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Abstract

We consider multiple radial SLE curves with various time parameterizations and possible
spiraling behavior. We construct them by tilting independent radial SLEs with a suitable local
martingale, generalizing the earlier construction by Healey and Lawler. We prove that the curves
are almost surely transient (i.e., they emanate from boundary points and terminate at a common
interior target point). We show that they enjoy the resampling property: conditional on all of the
curves but one, the remaining curve is distributed as chordal SLE in the remaining domain. We
also verify that the multiradial SLE measure satisfies a natural boundary perturbation property
analogous to that of the known SLE variants, involving its partition function (which is finite).

Interestingly, in the parlance of Coulomb gas formalism in conformal field theory, partition
functions of multiradial SLE processes with spiral involve both electric and magnetic charges.
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1 Introduction

Motivated by providing a description for scaling limits of interfaces in critical two-dimensional lattice
models, in his pioneering work [Sch00], Oded Schramm introduced SLE curves and (among other things)
showed that in the chordal case, they can be axiomatically understood as probability measures on curves
connecting a pair of distinct boundary points of a simply connected domain, uniquely characterized
by two natural properties: conformal invariance (CI) and domain Markov property (DMP). Indeed,
this singles out a one-parameter family (SLE,).>0 of such random chords. Early on, Schramm’s SLE,
curves turned out to be not only crucial in the rigorous description of scaling limits (e.g., in [Smi01,
LSW04a, CNO7, SS09, CDCH™14]), but were also used to solve important problems in probability theory
(e.g. [LSWO0la, LSW01b, LSWO0lc]), and later in many contexts in random conformal geometry and
mathematical physics. Moreover, SLEs immediately gained a lot of attention of physicists, and were
observed to share very deep connections to conformal field theory (CFT) [BB02, FW03, BB04, Kon03].
They thus became a key object in many areas, and still remain a very active topic of research.

In the radial case, Schramm’s curves lose global scale-invariance. In fact, a single radial SLE curve,
which is a random curve connecting a boundary point to an interior point of a simply connected domain,
is only characterized by (CI, DMP) up to a two-parameter family of probability measures of such curves,
(SLEX) x>0, uer [Zhal5, MS17]. Namely, (CI, DMP) imply that the Loewner driving function of the curve
(which describes its time evolution for ¢ > 0) has to contain a multiple of (one-dimensional) Brownian
motion, which in the radial case can also possess a linear drift: \/kB; + ut (while in the chordal case the
driving function is simply \/kB;). The parameter x > 0 is, similarly to the chordal case, the variance
(speed) of the Brownian motion, which describes, e.g., the Hausdorff dimension of the curve [RS05, Bef08].
The parameter p € R describes the spiraling rate of the curve around its interior endpoint, and is closely
related to multifractal properties of the curve [Bin98, DB02]. In the parlance of Coulomb gas formalism
in CFT, the spiral gives rise to a magnetic charge [Gru06, RBGW07, BGROS§].

When one considers models involving several interacting curves, the classification problem involves
even more conformal moduli. In the case of multiple chordal curves, the moduli are encoded by the
positions of the points and the topological connectivity pattern of the random curves. Namely, one can
prove that given this data, the law of the curves is uniquely characterized by a resampling property [MS16b,
BPW21, Zha24]: conditional on all of the curves but one, the remaining curve is distributed as chordal
SLE in the remaining domain. Such a property is naturally inherited from multiple interfaces in discrete
lattice models. The present work is concerned with the case of multiple radial curves, a generalization of
the model constructed by Healey & Lawler [HL21], where the curves are targeted to a common interior
endpoint. In this case, the resampling property does not characterize the curve model uniquely. Indeed,
because the curves can spiral around their common endpoint, any linear combination of multiradial SLE
measures with different spiraling rates satisfies the resampling property. See [KWW24] for two curves.

The construction of multiple SLEs and their inherent resampling property relies on their conformal
restriction property [LSWO03, KL07, Law09, Law11l, JL18]. We use it in the form of a “boundary per-
turbation property” formulated in terms of a modification of the underlying domain by chopping off
part of it (for example, by discovering a curve in a multiple SLE). The restriction property played an
instrumental role in the early breakthrough works of Lawler, Schramm, and Werner relating SLEg and
SLEg/3 to Brownian motion and self-avoiding walk [LSWO0la, LSW04b]. It is also a manifestation of the
deep relationship of SLE with CFT — the “conformal anomaly” appearing upon deforming the domain



is also the one that gives rise to the action of the central element of the Virasoro algebra with the ap-
propriate central charge [BB02, Kon03] (see also [MP25] for a perspective on this). This property lies
at the heart of canonical SLE measures introduced by Lawler, Schramm & Werner [LSW03, Wer08] and
Kontsevich & Suhov [KS07]. See also [CP14, BD16, Zha21, BJ24] and references therein.

This article is organized as follows. Section 1.1 describes the setup and gathers notation. In Section 1.2,
we define the multiradial SLE with spiral and briefly discuss its CFT/Coulomb gas interpretation. We
state the radial resampling property in Theorem 1.3 in Section 1.3, and describe the marginal law of one
curve in a multiradial SLE sample. In Section 1.4, we state the boundary perturbation property for the
multiradial SLE curves in Proposition 1.4.

Section 2 concerns the definition of multiradial SLE with spiral, the associated martingale, and basic
properties. In Section 3, we consider half-watermelon SLEs, which are multichordal SLEs whose endpoints
have been fused together. We show that when the endpoint of multiradial SLE tends to the boundary, the
multiradial curves become half-watermelon curves. Section 3 also involves delicate, important estimates for
SLE partition functions. The last Section 4 concludes with the proofs of the main results. In Appendix A,
we prove transience of radial SLE with multiple force points and spiral, generalizing Lawler’s earlier work.

1.1 Multiradial Loewner evolutions

Polygons. We say that (Q;2!,22,...,2P) =: (;x) is a (topological) p-polygon if Q C C is simply
connected and !, 22, ..., 2P € 9N are distinct points lying counterclockwise along the boundary. We will
also assume throughout that 95 is locally connected and the marked boundary points ', 22, ..., 2P lie on
C'*t-boundary segments, for some € > 0, so that derivatives of conformal maps on € are defined there.

We also consider p-polygons (£2;;2) with a marked interior point z € 2. We frequently use the
reference polygon (U;el?;0) which is the unit disc U := {z € C: |z| < 1} with marked boundary points
elf .= (6101,6192, ...,e%) parameterized by angle coordinates  := (9',62,...,6P) € A&, in the torus

Xy ={0=(0"0%...,0°) eRP |0 <0 <. <O <O +2r}. (1.1)

We will investigate probability measures on curves in polygons connecting some of the marked points
together. In the Loewner description of such curves, a nontrivial detail that needs to be addressed is the
parameterization of these curves when they are grown simultaneously. We focus on the radial case.

Radial Loewner equation. Fix § € X} = R and T € (0,00). Let v: [0,7] — U be a continuous
simple! curve such that 79 = € and Yo,y € U\ {0}. For each t € [0,T], let gi: U\ vy — U be
the unique conformal bijection normalized at the origin, i.e., ¢;(0) = 0 and g¢;(0) > 0, which we call the
mapping-out function of . We say that the curve «y is parameterized by capacity if g;(0) = e for all
t € [0,7]. These maps {g;: t € [0,T]} solve the radial Loewner equation

e + gy(2)

ciét — gy(2)’ g90(z) = z, (LE)

Ahge(2) = gi(2)
where £: [0,7] — R is a continuous function called the Loewner driving function of . It is convenient to
use the covering map hy: R — R of g; defined via g;(e!?) = exp(ih;(6)) satisfying the Loewner equation

dyhi(0) = cot (W) ho(6) = 6. (1.2)

1We will be mainly focusing on SLE, curves with & € (0, 4], which are almost surely simple. In general, the mapping-out
function should be defined as a map g;: Uy — U, where Uy is the connected component of U\~ 4 containing the origin (target
point of the curve). Even though this situation will occasionally occur, for notational ease, we omit this detail throughout.
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Figure 1.1: Illustration for the notation related to the multi-time-parameter.

Multi-time-parameter. (See Figure 1.1.) Fix p > 2 and 8 = (¢',...,0P) € X,. Consider a p-tuple
Yy = (’ytll, . ,*yfp) of simple curves in the polygon (U;e'?; 0), parameterized by t := (t1,...,t,) € [0,00)?,

such that 78 = ¢ for each j and the segments {’y[% t'}}1<j<p are disjoint. Consider the conformal bijection
b ] Y

p
gt U\ U F}/foﬂgj] — Ua gt(o) = 07 g:ﬁ(o) > Oa
j=1

normalized at the origin, and the mapping-out functions ggj of 47, for 1 < j < p. Then, we have

gt = gtj © ggj forall 1 <j <p, where g¢;: U\ ggj ( U 'Y[io,ti]> — U
i#]

is also normalized at the origin. We say that the p-tuple ~y, of curves has p-time-parameter if the mapping-
out functions of each curve are separately parameterized by capacity, i.e., (g{j)/ (0)=¢eli forall 1 < j <p.
The construction of multi-time-parameter is well-defined up to the collision time which is the first time
when any two curves in v meet. Let h{j, hg, he j be the covering maps of gfj, gt, gt,j, respectively. Note
that hy = hy oh{j. Denoting by & the driving function of each 47 (as in (LE)), we can define the Loewner
driving function of the multi-slit 7,, started at wo = 6 = (6',...,6P), by

w = (w%, L wh), with wi = htj(ﬁgj), for 1 <j <np. (1.3)

Writing a{ i= 0y, log g4 (0) = (h;’j(fgj))Q, one can check that g solves the Loewner equation

P

1wt+ z
dge(z Zat s ()5 = 03 gt( idtj, W=z (LE)
— t — ge\Z



Moreover, hy = hy j o hi, satisfies
’ J

p _J
Ahe(6) = 32 0t Oty = Yl cor (M= Yty no(0) =0, (1.4)
j=1

J=1

1.2 Multiradial SLE with spiral
Throughout, we will use the following CFT/SLE parameters indexed by x > 0:

b= 62_’: = A(e1,2), b:= (6_2’(:_2) = 2A(eg,1/2); and c:= (6 Hé(:ﬁ — 8), (1.5)

where A(e) € R are Coulomb gas conformal weights associated to electric charges ¢ € R defined as

—4
A(e) 1= ¢* — 2eeq, eo == ZW’ k>0, (1.6)

c=1- 24e(2) in (1.5) is the central charge, and b and b are SLE,, exponents given in terms of the special
class of Kac type conformal weights® A(e,s) = (r? —1)% + (s — 1)2 4+ 3(1 — rs) labeled by

1 171
Crs = %((1 - r)\ég —(1- 8)5E>’ r,s € R>p. (1.7)

Definition 1.1 (Multiradial SLE with spiral). For each j € {1,...,p}, let ¥/ be radial SLE, in (U; elt’ ;0)
and let P, be the probability measure on v = (7', ...,7?) under which the curves are independent. We
parameterize « by p-time-parameter . We define p-radial SLE,, with spiraling rate p € R in (U;€l;0),
dubbed p-radial SLEE from now on, as the probability measure Pz_md = P]‘: rad(U;eie;O) obtained by
tilting P, by the local martingale

M(Z

S vad) = Ley(v,) XD <;mt - Ezp:tg) (92(0) (Hh’/,] §t ) 2 aa(Wt), (1.8)
j=1

where Ey(v,) = {’y[jOt,] N ’y[io h = (0, Vi # j} is the event that different curves are disjoint, ms = m(&,) is
g sbe
the unique potential solving the exact differential equation (see Lemma 2.6)

p p
1 .
dme =32 0mi,, ity =0 (= 3 (She)(E) + £ (- G, (€&)7))dt, mo=0,  (19)
j=1 j=1

with Sh = ﬂ — §(’}L,) denoting the Schwarzian derivative of a function h, and where Z“ rad 18 the
multiradial SLE‘; partition function defined in Equations (1.10, 1.12) below, and &; = (&7, ... ,§tp) are
the driving functions the individual curves, w¢ = (wj,...,w}) is the driving function of the multi-slit ~.

Before discussing partition functions, we make some comments and extensions to the above definition.

e We define p-radial SLEL measure Pp aq(Q; @; 2) in a general p-polygon as the pushforward of P
-1

by
the map ¢!, where ¢: Q — U is any conformal bijection such that ¢(z) = 0, and p(27) =: e?” | for
each 1 < 5 < p. Note that any two such mappings differ by a rotation, which does not affect the law.

- rad

2The (extended) Kac table comprises those conformal weights {A(e.s): 7,8 € Nso} where the indices are positive
integers, which correspond to degenerate modules for the Virasoro algebra. However, many important observables in lattice
models and for SLE, do not belong to the Kac table as such, but rather to the (more extended) family {A(e,s): 7,5 € R>0}.
This is the case, in particular, for many (but not all) bulk observables related to paths and loops in the interior of the domain.



e When k € (0,4], the local martingale (1.8) is a true martingale. In particular, p-radial SLE# curves
almost surely never reach the collision time, so the process can be defined for all time (Lemma 2.10).

e When p = 0, the measure P%rad(U;eie;O) is the same as the p-sided radial SLE, (without spiral)
introduced by Healey and Lawler [HL21]. In accordance with the well-known conformal restriction
properties of SLE, the quantity my also has an interesting Brownian loop measure interpretation — see
Lemma 2.7, which reflects the fact that the central charge ¢ encodes the “conformal anomaly” for the
SLE curves, i.e., the response of the curves to changes of the underlying metric.

Partition functions. The p-radial SLE, partition function is®

. L 2/k
Zorad(e) = Zorad<u elo 0) = ( H ‘6199 - 619 ’)

1<i<j<p

_ i _ i\ 2/
:2“121)( 11 sin<9J20>> . 0 X,

1<i<j<p

(1.10)

Note that (1.10) is rotation-invariant: we have Zg_rad(Gl +a,...,0 +a) = Zg aq(0, ..., 0P) for any

a € R. Therefore, we can extend its definition to p-polygons (Q; x; z) via conformal covariance as

p

2D a5 2) 1= ¢ (2) "5 (Hw @)1)" 20,00 0). (1.11)

where ¢: 2 — U is any* conformal bijection such that ¢(z) = 0, and ¢(2/) =: el? | for each 1 < j<p.In
terms of the Coulomb gas formalism of CFT (see [Dub07a, Lemma 11]), we have

- 4p® — (v — 4)?

defined in (1.10, 1.11) can be thought of as a correlation function of conformal fields of

p*—1

Thus, ZI? rad

weights A(e12) at the boundary points z!,... 2P and a spinless field of weights (A(egp/2), Alegpy2)) at
the bulk point z, in accordance with the physics literature [DS86, Dup04, Gru06, RBGWO07].

Next, we include a spiraling rate ;o € R, and define the p-radial SLE! partition function as
z! (0)=Z" (U;e®0) = 20, (6 exp( Zaﬂ) 0c X, (1.12)

Observe that (1.12) is not rotation-invariant: we have Z¥' (8" +a,...,07 +a) = erP® ZN a0,
so we cannot extend its definition similarly as for (1.11). Indeed, the approprlate CFT ﬁeld at the bulk
point z should now involve a spin, that is, its holomorphic and antiholomorphic weights should be different.
In accordance with the physics literature [Gru06, RBGWO07, BGRO0S|, we take the weights to be of type
(A, A*), namely A = A(e,m) := (e+m)(e+m—2¢p) and A* = A*(e,m) := (¢ —m)(e —m — 2¢p) involving
both an electric charge ¢ € R and a magnetic charge m € iR, which in the case of present interest are

.
¢ =¢p /2 and m=my, :=i-—.

k 2k
Hence the partition function Zg_ raq defined in (1.12) can be thought of as a CFT correlation function of
weights A(eq,2) at the boundary points z', ..., 2P and at the bulk point z, a field of complex weights

2 [ ’
+i—p and A*(eops2,my) = Alegyp/2) —

w 7
4k 2K

L
— —i—p. (1.13
i 2wt ( )

97 eiei .

A(eo,p/%mu) = A(30,10/2)—

. . . . gi_gi
#We use a convenient normalization for the angle coordinates, and the formula sin(25%) = ile

4 Any two such conformal bijections differ by a rotation, which does not affect the formula (1.11).




Motivated by this, we extend the definition of Z]‘D‘_ raq t0 more general polygons (£2; x; z) with z € Q as®

d \b
Z];j_rad(g;m;z) — (SOI(Z))A(eo,p/z,mu) (90/(2) )A (Eo,p/Q,mu)(H |C,0/(-'E])’> Zg-rad(a)

(1.14)

~ 2

P K / / b+2 _i
= exp (= —pargp(z) | o (2)T

where ¢: Q — U is any conformal bijection such that ¢(z) = 0, and (z7) =: €, for each 1 < j < p.

1.3 Radial resampling property

The resampling property of multiple SLE curves is a natural feature inherited from multiple interfaces
in discrete lattice models, see [MS16a, MS16b, PW19, Wu20, BPW21, AHSY23, Zha24, FLPW24]. It
essentially says that the multiple SLE curve models have a symmetry with respect to exploring a subset
of the curves — i.e., conditionally on some of them, the rest are described by a similar SLE curve model
with fewer curves. As argued in [MS16b, Section 4] (see also [BPW21]), the resampling property in the
chordal setting uniquely characterizes the law of the collection of curves (cf. Definition 1.2). However, this
is not the case in the radial setting. Namely, Theorem 1.3 tells that any linear combination of multiradial
SLE with different spiraling rates satisfies the radial resampling property (see also [KWW24]).

Definition 1.2 (Half-watermelon SLE). Fix & € (0,4]. Let (Q;z,y) = (Q;2!,...,2" y) be an (n + 1)-
polygon. Consider curves 1’ in € from 27 to y for each j; and suppose n° N1/ = {y} for i # j. We call
the law Q ~, (Q;x;y) of n = (nt,...,n") half-n-watermelon SLE, in (Q;z,y) from x to y if it satisfies
the chordal resampling property: for each j € {1,...,n}, the conditional law of 7 given {n': i # j} is
chordal SLE from 27 to y in the connected component ; of Q\ U,;;,gjni having z7 on its boundary.

The existence and uniqueness of (global) half-n-watermelon SLE, was argued in [MS16b, Section 4].
The marginal law of ! under Q. (€;x;y) is chordal SLE.(2,...,2) in Q from z! to y with force
points (22,...,2"). Similarly, the marginal law of one curve in a p-radial SLE¥ is radial SLEX(2,...,2)
with spiral (defined in Section 2.1), and in particular, each individual curve is almost surely transient
(see Proposition A.1). Moreover, we will show in Theorem 3.1 that multiradial SLE, converges to half-
watermelon SLE, when the interior point of the polygon approaches a boundary point. Using this

convergence, we then derive the following characterization.

Theorem 1.3. Fiz x € (0,4], pn € R, p > 2, and a p-polygon (;x; 2) with x = (x',...,2P) and z € Q.
The p-radial SLEF curves v = (v1,...,9P) in (S;x; 2) satisfy the following properties.

1. The marginal law of ¥ is radial SLEX(2,...,2) in (;x; 2) with force points & := (22, ..., aP).
2. Given ', the conditional law of (v2,...,~P) is half-(p — 1)-watermelon SLE, in (Q\ 7';&;2).

In particular, v is a.s. transient (v, — 0 as t — oo; see Proposition 4.2 for details) and satisfies the
radial resampling property: for each j € {1,...,p}, the conditional law of v/ given {v': i # j} is chordal
SLE, from x’ to z in the connected component §2; of 2\ Ujx;y" having x’ on its boundary.

Theorem 1.3 is proved for p = 2 in [KWW24]. We prove it for general p > 2 in Section 4.1. The
proof relies on the fact that for any spiraling rate p € R, multiradial SLE# in (Q;x, z) converges to
half-watermelon SLE, in (Q;x,y) as z — y. Thus, the resampling property is inherited to the radial
case from the chordal case. In contrast to the case of p = 2, this requires rather delicate analysis on the
associated partition functions (see Theorem 3.1 and Lemma 4.3).

