)
k=1

If a > b, then the summand equals 1 for b < & < a and 0 otherwise, so the sum is a — b. Applying
(C.2) with a = £(u + v), b = £(u) and summing over u gives

VOIS Bl | = S 001> k)|
u k=1 k=1

Since {¢ >t} = {¢ > k} for t € (k — 1, k], the integral identity follows by integrating the step
function ¢ +— |0 {¢ > t}| over (0, 00) and summing in k. Sum over v. O

Lemma C.2 (Discrete divergence theorem for finite stencils). Let U C Z™ be finite and Sho, C
7"\ {0} a fixed finite, oriented stencil (one representative per undirected pair). For each v € Sy,
and each oriented v-edge (z — x 4 v) with z, 2 + v € U, assign a weight X, (z,z + v) € R (set
Xy(x, x4+ v) := 0 if the edge is missing). Define

divX(u) = (Xv(u—v,u) - Xv(u,u—i-v)) (u e U).
Ueshor
Then for every E C U,

Yodivx(w) = Y S Xlay) - > > Xu(my),  (C3)

uel VEShor (x,y)=(u,u+v): VEShor (z,y)=(u,u+v):
z¢E, ycE €L, y¢E
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i.e. (inward flux across OF) minus (outward flux). The sums on the right run over all ordered
pairs (z,y) = (u,u + v) with u € U; missing edges are included via the convention X,, = 0.

Remark C.3 (Sign convention). If one prefers div to denote net outflow, set divoyy X (u) =
> (Xo(u,u+v) — Xy(u — v,u)) = —divX(u), and the right-hand side of (C.3) flips sign
accordingly.

C.1. Discrete anisotropic calibration: scope, identity, and limits. The face-flux
construction below is only needed and used for the nearest-neighbor axis stencil and orthotropic
anisotropy. In that case one has an exact combinatorial identity (no error term).

Lemma C.4 (Axis/orthotropic identity). Assume Shor = {€;};1; (nearest-neighbor axis stencil).
Let w; > 0 and consider the orthotropic anisotropy on R™ with dual ball

[cer: Q<) ={lGedl <w} — 70)=3 wlul.
i=1 i=1

Then for every finite £ C Z",

Per(w)

w(B) = Per(E7),  E7:=[J(u+0,1)™). (C.4)

uek

Proof. The boundary O E" is a union of unit (r1 —1)-faces, each orthogonal to some =e;, bijectively
corresponding to the e;—edges crossing OE. Each such face has Euclidean area 1 and 7-cost w;.

Therefore Per, (EY) = 301, w; [0 (E)| = Perg}ié(E). O

Remark C.5 (Dual formula and optional calibration). By ¢!-¢>° duality on the axis stencil,

Perg:%(E) = sup Z 1p(u) divY (u), (C.5)

Yoy (@l<wi 570
with div as in Lemma C.2. A standard face-flux sampling from a smooth ¢ with 7°(¢) < 1 gives
Pergfigi(E) > Per, (ED); the reverse inequality is the combinatorial identity above, so equality

holds.

Remark C.6 (Scope and limitations). The identity Lemma C.4 assumes the axis stencil and
orthotropic anisotropy (7(v) = 3. w;|v;]), for which faces of EU align with the stencil and
the pointwise weights follow directly. For general finite stencils and polyhedral (crystalline)
anisotropies, one needs an oblique cell decomposition or a bounded redistribution of flux across
axis faces; we do not pursue that here.

C.2. Vertical counts, tapered profiles, and scalings.

Lemma C.7 (Vertical edge terms are lower order). Let G be a step-2 Carnot group with horizontal
rank d = r; and m central directions; Q = d + 2m. Assume the generating set contains the
unit steps along each central direction (so “vertical” = central edges), and that each base point
u € R C Z carries a contiguous column in each central direction. Assume moreover that the
central fiber over w is the rectangular block [T {0, ..., ¢;(u) — 1} with heights ¢ (u) € N.