Here and throughout, we use the principal branch of arg(-), and denote by w* the complex conjugate of w € C.



To state the radial resampling property in Theorem 1.3, it is important to know that the curves
are transient. The transience for radial SLE,(2) follows from [Lawl3, Theorem 1.3]. We generalize his
proof to derive the transience of radial SLE with multiple force points and spiral in Proposition A.1 in
Appendix A. Our proof involves an estimate on radial Bessel processes (Lemma A.4) and a monotone
coupling argument (Section A.2). These techniques will also be useful to derive detailed return estimates
for radial SLEX(2,...,2) processes, which is a key ingredient in proving large deviation principles for
multiradial SLEs (see [AP25, HPW25, AHP25]).

1.4 Boundary perturbation property

As a consequence of Theorem 1.3, we derive a boundary perturbation property (Proposition 1.4) for
multiradial SLE with spiral, which describes the response of the measure to deformations of the domain.

Proposition 1.4 (Boundary perturbation). Fiz k € (0,4], p € R, p > 1, and a p-polygon (Q; x; z) with
x = (x',...,2P) and z € Q. For p-radial SLE curves v = (Y. 2P) in (@ 2), denote U_ 1yt = .
Suppose K is a compact subset of Q0 such that Q\ K is simply connected and contains z, and K has a
positive distance from {x',... zP}. Then, the p-radial SLE" probability measure in the smaller polygon
(Q\ K;x; 2) is absolutely continuous with respect to that in (;x; z), with Radon-Nikodym derivative
Z:_rad(Q; x; 2)
Z;L_rad(Q\K;w;z)

1{yN K =0} exp (%m(Q; ~, K)), (1.15)

where m(§2; v, K) is the Brownian loop measure (2.12) in Q of those loops that intersect both v and K.

The boundary perturbation property was proved for standard radial SLE in [JL18, Proposition 5].
We prove it for multiradial SLE with spiral in Section 4.2. The proof relies on the boundary perturbation
property of SLE(2,...,2) processes proved in Lemma 4.4, the boundary perturbation property of half-
watermelon SLEs proved in Proposition 3.4, and the resampling property in Theorem 1.3.

Acknowledgments

Part of this research was performed while the authors participated in a program hosted by the Hausdorff
Research Institute for Mathematics (HIM), which is supported by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) under Germany’s Excellence Strategy EXC-2047/1-390685813.

This material is part of a project that has received funding from the European Research Council
(ERC) under the European Union’s Horizon 2020 research and innovation programme (101042460): ERC
Starting grant “Interplay of structures in conformal and universal random geometry” (ISCoURaGe) and
from the Academy of Finland grant number 340461 “Conformal invariance in planar random geometry.”
E.P. is also supported by the Academy of Finland Centre of Excellence Programme grant number 346315
“Finnish centre of excellence in Randomness and STructures (FiRST)” and by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) under Germany’s Excellence Strategy EXC-2047/1-
390685813, as well as the DFG collaborative research centre “The mathematics of emerging effects”
CRC-1060/211504053.

C. H. and H.W. are supported by Beijing Natural Science Foundation (JQ20001) and New Cornerstone
Investigator Program 100001127. H.W. is partly affiliated at Yanqi Lake Beijing Institute of Mathematical
Sciences and Applications, Beijing, China. We thank Yilin Wang and Lu Yang for helpful discussions.

2 Multi-time-parameter local martingale

The main goal of this section is the derivation of the multi-time-parameter local martingale (1.8) in
Proposition 2.4, which validates Definition 1.1. To this end, we first gather preliminaries in Section 2.1.



The multi-time-parameter local martingale and its relation to Brownian loop measure is considered in
Sections 2.2-2.3. Sections 2.4-2.5 concern basic properties of multiradial SLE#: we derive the marginal
law of a single curve, and show that when x < 4, the process does not reach collision in finite time.

Throughout, we use the parameters (1.5):

6 —kK ~ 6 —kK)(k—2
o = A(QLQ), b= (8)[({) = 2A(€0’1/2), and ¢ .=

(6 —kK)(3k — 8).

b= P

2.1 Radial SLE with spiral and force points

For k > 0 and p € R, radial SLE¥ in (U;e!?;0) is defined as the curve with Loewner driving function
& = 0+ +/kBi+ ut (as in (LE)), where B is standard one-dimensional Brownian motion. When x € (0, 8),
it is almost surely generated by a continuous curve 7, which is transient: tlim v = 0 [Law13, FL15].

—00

Radial SLEY in a polygon (Q;x;2) is defined as the image under ¢! of radial SLE# in (U;e';0),
where ¢! Q — U is the conformal bijection such that ¢(z) = e and ©(z) = 0. It has partition function

0- o K / 1N B— b 7 U:e:0
2y 0a( Q25 2) == exp —arg ¢ (2) ) [P (2)]77 3 [ "(2)]” 2 ,q(U;€70),

where zy q(Usu;0) := exp (& argu) u € 0U.

(2.1)

For convenience, we also write Z}' _,(0) := 21" ,(U;€l;0) = exp(£6) in the angular coordinate.

Let us now record the boundary perturbation property for radial SLE# when x € (0,4].
Lemma 2.1 (Boundary perturbation). Fiz x € (0,4], p € R, and a polygon (;z;2). Suppose K is a

compact subset of Q such that Q\ K is simply connected and contains z €  and K has a positive distance
from x € Q. Then, the radial SLEE probability measure in the smaller polygon (2\ K;x; z) is absolutely
continuous with respect to that in (;x; z), with Radon-Nikodym derivative
zZ (s z)
1 md(Q \ K )

where m(§; vy, K) is the Brownian loop measure in 0 of those loops that intersect both v and K.

1y NK = @}eXp< (Q,y,K)) (2.2)

Proof. This can be proven by standard arguments; the case of y = 0 is proved in [JL18, Proposition 5],
and the case ;1 € R can be proved similarly. We leave the details to the reader (see also Lemma 4.4). [

Radial SLE with force points. Fix p > 2 and 6§ = (0%,...,0°) € X,. For k > 0, u € R, and
p = (p2,...,pp) € RP7L we define radial SLE/(p) in the reference polygon (U;e'?;0) as the curve from

e to 0 with force points (e’ .., ") whose Loewner driving function & (as in (LE)) solves the SDE

p pi Vj—é} 1
d&:\/EdBt—Z;;cot <t2>dt+udt, o =10
=

Vit g 2
2

dv;j:cot( >dt, Vi=0, je{2....p}

We define radial SLE#(p) in a more general p-polygon (2;x;z) as the pushforward measure of SLE#(p)
from (U;e?;0) by the map ¢!, where ¢: Q — U is any conformal bijection such that ¢(z) = 0, and
o(27) =: e, for each j. Any two such mappings differ by a rotation, which does not affect the law.
The next Lemma 2.3 compares the laws of radial SLE#(p) and radial SLE, (without spiral). The
comparison involves a martingale built from the partition function of radial SLEL(p), defined as

B P 0 olf'| oy g o7 P
212,(0) = exp (10" + Z J@J)Hr [ 16 - o)

2<j<e<p



e e (432 )E_ﬁQ(sm("ezel))”f I (sn ("5 e

2<j<l<p
: 7! B 7 p(p+4) ﬁ . pJ(pJ —K)
Z{Lrad(ﬂ;m;z) ‘= exp (_ ﬂ(2+p) arg@’@’)) |§0/(Z)’b+ 8k ’b (H |(,0 LUJ ) Z{Lrﬁ;d(e)

; 5.— NP . = . Pipj — i
where we write p:= 5, pj, and @ =3 5, ., “5", and set p = 2 for convenience.

Remark 2.2. Recall (1.5, 1.6). In terms of the Coulomb gas formalism of CFT, we have b = A(e; 2) and

plp+4— k)

4k - A(e(p))’ where 2(,0) =

_r_

2Vk

is the Coulomb charge associated a boundary force point with strength p [Kyt06]. In fact, in accordance
with the physics literature [Gru06, RBGW07, BGRO8], the partition function Z{"? , can be thought of as
a correlation function of conformal fields of weight A(e12) at the boundary point z!, weights A(e(p;)) at
the boundary points 27 for 2 < j < p, and at the bulk point 2, a field of complex weights (A, A*),

8—r , (p=2)(p+6) p* . (2+5)
A = A(e; - =
(¢, my) 16 16x ae T
_2 A
where e = W and my, =1 2\‘;;

As an important example, let us consider the case where p; = 2 for all j. Then, Eq. (2.4) reads
1:2,2,...,2 H / PPN Rt ST ! - 10 g m
2220 2) = exp (— Lparsg!(2)) 19255 (1) [T 10@)1) " 2200 6)
j=2

which coincides with the partition function Z* prad ($4 @3 2) defined in (1.14).

Lemma 2.3. The law of radial SLE*(p) in (U;e®;0) is the same as the law of radial SLE, in (U; ¢l ;0)
tilted by the following local martingale, up to the first time € or el?” is disconnected from the origin:

p(p+4) ﬁ

M (Zfr’;d) (92(

(TT0E) ") 22y ) @), @)
Jj=2

where p = (p2,...,pp) and p = Z?:Q pj-

Proof. When p = 0, a direct calculation shows that, up to the first time when %" or ei?” is disconnected
from the origin, the law P of radial SLE,(p) in (U; ¢'®;0) is the same as the law of radial SLE,, in (U; " ; 0)

tilted by the local martingale M (Z? £ 1) [SWO05], which we denote as P%?. The addition of the spiraling

parameter p € R follows easily via an application of Girsanov’s theorem as follows. Under P%P, we have
dé = VR dBy + k01 log 202 (&, he(07), ..., hy(6P)) dt

_ JRdB, - Z” (M e, by (249

and by the radial Loewner equation (1.2) the process
% ~ pj
— J j
J:

10



satisfies dL; = \deu so (L,L); = Sy log g,(0). Denote by P* the measure P%? tilted by

M. (ZHP 1
Ry o= M) _ (Le= 5L L)e)-

0;
My (21 50)

Girsanov’s theorem implies that B; = By — ﬁt is standard Brownian motion under P*®, and we have

d¢, = VrdB; — Zp]ct<ht(92) §>dt+udt

Therefore, P#P is indeed the same as the law of radial SLE!(p) process (cf. Eq. (2.3)). O

We see from Lemma 2.3 that radial SLEX(p) is absolutely continuous with respect to radial SLE,
so, as the latter is almost surely generated by a continuous curve, radial SLE#(p) is also almost surely
generated by continuous curve — up to the first time when e or ¢i’is disconnected from the origin.
However, this does not imply transience for radial SLE!(p), because the absolute continuity only holds
up to a possibly finite stopping time. Generalizing [Law13], we prove in Appendix A that, when x € (0, 4]

and p; > 0 for all j, radial SLE#(p) in (U; ¢';0) is almost surely transient: that is, 7 — 0 as t — oo.

2.2 Local martingales for multiradial SLE

We use for multiradial Loewner evolutions the same notation as in Sections 1.1-1.2 — see also Figure 1.1.

Proposition 2.4. Fiz k > 0,8 € R,p > 2, and 0 = (0',...,0°) € X,. For each j € {1,...,p}, let
79 be radial SLE,; in (U;e'?;0) and let P, be the probability measure on v = (v',...,4P) under which
the curves are independent. We parameterize v by p-time-parameter t, and let wy = (w},...,w}) be the
multi-slit driving function as in (1.3). For a function G: X, — Rsq, define

M(G) = Ley(v,) exp( mt—f’z ) ) N(Hh',a (&) ) wt)

= Lgy(,) xp (5me) <gz<o>>—N—<P—1>f’(f[ o(€)) (Hgm ) ()

j=1

(2.6)

where Ey(v¢) = {’y[jOt.] N ’Y[iot] =0, Vi # j} is the event that different curves are disjoint, and my is the
sbg sbe
unique potential solving the exact differential equation (1.9) (see Lemma 2.6):

p

p 1 . 1 ,
dmg = Z Mty dt; = Z <— §(5ht,j)(§§j) + 6(1 — ( /t,j(fij))Q))dtj, mgo = 0.

j=1 j=1

Then, the process M(G) is p-time-parameter local martingale under P, if and only if G is smooth and
satisfies the following system of radial BPZ equations: for each ¥ := (V',... 0P) € Xy,

370 2 <C°t< 2 )g(ﬁ) —sz(%mﬁ—&, forall je{l,...,p}. (27

1<i#j<p

(The function sin® (w) is a constant multiple of the boundary Poisson kernel in the disc, Eq. (3.20).)

11



Proposition 2.4 is a generalization of various special cases appearing in earlier literature: the case
where G = 20 »rad @S defined in (1.10) appeared in [HL21]; the case where G equals a pure partition function
appeared in [FWY24] and the case where G = 2% as defined in (1.12) with p = 2 appeared in [KWW24].
For later use, we derive the general version here. Moreover, in Section 2.5 we address the case of a general
endpoint for radial SLEX curves. Radial SLEs in U are not invariant under conformal self-maps of the disc
U moving the origin. Instead, one has to take into account the appropriate coordinate change [SWO05].
The coordinate change gives a non-trivial contribution to the spiraling rate, as in Equations (2.4, 2.19).

Remark 2.5. Note that my =0 when p =1 or t = (¢,0,...,0) (meaning that we only grow one curve):
in both cases, Eq. (2.6) only contains the j = 1 term, which equals zero: namely g; = g} =: g is just the
mapping-out function of the first curve normalized as log ¢g;(0) = ¢, and h¢ 1 is just the identity map.

Proof of Proposition 2.4. The equality of the first line and the second line in (2.6) follows by definitions
of the various conformal maps. To prove the assertion for the second line in (2.6), let us first compute the
variations of the terms appearing in it in the capacity parameterization. By dlfferentlatmg (p-LE) and
using the identity g¢; = g¢ o (gt )~1 and the radial Loewner equation (LE) for gtj, we find that

/

dg;(0) SN NV an dgt,j(o)_ Ioei 2 , It W28,
A0 ~ At DR = (k)P - )ty + Sk (25)

Using It6’s formula, we thus find

asd =1y (6 g, — mony (&) aty + Yot (TNt (P @9)
i#]
Pisleh) M) g 1 UAAE)P
W (€)  h(El) 27 sin? (£5%4) .10)
3 — 8\ (&) 1<h;’j<§z.>>2 1 -
+ + o —=—= ) —=((hi,; (&))" -1 )dt-.
(22) 03DV )
We first assume that G € C?(X),) and apply Ito’s formula to M¢(G) to obtain
WO _ (150 <d L&) b(b—l)(h"-(fj)> . >
i) ~ N *; <stj> > i)
p / 0 p 82g
+5Y T+ fame+ 3 (2w + £ (67 )
= 9t Jj=1
P
9;G .,
27 ) dt;.
Using (1.9) and (2.8)—(2.10), we obtain
th 4 < (8, ))
§ — = ) dg]
; hi i (€1) + h, L))
P K 3?9(0%) ( (w% — wi) 0;G(wt) b/2 > >
e - © ) —w)d
—i—; ft <2 Clwn) —i—; cot 5 Glwr) (w%;w%) tj

From this expression, we see that M (G) is p-time-parameter local martingale if and only if all the drift
terms vanish, which happens precisely when G satisfies the system (2.7) of radial BPZ equations.

12



To lift the C?-assumption on G, one can prove (like [FLPW24, Proposition A.5]) that M (G) is p-time-
parameter local martingale if and only if G satisfies the system (2.7) of radial BPZ equations as a weak
solution; and since the differential operators in (2.7) are hypoelliptic, weak solutions are strong solutions;
in particular smooth (see [FLPW24, Appendix A] for the chordal case). This finishes the proof. O

Next, we address the quantity m¢ in Eq. (1.9). Lemma 2.7 gives a formula for it in terms of the
Brownian loop measure. First, the fact that it is well-defined hinges on the following integrability result.

Lemma 2.6. The differential equation (1.9) is exact and has a unique solution mg such that mg = 0.

Proof. We need to show that

0Ny iy = 0Nl gy forall 1<ij<p, (2.11)
where we denote the terms in (1.9) by N} = N(];‘zl,...,tp)’
S| 1 .
dme = Z (_ 3(She ) (&) + 5 (1= ( ’t,j(ﬁij))g)) dt;,  mo=0.
J=1 o

If the balance equations (2.11) are satisfied, then there exists a potential m; = Mmyy,,...t,) such that
— NJ ;
atjm(tlw’tp) = N(t17---,tp)’ forall 1 <j <p.

my is only determined up to an additive constant, which we fix by choosing mg = 0. A straightforward
but tedious computation using (1.4) and hg = hy j o hii (involving many cancellations) shows that

O Ny oy = ﬁ where  aj := 0, log g;(0) = (M} ;(€]))%,
4 sin (%)
which is symmetric with respect to the exchange i <+ j, confirming (2.11). O

2.3 Brownian loop measure interpretation

Brownian loop measure m'°°P is a o-finite measure on planar unrooted Brownian loops — see [LW04] for
its definition and properties (and [Law19] for a survey). While the total mass of m!°°P is infinite, the mass
on macroscopic loops is finite: in particular, if Q is a domain and K, Ko C  are two disjoint compact
subsets, then the total mass m(Q; K, K3) of Brownian loops that stay in © and intersect both K; and
K, is finite. In general, for n > 2 non-empty disjoint compact subsets K7, ..., K, of Q, we denote

m(Q; Ky, ..., Ky) = Zmlo‘)p [0 CQ:eNK; #0for at least j of the i € {1,...,n}] € (0,00). (2.12)
j=2

See [Law09] and [PW24] for more properties and [Dub06, Dub07a, KL07, PW19] for alternative forms.

Lemma 2.7 (cf. [HL21]). The solution to (1.9) can be described in terms of Brownian loop measure as
me = m(U; 7[107,51], e ’7%,%])' (2.13)

Consequently, m¢ is finite as long as '7[10 wp ,’yﬁ) 1) OTe disjoint.
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Proof. Denote by my the right-hand side of (2.13). Note that both sides satisfy the same initial value
m¢ = myg = 0. Hence, it suffices to calculate Jy,my for each j. From (2.12), we obtain

m(U;v[IOtl], o 77{6,@,])

p—1
ZmlOOPECU Eﬂv[ml # 0, andﬁﬁ'yOt # ) for at least j of the i € {2,...,p}]

J=1
p—1
N7 pploop [¢cu \’7[10,t1]: em’Y[io,ti] # 0 for at least j of the i € {2,...,p}]
j=2
! 1
= m(Ua7[07t1]a7t \’7[0,751]) + m( 77[0 ta] -+ Yo, tp])

Using the relation between Brownian loop measure and the Schwarzian derivative S (see, e.g., the last
two equations at the bottom of [JL18, Page 34]), we obtain

1 1
atlmt (9151 ( ,7[1(),t1]>’)’t \ 7[10,751}) = —§Sht,1(5tll) + 6(1 - ( /t,l(gtll))Q)'

The variations 07y for 2 < j < p can be calculated in the same way. Lemma 2.6 now yields (2.13). O

2.4 Multiradial SLE with spiral: basic properties

Now, we are ready to consider the process from Definition 1.1.

Corollary 2.8. Assume the same notation as in Proposition 2.4. Fiz u € R and recall that Z“ rad S

defined in (1.12). The process M(Z"

rad) @ (1.8) is p-time-parameter local martingale under Pp.

Proof. This is a consequence of Proposition 2.4: Z" . in (1.12) satisfies the radial BPZ equations (2.7):

p-ra
£ 02 ad) S (Cot (191‘ —19J'> 0iZya®) _ b/2 ) _E= ) (2.14)
2 Z}’:rad(ﬂ) << 2 Z;:rad(ﬁ) sin2 (1915191) 2K
for all j (here, X = % s - 2A(eg,1/2) — Alegp/2, my) — A*(egp/2,m,) in terms of (1.13)). O

As in Definition 1.1, we denote by P" prad the measure obtained by tilting P, by Mt(Zp rad)> and call
it p-radial SLE# in (U;e'?;0). Recall that the collision time of the p-tuple of curves =, is the first time
when any two curves in the tuple meet. It is clear from the definition that p-radial SLEX is well-defined
up to the collision time. We now derive the marginal law of a single curve under Pp 1aq (see Lemma 2.9),

and show that the process almost surely never reaches the collision time when x < 4 (see Lemma 2.10).

Lemma 2.9. Fiz k>0, p €R, p>2, and 6 = (0*,...,0P) € X,. Suppose (v},...,4P) is p-radial SLE#
in (U;e9:0), and let g; be the mapping-out function of ¥* solving (LE) with driving function & and hy

the associated covering map solving (1.2). Then, the law of v' is the same as radial SLE, in (U;eigl;O)
iop i62

tilted by the following local martingale, up to the first time € or €Y is disconnected from the origin:

My(2,,) = (6)(0) "5 (Hh’ 9J> 2 (& h(62), .. he(67)). (2.15)

Consequently, ¥ has the same law as radial SLEX(2,...,2) in (U;e%;0).

When p = 1, we have My(Z} ) = exp (&(& — 4t)), which gives a single radial SLE with spiral.

14



Proof. With t = (t,0,...,0), the local martingale (1.8) becomes (2.15) and g; = g;. Hence, the law of !
is the same as radial SLE in (U; elf' 0) tilted by Mt(Z;’irad)v and its driving function & solves

d¢ = VrdB + ki log 21 (&, hi(6°), ... he(67)) dt.
Comparing with the partition function (2.4), this shows that the law of 4! is radial SLE/(2,...,2). O

Lemma 2.10. Fiz k € (0,4, p € R,p > 2, and 8 = (0',...,0P) € X,. Then, p-radial SLE! curves
~= (. ..,4P) in (U;e%;0) almost surely do not reach the collision time in finite time.

Proof. For t = (t1,...,t,) before the collision time, by Lemma 2.9 and the domain Markov property of
multiradial SLE, the law of g¢(7') is a radial SLE#(2,...,2) in (U;e“t;0). When x < 4, we know that
g¢(7') is a continuous simple curve in U from et to 0 and it almost surely does not hit any point on the
boundary except the starting point et This shows that, given ~, and with ¢ before the collision time,
(72)s>t, is a continuous simple curve that does not hit ;. This holds for each (v4)s>s, with 1 < j <p
and for all ¢ before the collision time. Therefore, v cannot reach the collision time at finite time. O

2.5 Multiradial SLE with spiral: a coordinate change

In Definition 1.1, we used the multi-time-parameter (local) martingale (1.8) to define p-radial SLE¥ in
(U;€'9:0). In this section, we derive the corresponding martingale for p-radial SLE# in (U;e'?; 2), where
the target point z € U is any interior point in U. This process will be useful in Section 3.

The martingale of interest involves the partition function Z;ira 4 for (U; el?; 2). To find an expression for

it, let @(w) = 722 be the conformal self-map of the unit disc such that ¢(z) = 0 and ¢/(z) = —— > 0,
1—z*w 1—|z|

which gives the conformal radius of U seen from z, denoted CR(U; 2) = 1—|z|? (see Eq. (3.10)). A slightly
tedious computation using the definitions in (1.10)—(1.14) and the identity

p(u) = (V)] = VIe' (W)l (0)| [u — vl (2.16)

(which holds for any M6bius map) yields

. A“rad(U;eie;z) Z“rad(U;eie;O)
Z;—rad(usee;z) = - E ) (2.17)

(CR(U7 z))fﬂrpii;l*%*hp ( ?:1 |z o eiejD%hp

~ 2 2 A o9)2 2
where the exponents are b+ 25—t — &= — b, = A(eq /0, M) + A% (eg /2, Mu) — A1 pi1) = _% .y

and %hp = A(e1p1) + Aler2) — Afer,) = 2(p+2) — 1 in terms of the conformal weights (1.13) and

plp+2) p
27

bp = Alerp41) = (2.18)

and where -A;irad(US eie; Z) = exp (2?” Z?:l arg(l _ Zefig])).
Lemma 2.11. Fiz k> 0,p> 1, and 0 = (6,...,0P) € X,

o Let 47 be radial SLE, in (U;eigj;O) for each 1 < j < p, and let P, be the probability measure on
~ = (¥}, ...,7P) under which the curves are independent.

o Forze U, lety=(y',...,77) ~ P;rad(U;eie;z) be p-radial SLE in (U;e'9; 2).

Viewing it as a p-tuple of curves, we parameterize v using p-time-parameter t = (t1,...,tp), and let
wi = (wi,...,w}) denote its multi-slit driving function (1.3). Write also

P
¢ b4 p
AL (z) := exp <§mt —b g tj — % arggi(z)).
=1
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Then, the law of v under Pp rad(U;eio; z) 1is the same as P), tilted by the following p-time-parameter local
martingale, up to the collision time:

M (Z;:rad’ ) = 18@(‘7t) §2’UtL(Z) |gt( ‘b+p2n “3 <Hh/,j é.t ) p—rad( eIWt;gt(z))7 (219)

where Ey(vy) = {'Y[jo,tj] N ’V[io,ti] =, Vi # j} is the event that different curves are disjoint, and my is the

unique potential solving the exact differential equation (1.9) (see Lemma 2.6).

When z = 0, the process M(Z!

brad; 0) 1s exactly the same as (1.8).

Proof. First, for a general p-polygon (U;x;z), combining the conformal covariance rule (1.14) of the
partition function with Equation (1.8), we obtain

dP?  (U;x;2)
p-rad

— (7)) =1
dP,(U; x; 2) (7¢) Ep(e) EXP

(Emt> 2 adUN Yo Vs - 703 2) THo) ZLraa(Us 275 2)
2 H?:l Zlo_rad(u \ V[O,tj] 7 ,.Ytjj 7 Z) Zp rad(U T; Z)

Note that, although the boundary of U\ Y(o,¢ s rough at the tips ’ygj, the above ratio is well-defined as

2 U\ Yo Vs - 5763 2)
1 2Y rad(U\ V0,155 77,5 2)
rad(U el“Jt7gt( >) Hp R et B ?
% o o (- a2 i) P55 (T, @) (H|gtj )

p 1 rad(u exp(lgt ) gg] < 7j=1

Second, for two p-polygons (U; x; z) and (U;x; w), combining the conformal covariance rule (1.14) of
the partition function with the well-known coordinate change [SW05, Eq. (9)], we obtain

dP,(U; x; 2) H?:l 27 1aa(U\ Vfo,tjﬁ ”Ygﬁ z) H§:1 Z?_rad(U; 275 w)

B0 a oy V) = s —
de(U; 5 UJ) H]j?:l Z?—rad(u \ ’Y[](),t].] ) f)/gj ) ’LU) H§=1 Z?—rad(u; 3 2)

where again, although the boundary of U \7[% L] is rough at the tip ’ygj, the above ratio is well-defined as
]

© 20 a(Usexp(i )i 91, (2))
1rad(U exp(f ) ggj(w))'

2 raa U\ Yoa i35 '<g§;>'<z>
1rad(U\70t Pyt] ) (gg])/(w)

In summary, we obtain the desired formulas by taking w = 0 in

de—rad(U Z; Z) ("Y ) 1 exp <Cm > Zg_rad(u\’Y[O,t};%}la--'7'71];;2) H? 1Z?rad(ul‘/1“j'w) (2 20)
. t) = L&y (ve) 9 ; :
dP,(U; x; w) 0 (7t 2 H§=1 z0 (U \’Y[o,tj]Vng;w) Zp rad(Us x5 2)
Indeed, if we set w = 0, then the right-hand side of (2.20) equals Mt(Zp s 2)/ M (22 orad; 0)- O

3 Half-watermelon SLEs

In this section, we consider half-watermelon SLE processes (recall Definition 1.2), which will also play
a key role in Section 4 in the proofs of the key results, Theorem 1.3 and Proposition 1.4. We prove
that multiradial SLEs (Definition 1.1) converge to half-watermelon SLEs when the common endpoint
of the curves tends to the boundary (see Theorem 3.1) and show that they satisfy a natural boundary
perturbation property (see Proposition 3.4). At an intermediate step, we derive half-watermelon SLEs
from a fusion of multiple chordal SLEs (with the so-called rainbow connectivity; see Theorem 3.3).
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L. .,z andy = (y",...,y") for convenience.

Partition functions. Throughout, we will write = (x
For a polygon (£2;u), we always assume that the marked points w = (u!,...,u™) appear in counterclock-

wise order. For u,v € 99, we denote by (uv) the counterclockwise boundary arc from u to v.

The half-n-watermelon SLE, partition function® is

2y, (Hix) = ( H (27 — aci)>2/iC (with y = 00),

1<i<j<n
n -\ 1-2(n+2) ] .
2o, (Miay) = Zu, (M) ([Jv - o9)) (with y > 2"), (3.1)

1-2(n+2)

2o, (i y) = 2w, (Hiy) (T[]0 -2) (with = < /),

J

Il
i

where 2 = by —2h1 = hy —2b and 1 — 2(n +2) = A(e1,) — Alerpt1) — A(e12) = —2b,, in terms of
the Kac conformal weights b, := A(eq p41) in (2.18); recall that b = h; = A(ey2) is the SLE, boundary
exponent (1.5)). As usual, we extend this definition to more general polygons (2;z,y) and (;z,y) by

B @ 0) = W) ([T @) 2 (i 0l), 0(0),
j=1

n (3.2)
. b
Ze, @2y =@ (TP @)]) 2o, (Hie@). o),
j=1
where we write o(u) := (¢(u'),...,p(u")) and ¢ is any conformal map from 2 onto H preserving the

order of the marked points: p(z!) < -+ < o(z") < p(y) or p(x) < E(y™) < - < e(yh).

Note that, for half-n-watermelon SLE, n = (n',...,7") ~ Q. (€; x,y), the marginal law of each 7’
is chordal SLE(2,...,2) in Q from 2/ to y with force points (z!,..., 27129+ 2™) — in particular,
the curves in half-n-watermelon SLE, are almost surely transient, see [MS16a, Section 4].

It was detailed in [LLO7, Section 8] how the law of radial SLE, converges to the law of chordal SLE, as
the endpoint of the curve approaches the boundary. The first goal of this section is to generalize this: we
show that multiradial SLE# converges to half-watermelon SLE,, when the common endpoint of the curves
tends to the boundary (Theorem 3.1). This is a key ingredient in the proof of the resampling property
for Theorem 1.3. Recall that Z° . denotes the partition function defined in (1.10, 1.11) and PY__ . the

n-ra

law of n-radial SLE,, (without spiral), while P¥_ = denotes the law of n-radial SLE# (with spiral).

n-rad

Theorem 3.1. Fiz k € (0,4], n > 1, and an (n + 1)-polygon (;x,y).
1. The partition function Zg_rad converges to Z ., after proper normalization:

lim Zg-rad(Q;a:;Z)
-1

955 (OR(0; 7)) 0

=Z, (Qx,y), (3.3)

where CR(Q; 2) := 1/¢'(2) is the conformal radius of Q seen from z € Q, defined in terms of the
conformal bijection ¢: Q — U such that p(z) =0 and ¢'(z) > 0, and the exponent is

. on2-1
bn_b_ 2’€

in terms of the conformal weights (1.5, 1.13, 2.18).

(k — 4 — 2n)?
8K

= A(el,n+1) - 2A(€0,n/2) =

SHere, 2., (H; ) is the partition function for half-n-watermelon SLE,, curves all growing to infinity, and Ze, (Hixe,y)
is the partition function for half-n-watermelon SLE, in (H;x,y) with target point y on the real line.
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2. Fiz i € R. Suppose U C Q is simply connected, has the points x',...,x™ on its boundary, and has a
positive distance from y. Then, as z — y, the law Pt (Q;x; 2) of n-radial SLE! converges weakly

to the law Q ., (2 x,y) of half-n-watermelon SLE,, up to the exit time from U.
We prove Item 1 in Section 3.1 (see Lemma 3.8) and Item 2 in Section 3.2 (after Lemma 3.9).

The second goal of this section is to show that multichordal SLE, converges to half-watermelon SLE
when the endpoints of the n distinct curves tend to a common point on the boundary (Theorem 3.3).

Multichordal SLE. For a 2-polygon (£2;z,y), we denote by X(Q; z,y) the space of continuous simple
curves (chords) v C Q from z to y such that v N 9N = {z,y}. In a 2n-polygon (;x!,... 2%"), we
denote by X =, (Q;z!,...,2%") the set of collections n = (n',...,n") of pairwise disjoint curves where
7 € X_ (Q;27,22"177) for each j. The connectivity of the curves forms the “rainbow link pattern”

v, = {42}, {220 — 1), {non + 1)) (3.4)

Definition 3.2 (Multichordal SLE). Fix x € (0,4]. Let (Q;2!,...,2?") be a 2n-polygon, n > 2. The
n-chordal SLE, (associated to the rainbow link pattern ~~™ ) is the unique probability measure
Q. =, (2%, ...,2%) on the configuration space X~ (!, ..., 22") satisfying the chordal resampling
property: for each j € {1,...,n}, the conditional law of 1/ given {n°: i # j} is chordal SLE, from 27 to
2?1177 in the connected component €2; of O\ Ui;ﬁj’f}i having 27 and 2?"*1~J on its boundary.

The existence and uniqueness of multichordal SLE, for different ranges of x has been widely studied,
see [MS16a, MS16b, PW19, Wu20, BPW21, AHSY23, Zha24, FLPW24]. In particular, the existence
and uniqueness holds for all K € (0,8). The chordal Loewner evolution of curves under Q =, can be
characterized in terms of the “rainbow partition functions” Z_ - , discussed in more detail in Section 3.3.

We prove the following result in Section 3.4.

Theorem 3.3. Fiz k € (0,4], n > 1, and a 2n-polygon (% x,y) with = (x',... 2"), y = (y*,...,y}),

andy € (2" ') and x € (y' y™). Let H(S;z,y) denote the boundary Poisson kernel in Q (see (3.18, 3.19)).
1. The partition function Z ., converges to Z~, after proper normalization:
li Z =,z y) _ Ap
im

— Z.
vy Zan,(Qzy) (H(Qz,y))b 3
Vi<j<n

Qs x,y), (3.5)

where the multiplicative constant A, is given in terms of the g-integers

mly= T awd = [T, =t
m=1
and ratios of Buler Gamma functions T'(-) as’
2y T2 —8/k) \n
An = An(r) = [n +1], ( I(1— 4/m)2> Sn (36)
Fl—4n+1-u)TA—-2(n+1-wu) 1+ 2u)
Sp = Sp(kK) : A B~ (3.7)
"l ul_ll F1+4)T2-2(n+2-u))

2. Suppose U C § is simply connected, has the points x',..., 2" on its boundary, and has a positive

distance from y. Then, as ¥/ — y for all 1 < j < n, the law Q =, (Q;x,y) of n-chordal SLE,
converges weakly to the law Q ., (Q;x,y) of half-n-watermelon SLE,, up to the exit time from U.

Tt follows from (3.5) that the constant A, is always finite when x € (0, 8).
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It is important to observe that both constants (3.6, 3.7) have poles only at finitely many rational values
(and the number of the poles depends on n). In fact, the constant (3.7) is nothing but the well-known
Selberg integral (see [KP20, Remark 3.9] and references therein), which frequently appears in expressions
in conformal field theory, Coulomb gas, and random matrix models.

As a consequence of Theorem 3.3, we derive the boundary perturbation property of half-watermelon
SLE, in Section 3.4. It will be an ingredient in the proof of the boundary perturbation in Proposition 1.4.

Proposition 3.4 (Boundary perturbation). Fiz x € (0,4], n > 1, and an (n + 1)-polygon (;x,y). For
half-n-watermelon SLE, curves n = (n',...,n") in (Q;x,y), denote n = UT_n'. Suppose K is a compact
subset of Q0 such that Q\ K is simply connected and K has a positive distance from {x',... 2" y}.
Then, the half-n-watermelon SLE, probability measure in the smaller polygon (2 \ K;x;y) is absolutely
continuous with respect to that in (Q;x,y), with Radon-Nikodym derivative

Z, (2, y)
Z,(Q\ K;z,y)

L{n N K =0} exp (5m(@in. K)), (3.8)
where m(Q;m, K) is the Brownian loop measure in §) of those loops that intersect both n and K.

3.1 Preliminaries on conformal radius and Poisson kernel

Conformal radius. Recall that, for a simply connected domain 2 C C and z € €, the conformal radius
CR(Q;z) :=1/¢/(2) of Q seen from z is defined in terms of the conformal bijection ¢: © — U such that
¢(z) =0 and ¢'(z) > 0. It is conformally covariant: for any conformal map ¢ on 2, we have

CR((Q); ¢(2)) = |¢/(2)| CR(€; 2). (3.9)
For example, in the upper half-plane H 5 w and disc U 5 z, we respectively have
CR(H;w) = 2Im(w) and CR(U;2) =1 — |2 (3.10)

Lemma 3.5. Consider a 1-polygon (;z) and a subset K C Q such that Q\ K is simply connected and
K has a positive distance from x. Then, we have

. CR(Q\ K;z)
o TOR( ) (3:11)

Proof. By (3.9), it suffices to consider (£2;z) = (H;0) and assume that co ¢ K and dist(0, K) > 1. Let
¢x be a conformal map from H\ K onto H satisfying @i (c0) = co and ¢k (0) = 0. Then, we have
CR(H\K:2) _ Im(px(2))
CR(H:2) ¢ (=) m(2)

o (n)
0

ox(2) = ez D e
n=2 :

% in polar coordinates, we find that

CR(H\ K;2) _ =L ol (0) sin(nf) ) @ (0)
CR(H;z) (HRZQ n!  ¢h(0) sin(0) )|¢/K(z)|- (3.12)

On the one hand, we have |sin(n#)/sin(f)] < n. On the other hand, since dist(0, K) > 1, Schwarz
reflection guarantees that ¢k is a univalent function on the unit disc, so de Branges’s theorem [Bra85]

Writing z = re!

gives |cpg?) (0)] < n|¢(0)]. Combining with (3.12), dominated convergence theorem implies (3.11). O
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Poisson kernel. For the 1-polygon (H;z;z) with one interior point, the Poisson kernel is defined as

H(H;z;z2) := 2Im(2)

e z€R, z €H, (3.13)

and for a general polygon (€;x; z), we extend its definition via conformal covariance:
H(Q252) = | (2)] H(H; () 9(2)), (3.14)

where ¢ is any conformal map from Q onto H. In particular, for the disc (U;el?, 2), we have

. 2 .
H(U;eie,z) _ 1 ’Z| _ CR‘(U72)

= —— = oy N
|Z_619|2 |Z—619|2 (3 5)

Conventionally®, the Poisson kernel is thought of as the Brownian excursion kernel from z to x in €.

Lemma 3.6. Consider a 1-polygon (Q;z) and a subset K C Q such that Q\ K is simply connected and
K has a positive distance from x. Then, we have

lim H(Q\ K;z;2)

=1. 1
Q3z—z  H(Qx;2) (3-16)

Proof. By (3.14), it suffices to consider (Q;x;z) = (H;0;2) and assume that co ¢ K. Let px be a
conformal map from H\ K onto H satisfying ¢ i (c0) = oo and ¢k (0) = 0. Then, we have
(

H(H\ K;0;z) _ CR(H\ K;2) 1 5 ¢e(2) ¢ (0) |

H(H;0;2)  CR(H;2) |° ox(2)? (3.17)

Plugging (3.11) from Lemma 3.5 into (3.17) we obtain (3.16). O
Boundary Poisson kernel. For the 2-polygon (H;z,y), the boundary Poisson kernel is defined as

H(H;z,y) = z,y €R, (3.18)

(y —z)*

and for a general polygon (2;z,y), we extend its definition via conformal covariance:

H(Q2,y) = [ (y)] ¢ (2)] H(H; o(2), o(y)), (3.19)
where ¢ is any conformal map from  onto H. In particular, for the disc (U;e?,e”), we have
L 1 1
H(U;e &) = = (3.20)

- 4Sin2 (#) |ei19*610’2'
The relation between Poisson kernel and boundary Poisson kernel is given by the following lemma.