(a) Heisenberg case m = 1. For any column family over R C Z¢ with height function ¢ : R — N,
the total vertical (central) boundary equals

V =2#{ueR: l(u)>1} < 2|R|

In particular, if every column is nonempty (¢(u) > 1 for all u), then V = 2|R|. If diam(R) < p
and |R| =< p?, then V < p? = 0(p®~1) (since @ — 1 =d + 1).
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(b) General two-step (m > 2) under uniform height bounds. Assume R C Z% has diam(R) < p and
|R| < p¢, and there is H = p? such that 0 < ¢;(u) < H for alluwand j = 1,...,m. Then the
vertical boundary

V) = ) > 2gwen | 4w

weR j—1 ktj
obeys V(£) <2m|RIH™™ ! x pit2(m=1) = p0=2 = o(pQ~1),

Proof- (a) With a central generator c, the fiber over u contributes exactly two c-edges across its
top and bottom iff it is nonempty, i.e. iff £(u) > 1, independent of height. Summing in u gives
the formula.

(b) For direction c;, the number of boundary c¢;-edges over u equals 2 times the cardinality of
the (m—1)-dimensional cross-section orthogonal to ¢;, i.e. 21y, (u)>1} [, € (u) for rectangular
fibers. Sum over u, j and use [, £(u) < H™ . O

Two structural facts for convex samplers. We isolate two basic lemmas that will be used
repeatedly below.

Lemma C.8 (Discrete (> erosion equals continuum erosion for convex samplers). Let K C R?
be a nonempty convex set and E := 74N K. For every m € N,

EC™ = 740 (K e mQw).

d

Equivalently, u € E(-™ iff the whole cube u + [—m, m]? is contained in K.

Proof. (C) Ifu € EC™), thenu+k € E C K for all k € Z% N [~m, m]?. In particular, all the
27 vertices of u + [~m,m]? lie in K. By convexity of K, the convex hull of these vertices is
u+ [—m,m]? € K.Henceu € Z N (K © mQu).

(D) Ifu € Z4N (K © mQw), then u + [-m,m]? C K, so in particular u + k € K for all
k€ Z N [~m,m]% Thus u + k € E for all such &, i.e. u € EC™), O

Lemma C.9 (Fiber monotonicity of grid perimeter under ¢> erosions). Let K C R? be convex,
E =7%n K, and EC-™) as above. For each coordinate direction e;,

|3(€i)(E(—m))‘ < ‘E)(ei)(E)’ for all m € N.
In particular Pergrid(E(_m)) < Pergia(E).

Proof. Fix i and decompose Z¢ into axis-parallel lines L, := {(y,t) : t € Z} where y € Z4~!
collects the coordinates orthogonal to ;. Since K is convex, K N ({y} x R) is an interval (possibly
empty). Hence EN L, = {(y,t) : ay <t < by} NZis a (possibly empty) integer interval;
the number of e;-boundary edges contributed by L, equals 0 if empty and 2 otherwise. By
Lemma C.8, EC™) = 74 N (K © mQx); intersecting with L, shrinks the interval by m at each
end (or annihilates it), so E(=™) N L, is either empty or an integer interval strictly contained in
E N L. Therefore the number of e;-boundary edges along L, is < that for E. Summing over y
yields the claim for e;, and then for Perg,iq by summing in 1. O

We next construct a height profile with the correct total mass and a controlled base BV via a
rigorous coarea computation.

Lemma C.10 (Uniform inner parallel estimates for convex samplers). From here through Proposition
C.11 we assume the axis stencil Spor = {e;}&,. Let Ws C R? be a fixed convex Wulff body,
K, = pWs, E, = Z9N K, its grid sampler with respect to Sp, and let E,g_m) denote the discrete
inner parallel set in the /> metric. There exist constants ¢ € (0, 1) and Cy, Ca, ¢op > 0 (depending
only on (d, Ws)) such that for all integers m with 0 < m < cp:
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(a) Exact identification of discrete erosions.