Lemma 3.7. For a 2-polygon (2;x,y), we have

. H(Q; 25 2)
1 . 21
Qalgiy CR(; 2) H(Q; 2, y) 2

8Tt is usually denoted as H(; z, ), but we adopt the notation H(Q;x; z) to match with the notation for 1-polygons with
an interior marked point.
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Proof. Let ¢ be any conformal map from 2 onto H. Then, we have

H(Q;x; 2) _ H(H; o(x); 0(2)) _ 2Im(p(2)) [o(y) — o(x)?
CR(Q;2) H( % w,y)  CR(Q;2) [@'(w) HH; 9(2), 0(y))  CR(Q;2) |9 ()] [p(2) — (@) >

Now, because |¢'(2)] CR(€;2) = CR(H; ¢(2)) = 2Im(¢(2)), we obtain

H(Q;x;2) ' @D ely) — (@)
CR(Y2) H( G 2,y) | ()] |(z) — o(2)]?

’ 2

— 1, as z — y in .

O]

The ratio of the partition functions ZO rad a0d Z . can be written in terms of Poisson kernels and
conformal radius. This yields Item 1 of Theorem 3.1.

Lemma 3.8. For an (n+ 1)-polygon (Q;x,y), n > 1, and z € Q, we have

1
1 20 Qi 2) Q 27 2) nOn
At . 3.22
(CR(; 2))n 0= "5 2, (Q,9) (H CR($;2) H(&; x%y)) (3.22)

Consequently, the convergence (3.3) holds as z — y.

Proof. By conformal covariance, it suffices to consider the case where @ = Hand z! < --- < 2" <y
and z = ir with » > 0, so CR(H;ir) = 2r as in (3.10). Let ¢(2) = Z+”, be the conformal map from
H onto U such that ¢(ir) = 0 and ¢'(2) = (ng)T A slightly tedious computation using the definitions
in (1.10, 1.11) with g = 0 and the identity (2.16) yields
§_n?- . N2/K 2 N\ 1-2(n+2)
20 (s @ ir) = (CR(H; i) 020 ( II = —$Z|> (H |“”_x]’>
1<i<j<n j=1
N 1-2(n42)
— (CR(H; )9~ 5" 2, (H:,y) (H “”” — ||> . by (3.1)]
y—
where 1 — 2(n + 2) = —2h,. The asserted identity follows by noting that H(H;x;ir) = ?5%?;) and
H(H;z,y) = ﬁ by (3.13, 3.18). The convergence (3.3) follows from (3.21, 3.22). O
3.2 From multiradial SLE to half-watermelon SLE — proof of Theorem 3.1
Let us first investigate 2., in the unit disc (U;e'®,el?) with € = (... el?"). Using the defini-
tions (3.1, 3.2), a computation using a conformal map from U onto H shows that
: N o\ 1mE(n+2)
Z. (0,0) = 2. (U;e9, &) = < IT 1 ¢ |> <H|e“9 — e |> (3.23)
1<i<j<n =1
n(k—n— 9.7 — 02 2/k n 9 — 0( 1—%(n+2)
_ puten s>< H Sin< > )> <Hsin< > )) . (0,0) € Xy
1<i<j<n (=1
The partition function Z .~ ,: X,+1 — R satisfies the following system of radial BPZ equations:
0?2, (0,9 6f — 67\ 0,2~ (6,9 2
g%@éﬁ )—i- Z (cot( 5 )aéﬁné;g) - gbée_ej )
2a0,9) 2, (6,9) sin® (557 (3.24)
i 5 '
+ cot (19 9 )67#12@”(0’19) B LIE ~ = b,
2 ) 2.,009) sn? (L)
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for all j € {1,...,n}, associated to the evolution of each starting angle #/. Though we will not need it,
let us point out that at the angle ¥ of the target point, the partition function Z . : &j,+1 — R satisfies
a PDE of order n + 1 (this follows from [Pel20, Theorem 5.3, Part (1)] and Eq. (3.47)).

Lemma 3.9. Fiz k € (0,4], n > 1, and (0,9) = (6,...,0",9) € Xp11.

o Let 17 be radial SLE, in (U;eiej;O) for each 1 < j < n, and let P, be the probability measure on
n=(n',...,n") under which the curves are independent.

o Letn=(n',...,n") ~Q, be half-n-watermelon SLE, in (U;el?, e?).

Viewing it as an n-tuple of curves, we parameterize n using n-time-parameter t = (t1,...,t,), and let
wi = (wi,...,wp) denote its multi-slit driving function (1.3). Then, the law of n under Q -, is the same
as P, tilted by the following n-time-parameter local martingale, up to the collision time:

My(Z22,) = Loy, xp (5me) (g4(0)) 7 (B0 (Hh D) (Hgt,] )’ 2. ),

where Ey(ng) = {nfbt_] N 77%075'] = (), Vi # j} is the event that different curves are disjoint, and my is the
EAe] Wb
unique potential solving the exact differential equation (1.9) with p = n (see Lemma 2.6).

Proof. The fact that M(Z,.,,) is an n-time-parameter local martingale can be checked using similar
calculations as in the proof of Proposition 2.4. Indeed, using the identities (2.8)-(2.10) and the radial
Loewner equation (1.4) for the multi-slit covering map hy = hy j o hij, which yields

d 3 Z cse ( o ) (hy5(&])) dty, (3.25)

n(2n+4—k)

o = b,, we obtain

after applying It6’s formula to M¢(Z ) and observing that

AMy(Z,) _ dg;t(o)+ " (b dh%,j(éfj)+mb(b—1) (h”-(é ) >
= h’

Mzz) 4l M) 2 Ny =R
+ bn h;'((ﬁ))-i- —dmy
(020, (Wi, e (0) | 5 kOF 2, (Wi he(D)
>( z@nwt,thtfﬂ)) A5 ) G

J=1
On+1Z ., (we, he (9))

a ZLB wt? hy (79)) " i
Z o, (we, he (1)) t( Z t.j (ft])

Z o, (Wi, he (D))

Using (1.9), (2.8)-(2.10) and (3.25) and writing a] = (h;’j(f’gj))2, we thus find that

AMy(Z2,) _ N~ (932, (@6 held) ) (&)
M(Z,) Z( 2o () ") T @) 8,
Z@n (wi, he(0))
,Z 7 wt,ht(ﬁ)) a{ dtj

53 (e - )

7=11<i#j<n Si

22



J=1

+zn: <C0t (ht(ﬁ) —w{) On1Z0, (Wi, he(9)  bn/2 5 5) aj dt;

2 Z, (we, he(9)) gin2 (ht (ﬂ%*wﬁ

- 02, (Wi, he(9)) )/ WEEDN
Z( Z (we, he(0) hy (&) + b " (g))dgtj. by (3.24)]

J

Thus, M(Z.,) is n-time-parameter local martingale. It remains to show that the probability measure
P(Z,) obtained by tilting P,, by M¢(Z ) is the same as Q . Girsanov’s theorem yields

, , . . i\
dw) = (kal)'/? dBj, + k0jlog Za, (we, he (V) ap dtj — Z cot <wt2wt> ay dt;
1<i#j<n

, . he (9) — W i ,
= (/w%)l/2 ngj - ((% —n —2) cot <t()2wt> + Z cot (wt 5 wt>> aj dt;
i, )
- Z cot<wt wt>a%dti,
2

1<i#j<n

where Btll, e Bt’; are independent P(Z ~ , )-Brownian motions. Using the coordinate changes from [SW05]
and accounting for the variation of the capacity parameterization, we see that under the measure P(Z -, ),

e the marginal law of 77[10 1) 18 radial SLE(2,...,2,k—4—2n) in (U; e, e'”;0), which is the same as the

law of chordal SLE(2,...,2) in U from el?" to e with force points (er, el

e for each j € {1,2,...,n — 1}, conditionally on the curves (77[1

0,6 777[%,@-})’ the law of the (j + 1):st

curve n[Ot 1 is radial SLE,(2,...,2,k —4 —2n,2,...,2) in the polygon
] ; i+l ipi+2 ; ; i
U\UnEQti];eleJ 76102 ’”.3619 aelﬂantllﬂ"'a’rlgj;o),
i=1
which is the same as the law of chordal SLE.(2,...,2) in U\ Ul 1?70H from e to e with force
points (el ... el ,nij)

Since on the one hand, the law Q -, of half-n-watermelon SLE, in (U; e, e') is unique, and on the other
hand it coincides with the law of i under P(Z . ), we conclude that P(Z.,) = Q... O

We are now ready to finish the proof of Theorem 3.1. Item 1 was already proved in Lemma 3.8, so it
remains to prove Item 2: the convergence of multiradial SLE. to half-watermelon SLE,.

Proof of Theorem 3.1. By conformal invariance, it suffices to consider the polygon (;z,y) = (U;e®,1)

with angles (9',...,6") € X, such that —27 < ' < 6" < 0. We keep writing y = 1 = e” for clarity.
Combining Lemma 3.9 with Lemma 2.11 for p = n, we see that the law P! . (U;@;z) of n-radial

SLE! is the same as the law Q ~ , (U;x,y) of half-n-watermelon SLE, tilted by the local martingale

M Z 9 M ZN ,
Ni(zy) = MulZrai2) _ Nt(%ﬂ)%a
Mi(Z~,) M(20 . 1;2)

~ nzf .
My(29,.052)  1gh(2)[P 2 20 1(U;set; gy (2))

where Ne(zy) ==

My(Ze,) g @) 2, (Ui et gi(y)
O it (T H(Uieig()
IAGLE (CR{Us :())) <£[1 CR(u;gt(z))H(u;eiwi,gt(y))) lby (3.22)]
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T ot H(Us et g4(2)) o by (3.9
H | (y)| CR( ( )) H(U;eiw%,gt(y))> ’ [ Y ( . )]

=: Z](2y)
and writing
IJ(2) = w] — arg gh(2) + 2arg(1 — ge(2)e %), j e {1,...,n},

and using (2.17, 2.19) for p = n we have

2

Mt(Zﬁ-rad; ) — ex ﬁ - J( 1_‘gt( )’ 57
Vi) = P e ) ()
= e (B3 1) (CROU\ny o). by (39)

<
Il
-

Step 1. We will first show that almost surely (a.s.), the associated Radon-Nikodym derivative

dpﬁrad(u;w;z) _ N#(Zay) o Nt(Z;?J) ox E - j ) — j . M %
A0~ (U:z,y) (me) = NE(zy) — No(zy) p(ﬁ;(&() To( )))( CR(U: 2) ) (3.26)

converges to 1 as z — y, for any t before the exit time from U. Lemmas 3.5 & 3.7 yield the a.s. limits

_ CR(U\ n; 2) R i ,
;%W:l, ;%Z{)(z;y):l, and ;%Zg(z;y)zl, je{l,...,n},

which readily implies that the part without spiral converges:

Nileig) _ (CRU me)y b2 2 i B
NO(Z;ZJ)_( CR(U; 2) ) <1;[126(2;y)> L, (3.27)

for any t before the exit time from U. The last factor in the product in (3.26) converges similarly. In the
exponential in (3.26), for any ¢ before the exit time from U, we have for each j the a.s. limit

H(z) 25 H) =wl —arggy(1) + 2arg(l — ge(1)e %) = —n, (3.28)
writing g¢(1) = exp(ihe(0)) and gj(1) = gy(1) }(0) = exp(ih (0)) B (0), so
arg g¢(1) = he(0)  and  arggy(1) = he(0). (3.29)

Hence, the exponential in (3.26) also converges a.s. to 1 as z — y = 1.

Step 2. We show that in fact, for any t before the exit time from U, the Radon-Nikodym derivative
Ni'(z;y)/N§ (2;y) stays uniformly bounded as z — y. To this end, since CR(U \ n; z) < CR(U; 2),

2

p .
U ; 2 Nil(z: L N 1y,
<CR(\M) <1 and 0F< Ne(z:y) < (H ;(Z’y)) ' (3.30)
CR(U; 2) No(zy) = N5 Zg(zy)
Explicitly, using Poisson kernels and conformal radius in the unit disc, CR(S S)J;(ﬁ)y o = IZ:;E? SO
Zj(Z' ) _ |gilt(z)| ’gt(y) B eiwi\? ] c {1 n}
t\ - gy .

19t ()] |ge(2) — eiwt |2

Recall now that U has a positive distance from y. Pick 6 > 0 so that B(y,165) N U = (). We will use
the following estimates, which involve some universal constants indicated in the notation “<”:
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1. By Schwarz reflection, g¢ is a conformal map in a neighborhood of y (which depends on U), for
any t before the exit time from U. Thus, Koebe’s one-quarter theorem (e.g. [Dur83, Theorem 2.3])
guarantees that B(g¢(y),49|g:(y)|) C g¢(B(y,160)), and in particular,

1016 (0)] < loe(y) = 4P e {1} (3:31)
2. The growth theorem (e.g. [Dur83, Theorem 2.6]) implies that
02) — )| < o0 giy)] |2~y for any = € B(y,0). (3.32)
3. The distortion theorem (e.g. [Dur83, Theorem 2.5]) implies that
9¢(2)| < lge(y)],  for any 2 € B(y,9). (3.33)

We can thus estimate ZZ(z; y) for each j € {1,...,n} and for any z € B(y,d) as

lge(y) — e¢?

Zi(2y) S — by (3.33)]
|9¢(2) — €|
256 |g, —y\ 2
S (1 - 56W> [by (3.32) and geometric series]
225 g4 (y) — ez
<1. [by (3.31), since |z — y| < §] (3.34)

This implies that N¢(z;y)/No(z; y) stays uniformly bounded as z — y for any ¢ before the exit time from U.
It remains to control the exponential in (3.26). To this end, consider the univalent map f;: U — C with

f(0) =0 and f/(0) =1 defined as
gt(0w +1) = ge(1)
Folw) = dg¢(1)
By [Dur83, Theorem 3.5] and the rotation theorem [Dur83, Theorem 3.7], we have

1+ 15

100
|arg fi(w)| < 4arcsin(1g5) < 1, for any w € B(0, 1t5),

, w € U.

which implies that for any point z = 1+ dw € B(1,/100), we have
|arg(ge(2) — g¢(1)) —arggi(1) —arg(= —1)| <1 and  |arggy(z) —arggy(1)] < 1. (3.35)
Using (3.29), we see that
lwf — arg g (1)| < 2, (3.36)
|arg (et — gr(2)) — arg(ge(1) — ge(2))] < 2. (3.37)
Combining these estimates, we obtain
[(2)] = o] + arg g;() — 2arg(et — ga(2))|
< |wy —arggi(1)] + |argg(2) —arggy(1)| + 2 |argg;(1) — arg(ge(2) — g¢(1))|

< 27 [by (3.36)] <1 [by (3.35)] < 1427 [by (3.35)]
+ 2| arg(ge(2) — g:(1)) — arg(ge(1) — g2(2))| + 2| arg(ge(1) — gs(2)) — arg(es — ga(2))|
=7 < 27 [by (3.37)]
<127 +3, for any z € B(1,4/100). (3.38)

Plugging (3.30, 3.34, 3.38) into (3.26), we conclude that the Radon-nikodym derivative N}'(z;y)/N§ (z;y)
stays uniformly bounded as z — y = 1 for any t before the exit time from U. This concludes the proof,
since the above two steps readily imply that PY (U;z;2) converges to Q »  (U;x,y) for any such t. [J

n-rad
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3.3 Fusion of rainbow partition functions

Let us now return to investigating multichordal SLEs with rainbow connectivity (Definition 3.2). The
chordal Loewner evolution of curves under Q ., can be characterized in terms of the rainbow partition
functions {Z =, }n>0,

Zoe (Hy ) {u = (uh,. . u®™) e R u! < -0 < ™) — (0, 00),

which are defined recursively via the following four properties, motivated by CFT (and which uniquely
determine them) [FK15a, FK15b, KP16, PW19, Wu20, AHSY23, FLPW24]:

(PDE) Chordal BPZ equations:

K 2({% 2b .
(28]2 + Z ( . e uj)2>>2@n(H;u) =0, forall j € {1,...,2n}. (3.39)

ut —ul ut —
1<i#j<2n (

(COV) Moébius covariance: for all Mobius maps ¢: H — H such that p(ul) < -+ < p(u?), we have
2n b
Z =, (H; ut,. U2n) = (H SD/(U])) Z o (Hs @(Ul)a ‘e aSO(UQn))- (3.40)
j=1

(ASY) Asymptotics: with Zy = 1 for the empty link pattern () € LPy, the collection {Z . , }»>0 satisfies
the following recursive asymptotics property. Fix n > 1 and j € {1,2,...,2n — 1}. Then, we have

Z Hyul, ... u?" Z Hyul, . o wd 7w *2 P, j =mn,
iy Fema e 00§ e (R T T (g )
wi i+l ¢ (w1 —ud) 0, j#mn,
where ¢ € (u/~1, u/*2) (with the convention that u® = —occ and u?"*! = +00).
(PLB) Power-law bound: there exist constants C' > 0 and r > 0 such that for all n > 1, we have
Z. (K. v <C H (u/ — ui)”ij(r), for all u! < - < u?", (3.42)
1<i<j<2n
r, if [uf =l > 1,

—r, if [ — | < 1.

where  9(r) := {

The goal of this section is to prove that Z =, converges to Z .~ , after proper normalization. To this
end, we utilize the axiomatic definition of Z ~. , via the properties PDE (3.39), COV (3.40), ASY (3.41),
and PLB (3.42) (crucially relying on the uniqueness result [FK15a, Lemma 1]). We will also need the
Coulomb gas integral description of the partition functions developed in [KP16, KP20, Pel20].

Proposition 3.10. Fiz x € (0,8). Writex = (z!,...,2") andy = (y",...,y"). For anyy > ™, we have

lim 222 0 d) 4z (Hix,y), 3.43
vy Zu,(Hiy) n e v) ( )
vi<j<n

where 2y, and Z ., are defined in (3.1) and the multiplicative constant A, is defined in (3.6).

In the upper half-plane H, we have the following explicit formula for the rainbow partition function.
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Figure 3.1: TIllustration of the integration contours ¥« in Lemma 3.11. The red circles indicate the branch choice
of the integrand function w — f()(x, y; w) defined in (3.45) for fixed ' < --- < 2" <y < --- < y', so that it is
real and positive when 2" < Re(w!) < --- < Re(w" %) < y" and y' < Re(w" Z*!) < ... < Re(w"). By [KP20,
Theorem 4.17], while the integration ¢¢ depends on an auxiliary variable 29 < 2!, the function defined in Eq. (3.44)
as a linear combination of integrals involving ¥’¢, for £ = 0,1,...,n, is independent of the choice of x°.

Lemma 3.11. For k € (0,8), we have

Zo (Himy) = cZ D7 D@ yw)dw, w= @ w®), (344)
T

where both sides are continuous in k, the multiplicative constant is’

1 215 ( I'(2—8/k) )n
(2= [n+1] ! \I(1—4/k)2/

and where each €y 3 w is an integration contour depicted in Figure 3.1, and the integrand f(f)(m, Y;w)
associated to it is a branch of the multivalued function

_ e47r1//'£7

F (@ ysw) = (1§K11j§n<xj ) “(1§g§n<yﬂ‘ -)” ”(1§g§n<yj )"
% ( H (w" — xz‘))*‘l/”( H (W' — yz‘)>74/” H (w® — wr))g/” (3.45)
e e

chosen to be real and positive at the point indicated by the red circles in Figure 3.1.

Proof. Let us first observe that the constant C),, and each product factor in it has poles only at finitely
many rational values (and the number of the poles depends on n); we denote by @, C Q the set of all
of these singularities. For fixed x,y, the left-hand side of the asserted identity (3.44) is continuous in

€ (0,8) by [FLPW24, Theorem 1.10], while the right-hand side of (3.44) is analytic in k € C\ Q.
It therefore suffices to prove that

'2-=.8 n
Z o, (Him,y) = (M) F o (2, Y), k€ (0,8)\ Qn, (3.46)
where!?
ar 1 ’I’L
J@n(mvy) = (q—2 n + | Z z g - 1) G f .,?’)(m’y,w) dw

90bserve that the constant C,, has divergences, which cancel out in a nontrivial manner with zeroes of the integral.