EC™ = 7290 (K, 5 mQx).

(b) Volume comparison with contimuum inner parallels.
IES™] — 1Ky ©mQuel| < Crp™ .
Consequently,
[BS™| = K| — mécp™t + O(m*p"2) + 0",

uniformly for m < cp, where ¢ := Perge (Ws) and the O(-) constants depend only on (d, Wg).
(c) Um'form perimeter control.

Pergrid (Ef()im)) < Pergrid(Ep) < Cdeiy

Proof. (a) This is Lemma C.8 with K = K,,.

(b) Since (E,(,_m))D is the union of \E,(,_m)\ unit cubes, \(E,(;_m))m\ = ]Eﬁ_m)] (overlaps occur
only on (d — 1)-dimensional faces). Moreover, K, ©mQoo C (E,()_m))D C (K,06mQs) ®[0,1]%.
Therefore

0

IN

(BS™)) — K, ©mQu] < (K, ©mQu) @ [0,1%] — K, mQu.

For convex bodies, |4 & [0,1]¢] — |A] is O(Pers=(A)); for A = K, © mQo with m < cp,
Pergo (A) < p?~! uniformly in m. Hence the right-hand side is O(p?~1), yielding the displayed
bound with some Cj. The polynomial (Steiner/mixed-volume) expansion for |K, & mQoo| has
linear term —Pergoc (Wg)p?~1

(c) The first inequality is Lemma C.9. For the second, fix i and decompose Z¢ into lines
Ly := {(y,t) : t € Z} parallel to ;. Since K, is convex, each E, N L, is an (integer) interval
or empty, hence contributes exactly 2 e;-boundary edges when nonempty and 0 otherwise.
Therefore

m, giving the consequent expansion with ¢, as stated.

0B, = 2#{y € Z4': Lyn B, # 0} < 24(Z7' 0 (mi(K,) @ [0,1]°7Y) < o,

where 7; is projection orthogonal to e; and the last bound follows from the (d — 1)-dimensional
volume growth of m;(K,) and bounded overlap of unit cubes. Summing in ¢ yields Perg,iq(E,) <
Cyp?~1 with Cy depending only on (d, W). O

Proposition C.11 (Explicit tapered profile on Wulff samplers (Heisenberg)). Let m =1 (Q =
d+2). For E, = pWgNZ< (grid sampler of a fixed convex Wulffbody W), fix constants c., x > 0
with /¢, < ¢ from Lemma C.10, and set H = rp?, L, := |cip), M, := |H/L,] < cp. Define
the discrete taper

l(u) = Lmin {H, L,dist3* (u,0E,) }J : extended by 0 on Z4\ E,,.

Then
Z l(u) =< p@, (C.6)
uck,
and
> Y |Avl(w)| S HPergia(E,) =< p% (C.7)

VEShor ueZd

All implicit constants depend only on (d, Wg) and the choices of ¢, k.
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Proof. Level sets. By the definition of distdis

(t>k}={ucE,: dist(u,0E,) > k/L,} = B ¥V,
Volume. Since L,M, < H < L,(M, + 1),
l(u) > |L,M,| > H-L, for every u € Eﬁ(,_Mp).

Therefore
(H - LB ™) < 3 tw) < HIE,|.
uek),

By Lemma C.10(a,b), for M, < cp we have |E,|, ]Ef,_Mp)\ = p?. Since H = kp? and L, = p,
the lower bound is > p®*2 and the upper bound is < p®*2, proving (C.6).
Base variation via discrete coarea. By Lemma C.1,

H H
Z Z |Av£(u)‘ == Z Pergrid ({E 2 k}) — Z Pergrid (Eé— “ﬂ/LpD>
v U k=1 1

M,
= L, Y Pergiq (ES™) + O(L,Pergia(E,)).
m=1

By Lemmas C.10(c) and C.9, Pergrid(E,gfm) ) < Perga(E,) < p?~1 uniformly in m < M,
hence
ZZ’AJ(U)‘ < LoM, Pergia(Ep) + O(L, Pergra(Ey)).