19Note that the constant ~E=5/%) — % is a reciprocal of a Selberg integral (3.7).

T(1-4/m)2 8
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We can use the well-known uniqueness property, [FK15a, Lemma 1]: in order to verify the equality (3.46),
it suffices to check that the left /right hand sides of (3.46) both satisfy PDE (3.39), COV (3.40), ASY (3.41),
and PLB (3.42). On the one hand, {Z ., }n>0 satisfy these properties by definition. On the other
hand, combining [KP16, Proposition 3.3] and [KP16, Theorem 4.1] with the spin chain — Coulomb gas
correspondence map given in [KP20, Theorem 4.17 and Section 4.1], we see that the functions appearing
on the right-hand side of (3.46) satisfy the same properties. The asserted formula (3.44) now follows. [J

Remark 3.12. It is not trivial to see that the right-hand side of (3.44) is real-valued. While the g-integers
are real-valued (and can be written in terms of trigonometric functions), the factor (¢=2 —1)" is obviously
not real-valued in general, neither are the coefficients in the sum over .. However, as the integrand
function (3.45) is complex-valued (and multivalued), the phases from these factors cancel out, rendering
the right-hand side of (3.44) real. (In fact, it is moreover positive, as the left-hand side is.)

Example 3.13. When n = 1, we have [2], = ¢+ ¢! = 2cos(4n/k) for ¢ = e*™/* 5o we find

Z@,,L(H;.%,y): (q—lq_ q) (( 48//: </O f 13 Yy w )dw - q - % f(l)(x7y7w)dw)
B 1 (2—8//{ . w
Tl a T ) [ el
e /|fwy, Naw = (-2, 5=

by evaluating the integral via contour deformation (keeping careful track of phase choices) as in [KP20].
The integral on the last line can be evaluated in terms of Euler’s Beta function, that also equals a ratio
of Gamma functions. It should be understood in the sense of Pochhammer contours for k£ < 4, when it is
not convergent as a line integral (see [FLPW24]). Note that both sides of the end result are continuous

in k € (0,8), but the constant % has divergences in the interval x € (0,4), which cancel out with

the effect of changing the line integral to a Pochhammer integral.

Proof of Proposition 3.10. Using the formula (3.44) from Lemma 3.11, we find that for each y > z",

. 2 n—— 2
lim Zm( =C, Z )% g =20 p F (@, y; w) dw
vi<jon " " (3.47)
_(YE=8/5)\" 4
—(m) (T, Y),

where each %{gg 5> w is an integration contour depicted in Figure 3.2, and the integrand f () (,y; w)
associated to it is a branch of the multivalued function

fayw = [[ @)% ] w-aH% J] @ 2% ] @ -9 % [ @ —w)=

1<i<j<n 1<t<n 1<i<n 1<r<n 1<r<s<n
1<r<n

oo

chosen to be real and positive at the point indicated by the red circles in Figure 3.2; and for later use, we
also include in (3.47) an expression involving the function %~ , analogous to that in Lemma 3.11,

1 .
F o, (x,y) = g gZr=<-1 F) (@, y; w) dw, g=e*/r (3.48
o) = q, ; 19wy (3.48)

It remains to show that the formula (3.47) coincides with the right-hand side of (3.43). To this end, we
will verify that the ratio of the right-hand sides of (3.47) and (3.43) is identically 1. We consider this
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ratio G(y) as a function of y € C\ {x!,... 2"} with fixed #' < --- < 2". Because we already know that
the limit on the left-hand side of (3.47) exists for all k € (0, 8), by continuity it suffices to verify that

(2 —8/k) >n 1 T (z,y) k€ (0,8)\ Qn,

T(1—4/w)2) A, =1

G(y) = Ga(y) == ( Ap Zo,(Himy) —

where Q,, C Q denotes the finite set of singularities of the multiplicative constant x +— (%)n JAn(K).

On the one hand, using [Pel20, Theorem 5.3, Part (4)] and analytic continuation, we see that
|ﬁ@n(w7y)‘ ~ |y — @ [Inor b y — 2/, for any 1 < j <mn,

where the exponent is b,—1 — b, — b1 = 1 — 2(n + 2) in terms of the Kac conformal weight (2.18) (and
h1 = b). Because Z . defined in (3.1) has the same asymptotics,

. 2 .
12, (Hs )| ~ |y — 27|77 0F2) 0y a0,

we see that y — G(y) is holomorphic on C. On the other hand, [Pel20, Proposition 5.8] (or [KP20,
Proposition 5.4]) gives

| T (2 y)| ~ [y 72,y = oo,
and similarly, using the explicit formula (3.1) involving 1 — %(n +2) = —2p,,, we have
2o, (Hiz,y)| ~ [y 72, y— o0

Hence, for any fixed = (x!,...,2") with 2! < ... < 2", we conclude that y — G(y) is a bounded entire
function, thus constant by Liouville’s theorem. Using [KP20, Proposition 5.4], we readily find that

. 2=, (Hizy)

lim ¢? lim == 0% — A 2, (Hyx), k€ (0,8)\Q,

Vi<j<n

where A,, is the multiplicative constant (3.6). Using the explicit formula (3.1) for Z . (H;x,y), we have

lim y*" 2. (Hyz,y) = Zu, (H; ).

Yy—r—+00

These together imply that G(y) — 1 as y — oo, so we conclude that Gg(y) = 1 for all y and . O

Example 3.14. When n = 1, the Gamma functions in 4,, cancel out and [1], = 1, so we find

q

lim be Z@l(H§ xvy)

= 2, (H;
y—+oo Zu,(H;y) un (H; 7)),

where Z,,(H;z) =1 and 2~ (H;z,y) = (y — 2) 72" (which is rather trivial and well-known).
Example 3.15. When n = 2, we have [2], = ¢+ q~' = 2cos(4n/k) for ¢ = e*™/* 50 we find

3
. . 2, (Hizt 22 %yt 2] ['(2—-8/k) \2
lim %292 lim 2 - a0 s =4 <7) Sy Z, (Hy ot 2?)
poreeT o 2, (H 92, 91) 3], \I'(1 — 4/k)? o
Y2 =y

B Z,, (H; 2t 2?)
CoFi (212,51

K’ K’
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Figure 3.2: Tlustration of the integration contours %{g in the proof of Proposition 3.10. The red circles indicate the
branch choice of the integrand function w — f(‘g)(a:, y; w) for fixed 2 < --- < 2™ < y, so that it is real and positive
when 2" < Re(w!) < -+ < Re(w" %) < y and y < Re(w" Z*!) < ... < Re(w"). By [KP20, Theorem 4.17], while
the integration ‘627 depends on an auxiliary variable 2° < 2!, the function (3.48) defined as a linear combination
of integrals involving ng, for £ =0,1,...,n, is independent of the choice of z°.

where Zy,,(H; z,9) = (y — x)?/*. The multiplicative constant can be evaluated by using the formula (3.7)
for the Selberg integral:

(1—-8/k)2T(1—4/k)2T(1+8/k)
(2—12/k) T(1+4/k) T(2—8/k)’

1T
Sy ==
7T
the identity I'(a + 1) = al'(a), which yields

M(L+8/) _, T(8/r)
I'l1+4/k) '(4/k)’

™

sin(ray and simple trigonometry)

the formulas (which follow from the identity I'(1 — a) = @)

B _ sin(87/k)  T'(1—4/k)T(4/k)
2]y = 2costm/r) = S ) ~ T(8/m) T(L = 8/r)"

r2-8/k) TI(12/k—1)sin(127/k) T['(12/k—1) 8],

['(2-12/k) T(8/k—1) sin(87/k)  T(8/k—1) 2],
and using the hypergeometric function [AS64, Eq. (15.3.1)] evaluated at z = 1:

L TE/m)TE/k 1)
P10 =00 ) = T Tz — 1)

[by [AS64, Eq. 15.1.20]]

We end this section with a technical result controlling the rainbow partition functions (Corollary 3.16).
It will be used in the proof of Theorem 3.3. We first extend the definition of Z . to more general

polygons (€;z!, ..., 2%") via a covariance similar to (3.40):
2n . b
Z@n(QWla e ’uQn) = (H |90/(U])|) Z@n(H;SD(UI)a . -730(’“2”))' (3.49)
j=1
where ¢ is any conformal map from €2 onto H with ¢(u!) < -+ < p(u?"). In particular, for n = 1, the

partition function is given in terms of the boundary Poisson kernel in €2 (see (3.18, 3.19)),

Z_ (Qz,y) = (HQ2,y)".
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Corollary 3.16. Fiz € (0,8) and n > 2. For a 2n-polygon (Q;x,y) and two points x € (y' y"™) and
y € (x" 1), define

Zoe, (Qz,y) (H(Q;2,y))

Q: = .
Rk, z.9,9) Zo, (s, y) 2, (2, y)

The function R satisfies the following properties.

1. It is conformally invariant: for any conformal map ¢ on €, we have
R(Qsz, 2, y,y) = R((Q); p(2), o(x), 0(y), £(y))-

2. It satisfies the asymptotics

lim Rz, x,y,y) = A, and lim Rz, x,y,y) = An,
yj_>y ) —>x
vi<ji<n v1<j<n

where the multiplicative constant A, is given by (3.6).

3. Consider  =H with x =0 and y = co. For R € (0,00), consider

R(R) = {(w,y)eRQ”‘ —f <l <o <" < & and |yj|ZRforalle{l,...,n}},

where ¢ = (x,... 2") and y = (y",...,y") appear in counterclockwise order along RU{occ}. Then,
Csup :=  sup R(H;0,x,y, 00 and Cinf := inf R(H;0,x,y, 00
P (®,y)ER(R) ( ) (. y)ER(R) ( )

are finite, nonzero, and independent of R.

Proof. The conformal invariance (Item 1) follows from the conformal covariances (3.2, 3.19, 3.49). The
asymptotics (Item 2) follows from Proposition 3.10 combined with the conformal covariances (3.2, 3.49).
It remains to show Item 3. To this end, fix Q = H. If 2! < --- < 2" < 9" < --- < y!, using the integral
formula (3.44) for Z ., (Lemma 3.11) and the formulas (3.1) for Z , and Z ,, we see that

H. « ey — J n ]
Re(H; 0; 3 ;o) < H y) 2y, (H;@) 24, (Hyy)
1<j<n
N Z(n+2)—1 . \2/K & o
=( II v (1 w-a9)"" S 0?0 [ 49 yw)dw,
1<j<n 1<i,j<n £=0 Cz

writing dw = dw! - - - dw?, where ¢\%) is a branch of the multivalued function

g yw) = [ @ -2 J] @ -y) % J[ @ —w)

1<i<n 1<i<n 1<r<s<n
1<r<n 1<r<n

oo

chosen to be real and positive at the point indicated by the red circles in Figure 3.1. In the integral, we
may assume without loss of generality that w',...,w? € C\ (([z' = 6,2™+ 0] U[y" — 6, y' +6]) x [—6, +4])
for a chosen small § > 0, so we see that the contours in ¥y avoid the marked points and no contour
separates ' from 2/, nor y* from ¢/ (indeed, the contours only separate {z!,...,z"} from {y*,...,y"}).
It follows that the function (x,y) — R(H;0,x,y,00) has a continuous extension to R(R).

By scale-invariance of R, the quantities Cy,p and Ciy¢ are independent of R (so we may take R = 1).
Moreover, because R is conformally invariant, it is sufficient to evaluate the quantities Cqyp and Ciye in
a rectangle ) obtained by sending the upper half-plane H onto {2 by a conformal map 1 such that the
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points —1, —1/2, 1/2, 1 map to the corners of the rectangle 2 — see Figure 3.3 for an illustration. Now,
because (z,y) — R(H;0;x;y; 00) is continuous on R(1), its pre-composition by the conformal map ~!
is continuous on the compact set )(9(1)). In particular, we have

Cap = sup  R(L4(0),¢(x), ¥(y), (c0)) < oo.
(z,y) €Y (R(1))
Applying the same argument to 1/R(H;0, z,y, c0) shows that Cg,p > 0 and Cipr € (0, 00). dJ
Yy =00
¥
— 1 Y(2) v(y)y *-——
z=0

Figure 3.3: Illustration of the symmetry argument in the proof of Corollary 3.16 and in the proof of Theorem 3.3.

3.4 From multichordal SLE to half-watermelon SLE — proof of Theorem 3.3 &
Proposition 3.4

The goal of this section is to prove that multichordal SLE, converges to half-watermelon SLE, when the
endpoints of the n distinct curves tend to a common point on the boundary (Theorem 3.3) and establish
the boundary perturbation property of half-watermelon SLE,, (Proposition 3.4).

We first consider rainbow partition functions in the umt disc: the 2n-polygon (Q x,y) = (U;el?) with
i@ = (&' ... &) for (B',...,0%") € Xy, writing (¢, ... ") =2 and ("', ... ") =y, and

Note that the chordal BPZ equations (3.39) become radial BPZ equations

k032 =.,(0) ( <9i _ 9]’) () b/2 ) 3
5z (9 cot nl =) =6,  forallj 3.50

It will be convenient to view n-chordal SLE, as a (local) commuting family of 2n growing curves a
la Dubédat [Dub07a], instead of its global version from Definition 3.2. From the results in [PW19], we
know that these two descriptions agree. In particular, the Loewner evolution for n-chordal SLE, can be
described by rainbow partition functions, which enables us to establish the following comparison.

Lemma 3.17. Fiz x € (0,4], n > 1, and 8 = (0*,...,6°") € Xy,,.

e Let 1Y be radial SLE, in (U;ewj;O) for each 1 < j < 2n, and let Poy, be the probability measure on
n= (', ...,n*) under which the curves are independent.

o Letj=(n',...,7") ~ Q.= (U;e®) be n-chordal SLE,; in (U;el?).
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Viewing both processes as 2n-tuples of curves, 1 identified with initial segments of N growing from both

endpoints of each curve, we parameterize 1 using 2n-time-parameter t = (ti,...,ta,). Also, we let

wi = (wi,...,w) denote its multi-slit driving function (1.3). Then, the law of n under Q =, is the

same as Pay, tzlted by the following 2n-time-parameter local martingale, up to the collision time:
c ~ 2n 2n ) b
My(Z =.,) = 15@(7‘&) exXp <2mt —b th> (H hlt,j(&%)) Z =, (we),
j=1 j=1

where Ey(ng) = {77{0,tj] N nfo,ti] =0, Vi # j} is the event that different curves are disjoint, and my is the

unique potential solving the exact differential equation (1.9) with p = 2n (see Lemma 2.6).

Note that the fact that M(Z . ) is 2n-time-parameter local martingale follows immediately from
Proposition 2.4 because Z . (0!, ...,6?") satisfies the system of radial BPZ equations (3.50).

Proof. Follows from [FWY24, Lemmas 2.3 & 2.4] and the definitions of the various conformal maps. [

Fix 9 € (4,0 + 27) and write e’ = y. Later, we will send 6/ — o for all j € {n+1,n+2,...,2n}.
We write the function Z . defined in (3.1, 3.2) in the angle coordinates as in (3.23):

2(n+2)
Z@n(017 s 7971719) = Z@n(uvw7y) = Zu-ln (H ’6119 19] > )

1 n i1 g \2/"<

where 2, (0°,...,0") =2, (Ujx) = ( H e —e \) ,

1<i<j<n
with © = (eiel, ...,e?"). Proposition 3.10 yields
. Z=, 0,67 1 n
e.lflinﬂ Zo, (07 02y AnZean (B, 07, 9), (3:51)
Vn+1<j<2n

and Corollary 3.16 implies that there exist Cin, Csup € (0,00) (independent of ) such that

Z.(0L,...,6%)
in S n S D ) 2
Cot < Z T 2B ) S O (3.52)

for all » > 0 and |eien+j - ei19| < r and |eiej — ew| > 2r, for 1 < j < n. See also Figure 3.3.
Now, we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. The convergence in (3.5) follows from Proposition 3.10 and conformal covariance
(Eq. (3.51)). It remains to prove the convergence of rainbow SLE, to half-watermelon SLE,;, for which
purpose it is sufﬁcient to consider the polygon (;x,y) = (U;e'?) and y = e as above.

Let 7 = (7',...,7") ~ Q.= (U;el®) be n-chordal SLE, with the curves oriented such that each
7 traverses from a7 = &% to ¢/ = elt?" , for 1 < j < n. Viewing it as an n-tuple of curves
n = (n',...,n") we parameterize it using n—t1me—parameter t=(t1,...,ty), and we let wg = (wi,...,w})
denote the associated multi-slit driving function (1.3). Note that there are no curves growing from
the points y = (eienﬂ,...,eie%): we have (t1,...,tn,tnt1, ... t2n) = (t1,...,1,,0,...,0). For ease,
let us write ¥ := (0"*1 ... 6?") for these spectator points, which all converge to ¥J; and let us write
he(9) = (he(0711), ... he(62")) for their Loewner evolution. Now, Lemma 3.17 shows that the law of n

under Q .~ (U;ef) is the same as Py, tilted by the 2n-time-parameter local martingale
c n n ) b 2n b
. i
My(Z.=.,) = Ley(my) oXP <2mt - b Zw) (TIres(&)) ( TT Aele™)) Zm, (wr, he(9)).
J=1 Jj=1 Jj=n+1
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up to the collision time. Combining this tilting with Lemma 3.9, we see that the Radon-Nikodym derivative
of Q =, (U;x,y) with respect to Q ~ , (U; x,y) is given by

Rt =

My(Z =) Mo(Z2 ( H hL( Hj) Z oy (Wi, he (D)) Zz,(wo,V)

Mo(Z ) Me(Z AL Zm @0, 0) (WD) 2 (we, he(D))

=: 7t

The convergence from Eq. (3.51) and the covariances of (3.1, 3.2, 3.40) together imply that

n(n-1) Z he (9 h, (1)) Z he (9
lim Zt _ (h;('ﬂ))anrTl @n(Wt, t( )) _ ( t( )) Lﬁn(wta t( ))7
Qj_>'19 Z@n(wo,ﬂ) Z@n(wo,ﬁ)
Vn+1<j<2n
so Ry — 1 as 67 — ¢ for all n + 1 < j < 2n, for any t before the exit time from U. We will show that in
fact, for any such multi-time, R stays uniformly bounded as ) — Y foralln+1<j<2n.
First, recall that n, = U?:W[JO 4] and g¢ is the conformal map from U \ 1, onto U normalized at the
sl .

origin. By assumption, U has a positive distance from y = ¢'”. Pick § > 0 so that B(y,166) NU = (). Let
us write R in the alternative form

M(Z =) M zZ zZ
Ry = t( ) 0( ( H h/ 16‘] ) (ﬁ))—bn @n(wtv ht(ﬁ)) Laq (wO,ﬁ) )
Mo(Z =) My(Z Pt Z o, (Wi, hi(0)) 2, (wo, D)
=Y = DYO
We use (3.52) to control Y;. To this end, we first investigate the distance between {w},...,w}} and

{he(0™ 1), ... he(6*)}. From the standard estimates (3.31, 3.32), for all 1 < i,j < n, we have

o6

J
255] + (V) for v/ € B(y,9),

.y 2

2r:=401gy(y) < loe(y) — %] and  [gi(y) — gb(v)] < 3

where 3/ = exp(i#*"*t17). Hence, 1r<nl£1 ’gt(y) - eiw%} > 27 and g¢(y’) € B(ge(y),7), and (3.52) yields
<i<n

B(y,168) N U = 0,
Yo > Cint 20, (ho (9 d Y < Coup 21, (Rt (1)), f . on
0> Ciut Zu, (ho(9)  and Yy < Cuup 2y, (he(®)),  for {y:&ﬁ+g”w€w)63@ﬁ)

After collecting these estimates, we obtain

Csup ( H B (e 191 ) (R, (9)) b 2, (ht(9))

inf il Zmn(ho(’ﬁ))
Coup e b, [he(67) — he(09)]\*"
mf ( H h ' ) (19)) h ( H ’9] - 0:‘ ) ‘

n+1<i<j<2n
Finally, we may control the derivatives as follows: from (3.33), we have

[ha67) — ha(61)]
o701

h/t(eiej) < hy(9) and < hy(9), forn+1<i<j<2n,

which implies that Ry < gs—“? <1, for B(y,168)NU =0 and y = (""", . .. ,ei‘92n) C B(y,0). This shows
that the Radon-Nikodym derivative Ry stays uniformly bounded upon taking the limit as 6/ — 4 for all
n+ 1 < j < 2n, for any t before the exit time from U, and finishes the proof. O
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To conclude this section, we prove the boundary perturbation property of half-n-watermelon SLE,
(Proposition 3.4). The proof relies on Theorem 3.3 and Proposition 3.10, as well as on the well-known
boundary perturbation property of multichordal SLE,, that we first recall.

Lemma 3.18 (Boundary perturbation; [PV\ilQ, Proposition 3.4]). Fiz k € (0,4], n > 1, and a 2n-polygon
(Q;x). Suppose K is a compact subset of Q such that Q\ K is simply connected and K has a positive
distance from {x1,... 2®"}. For n-chordal SLE, curves m = (n,...,n") in (), denote U’ = n.

Then, the n-chordal SLE, probability measure Q_ ., in the smaller polygon (2 \ K;x) is absolutely
continuous with respect to that in (Q;x), with Radon-Nikodym derivative

Z ., ()

1{nNK =0} exp (%m(@ n, K)) (3.53)

Proof of Proposition 3.4. By Lemma 3.18, we know that the law of  under Q ~ (2 \ K;x,y) is the
same as Q ., (; x,y) weighted by the Radon-Nikodym derivative

Z@n(9§ Z, y)
Zﬁn(Q\K;m,y)

I{nNK =0} exp <%m(Q, n,K)).

Suppose U C Q\ K is simply connected, has the points z',...,2" on its boundary, and has a positive
distance from y. The asserted Radon-Nikodym derivative (3.8) follows from gathering these facts:

e By Proposition 3.10, we have

yioy Zean, (Q\Kxy) 24,0\ K;x;y)
v1i<j<n

e By Theorem 3.3, we know that up to the exit time from U, the law of n under Q_~. (2 x,vy)
converges weakly to Q ., (Q;x,y) as 3/ — y for all 1 < j < n. Similarly, the law of 1 under
Q. =, (Q\ K;zx,y) converges weakly to Q », (Q\ K;xz;y) asy/ — y forall 1 < j < n.

Hence, up to the exit time from U, the law of n under Q ~ , (Q\ K; x;y) is the same Q ~ , (Q; @, y) weighted
by the Radon-Nikodym derivative (3.8). Because the set U can be chosen arbitrarily, and all curves in
half-n-watermelon SLE, are almost surely transient [MS16a], this yields (3.8) for the whole process. [

4 Multiradial SLE with spiral

We will prove the following two propositions in this section, which then result in Theorem 1.3.

Proposition 4.1. Fiz x € (0,4], u € R, p > 2 and a p-polygon (;x) with x = (x',...,2P) and z € Q.
The p-radial SLEF curves v = (v1,...,9P) in (S;x; 2) satisfy the following properties.

1. The marginal law of ¥ is radial SLE!(2,...,2) in (Q;x; 2) with force points & = (x2,..., aP).

2. Given v, the conditional law of (v2,...,4P) is half-(p — 1)-watermelon SLE, in (Q\ v';&;2) as in
Definition 1.2.

Proposition 4.1 is the first part of Theorem 1.3, and we will prove it in Section 4.1. We then utilize it
to prove the boundary perturbation property (Proposition 1.4) for multiradial SLE# in Section 4.2.

Proposition 4.2. Fiz x € (0,4], p € R,p > 2, and 8 = (0,...,0P) € X,. The p-radial SLE! curves
~ = ...,9P) in (U;e®;0) are transient in the following senses:
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1. Parameterizing v by p-time-parameter t = (t1,...,t,) € RP, we have almost surely

fyfj — 0, foralll<j<p, as min{ty,...,t} — oc. (4.1)

2. Parameterizing~y = (y',...,7P) by common-time-parametert € R (defined in Section 4.3 and [HL21)),
we have almost surely

7,{—>0, forall1<j<p, ast— oo. (4.2)

We prove Proposition 4.2 in Section 4.3 using Propositions 4.1 and A.1 (transience) from Appendix A.

Proof of Theorem 1.3. With Propositions 4.1 and 4.2 at hand, it only remains to verify the radial resam-
pling property. To this end, note that because half-watermelon SLE, satisfies the chordal resampling
property, the radial one immediately follows from Proposition 4.1 and symmetry (we may consider either
j # 1, or j # p; and Item 2 in Proposition 4.1 also holds for v” instead of ! with identical proof). O

4.1 Marginal and conditional laws — proof of Proposition 4.1

Recall that Z[’f_ raq 1s the partition function defined in (1.10)—(1.14), and Pz_rad denotes the law of p-radial
SLE! with spiraling rate u. To prove Proposition 4.1, we first derive a variant of Item 2 of Theorem 3.1,
stated in Lemma 4.3 below, whose proof idea is similar to that in the proof of Theorem 3.1.

Lemma 4.3. Firk € (0,4], p > 2, a p-polygon (Q; x) withx = (x',... 2P), and denote & := (22,...,zP).
Suppose U C ) is simply connected, has the points & on its boundary, and has a positive distance from x'.
Then, as z — x*, the marginal law of ¥ = (2, ...,4?) under the law PZ—rad of p-radial SLEE with spiraling
rate pu in (§2; ; z) converges weakly to the law Q. ,_, of half-(p — 1)-watermelon SLE, in (25 2Y), up
to the exit time from U.

Proof. By conformal invariance of both measures Pz-rad and Q,_,, it suffices to consider the polygon

() = (U;el) with = (,...,67) € X,. Denote s = (ta,...,t,) € Ry

s = 9(0,t2,...tp) and Wl = wgom 77777 £ for 2 < j < p,

S

and let hg be the covering map of §,. By Lemma 2.11, the marginal law of 4 under P¥
U; z; z) tilted by

(U; x; 2) is the

p-rad

same as P(pil)_rad(

Zp rad(U exp(i hs (0Y)), exp(iv?), ..., exp(idh); §s(z ))
Z(‘;_l)_rad(U;eXp(id;g) . exp(iek); gs(z ))

2p—1 A
M, = g5(2)| 2 (Ry(6"))" exp (— %argé's(z))

Using equations (1.12, 2.17) and the identities and (3.10, 3.20, 3.15) b, = (p+2) — &, we obtain

— (H(U: 4u (). explina(@) = (T H(U; a(2). exp(iih)) L)\ *
Mg = (H(U,gs( )v p( hs(e )))) (jl_‘g CR(U;QS(Z))H(U;eXp(iiLs(el)),eXp(id}g)) Eg(01)>

X (CR(gU(q)f))) (Ra(01) "5+ exp (£ (2arg(1 — g (2) exp(—ihs(01))) + ho(6") — arg 34 (2)) )

Using then the identities

CR(U; gs(2)) = |95(2)| CR(U \ 7 2),
H(U\Aqi2,2") = 1, (6") H(U; s (), exp(ihs(6"))),
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we then find the Radon-Nikodym derivative of the marginal law of 4 as

i <1:[2;)jgz,;131;> ( P{C(;(}J:yz) )> (H(];J<}J7z’x1) )> o

(Usz;2)

dp*
a7~ 1

p-rad

0
dp(pfl)-rad

" (ﬁ CR(U U Zij:z): x3)>1 o (5(18(2/73:1) —IO(Z,$1))),
=2

where V(2. at) i 196! H(U; gs(2), exp(id)) |
o R, (01) CR(U; gs(2)) H(Us exp(ihs(61)), exp(idd))’
0))) + hs(0") — arg g, (2).

Io(z,2") = 2arg(1 — §s(2) exp(—ihs(
(4.3)

We already know that the law P?p—l)-ra 4(8;&; 2) converges weakly to the law Q= ,_, (%; &; x!), up to the
exit time from U (thanks to Item 2 of Theorem 3.1). It thus suffices to show that Mg/My — 1 as z — x

and that Mg/Mg stays uniformly bounded for any s before the exit time from U.
Step 1. We first prove that a.s., Mgs/Mg — 1 as 2 — . On the one hand, we have

) exp(—ihs(61))) + hs(61) — arg g (e ) =0,

lim 1, (z,2') = 2arg (l—gs(e.
lim Io(z,z') =0,
z—axl
using the identities similar to (3.29). On the other hand, (3.11, 3.21, 3.16) together imply
. HU\ A4 2,2Y)
1 S’ ) — 1 .
et H(U; z,z!) ’ Zligcll Yo(za') =1, s
CR(U\ ¥4;2) 1 hm Yi(z,x') =1, for2<(<p, '
s Y N ) z—xl

I
e CR(U; 2)
Plugging (4.4, 4.5) into (4.3), we obtain Mg/Mgy — 1.
Step 2. Second, we show that Mg/My stays uniformly bounded as z — y when 4, C U. Using the

monotonicity H(U\ ¥4;2,2') < H(U; z,2') and CR(U \ 4,4; 2) > CR(U \ U; 2), we have

u jz,xl . ;2 ~
= (o) () et ) o

=

As before, we can now control Mg/My and conclude the proof by using the following estimates:
e Picking § > 0 such that B(z!,165) N U = () and combining (3.31-3.33), we have
Yi(z,2Y) <1, for z € B(z',0).

e Lemma 3.5 shows that z — %L\fg)z) is a continuous function of z € U\ U. Thus, we have

W >1, forze B( ,0). (4.8)

e From (3.35-3.38) we have

[Is(z,2M)| <1, for z € B(z!,§/100). (4.9)
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From (4.6-4.9), we see that Mg /Mjy stays uniformly bounded when z € B(z!,§/100) and 4, C U. O

Proof of Proposition 4.1. By conformal invariance, it suffices to consider the polygon (€2; x; z) = (U; )
with @ = (0',...,07) € X,. For each j € {1,...,p}, let 47 be radial SLE, in (U;e'?’;0) and let P,
be the probability measure on v = (y!,...,7?) under which the curves are independent. Recall from
Definition 1.1 that P* prad is defined as P, tilted by the p-time-parameter local martingale M (Z; rad)
defined in Eq. (1.8). By Lemmas 2.9 & 2.10, for any ¢; > 0 the law of v |[0 t;] under Pp—ra
radial SLE, in (U; elf’ ;0) tilted by My, o 7,”70)(Zp_rad), given by Eq. (2.15). Thus, the marginal law of ~*
is radial SLE#(2,...,2) as derived in Lemma 2.9. This proves Item 1 of Proposition 4.1.

Next, by the domain Markov property, the conditional law of (v l[t1,00) Y ,...,’yp) given 'V[o 1) 18
p-radial SLE# in the remaining domain (U \'7[0 f); ;74,,@;0). Moreover, we have v — 0 as t; = oo
almost surely due to Proposition A.1 in Appendix A, and moreover, the curve 4! is simple (since x < 4).
Therefore, Lemma 4.3 shows that the marginal law of the last (p — 1) curves of p-radial SLEX in the
polygon (U \fy[lo’tl];'ytl1 ,&;0) converges weakly to half-(p—1)-watermelon SLE, in the polygon (U\~!; Z;0)

4 is the same as

as t; — oo. The conditional law of 4 = (72,...,7?) given ! is thus that of half-(p — 1)-watermelon SLE,,
as claimed. This shows Item 2 and finishes the proof of Proposition 4.1. ]

4.2 Boundary perturbation — proof of Proposition 1.4

Now, we will derive the boundary perturbation property for radial SLE#(2,...,2), see Lemma 4.4.
(See [Dub05] for the analogue boundary perturbation property for SLE,(p) in the chordal case.) It
will be a key ingredient in the proof of Proposition 1.4 in the end of this section, together with the
boundary perturbation property for half-n-watermelon SLE,; (Proposition 3.4) and Theorem 1.3.

Lemma 4.4 (Boundary perturbation). Fiz k € (0,4], u € R, p > 2 and a p-polygon (Q;x;z) with
x = (z,...,2P) and z € Q. Denote & = (22,...,2P). Consider radial SLE!(2,...,2) curve v in
(s x; 2). Suppose K is a compact subset of 0 such that Q\ K is simply connected and contains z, and
K has a positive distance from {z',...,2P}. Then, the radial SLEX(2,...,2) probability measure in the
smaller polygon (Q\ K; x; z) is absolutely continuous with respect to that in (; x; z), with Radon-Nikodym
derivative

prad(Q T; Z) Zﬁp—l(Q\(VUK);i‘;Z)
Za QN Kz2) 2o, (Q\ 7 @52)

1{yNK =0} exp( (Q,y,K)) (4.10)

Proof. Tt again suffices to consider the polygon (Q;x; z) = (U;e'%;0) with (9',...,6P) € A&, and a subset
K C U as in the statement. Let gx: U\ K — U (resp. gri: U\ g:(K) — U for t > 0) be the conformal
bijection normalized at the origin and hx (resp. hy i) its covering map.

We claim that law of radial SLE(2,...,2), whose driving function & in U solves the SDE (2.3) with
p;j = 2 for all j, in the smaller domain U \ K is the same as that in U tilted by

2

= p201 4 , P , .\ b
Ni =130 N K = 0} exp (Sm(Us, K)) (911 (0)" 50 ~5% (e (60)° (T 1t e (V7))
j=2

y Z) a(he i (60)s he e (V2)s o he ke (V)

Zg_rad(gh ‘/%27 s 7‘/tp)

= 1{og N K =0} exp Gm(U;’Y[o,t]a K)) <9£,K(0))B+p22;1 7 (hy (&) (H i xc )b

< exp (& (huc() @)Hexp( (hesc (V) = Vi)

38



sin ( (hexc (V7)) — htK(gt))> sin< (hesc (Vi) = ha i (Vf )))
<1<1:I<p sin (5 (VtJ _ &/)) > (2<l<j<p sin (5(‘4] _ V;z)) >

which is moreover a uniformly integrable martingale. First, we verify that (IV¢);>o is a local martingale.
Standard computations using the radial Loewner equation (LE) and the evolution (1.9) yield

O¢q! (0
:91,x(0) = (h (&) =1,  Om(Usvpy, K) = _%Sht,K(gt) + é(l — hi (&)%),

94,1 (0)
" Oehy g (& 1/ i (&)\? 4¢'"§ 1,

oy = con (EE) (V) = () con (ML (&),
Okl (V) 1 vieeN 1, hec (V) = he (&)
and h;;(‘/tj) = 5 CSC2 <t2t> - 5( t,K(gt))Q CSC2 ( t t 5 ¢ t )

Combining these with

(2.
—fb (b >dBt (’ (&) —1)dBy (4.11)
hiK(£t> N

., .
+ \/IE (cot <W2_£t) — Ry g (&) cot (htK(V )2 ht, K(ﬁt)))dBt = Fk(&,Vy)dBy,
=2

3) yields (writing Vi = (V2,...,V}P))

which implies that (/V¢);>0 is a local martingale.

Second, we prove that N = (N;);>0 is a uniformly integrable martingale and the law of radial
SLE£(2,...,2) in the smaller domain U \ K is the same as that in U tilted by N. Denote by 7,, the
first time when the distance between the curve and K reaches 1/n. Then, (N7, )t>0 is a bounded mar-
tingale. Denote by Q the probability measure of SLE# in (U; ¢'?;0) and by Q;, the probability measure
obtained by weighting Q by Nr,. Combined with (4.11), Girsanov’s theorem yields

dBy = dB] + Fi (&, V) dt

dhy i (&) = Ve hy g (&) By + (R g (&) dt+z cot <htK(§t)

7j=2

S0 o

where B} is Brownian motion under Q. Thus, Q; is nothing but the law of a (time-changed) SLEX(2, ..., 2)
process in U\ K up to time 7},. Moreover, the sequence {Q}, },, is compatible by definition, so Kolmogorov’s
extension theorem guarantees that there exists a probability measure Q7 such that Q% is the same as Q},
up to 7T), for all n. In other words, Q% is the same as the law of radial SLE#(2,...,2) in U\ K up to T,
for all n. Note also that radial SLE#(2,...,2) in U\ K has a positive distance from K almost surely (see
Proposition A.2). Thus, Qf is indeed the same as the law of radial SLE#(2,...,2) in U\ K for all time.
This shows that radial SLE#(2,...,2) in U\ K is the same as that in U tilted by (N¢)¢>0, and (Ny)¢>o is
a uniformly bounded martingale, as claimed.
Finally, let us consider the a.s. limiting value tliglo N;. From the definitions (1.12, 1.14), we obtain

Ne =110 N K = 0} exp (Sm(U;ni0.0, K)) (0hc(0) 55 (0] (e Hhm i)’
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p—rad(U ht K(ft) ht K(V;f ) ) ht,K(V;Sp))
prad( 5t7 t"""/;fp)
= 1300 N K = B} exp (5m(Uiv01, K) ) (g4 (0) 75

Zgrad(u \ (K UrY[O t])”yta AO)
p-rad(u\’yot fytﬂm 0)

exp (£ (hee () @)Hexp( (hec (V) = V7))

((htth )f[e ( (i (V7)) = V7). (4.12)

Jj=2

On the one hand, by Corollary A.11 in Appendix A, we have
w0 =1, Jm(hx(&) - &) =0, Jm (hx(V) - Vi) =0, for2<j<p (413)
On the other hand, the convergence (3.3) in Theorem 3.1(1) gives

; Z,? rad (U (K Uj0,9); 76, 25 0)
t—o0 p_rad(U \ Vo,5 Ve 23 0)
i (CR(U \ (KU’Y[O,t])§0))b”E7€~1 2y (U\ (K U7);0)
CR(U\ 70,45 0) Za, (U\ 7 2:0)
iy, 2oy (UN(KUY)#0)  Za, (U (K UY);#;0)

tggo(g x(0) Za, (U\7;2;0) Zeay, 1 (U\7;2;0)

t—o00

(4.14)

Plugging (4.13, 4.14) into (4.12), we obtain

2, (UN(KUY);2;0)
Zea,, (U\%2;0)

Ny i= hm Ny =1{yNK =0} exp ( (U,v,K))

We thus conclude that radial SLE#(2,...,2) is the smaller domain U\ K is absolutely continuous with
respect to that in U, with Radon-Nikodym derivative given by N, /Ny. Lastly, note that

2/ : (hi(0Y), ... hi (7)) 2] q(U\ K;2;0)
No = (g (0 5 (] piton) e ~ Zen
(1:[ K ) Z a0, 0P) 2] aa(Uiz;0)
by (1.14), so N /Ny gives the sought Radon-Nikodym derivative in (4.10). O

Proof of Proposition 1.4. The case where p = 1 is addressed in Lemma 2.1, so we focus on p > 2. The
proof is a combination of Theorem 1.3, Lemma 4.4 and Proposition 3.4. Let v = (v!,...,7”) and
Y = (V- --» %) be p-radial SLEY processes in (Q;x;z) and (2 \ K;x; 2), respectively, and denote

e From Lemma 4.4, we see that the law of v}, is the same as the law of 4! weighted by

Z}!jrad(Q'm'Z) Zﬁp_l(Q\ (’}/1 UK);QA?;Z)
prad(Q\K T; Z) Zﬁp—1(9\’7l;i§z)

1{y'N K =0} exp (%m(Q; 7L K))

e From Theorem 1.3, we see that

— given 41, the conditional law of 4 is the same as multichordal SLE, in (Q\ 7';&; 2);
— given v}, the conditional law of 4 is the same as multichordal SLE,; in (2 \ (v} U K); &; 2).
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Combining these facts with Proposition 3.4, we see that on the event ! = ’y}(, the conditional law of 4
is the same as 4 weighted by

Z@p,1 (Q \ ’Ylﬂ :%7 Z)
Zea, (Q\N (Y UK); @5 2)

Ly N K =0} exp (5m(@\+54.K)).

and that the law of «yj is the same as the law of v weighted by (1.15):

Z{,‘rad(Q' ik 1y 'NK=0,4NK =0} exp (Em(ﬂ'fyl K) + sm(Q\ 4 K))
p rad(Q \ K ) ) 2 ) ) 2 ) )
zr o (Qx; z)
p-rad
HynK =0} exp (5m(Q, K)),
i zZ8 JQ\ K x;2) < >
This concludes the proof. O

4.3 Radial resampling — proof of Proposition 4.2

Multiradial SLE, was first constructed in the so-called common (capacity) time parameterization in the
work [HL21] of Healey and Lawler. Roughly speaking, in the common parameterization each curve is
locally growing at the same rate and the total capacity of the p curves at time t equals pt. The usage
of the common parameterization enabled the authors of [HL21] to construct multiradial SLE, using
weighting by an appropriately normalized Brownian loop measure term.