Since L,M, € [H — L,,H] and L, < p < H < p?, we obtain

> > T |AL(u)| £ CHPergiq(E,) < p977,

as claimed in (C.7). O

Remark C.12 (Scaling summary). In the Heisenberg case (m = 1, @ = d + 2), for tapered stacks
above a Wulff sampler,

Vo=t DN AL S 2T

(shear term, arising in the semidirect-product stacks of §9.8) < p?@=1.

Thus the p@~1 scale is dictated by the (aggregated) base BV (via coarea) and by shear; vertical
terms are strictly lower order. For m > 2, under the hypotheses of Lemma C.7(b), one has
V() = 0(p22).

C.3. Quantitative anisotropic isoperimetry on the base.

Definition C.13 (Fraenkel asymmetry). Let W C R" be the Wulff shape of a convex, even
anisotropy 7. For measurable F with |E| = |W|, define

o |BAG+W)
Ar(B) = zgll%f’“l |W| '
Theorem C.14 (Quantitative anisotropic isoperimetry in R"*). There exists & = r(7) > 0 such
that for all measurable £ c R with |E| = |[W|,

Per.(E) — Per,(W) > rA.(E)%

Remark C.15 (Scope). We use quantitative anisotropic stability only on the horizontal Euclidean
base R™. No Carnot-group quantitative isoperimetry is required; the BV+shear reduction pushes
all quantitative inputs to the base. For standard references on perimeter monotonicity for inner
parallel sets and quantitative anisotropic stability, see e.g. [Sch14, Mag12, Chs.5 & 14].
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APPENDIX D. A QUANTITATIVE LINDENSTRAUSS THEOREM ALONG THICK F@LNER SHAPES, AND A
QUALITATIVE VARIANT IN GENERAL

We recall the (Shulman-)temperedness condition for Fglner sequences.

Definition D.1 (Tempered subsequence). Let G be a countable group and (F},) a sequence of
finite subsets. A subsequence (E}) is tempered if there exists T' < oo such that

|(Ujer B ') Ex| < TIEy|  forallk. (D.1)
We also record a geometric constant of the Cayley graph.

Definition D.2 (Ball doubling constant at factor 2). For a Cayley graph (T', S) with word metric
and balls B(e, R), set

| B(e, 2R)|
Dy(I,8) = P Ble, )| € [1,00].

If (T',S) has polynomial growth of homogeneous dimension @, then Dy(T',S) < oo and
Dy(T,S) < O, S)2€9.

Theorem D.3 (Quantitative tempered subsequence under ball-thickness). Let (I',S) be a finitely
generated group with Cayley metric. Let (F},),>1 be a nested Felner chain and write R, :=
max{d(e, g) : g € F,,}. Assume there exists a constant cg)) € (0, 1] such that

can |B(e, Ry)| < |Ful for all n large enough. (D.2)
Let E), := F,, be any dyadic-radius subsequence with R, € [2¥,25+1). Then (E}) is tempered
in the sense of (D.1) with the explicit constant
Dy(T,S)
can

Consequently, for every probability-preserving action I' ~ (X, 1) and every f € L!(X) the
ergodic averages

T < (D.3)

gEEL
converge p-almost surely to E[f|Zr], and the maximal operator M f := sup,, |Ap, f| satisfies the
weak-type (1,1) bound

£ 1]z
)

p{Mf > A} < Cuax(T) (A>0),

where Ciax(T') depends only on 7. In particular, in polynomial growth Do (T, S) < C(T', S)2¢.