Common-time-parameter. Consider a p-tuple 7y, := (%1, e ,fyt ) of curves. Recall that g; is the
conformal map from U \ UJ 17[0t ) onto U normalized at the origin, i.e., g¢+(0) = 0 and g;(0) > 0. We say
that ~; has common-time- pammeterzzatzon if

= (0; 1og g£(0))[g=(t,..1y = 1, foreach 0<t¢< min t; and 1 < j < p. (4.15)
” 1<i<p

[HL21, Lemma 3.2] implies that (hj ; (5?))2 =1 for each ¢ as above, and the time change

dt
dt;(t) = —_—— (4.16)
(ht,j (gtj(t)))
applied to the multi-time-parameter ¢(t) = (¢1(t),...,ty(t)) gives the common-time-parameter, and
t<tj(t)<pt, forall 1 <j<p. (4.17)

The lifetime of the process is the first time when U?:l 'y[% 1 hits the origin or two of the curves in «, meet.

Proof of Proposition 4.2. The case where p = 1 is addressed in Proposition A.1 in Appendix A, so we
focus on p > 2. Let v = (v!,...,7?) be p-radial SLE# in (U;e'?;0). The transience (4.1) in the p-time-
parameterization is a consequence of the following observations:

e By Lemma 2.9 and Proposition A.1, the marginal law of 4! is radial SLEX(2,...,2), which is almost
surely generated by a continuous curve and is almost surely transient.

e Thus, almost surely, the set 7v'UAU is locally connected, so any conformal map ¢: U — U\~! extends
continuously to U by Carathéodory’s theorem [Pom92, Theorems 2.1 & 2.6, and Corollary 2.8]).

e Let ) = (?,...,nP) be half-(p— 1)-watermelon SLE, in (U; w’l(ei(ﬂ), 71 E%);471(0)). Then,
by Proposition 4.1, the conditional law of 4 = (72,...,7?) given ! is the same as (). Since the
half-n-watermelon SLE, curves 7 are almost surely transient by [MS16a, Section 4] and v extends
continuously to the boundary, the curves 4 are also almost surely transient.

The transience (4.2) in the common-time-parameterization then follows from this and (4.17). O
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A Radial SLE with force points: transience

For the radial resampling property to make sense, one has to know that the curves are transient. In this
appendix, we establish the transience for radial SLEL(p) processes with non-negative weights (p; > 0
for all j). With one force point, the transience for radial SLE,(p) with p = 2 was proven in [Lawl3,
Theorem 1.3] (see also [FL15]). We generalize Lawler’s proof to derive the transience of radial SLE
with multiple force points and spiral in Proposition A.1, whose proof we finish in Section A.3. The key
ingredient to the proof is Lemma A.7 — indeed, with Lemma A.7 at hand, the rest of the proof is exactly
the same as it is in [Law13, proof of Theorem 1.3]. To derive this key ingredient, we will utilize an estimate
on radial Bessel processes in Lemma A.4 and a monotone coupling argument in Section A.2.

Proposition A.1. Fiz k € (0,4, u € R,p > 2, p = (p2,...,pp) € RP7L, and 0 = (01,...,0P) € X,.
Assume pj > 0 for all 2 < j < p. Then, radial SLE!(p) in (U;€'9:0) is almost surely generated by a
continuous curve y and tlim v = 0.

— 00

Proposition A.2. Assume the same setup as in Proposition A.1. Radial SLE!(p) in (U;e'®;0) hits the
boundary OU only at olf"

The analogous result to Proposition A.2 is well understood in the chordal setting (e.g. [Dub07b]).
Because we have not been able to identify a reference for the radial setting, we provide a proof in
Section A.4, both for readers’ convenience and for later reference.

A.1 Radial Bessel processes
Fix a >0, p € R, and 0 < k < 4a. Let X = (X;);>0 be the (unique) solution to the SDE

dX; = —VkdB; + (acot(Xy/2) — p) dt, Xo € (0,27), (A.1)
where B; is standard one-dimensional Brownian motion.
Lemma A.3. Fiza >0, u €R, and 0 < k < 4a. The solution (X¢)i>0 of (A.1) never hits 0 nor 2.
Proof. Define T, := inf{t > 0: X; < € or X; > 27 — €} and consider the density

/XO dy /XO du Siz Zg;)éla/ﬁ exp (%(y —u)) >0, 6 € (0,2m),

which satisfies the differential equation

K

§f”(0) + f(0)(acot(6/2) — p) =1, 6 € (0,2m).

1t6’s formula shows that, for any s > 0, the process (f(Xt/\SAT )—tAsA T) is a bounded martingale.

Optional stopping theorem thus gives

t>0

E[f(Xsar.)] —E[s AT = f(Xo) —0=0. (A.2)
Using the estimate
E[f(Xsnr.)] = P[Te < 8] (f(e) A f(2m =€),

we obtain

E[s AT¢] s
Plessl = Fgnrer—a S Torfer—o

Now, since k < 4a, we have f(¢), f(2m —€) — 0o as € — 0. Combining this with (A.3) and letting € — 0,
we obtain P[Ty < s] = 0. Letting s — oo, we the obtain P[Ty < oo] = 0, yielding the asserted result. [

(A.3)
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The proof of the transience in Proposition A.1 will need the following estimate.

Lemma A.4. Fiza >0, p €R, and 0 < k < 4a. For any tyg > 0, there exists a constant C(4 4y € (0,00)
depending on «, k, u, and ty such that

. 4 -1
P| min X, < eXO] < Ciam e/ e>0. (A.4)

Proof. Define T, := inf{t > 0: X; < eXy or X; > w}. We first show that

P[XTE = EX()] S C(A'5) 64a/ﬁ71, where C(A‘5) = exp (47r|,u|) (%)40(/){. (A5)

K

It suffices to show (A.5) for X € (0, 7). Let us consider the density

£(0) = /e exp (2 (sin (2)) "du, 6 (0,7),
which satisfies the differential equation
4 2
710)+ 10) (G con(02) - %) =0, v .m),
2K K
so It6’s formula shows that (f(Xia7.))i>0 is a bounded martingale. Optional stopping theorem thus gives

P[X1. = eXo] f(eXo) = f(Xo)- (A.6)

Now, because u/m < sin(u/2) < u/2 for u € (0,7), we see that

oda/k (n—(da/k=1) _ 9—(404/;-@—1) i i x )
( 1 _ da ) exp (— %) = exp (— %) /9 (u/2) 4a//qdu
T da/k (——(da/k—=1) _ g—(4a/k—1)
< 10) < exp (45) [ Gujmytean = T O o (2,
0 _ 4da

K

Plugging these estimates into (A.6), we obtain (A.5).
Next, we show (A.4) when Xy € (0,7/2]. Define T, := inf{t > T.: Xy = Xo}. We have

P[ min X; < eXO}
0<t<tg

<P[Xr, = eXo] +P|T. < T. < to, Xp, =7, _min X, < eX,|
Te<t<to

— P[Xz, = eXo] + P[T. < T. < to, Xr, =] P[ min X, <eXo | T. < T < to, Xp, = 7]
Te<t<to

< P[Xr, = eXo] + P[T. < T, < to, X1, =] P[Ogg X, < eXO}. (A7)
>Uxto

There is positive probability that X starting at 7 stays in (7/2,37/2) up to time t9. As Xo € (0,7/2],
there exists a constant C(5 g) € (0,1) depending on «, s, u1, and to such that

P[T. >ty| X7, = 7] > Cag)- (A.8)
Plugging (A.8) into (A.7), we obtain

P[ min X, < eXo} < P[X7, = eXo] + (1= Ciag)P| min X; < eXo].

0<t<tg 0<t<tg
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Combining with (A.5), we obtain

C
P[ min X; < eXpl| < ~(A5) cla/m=1

0<t<to C(A'g)

which yields the asserted estimate (A.4) when Xy € (0,7/2].
Finally, we show (A.4) when Xy € (7/2,27). It suffices to prove the result for ¢ < 1/4. Define

= inf{t >0: Xt = 71'/2} Since (A4) holds with C(A.4) = CEA 5; when XO = 77/2’ we have

C
P{ min  X; < EW/Q} < P[ min X < e7r/2] < ~(A5) Aa/r-1, (A.9)
T’ <t<tg T'<t<T'+1o (A.8)

Therefore, we obtain

Cias) 40
' < < < = i < < 89 a/r—1 )
P oin X; < eXO] P[ n%1<1}50 X < 26%} P [T/Iggto X < 26%} S Cas) (4e) ,  [by (A.9)]

which yields the asserted estimate (A.4) when X € (7/2,27). This concludes the proof. O

A.2 A monotone coupling

Let us now come back to the setup in Proposition A.1. Recall that the driving process for radial SLE!(p)
with p = (p2,..., pp) satisfies the SDE (2.3):

p
Py Vt &t 1
d¢; = dB; — — cot de dt, =0";
§ = /kdBy j222C0< 5 > +p o ;
) Vj— ) )
thJ:cot<tQ£t)dt, Vi =¢, j€{2,...,p},

where B; is standard one-dimensional Brownian motion. Consider the difference ©; := Vt2 — & of the
driving process & and the first force point V;2, which solves the SDE

40, = —/rdB, + (1 p;) cot(©,/2) dt + Z | cot(©]/2) dt — pdt

writing @‘ = V‘ &, for j € {3,...,p}. We will show in Lemma A.5 that it satisfies analogous conclusions
as the radial Bessel process in Lemma A.4. Consequently, we derive an estimate for the process sm(et)
in Lemma A.7, which will also be a key ingredient in the proof of Proposition A.1.

Lemma A.5. Assume that 6P — 6> < 7/4 and pj =0 for all 2 < j < p. For any tg > 0, there exists a
constant C(x 19y € (0,00) depending on k, p, j1, and to such that

— 2(2+4p2)
P[Oggo O: <eOg| < C(a.10) e’ where By = ==£2 — 1> 0. (A.10)

To derive (A.10), we will compare ©P and © = ©2 to the radial Bessel process X solving (A.1). It
turns out that the former can be coupled with X so that it stays above X for all time; and the latter
can be coupled with X so that it stays below X for all time.

Lemma A.6. Assume pj > 0 for all 2 < j < p. Write ©; = (07,...,00) = (V2 —&,...,.VF — &).
Consider X = (X{);>0 solving (A.1), with =1+ L(pa+ -+ pp).

o There exists a coupling between X and (Oy)i>o such that X§ = OF and X < O for all t > 0.
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e There exists a coupling between X* and (O¢);>o such that X§ = O3 and X > ©? for all t > 0.

Proof. Given X%, let Y; = (Y2,...,Y/) be the solution to the following SDE system: for 2 < ¢ < p,

dYtE—acot( )dt—cot(x Y)dt EP:QJ (XX )dt (A.11)
Y{ - ef - o

As the right-hand side of this SDE is locally Lipschitz, there is a unique strong solution to (Y);>0. Note
that ©; then satisfies G)f = X~ Y/, for 2 < £ < p. This gives a coupling between X and ©, and it
remains to check that ©F = X — Y/ > X for all ¢ > 0. To this end, since Y} solves (A.11) with ¢ = p,

P .
dyy = (cot <¥) — cot <X52Ytp))dt + Z %j <c0t (¥> — cot (Xtazytj>>dt, (A.12)
j=2
and we have 0 = Y < .-+ < Y, while the cotangent is creasing on (0,7) and we assumed that pj >0

for all j, we see that the right-hand side of (A.12) is negative, whence Y} < 0 for all ¢ > 0. O

Proof of Lemma A.5. For ©; = @%, define T, := inf{t > 0: ©, < e©g or O; > w}. We first show that

P[O7, = €Oq] < Cia13) e
(A.13)

p
where Ca.13) = exp (47;'[") (g)’BQH, and = — Z %J cot(57/8).
7=3

It suffices to prove (A.13) for ©¢ € (0,m). Let us consider the density

[T exp(2‘“‘)du -
£(0) ._/9 e <0 0 e (0,7),

which satisfies the differential equation

716+ 110 (25 ot - %) <0 o€ 0

Using It6’s formula, we compute

df(0y) = Vrf(6,)dB; + (gf”(@t)+f’(®t)(cot 0:/2) + Z% t(07/2) — ))dt.
7j=2

—F
When 0 <t < T, since f/ <0 and p; > 0 and
0 <O, +600 -0y <1+6) -0y <5r/4, 3<j<p,
we see that
Fi < gf”(@t) + () <W cot(0/2) — ,&) =0.
This shows that (f(©7.))t>0 is a bounded supermartingale, and optional stopping theorem yields

P[O7, = €O0]f(eOg) < f(O0).
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which gives the desired (A.13).
Next, we show (A.10) for ©¢ € (0,7/4]. Define

q(e) := sup{P[ min 6, < e@o] : ©p € (0,7/4], B9 :@(2) < @3 <0< @8 < @0+7r/4}.

0<t<to
It suffices to show that

C
q(e) < —A13) By (A.14)
Cag)

Define T, := inf{t > T.: ©; = Og} and T? := inf{t > T.: ©F = x}. For Oy € (0,7 /4], we have

P| min ©; < E@o]
0<t<tq

< P[Or, = O] + P[Te <T.<tly, Op, =m, min O; < 6@0}
Te<t<to

=P[O7, = €Og] + P[T. < T. < ty, O, = 7] P| min O, < €Oy ) T.<T.<ty, Op =7
TeStStO

< P[O7, = €Og| + P[T. < T. < ty, O1. = 7] q(e). (A.15)

On the one hand, when O, = 7, since ©F — ©; < 7/4 and Oy < 7/4, we have @I%p = and 77 < T..
Thus, we have ‘

P[T. < T. < ty, Op, = 7] <P[I? < T. < to, @% = 7. (A.16)

On the other hand, since ©f — ©; < 7/4 and ©y < 7/4, if O] stays in [r/2,37/2] for TP <t < ty, then
we have T, > ty. Combining this with Lemma A.6 and Equation (A.8), we find that

P[Tep < TE < to, @p’ip = 71'] <1-— C(A.S)- (A'17)

Combining (A.13, A.15, A.16, A.17), we obtain

q(e) < Cranz) € + (1= Cras))ale),

which implies (A.14).
Finally, we show (A.10) for ©¢ € (w/4,27). It suffices to show the result for ¢ < 1/8. Defining
T =inf{t > 0: ©, = 7/4} and using (A.14) we obtain

. €T .
P[ min @tg—}gP[ min @tg—}g
T <t<tg 4 T/ <t<T'+tg 4

Therefore, we have

P[ min 6; < 6@0} SP{ min 6; < 2e7r} < P[ min ©; < 267T] < C(A'13) (86)’82,

0<t<to 0<t<to T <t<to (A.8)
. . . - C(a.13)
as desired in (A.10) with C(z.10) = 862%‘ O

Lemma A.7. Assume that 0P — 6% < w/4 and p;j >0 for all 2 < j < p. For any tg > 0, there exists a
constant C(a 13y € (0,00) depending on k, p, ju, and to such that

2(2:"2) —1>0. (A.18)

P[Og}tgo sin (%) < € sin (%)] < Cla.1g) e, where By =
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Proof. We first show that

2+ p2+ -+ pp)
K

P[ max ©; > 21 — (27 — @0)} < C(AA)Eﬁ, where 8 = 2 —-1>0, (A.19)

0<t<tg

and Oy 4 is defined in (A.4). We use the coupling from Lemma A.6 between X< = (X{*);>0 solving (A.1)
and © such that X§ = ©¢ and X > O, for all ¢, to obtain (A.19):

_ —_ a _ _ x© B
P{Ogltzgo ©; > 21 —e(2m @0)} < P{Orgntz%)%oXt > 21 —e(2m — X§)| < Cag€e”. [by (Ad)] (A.20)

Combining (A.10) and (A.19), we then obtain (A.18). O

Lemma A.7 is the key ingredient in the proof of Proposition A.1. Let us point out that the assumption
O —©y = 67 —6% < /4 in Lemma A.7 cannot be easily dropped. Whereas, it turns out that the difference
©F — O, decays exponentially fast (cf. Lemma A.8) which makes it possible to apply Lemma A.7 in the
proof of Proposition A.1.

Lemma A.8. The difference ©F — O, decays exponentially fast to 0 as t — oo:
0 <07 —0; < (87— 69) exp(—Craont), (A.21)
where Ca2) = inf{sm(uu/m:()gug(%g—@o}>0.
Proof. We have

d P
a(@f — ©;) = cot (%

Because 0 < O — ©; < ©F — ©g, we see that

d . cer-e

E(@f —0y) < —sin (Z57) < —Claan (07 — 0y).
This implies the sought (A.21). O
A.3 Transience — proof of Proposition A.1 and consequences

Proof of Proposition A.1. We first gather some notation and terminology.

e We denote U, := e "U, and 7, :== inf{t > 0: |x| = e "}, and F,, := o({y%: 0 <t < 7,}), for n € N.
e A crosscut of a domain € is the image of a simple curve n: (0,1) — Q with ng4, m1— € 9.

e We denote by H,, = H,(7) the connected component of U\ v(g ] containing the origin.

e We denote 9 := 0H,, \ Y(0,r,]» Which is either empty or an open subarc of OU.

e For 0 < k <n, we denote by V,,  the connected component of H,, N U; that contains the origin.

e We denote 0, := 0V, N Hy. Note that the connected components of Jy, j, comprise a collection A, j,
of open subarcs of dUy, which are crosscuts of appropriate domains.

e Indeed, each arc n € A, , is a crosscut of H,, such that Hy, \ 7 has two connected components.

We denote by V,, (1) the connected component of H,, \  that does not contain the origin. Note that
Voe(n) N Va1 (') = 0 for different n,n’ € Ay k.

e If 99 # (), then there is a unique arc n* = Mk € Ank such that A% C OV, k(™).

47



In the proof, there are two main steps:

Step 1. (Cf. [Lawl3, Proposition 4.4 and Theorem 1.2]). There exists a constant C(.99) € (0, 00)
depending on k, p and p such that for all k,n € Ny, if n = n;+k’k, then we have

n 2(2 +
P D) 11 # 01 Foc] € Gy 2, where o = 20022 1500 (a22)
Moreover, for all positive integers k > 7 > 1 and n > 1, we have
P[Vrspoe) € Us | Fgi] = (1= Cranzy e ™) 1y, g € Ui (A.23)

Step 2. (Cf. [Law13, Theorem 1.3]). There exist constants C 94y € (0,00) and u € (0, 00) depending
on x, p and p such that for all k,n € Nsg, we have

PV 7 1,00) N OUk # 0] < Canaye™™" (A.24)

We will prove (A.22, A.23) in Lemma A.9. Thereafter, using the same analysis as in the proof of [Law13,

Theorem 1.3], we obtain (A.24) (see also Remark A.10). Lastly, knowing (A.24), Borel-Cantelli lemma

yields tlim ~v¢ = 0, which gives the desired transience of the curve. O
—00

Lemma A.9. There exists a constant C( 22y € (0,00) depending on k, p, and pu such that (A.22, A.23)
hold.

Proof. First, we prove (A.22) (cf. [Lawl3, Proposition 4.4]). Define oy, . := inf{t > 7,1 3 € n}.
It suffices to show there exists a constant C, 25y such that

Plof ik < Tnhtt | Frsk] < Claos e "2/2, (A.25)
for then we can iterate and sum over n. We may conclude with the help of the following three facts.
e It was proved in [Law13, Lemma 2.10] that there exists a constant C(4 96y € (0,00) such that

sin (%9‘7;+k,k) < C(A'26) ein/2 sin (%@Tn+k) . (A.ZG)

e We have the following estimate on 7,,:
n—logd <7, <n. (A.27)

Indeed, on the one hand, applying Koebe’s one-quarter theorem (e.g. [Dur83, Theorem 2.3]) with
gT_nl, we have %e_T"U C U\ 7[0,7,,]> Which implies the lower bound of (A.27). On the other hand,
since U, C U\ 70,,,], We have g/ (0) < e, which implies the upper bound of (A.27).

e When

1 _
n > ng:i= log(eg 60)4—(1—1- )log4,
C(a.2) N

Ca.2)

combining (A.27) and Lemma A.8, we have ©%, —©2 < /4. Furthermore by Lemma A.7, we have
. . e 3 97n+k 52

P min sin (5t) < esin (=5 | Fogr| < Cras) €2 (A.28)

Tn+k <t<Tp4xr+1+logd
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Gathering these estimates yields

Ploniis < Tntht1 | Frtk]

S Plopirg < Tntk + 1+ logd| Fryy] [by (A.27)]
- e (1 —n/2 o (1

<P LN (5t) <sin (g@ghk’k) < Clasgye ™?sin (305,,,) [ Fark|  [by (A.26)]

< Cag) C(ﬁ,i%) e /2, [by (A.28)]

which implies (A.25) and thus (A.22). We now obtain (A.23) from (A.22) because by [Law13, Lemma 2.5],

if Yir,rpin] C Uy, then in order for v, ., o) to intersect Uj, it has to intersect 7. O

Remark A.10. A cautious reader might observe that we rely on [Law13, Lemma 2.10], but not on [Law13,
Lemma 2.9]''. The proof of [Law13, Lemma 2.10] strongly uses the fact that the crosscut 7 separates the
origin from dU in U\ v, ] The obtained estimate is, in a sense, weaker than that derived in [Law13,
Lemma 2.9] & [FL15, Lemma 5.5]. The proof of [Law13, Theorem 1.3], which we follow in this appendix,
combines this weaker estimate with a Markov chain argument, which loses the explicit x-dependence of
the exponent u in (A.24) (which is not needed to prove the transience of the radial SLE.(p) curve).

Corollary A.11. Assume the same setup as in Proposition A.1. Let y be radial SLEX(p) in (U;e'9;0) and
let (gt)i>0 the the associated mapping-out function as in (LE). Suppose K is a compact subset of U such
that U\ K is simply connected and contains the origin, and K has a positive distance from {eiel, el
Constider the conformal map g¢ i : U\ g:(K) — U normalized at the origin, i.e., g x(0) =0, g; x(0) >0,
and the associated covering map hy i. Then, conditionally on {y N K = 0}, we have almost su;’ely

lim g; (0) = 1, lim (hy k(&) — &) =0, lim (he (V7)) = V{) =0, for2<j<p.  (A.29)
t—oo0 7 t—o00 t—o00

Proof. Schwarz lemma (e.g. [Dur83, Page 3]) gives the bounds 1 < g; x(0) < 1/dist(0, (X)), as noted
in [JL18, Lemma 17]. The first limit in (A.29) follows by observing that the harmonic measure of g;(K)
in U\ g:(K) seen from zero converges almost surely to zero as ¢t — oo, because y(t) — 0 as t — oo by
Proposition A.1. Moreover, {g; » }t>0 is a normal family by Montel’ s theorem (e.g. [Dur83, Page 7]), so
there is a.s. a uniformly convergent subsequential limit g, K fn 300 goo i» and the derivatives also converge
uniformly (by Cauchy’s integral formula). Combined with Schwarz lemma, the first limit in (A.29) now

shows that g;ol 5+ U— U must be the identity map. This yields the other two limits in (A.29). O

A.4 Proof of Proposition A.2
Lemma A.12. Fir x € (0,4], p € R and 6 € R. Radial SLE* in (U;el?;0) intersects OU only at .

Proof. Let us first note that ht(6") — & never hits 0 or 27 at any finite time ¢ by Lemma A.3, since
/ hy (0,) — ft /
d(he(0") — &) = —V/kdB; + cot — dt — pdt, 6 <0 <0+2m. (A.30)

Therefore, for any 0 < € < 27 and any finite time ¢, the points i@+ and €/® =9 cannot be swallowed

by 7jo,g4- The result follows letting e — 0 and ¢ — oo, as radial SLE} is transient by Proposition A.1. [

Lemma A.13. Fiz s € (0,4], p €R, p >0 and 6 = (61,05) € Xs. Radial SLEX(p) in (U;el?;0) intersects
oU only at elf’

A corrected modification of [Lawl3, Lemma 2.9] appears in [FL15, Lemma 5.5]; see also [AP25, Appendix D].
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Proof. The process hy(6%) — & never hits 0 or 27 at any finite time ¢ by Lemma A.3: from (2.3), we have
he(6%) —
d(h(0%) — &) = —v/kdBy + (1 + ) cot (t(2)§t>dt — pdt, (A.31)

Therefore, the point el?” cannot be swallowed by . Thus, by Lemma 2.3, we see that the law of radial
SLE!(p2) in (U;e'?:0) is absolutely continuous with respect to the law of radial SLE, in (U; eiel;O) up
any finite time ¢. So by Lemma A.12, up to any finite time ¢, radial SLE(p2) in (U;e'?;0) touches OU
only at e The result follows letting ¢ — oo, as radial SLE!(p2) is transient by Proposition A.1. O

Proof of Proposition A.2. Assume 6' < 0 < 2. From (2.3), we have
hi(0) — Sy he(67) —
d(h(0) — &) = —/kd By + cot (W)dt + Z %j cot (W)dt — pdt. (A.32)
j=2
Note that

3 oo (M57E) >

Jj=2

N

h(67) - € N
cot <tzt>, where p = ij.

=2

Let ©, denote the process hy() — & for SLE.(p) in (U;e",e?”;0), and ©, the process hy(6) — & for
SLE,(p) in (U;e'?;0). Applying a similar argument as in the proof of Lemma A.6, we can construct a
coupling between ©; and @t such that @t < ©;. By Lemma A.13, we can conclude that @t never hits 0
at any finite time ¢. The coupling implies that ©; never hits 0 at any finite time ¢ — therefore, for any
0 < e < min{#? — 0,27 — 6” + 0'} and for any finite time ¢, the point el®+9) cannot be swallowed by
Yo,q from the left hand side. By symmetry, el® =9 cannot be swallowed by 4 from the right hand side.
Again, the result follows letting ¢ — 0 and ¢t — oo, as radial SLE#(p) is transient by Proposition A.1. [

References

[AHP25] Osama Abuzaid, Vivian O. Healey, and Eveliina Peltola. In preparation. 2025.

[AHSY23] Morris Ang, Nina Holden, Xin Sun, and Pu Yu. Conformal welding of quantum disks and multiple
SLE: the non-simple case. Preprint in arXiv:2310.20583, 2023.

[AP25] Osama Abuzaid and Eveliina Peltola. Large deviations of SLEg, variants in the capacity parameteri-
zation. Preprint in arXiv:2503.02795, 2025.

[AS64] Milton Abramowitz and Irene A. Stegun. Handbook of mathematical functions. Dover Publications
Inc., 1964.

[BB02] Michel Bauer and Denis Bernard. SLE, growth processes and conformal field theories. Phys. Lett. B,
543(1-2):135-138, 2002.

[BB04] Michel Bauer and Denis Bernard. CFTs of SLEs: the radial case. Phys. Lett. B, 583(3-4):324-330,
2004.

[BD16] Stéphane Benoist and Julien Dubédat. An SLEs loop measure. Ann. Henri Poincaré, Probab. Statist.,
52(3):1406-1436, 2016.

[Bef08] Vincent Beffara. The dimension of the SLE curves. Ann. Probab., 36(4):1421-1452, 2008.

[BGROS§] Alexander V. Belikov, Ilya A. Gruzberg, and Ilia Rushkin. Statistics of harmonic measure and winding
of critical curves from conformal field theory. J. Phys. A: Math. Theor., 41(285006):1-12, 2008.

[Bin98] Ilya A. Binder. Harmonic measure and rotation of simply connected planar domains. Preprint:
https://www.math.toronto.edu/ilia/Research/sc.pdf, 1998.

20



[BJ24]
[BPW21]
[Brass]
[CDCH*14]
[CNO7]
[CP14]

[DB02]

[Durs3]
[FK15a]
[FK15b]
[FL15]
[FLPW24]
[FW03]
[FWY24]
[Gru06]
[HL21]
[HPW25]

[JL18]

Guillaume Baverez and Antoine Jego. The CFT of SLE loop measures and the Kontsevich-Suhov
conjecture. Preprint in arXiv:2407.09080, 2024.

Vincent Beffara, Eveliina Peltola, and Hao Wu. On the uniqueness of global multiple SLEs. Ann.
Probab., 49(1):400-434, 2021.

Louis De Branges. A proof of the Bieberbach conjecture. Acta Math., 154:137-152, 1985.

Dmitry Chelkak, Hugo Duminil-Copin, Clément Hongler, Antti Kemppainen, and Stanislav Smirnov.
Convergence of Ising interfaces to Schramm’s SLE curves. C. R. Acad. Sci. Paris Sér. I Math.,
352(2):157-161, 2014.

Federico Camia and Charles M. Newman. Critical percolation exploration path and SLE(6): a proof
of convergence. Probab. Theory Related Fields, 139(3-4):473-519, 2007.

Angel Chavez and Doug Pickrell. Werner’s measure on self-avoiding loops and welding. SIGMA
Symmetry Integrability Geom. Methods Appl., 10(81):1-42, 2014.

Bertrand Duplantier and Ilya A. Binder. Harmonic measure and winding of conformally invariant
curves. Phys. Rev. Lett., 89(26):264101, 2002.

Bertrand Duplantier and Hubert Saleur. Exact surface and wedge exponents for polymers in two
dimensions. Phys. Rev. Lett., 57(25):3179-3182, 1986.

Julien Dubédat. SLE(k, p) martingales and duality. Ann. Probab., 33(1):223-243, 2005.
Julien Dubédat. Euler integrals for commuting SLEs. J. Stat. Phys., 123(6):1183-1218, 2006.
Julien Dubédat. Commutation relations for SLE. Comm. Pure Appl. Math., 60(12):1792-1847, 2007.

Julien Dubédat. Duality of Schramm-Loewner Evolutions. Ann. Sci. Eec. Norm. Supér., 42(5):697-724,
2007.

Bertrand Duplantier. Conformal fractal geometry and boundary quantum gravity. In Fractal Geometry
and Applications: A Jubilee of Benoit Mandelbrot, volume 72 of Proceedings of Symposia in Pure
Mathematics, pages 365—482, Providence, R.I., 2004. Amer. Math. Soc.

Peter L. Duren. Univalent Functions. Grundlehren der mathematischen Wissenschaften. Springer-
Verlag, New York, 1983.

Steven M. Flores and Peter Kleban. A solution space for a system of null-state partial differential
equations 2. Comm. Math. Phys., 333(1):435-481, 2015.

Steven M. Flores and Peter Kleban. A solution space for a system of null-state partial differential
equations 3. Comm. Math. Phys., 333(2):597-667, 2015.

Laurence S. Field and Gregory F. Lawler. Escape probability and transience for SLE. FElectron. J.
Probab., 20(10):1-14, 2015.

Yu Feng, Mingchang Liu, Eveliina Peltola, and Hao Wu. Multiple SLEs for s € (0,8): Coulomb gas
integrals and pure partition functions. Preprint in arXiv:2406.06522, 2024.

Roland Friedrich and Wendelin Werner. Conformal restriction, highest weight representations and
SLE. Comm. Math. Phys., 243(1):105-122, 2003.

Yu Feng, Hao Wu, and Lu Yang. Multiple Ising interfaces in annulus and 2N-sided radial SLE. Int.
Math. Res. Not., 2024(6):5326-5372, 2024.

Ilya A. Gruzberg. Stochastic geometry of critical curves, Schramm-Loewner evolutions and conformal
field theory. J. Phys. A, 39(41):12601-12655, 2006.

Vivian O. Healey and Gregory F. Lawler. N-sided radial Schramm—Loewner evolution. Probab. Theory
Related Fields, 181(1-3):451-488, 2021.

Chongzhi Huang, Eveliina Peltola, and Hao Wu. Multiradial SLE with spiral: large deviation principle.
In preparation, 2025.

Mohammad Jahangoshahi and Gregory F. Lawler. Multiple-paths SLE, in multiply connected do-
mains. Preprint in arXiv:1811.05066, 2018.

o1



[KLO7]
[Kon03]
[KP16]
[KP20]
[KS07]
[KWW24]

[Kyt06]
[Law09]

[Lawll]

[Law13]

[Law19]

[LLO7]

[LSWO1a]
[LSWO1b)]
[LSWOIc]
[LSW03]

[LSW04a]

[LSW04b)

[LWO04]
[MP25]
[MS16a]

[MS16b]

Michael J. Kozdron and Gregory F. Lawler. The configurational measure on mutually avoiding SLE
paths. In Universality and renormalization, volume 50 of Fields Inst. Commun., pages 199-224. Amer.
Math. Soc., Providence, RI, 2007.

Maxim Kontsevich. CFT, SLE, and phase boundaries. In Oberwolfach Arbeitstagung, 2003.

Kalle Kytola and Eveliina Peltola. Pure partition functions of multiple SLEs. Comm. Math. Phys.,
346(1):237-292, 2016.

Kalle Kytola and Eveliina Peltola. Conformally covariant boundary correlation functions with a quan-
tum group. J. Eur. Math. Soc., 22(1):55-118, 2020.

Maxim Kontsevich and Yuri Suhov. On Malliavin measures, SLE, and CFT. P. Steklov I. Math.,
258(1):100-146, 2007.

Ellen Krusell, Yilin Wang, and Hao Wu. Commutation relations for two-sided radial SLE. Preprint
in arXiv:2405.07082, 2024.

Kalle Kytold. On conformal field theory of SLE(k, p). J. Stat. Phys., 123(6):1169-1181, 2006.

Gregory F. Lawler. Partition functions, loop measure, and versions of SLE. J. Stat. Phys., 134(5-
6):813-837, 2009.

Gregory F. Lawler. Defining SLE, in multiply connected domains with the Brownian loop measure.
Preprint in arXiv:1108.4364, 2011.

Gregory F. Lawler. Continuity of radial and two-sided radial SLE at the terminal point. In “In the
tradition of Ahlfors-Bers, VI”, volume 590 of Contemp. Math., pages 101-124. Amer. Math. Soc.,
Providence, RI, 2013.

Gregory F. Lawler. Conformally invariant loop measures. In Proceedings of the ICM 2018, Rio de
Janeiro, Brazil, volume 3, pages 669-703. World Scientific, 2019.

Gregory F. Lawler and Joan R. Lind. Two-sided SLE(8/3) and the infinite self-avoiding polygon. In
Universality and renormalization, volume 50 of Fields Inst. Commun., pages 249-280. Amer. Math.
Soc., Providence, RI, 2007.

Gregory F. Lawler, Oded Schramm, and Wendelin Werner. The dimension of the planar Brownian
frontier is 4/3. Math. Res. Lett., 8:401-411, 2001.

Gregory F. Lawler, Oded Schramm, and Wendelin Werner. Values of Brownian intersection exponents
I: Half-plane exponents. Acta Math., 187(2):237-273, 2001.

Gregory F. Lawler, Oded Schramm, and Wendelin Werner. Values of Brownian intersection exponents
IT: Plane exponents. Acta Math., 187(2):275-308, 2001.

Gregory F. Lawler, Oded Schramm, and Wendelin Werner. Conformal restriction: the chordal case.
J. Amer. Math. Soc., 16(4):917-955, 2003.

Gregory F. Lawler, Oded Schramm, and Wendelin Werner. Conformal invariance of planar loop-erased
random walks and uniform spanning trees. Ann. Probab., 32(1B):939-995, 2004.

Gregory F. Lawler, Oded Schramm, and Wendelin Werner. On the scaling limit of planar self-avoiding
walk. In Fractal geometry and applications: a jubilee of Benoit Mandelbrot, Proc. Sympos. Pure Math.,
volume 72, Part 2, Providence, RI, 2004. Amer. Math. Soc.

Gregory F. Lawler and Wendelin Werner. The Brownian loop soup. Probab. Theory Related Fields,
128(4):565-588, 2004.

Sid Maibach and Eveliina Peltola. From the conformal anomaly to the Virasoro algebra. Proc. Lond.
Math. Soc., 130(4):1-45, 2025.

Jason Miller and Scott Sheffield. Imaginary geometry I: interacting SLEs. Probab. Theory Related
Fields, 164(3-4):553-705, 2016.

Jason Miller and Scott Sheffield. Imaginary geometry II: reversibility of SLE,(p1,p2) for k € (0,4).
Ann. Probab., 44(3):1647-1722, 2016.

52



[MS17]
[Pel20]
[Pom92]
[PW19)
[PW24]
[RBGWO7]

[RS05]
[Sch00]

[Smi01]
[SS09)]

[SWO5]
[Wer03]

[Wu20]
[Zhal5]

[Zha21]
[Zha24]

Jason Miller and Scott Sheffield. Imaginary geometry IV: interior rays, whole-plane reversibility, and
space-filling trees. Probab. Theory Related Fields, 169(3-4):729-869, 2017.

Eveliina Peltola. Basis for solutions of the Benoit & Saint-Aubin PDEs with particular asymptotic
properties. Ann. Inst. Henri Poincaré D, 7(1):1-73, 2020.

Christian Pommerenke. Boundary behaviour of conformal maps, volume 299 of Grundlehren der math-
ematischen Wissenschaften. Springer-Verlag, Berlin Heidelberg, 1992.

Eveliina Peltola and Hao Wu. Global and local multiple SLEs for k < 4 and connection probabilities
for level lines of GFF. Comm. Math. Phys., 366(2):469-536, 2019.

Eveliina Peltola and Yilin Wang. Large deviations of multichordal SLEq, real rational functions, and
zeta-regularized determinants of Laplacians. J. Eur. Math. Soc., 26(2):469-535, 2024.

Ilia Rushkin, Eldad Bettelheim, Ilya A. Gruzberg, and Paul Wiegmann. Critical curves in conformally
invariant statistical systems. J. Phys. A, 40:2165-2195, 2007.

Steffen Rohde and Oded Schramm. Basic properties of SLE. Ann. of Math., 161(2):883-924, 2005.

Oded Schramm. Scaling limits of loop-erased random walks and uniform spanning trees. Israel J.
Math., 118(1):221-288, 2000.

Stanislav Smirnov. Critical percolation in the plane: conformal invariance, Cardy’s formula, scaling
limits. C. R. Acad. Sci., 333(3):239-244, 2001. (Updated 2009, see arXiv:0909.4499).

Oded Schramm and Scott Sheffield. Contour lines of the two-dimensional discrete Gaussian free field.
Acta Math., 202(1):21-137, 2009.

Oded Schramm and David B. Wilson. SLE coordinate changes. New York J. Math., 11:659-669, 2005.

Wendelin Werner. The conformally invariant measure on self-avoiding loops. J. Amer. Math. Soc.,
21(1):137-169, 2008.

Hao Wu. Hypergeometric SLE: conformal Markov characterization and applications. Comm. Math.
Phys., 374(1):433-484, 2020.

Dapeng Zhan. Reversibility of whole-plane SLE. Probab. Theory Related Fields, 161(3-4):561-618,
2015.

Dapeng Zhan. SLE loop measures. Probab. Theory Related Fields, 179(1-2):345-406, 2021.
Dapeng Zhan. Existence and uniqueness of nonsimple multiple SLE. J. Stat. Phys., 191(8):1-15, 2024.

93