Proof. Since F,; C Fy, for j < k, we have (Uj<k iy YF,, C F,'F,, C B(e, 2Ry, ). Therefore
r,s
(U Fs) ] < 1BE2R)] < Dar 9Bl R < 22, ),

<k
by (D.2). This yields (D.3); the L' maximal inequality and a.e. convergence are Lindenstrauss’

theorem for tempered sequences. O

Remark D.4 (Application to virtually nilpotent groups). In virtually nilpotent groups, our Wulff
samplers W, (indexed by intrinsic radius R) satisfy two-sided metric control: there exist a € (0, 1],
b € [1,00) and Ry such that for all R > Ry,
B(e,aR) ¢ Wgr C B(e,bR).
Taking F,, = Wk, the lower thickness (D.2) holds with
|B(e,aR)| 1 1

can = inf = > ;
R>Ry |B(e, R)| SUP R Ry |§iea]2)‘| D, (T,S)
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where Dy\(T',S) := suppsy |B(e,AR)|/|B(e, R)| for A > 1. Plugging into (D.3) gives the
quantitative bound

r < 2208 o pr syp, i (r.s),
Cfll

an explicit constant depending only on (T',S) and the Wulff thickness a. In particular, if
|B(e, R)| < RY, then D) < CA? and hence T' < C'(T', S)(2/a)<.

Example D.5 (Z¢ with cubes: exact constant). Let I' = Z¢ with the standard axis generating
set. For cubes Cg := [~ R, R]¢ one has C;'Cr = [-2R, 2R]? and, for the dyadic subsequence
Ry, = 2,

(Uew)en.

j<k

< |CRiCR| = (4Rx+1)%,  |CR,| = (2R, +1)".

Thus

4R+ 1\d
T < su ( ) = 29,
- RZI()) 2R+1

so the cube averages along Ry, = 2* are tempered with the exact constant T = 24, yielding a
weak-(1, 1) maximal inequality with constant Cyyax(2?) and a.e. convergence for every action.

We now record the general qualitative variant, which requires no thickness and applies in all
amenable groups (including the exponential-growth classes treated elsewhere in this paper).

Theorem D.6 (Qualitative tempered subsequence (Shulman-Lindenstrauss)). Let (F},) be any
Folner sequence in a countable amenable group I'. There exists a tempered subsequence (Ej) in
the sense of (D.1) (with a universal finite constant Tp) such that for every p.m.p. action T' ~ (X, )
and every f € L'(X),

Ag, f(x) — E[f|Zr](z) for py-a.e. x,
and the associated maximal operator is of weak-type (1, 1) with a constant depending only on Tj.

Remark D.7 (Hyperbolic semidirects). For I' = Z¢ x4 Z with A hyperbolic, our logarithmic
layer-nested sets E form a nested Folner family of §9.8. They are thin in balls (polynomial size
inside exponentially growing balls), so (D.2) does not hold and one cannot hope for a group-
geometric bound like (D.3). Nevertheless, by Theorem D.6 there exists a tempered subsequence of
the stacks (or of any nested thinning thereof ), which yields the L' pointwise ergodic theorem and
weak-(1, 1) maximal inequality along that subsequence (with a universal temperedness constant).

Two applications (with constants where available).

(A) Virtually nilpotent groups. Take the Wulff samplers as in Remark D.4 and dyadically
thin them by radius. By Theorem D.3, the resulting sequence is tempered with

T < Dyo(T,S)D,-1(T,S) < C(T',8)(2/a)C.

Therefore the Wulff-averaging maximal operator is weak-(1, 1) with constant Crax(T')
depending only on (I', S); a fortiori, L? bounds for p > 1 follow with tracked constants.
On finite quotients, the same constants apply uniformly.

(B) Z¢ with cubes. By Example D.5, the dyadic cubes are tempered with the exact con-
stant T' = 2%, hence the weak-(1, 1) maximal constant is Cpnax(2?). This gives a clean
benchmark for quantitative comparisons with other averaging shapes (e.g. Wulff or ¢!

balls).
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